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Abstract: We present a moment cone (MC) relaxation and a hierarchy of Lagrangian-SDP relaxations
of polynomial optimization problems (POPs) using the unified framework established in Part I. The MC
relaxation is derived for a POP of minimizing a polynomial subject to a nonconvex cone constraint and
polynomial equality constraints. It is an extension of the completely positive programming relaxation for
QOPs. Under a copositivity condition, we characterize the equivalence of the optimal values between the
POP and its MC relaxation. A hierarchy of Lagrangian-SDP relaxations, which is parameterized by a positive
integer w, is proposed for an equality constrained POP. It is obtained by combining Lasserre’s hierarchy of
SDP relaxation of POPs and the basic idea behind the conic and Lagrangian-conic relaxations from the
unified framework. We prove under a certain assumption that the optimal value of the Lagrangian-SDP
relaxation with the Lagrangian multiplier A and the relaxation order w in the hierarchy converges to that
of the POP as A — oo and w — oco. The hierarchy of Lagrangian-SDP relaxations is designed to be used
in combination with the bisection and 1-dimensional Newton methods, which was proposed in Part I, for
solving large-scale POPs efficiently and effectively.
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Introduction

A unified framework for conic and Lagrangian-conic relaxations in Part I [4] was proposed
for quadratic optimization problems (QOPs) and polynomial optimization problems (POPs).
Let V be a finite dimensional vector space endowed with an inner product (-, -), K C V a
(not necessarily convex) cone, HcVand Q¥ eV (k=0,1,2,...,m). The framework is
build on the following primal-dual conic optimization problems (COPs):

. X eK, (H°, X)=1,
(P(K) := inf {(QO, X) ‘ @ X) =0 (k=12 ....m) } (1.1)
CHK) = sup < 2o QO—I—ZQka—HOzoEK* . (1.2)
k=1
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Here K" ={Y € V: (X, Y) > 0 for every X € K} (the dual of K). Let F(K) denote the
feasible region {X €K, (H°, X)=1, (Qk, X)=0(k=12,.. .,m)} of the primal COP

(1.1). As a basic assumption, we impose Condition (I): F(K) # 0, H° € K* and Q* € K*
(k=1,2,...,m).

From a theoretical viewpoint, this framework is intended to unify and generalize the
existing results on the completely positive programming (CPP) relaxation of QOPs [1, 9,
10, 17] and its extension to POPs, which was called a moment cone (MC) relaxation in [3].
From a practical viewpoint, the Lagrangian-conic relaxation is proposed to solve large-scale
COPs obtained from effective conic relaxations, including doubly nonnegative (DNN) and
semidefinite programming (SDP) relaxations of QOPs and POPs. In particular, the CPP
relaxation and the sparse DNN relaxation for QOPs in Part I [4] were discussed from these
viewpoints.

We consider a general class of POPs of the following form:

¢* = inf {f%%) |z €], fflx)=0(k=12,...,m)}, (1.3)

where J denotes a closed (but not necessarily convex) cone in the n-dimensional Euclidean
space R”, and f*(x) a real valued polynomial in = (21, z2,...,2,) € R" (k=0,1,2,...,m).
In practical applications, J can be R™ or R} (the nonnegative orthant of R™). We note that
even when J = R", any inequality constraint h(z) < 0 can be incorporated into POP (1.3)
if it is converted to an equivalent equality constraint h(x) + u? = 0 with a slack variable
u € R.

Contribution

As the first application of the framework to POP (1.3), we derive a COP of the form (1.1)
with a closed convex cone K, which was introduced by Arima, Kim and Kojima [3], as the
MC relaxation of POP. The main emphasis of our discussion here is on a unified treatment of
the CPP relaxation of QOPs and their MC relaxation of POPs. More precisely, we construct
a nonconvex cone I' in the space V of symmetric matrices with an appropriate dimension,
and symmetric matrices H°, Q" € V (k=0,1,2,...,m) so that COP (1.1) represents POP
(1.3), i.e., ¢* = ¢P(T'). Then, we apply the convexification procedure discussed in Part I
[4] to COP (1.1) with K =T and derive COP (1.1) with K = co I' for the MC relaxation
of POP (1.3). We provide a necessary and sufficient condition for the equivalence the two
COPs, i.e., ¢* = (P(T') = ¢P(co T'), under Condition (I). This is one of the main theoretical
contribution of the paper.

The other contribution of the paper is to propose a hierarchy of Lagrangian-SDP relax-
ations for POP (1.3) with J = R" by combining Lasserre’s hierarchy of SDP relaxations
[20] for POPs and Lagrangian-conic relaxation in the framework. We construct a hierar-
chy of primal-dual pairs of COPs (1.1) and (1.2) with K = K, ¢ V,, Q° = Qg € Vg,
H® = H° ¢ K and Q" = QF ¢ K (k = 1,2,...,m). Here w denotes a positive in-
teger parameter describing the hierarchy, V., the space of symmetric matrices with some
dimension which monotonically diverges to co as w — oo, and K, the intersection of a
positive semidefinite matrix cone in V,, and a linear subspace of V,,. Under the so-called
Archimedean condition, which requires that the feasible region of POP (1.3) is nonempty
and bounded, the optimal value (¢(K,) of the dual COP in the hierarchy monotonically
converges to the optimal value ¢* of POP (1.3) from below as w — oo. (Since the optimal
value (2(K,,) of the primal COP satisfies (¢(K,,) < ¢2(K,,) < ¢*, it also converges to (* of
POP (1.3) from below as w — 00.)
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A fundamental difference between Lasserre’s hierarchy of SDP relaxations and ours lies
on Condition (I), which is satisfied by ours, but not by Lasserre’s. Thus, the entire theory
of the unified framework can be applied to ours. In particular, we derive the following
primal-dual pair of Lagrangian-SDP relaxation problems:

¢E(AKy) = inf {(Q)+AH., X) | X €K, (H), X)=1 },

CENKy) = sup {yo |w €R, Q) — Hyo+ \H €K},

where H i = >, Qﬁ, and A € R denotes a Lagrangian multiplier prescribed for the
problems. The simplicity of these primal-dual COPs enables us to design efficient first-
order algorithms for solving the problems. In fact, the dual problem involves only one
variable, which makes it possible to effectively utilize the bisection and the 1-dimensional
Newton methods proposed in Part I [4]; see also [17]. Moreover, the common optimal value
BN K) = ¢4(N K,) bounds ¢¢(K,,) from below, and it monotonically converges to (2 (K.,,)
as A — oo. Therefore, under the Archimedean condition, the lower bound (?(\,K,) =
¢4(\ K,) for the optimal value ¢* of POP (1.3) satisfies (* — e < (¢(\,K,,) < ¢* for any

€ > 0 if sufficiently large w and A are taken.

Related results

In addition to the nonemptiness of the feasible region of the primal COP (1.1), Condition
(I) requires the copositivity of H’ € V and QF eV (k = 1,2,...,m), ie, H € K*
and QF € K* (k =1,2,...,m). The copositivity condition is originated from a property
shared by nonconvex QOPs, including QOPs over the unit simplex [8] and QOPs with linear,
binary and complementarity constraints [1, 9], which can be converted to the equivalent CPP
problems.

The MC relaxation (1.3) is related to a canonical convexification procedure for POPs
by Pena, Vera and Zuluaga [22]. The essential difference lies on the way of convexification
(see Section 3 and Theorem 3.2). Furthermore two conditions assumed for the equivalence
of a given POP to its convexification are different. The first condition, a hierarchy of
copositivity, is weaker than the simple copositivity condition, Condition (I). We need the
stronger condition, Condition (I), for consistently deriving the Lagrangian-conic relaxation
from (1.1). However, the second condition, zeros at infinity, is stronger than Condition
(IV) assumed for the equivalence of POP (3) to its MC relaxation in this paper. When
the optimal value ¢* of POP (1.3) is finite and Condition (I) is satisfied, Condition (IV)
provides a necessary and sufficient condition for the equivalence, while the zeros at infinity
condition is merely a sufficient condition. See Section 6 of [3] and Section 3 of Part I [4] for
more details.

The MC relaxation was first proposed in [3] by Arima, Kim and Kojima for a homoge-
neous POP of the form (1.3) where all fx(x) (k =0,1,...,m) are homogeneous polynomials
with a common degree. A general inhomogeneous POP of the form (1.3) can always be
transformed to a homogeneous POP by introducing an auxiliary variable zq fixed to 1, and
their MC relaxation can be applied to the homogenized POP. The MC relaxation obtained
this way is equivalent to our MC relaxation applied directly to the original POP using the
unified framework. We note, however, that the unified framework not only simplifies the
derivation of the MC relaxation of a general POP (1.3) but also relaxes the zeros at infinity
condition, which was assumed in [3, 22] for the equivalence of a POP to its MC relaxation
(or convexification), into Condition (IV).
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Lasserre’s hierarchy of SDP relaxation method [20] for a POP is very powerful in theory.
The optimal value of each SDP in the hierarchy parameterized by a positive integer w pro-
vides a lower bound for the optimal value of the POP, and the lower bound monotonically
converges to the optimal value under the Archimedean condition. Software packages imple-
menting Lasserre’s method [15, 28] apply the primal-dual interior-point method [13, 24, 25]
to the generated SDP. Numerical efficiency suffers in this implementation: the size of the
SDP to be solved grows very rapidly, as the degree of polynomials involved in the POP
becomes larger and/or a value for w is increased to obtain a tighter lower bound for the
optimal value of the POP.

As a result, exploiting sparsity is essential to solve large scale POPs. In fact, a sparse
version of Lasserre’s hierarchy of SDP relaxation method was proposed in [26], and it con-
siderably improves the performance in terms of the speed and the size of POPs to be solved.
In practical applications, however, POPs that Lasserre’s method and its sparse version can
solve are still limited to small-medium scale, except for very sparse POPs [26]. As men-
tioned in Section 1.1, the hierarchy of Lagrangian-SDP relaxations proposed for POPs in
this paper inherits the nice theoretical properties from Lasserre’s method. But it is designed
to solve large scale POPs effectively and efficiently by using first order methods instead of
the primal-dual interior-point method.

For simplicity of notation and enumerate, we will describe the hierarchy of Lagrangian-
SDP relaxation method for POP (1.3) without taking account of any possible sparsity in
polynomials involved there. Exploiting sparsity [14, 16, 19, 21, 26] in the method is necessary
to tackle larger scale POPs. We refer to the original version [5] of this paper for a sparse
version of the method.

Paper outline

In Section 2, we review the results shown in Part I [4] and describe the notation and symbols
used in this paper. We also present how to represent polynomials with symmetric matrices
of monomials, and introduce sum of squares (SOS) of polynomials. Section 3 includes the
discussion on the MC relaxation of POP (1.3), and Section 4 presents the hierarchy of
Lagrangian-SDP relaxations of POP (1.3) with J = R".

Preliminaries

Conic and Lagrangian-conic optimization problems

The results in Part I [4] are summarized in this subsection. We first list some notation used
in Part I. Let V be a finite dimensional vector space endowed with an inner product (-, -)
and its induced norm || - ||, and K a nonempty (but not necessarily convex nor closed) cone
in V. We denote the dual of K by K*, s.e., K* ={Y € V: (X, Y) > 0 for every X € K},
and the convex hull of K by co K.

For H°, Q" ¢V (k=0,,2,...,m), H" = 3", Q" let

FK) = {XeV]| XeK, (H", X)=1,(Q" X)=0(k=1,2,...,m) }
(the feasible region of (1.1)),
FBp(K) = {XeV| XeK, (H, X)=0, (Q", X)=0(k=1,2,...,m) }.

In Part I, we introduced the following conditions:
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Condition (I) F(K) #0, O # H® ¢ K* and Q" ¢ K* (k= 1,2,...,m).
Condition (IT) K is closed and convex.
Condition (IIT) {X € F(K):(Q", X) < 5} is nonempty and bounded for some ¢ € R.
Condition (IV) (Q°, X) > 0 for every X € Fy(K).
For the primal-dual pair (1.1) - (1.2) and the following pair

7" (A, K)
n?(\,K)

inf {(Q"+XH"), X)| XeK, (H’, X)=1 }, (2.1)
sup {yo | Q"+ \H' — H %, e K* s (2.2)

the following results are shown.
Theorem 2.1.

1) 7' \KM = ¢4UK) < ¢P(K) and (n4(\K) < P (A K)MA < ¢P(K) under Condition
(I). Here ( )1\ means a monotonic increase as A — 0o, satisfying the equality or
inequality inside the parenthesis if it exists. (Lemmas 2.1 and 2.2 of [4]).

(ii) Suppose that Conditions (I) and (II) hold. Then (n?(A\,K) = "N\, K))M = ¢(4(K) <
CP(K). If in addition n?(\,K) is finite, (2.2) has an optimal solution with the objective
value n?(\, K) = n?(\,K). (Lemma 2.3 of [4]).

(i) (n*(\K) =n"(N\K))1tA = ¢YK) = (P(K) under Conditions (I), (II) and (III).
(Lemma 2.5 of [4]).

1. (iv) Assume that Condition (I) holds. Then

*(K) { ¢P(co K) if Condition (IV) holds,

—00 otherwise.

(Lemma 3.1 of [4]).

@ Notation and symbols

For the application of the unified framework to POPs, we use the following notation: Let
R denote the set of real numbers, R, the set of nonnegative real numbers, and Z, the

set of nonnegative integers. Let |a| = Y1 | a; for each a0 € Z}, where a; denotes the
i-th element of o € Z'. R[z] is the set of real-valued multivariate polynomials in z; € R
(t=1,...,n), where ¢ = (x1,...,2,) € R". Each polynomial f(x) € R[z] is represented as
f(®) =3 gcr fax®, where F C Z" is a nonempty finite set, fo (c € F) real coefficients,
z* =22y - 2% and a = (aq, o, ..., ) € Z'L. We assume that z) = 1 even if ; = 0,

in particular, % = 1 for any € R™. The support of f(z) is defined by supp(f(z)) = {a €
F: fa #0} C Z7, and the degree of f(x) € R[x] is defined by deg(f(x)) = max{|a|: a €
supp(f(x))}. For each nonempty subsets F and G of Z;, let 7 + G denote their Minkowski
sum {a+B:acF, Beg}, and let Rlz, F] = {f(x) € R[] : supp(f(z)) C F}.

Let F be a nonempty finite subset of Z’ . |F| stands for the number of elements of
F. Let R” denote the | F|-dimensional Euclidean space whose coordinate are indexed by
a € F. Bach vector of R” with elements wq, (o € F) is denoted by (we : a € F) or
simply (wq : F). We assume that (wq : F) is a column vector when it is multiplied by
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a matrix. For every z € R", 7 = (z® : F) denotes the |F|-dimensional (column) vector
of monomials x® € R[z] (o € F). Hence each polynomial f(x) € R[z, F] is represented
as f(x) = ((fa : F), 7). S” denotes the linear space of |F| x |F| symmetric matrices
with elements (a3 (a € F, B € F). We use the notation OF for the set F x F =
{(a,B) : a0, B € F}.

Each matrix of S is written as (ag : (@, 8) € OF) or simply (€43 : OF). For € R”,
X (27) = (2 : F)(z® : F)T = (P : (o, 8) € OF) is a rank-1 symmetric matrix of
monomials 2 € R[z] ((o, 3) € OF), which is denoted by 57, (27)” means the row
vector obtained by taking the transpose of the column vector x” .

For every pair of @ = (Qap : OF) and X = (Xap : OF) € S7, (Q, X) denotes
the matrix inner product, i.e., (Q, X) = trace(Q* X) = Z(aﬁ)eDF Qaplap. With this
notation, we often write the quadratic form (x”)7 Q" as (Q, D7) to indicate that 257 =
2% (2”)T will be replaced by X = (Xqp : OF) € S7.

Let

Si = the cone of positive semidefinite matrices in S

_ . o (wo s F)T (éap : OF)(wa : F) >0
N {(gaﬁ'D}—)GSF' for every (weq : F) € R” }’

Then Sf forms a closed convex cone in S, and L” a linear subspace of S*. We also see

that 07 € Si NL7 for every © € R™. This relation is used repeatedly in the subsequent
discussions.

Representing polynomials with symmetric matrices of monomials and sums
of squares of polynomials

n

For a nonempty finite subset G of Z/, a given polynomial f(x) € R[z,§] is usually repre-
sented as the inner product of its coefficient vector (fo, : G) and the vector 29 = (x® : G)
of monomials in the polynomial, i.e., g(x) = ((fa : G), x%). However, representing a
polynomial with a symmetric matrix of monomials is more convenient in the subsequent
discussions, in particular, when discussing sum of squares (SOS) of polynomials and conic
and Lagrangian-conic relaxations. For the representation of a polynomial f(x) € Rz, G|
using a symmetric matrix of monomials, we need to choose a finite subset F of Z' satisfying
the property G C F + F. In fact, a smaller-sized F satisfying this property is preferable for
numerical efficiency. See [19] for details of choosing such an F. See also [3].

Let F be a nonempty subset of Z'} and f(x) € Rlx, F + F]. Then we can represent the
polynomial f(a) using the rank-1 symmetric matrix 297 = a7 (27)7 of monomials z**?
(e, 8) € OF) and some Q € S such that f(z) = (Q, 77). Note that 77 contains all
monomials £* (a € F + F), and that the choice of such a @ € S” is not unique as shown
in the following example.

Example 2.2. Consider the polynomial f(x) = f!(z1,22) in two real variables such that
fHx) = 1—22; — 229+ 27 + 23 + 20iwy + 20125 + 2323,
Let

g = {(070)’ (la 0)7 (O’ 1)) (270)v (Oa 2)7 (2v 1)7 (17 2)a (27 2)}7
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(17 _2a _27 17 17 2a 23 1)7

(% : G) = (1,21, 29, 23, 03, X320, 3. 2523).

(f&:9)

x9

Then Rlz,G] > fl(x) = ((fL : G), z9). To represent f!(x) using a symmetric matrix of
monomials, we can take F = {(0,0),(1,0),(0,1),(1,1)} so that

GCF+F= {(070)7 (170)7 (07 1)7 (270)7 (0»2)7 (17 1)7 (27 1), (172)7 (2,2)}-

Let
1 -1 -1 0 0 0 0 -1
N e R TV F oo | 0 01 0 F
Q=11 0 11| P= o 10 0[5
0 1 1 1 -1 0 0 O
1 X1 To 1T
OF X1 xf X1To $%$2
€T = 2 2 2
2 12 Ty T1T5
2,.2

T1X2 m%xz .’Ele% xr1x3
Then, R[z, F + F] 3 f(x) = (Q + uP, 77 for every u € R.
Lemma 2.3. Let F be a nonempty finite subset of Z} , Q € S” and P € S”. Then,

Rz, F + F] 3 (Q, 277) = (Q + P, 57) if and only if P € (]L]:)J_. (2.3)

Proof. We first show that the linear subspace of S” generated by {:c':’f rx € R"}7 i.€e.,
L= {)\wDF +uyPT cx, y e R, N, pe R} , coincides with L7 By the definition of L”,
we know that {.’I:Df cxeR"} C L7, hence L ¢ 7. Tt suffices to show that dim(L) =

dim(L7). Let £ = dim(IL”), which is equivalent to the number of distinct elements in F 4 F.
Let M be the linear subspace of R® generated by the set {a”+F = (27 : vy € F+ F)} c R%.
Then we can identify the linear space L as the linear space M since each matrix X =
AP+ ,uny € L corresponds to a vector Ax”+* + py?tF € M and vice versa. As a
result, dim(L) = dim(M). On the other hand, we see that dim(M) = ¢ since there is no
nonzero (g, : F + F) such that ((go : F + F), z"+7) = 0 for all x € R". Therefore, we
obtain that dim(L) = dim(IL”) = £. Thus we have shown that L7 = .. Now assume that
Rlz, F + F] 2 (Q, z77) = (Q + P, 77). Then (P, X) = 0 for all X € L = L7, which

1 i
implies that P € (LF) . Conversely, if P € (Lf> , then R[z, F 4+ F] 3 (Q, zP7) =
(Q + P, P7) holds from 57 € L7 for every x € R". O

1
Lemma 2.3 implies that, for each Q € S7, {Q+P:Pc (]L,JT ) } forms an equivalent class

in S represented by the common polynomial f () = (Q, =U7).
We introduce some additional notation for SOS of polynomials. Let

SOS[x, F] = {Z(cpl(m))z cpl(x) ER[e, F] (i=1,...,7) Ir e Z+}
i=1
for every F C 71,
SOS[x] = SOS[z,Z%].
We call SOS[x] the cone of SOS of polynomials, and each f(x) € SOS[x] an SOS polynomial.
The following lemma provides a characterization of SOS polynomials.
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Lemma 2.4 ([11]). Let F be a nonempty finite subset of Z'; . Then
SOS[z, F] = {<Q, 207y . Q e Sf} .
In Example 2.2, the matrix Q € S” itself is not positive semidefinite. But if we choose

p = 1, then the matrix Q' = Q + uP € S” is positive semidefinite. Hence f!(z) =
(Q', 97 € SOS[x, F] by the lemma above. In fact, we see that

SOS[z, F] 3 f1(x) = (Q, 7)) = (x1 + x9 4+ z129 — 1), (2.4)
where
1 -1 -1 -1
Fo= {00,000, @ = 1 1 1 1 |esh @9
-1 1 1 1

The following lemmas will be used in Sections 3 and 4.
Lemma 2.5. Let F be a nonempty finite subset of Z!} and Q € S*. Then Q, %) €
1
SOS[z, F] if Q € ST + (]Lf) .

Proof. By Lemma 2.4, (Q, x77) € SOS[z, F] if and only if the identity (Q, 57) =

(V, 2B7) holds for some V' € ST. Hence, by Lemma 2.3, (Q, z57) € SOS[z, F] if and
1L

only if @ = V + P for some V € S‘f and P € (IL'F ) . Therefore, the desired result

follows. O

Lemma 2.6. Let F be a nonempty finite subset of Z'y and M a linear subspace of s”.
1
(i) ST (Lf) — {0).

L
(ii) Theset {X €S": X +Y e€B, XeS,, Y€ (ILF) } is bounded for every bounded
subset B of ST

(iii) (S_JFT NM) + ((]L}-)J_ NM) is closed.

Proof. (i) Let ¢ = |F|. Since the set of monomials £® (a € F) is independent, i.e., there is
no nonzero (g, : F) such that (go : F)T(x* : F) is identically zero for all z € R", there exist

x; € R" (j =1,...,q) such that the ¢ x ¢ matrix A = ((@¢ : F), (x§ : F),..., (3 : F)) is

- % e oF A\t T 3 q T %
nonsingular. Let X € S N (]L ) . Then (AA", X) = Q0 (2 : F)(zf : F)", X) =

(@ s (=g - F)T, X) = 0. Since AA” is a ¢ x ¢ positive definite matrix and
X ¢ Si, the identity (AA”, X) = 0 implies that X = O.

(ii) For some bounded subset B of S, assume on the contrary that there exists a
sequence {Z? = X? +YP:p=1,2,... } satisfying Z”? = X? +Y? € B, X? ¢ Si, Y? e

1L
(]L}-) (p=1,2,...) and || X?|| — oo as p — co. We may assume without loss of generality

_ 1
that Sf > XP/||XP|| converges to some nonzero X € Sf as p — oo. Hence (L]:> >
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— L
Y?/|| XP|| = Z7 /|| X?|| — X*/|| X?|| converges to —X as p — oo. Since (]L}—) is a linear

subspace of S”, we obtain that X € Si N (LF)L. By (i), we know that X = O. This is a
contradiction. N

(iii) Suppose that Z” = X” + Y?, X? € ST N M, Y? ¢ (Hf) AM (p=1,2,...) and
ZP — Z for some Z € S” as p — oo. Since the sequence {ZP = XP+Y?P:p=1,2,..., }is
bounded and X? € Sf:, Y? e (]L}—)J_ (p=1,2,...), the sequence {X? € Sf: p=1,2,...}
is bounded. Hence we may assume that it converges to some X € Si. It follows that
(]L}—>LHM SYP =2 —XP 5 Z—-X €S” as p — oo. Since both SiﬂM and
(Lf) . NM are closed subsets of S”, we know that X € Sf: NMand Z-X € (IL]:) . N M.

o 1
Therefore, we have shown that Z = X +(Z — X)) € (Sf NM) + ((]LF) N M). O

A Class of POPs and their Covexification

Consider a class of POPs of the form (1.3). Assume that J is a nonempty closed (but not
necessarily convex) cone in R”, and f*(x) € R[z, F + F] (k = 0,1,...,m) for a nonempty
finite subset F of Z'} including 0 € Z'}. For practical applications, we focus on R", R, and
RY x Ri_e with 1 < ¢ <n — 1 for the cone J, but the theoretical results in this section are
valid for any closed cone in R". We also assume throughout this section that the feasible
region of (1.3) is nonempty.

We transform POP (1.3) into the COP of the form (1.1) to present the moment cone (MC)
relaxation of POPs. Let us take S for the underlying linear space V, and represent each
polynomial f*(x) € Rz, F + F| as f*(x) = (Q*, 2P7) (k =0,1,...,m), where Q" € S”.
Let AT = {wD}- € S” :x e J}. Then, POP (1.3) can be rewritten as

¢ = inf {(Q°,X)| XeA], (Q"X)=0(k=12,....,m) }. (3.1)
We consider the following illustrative example:

Example 3.1. As in Example 2.2, we take n = 2 and F = {(0,0), (1,0),(0,1),(1,1)}. Let
m =1, Rz, F+F] > fO(x) = (Q°, 77) for some Q° € S”, and let f!(x) € R[x, F+ F] be
a sum of squares of polynomial given in (2.4). Let J = Ri. In this case, it is obvious that the
feasible region of POP (1.3) is bounded and contains two points = (1,0) and = = (0,1),
thus, its finite minimum value (* is attained at some feasible solution. By definition, we see
that A7 = {277 € §7 :z e R}

The problem (3.1) is in a form similar to COP (1.1), but we still need to embed A7 in
a cone K C S and introduce an inhomogeneous equality constraint (H°, X) = 1 such that
A7 = {X €K:(H°, X) = 1}. This can be achieved by two methods. The first method is
to take the conic hull of AY such that

AT = {uXeSf:MEO, XeAf}:{MmWesf:uzo, er}.
The second method is to homogenize A{: such that

rr = {(mg_‘a‘wa :.F)(xg_lalzca cF)T es” :(zo,z) € Ry x ,,]I},
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where 7 = max{|a| : & € F}. We note that, for zg = 0 and = € R",

an {0, T2l a2

x® otherwise, i.e., if 7 = |a].

Both A% and TV are cones in S”. The first construction of the cone A” was (implicitly)
employed in [22], while the construction of the second cone TV is an extension of the one
discussed in Section 5 of Part I [4] for a class of linearly constrained QOPs with complemen-
tarity constraints. We are mainly interested in the second one.

Let H® be a matrix in S” with 1 in the (0,0)-th element and 0 elsewhere. Then, we
see that (H', 57) = (H°, (x : F)(x> : F)T) = 2% = 1 for every & € R", and that
(H°, X) = Xg9 = 2" for every X = (chf‘alxo‘ : ]-')(nglalwa : F)T e 7. 1t follows that

{xea”: (m' x)=1}
:{ummfeSF:meJ, p>0, (H°, uwa>=1} = A7
{xer” (" x)=1}

)

= {(:zrg_lala:a cF) @Mz FYT (g, @) € Ry x I, ao = 1} = A7,

Therefore, both COP (1.1) with K = A” and COP (1.1) with K = T'” are equivalent to
POP (3.1), and ¢?(A7) = ¢P(I'7) = ¢*. In both cases, F(K) # 0 since we have assumed
that the feasible region of POP (1.3) is nonempty.

For Example 3.1, we see that

p Py pre  UTiT2 i
2 2
x x 1T TiT
AT — K1 Hxy ,u122 M1§ ESf: 1 eRi ’
HZ2  pT1T2  HTy  (T1TY Lo
2 2 2.2
HT1X2  pTIT2 PET1Ty  (TTT
4 2
THT ToT TET1T2  TTIT
rr = g om0 e ST | o | €RY G (34)
o2 ToL1T2 Ty ToT1T5 oo
v3r1700  TOTIT2 TOT1TZ I3
It can be easily verified that A” N T coincides with the union of
w0 0 0
0 0 0O F
eSSy :pueR
0000 + AR
0 0 0 O
and
1 I T2 12
2 2
T X T1Xy T7T2 X
. 2 ! 2 € Si— : S Ri_
T2 T1X2 Ty T1T5 X9

T1X9 x%xg xlxg T1T5

Hence they are different.

Now, we are ready to present the main theorem of this section.
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Theorem 3.2. Suppose that Condition (I) holds for K =T and K = A”. Then,
(i) ¢P(co A7) =",
(ii) Assume that ¢* is finite, we have that

* . . B f
¢P(co I‘f) _ { q if Comﬁtwn (IV) holds for K =T,
—o00  otherwise.

Proof. We observe that

XeA” (H° X)=o0,

FO(AF){)“SF L Qh Xy =0 (k=1,2,....m) }{0}'

425

Therefore Condition (IV) holds for K = A%, and both assertions (i) and (ii) follow from

(iv) of Theorem 2.1.

O

We note that COP (1.1) with K = co A” is similar (essentially equivalent) to the one
obtained by applying the canonical convexification procedure [22] to POP (1.3). Next, we
investigate Conditions (I) in detail for K = T'¥ and K = A’ in cases where J = R™ and
J =TR. First, suppose that J = R". Then both A7 and I'” are included in SfﬁLF. Hence

their duals (AF) " and (FF> " include ¢l (Sf + (ILF) L) = Si + (]LF)l (see Lemma 2.6).

i
Therefore, if Q* € Sf:—k (}LF> , or, equivalently, if f*(x) = (Qk, 57 is an SOS polynomial
(k=1,2,...,m) (see Lemma 2.3 and 2.4), then Condition (I) is satisfied for K = I' and

K = A”. If a polynomial equation g(z) = 0 is given, it is equivalent to have (g(x))*

Thus, Condition (I) for K = I' and K = A7 is not a strong assumption.
Suppose that J = R’;. Then,

AT = {uwD]::ac € RY, ,uZO} c (€ nL” c ST NN nL7,
(Af)* 5 d (CF+@F)) oal (ST4+NT+ (L)),
where

. \T :
cr = {Y es”: t(”(f? e'vie}—r)y éf"]__;lz% 0 } (the copositive cone),

€Ty = {X ST (X,Y) >0 for every Y € cf}
= oo {(ta: F)(ta: P €57 (¢a: F) 2 0}
(the completely positive cone),
N = {X €ST: Xop >0 (. 8) € D]—')}

(the cone of nonnegative matrices).

Similarly,

ﬁ
“
I

{uwDF:weRi7 MZO} c (€ nL” c ST NN nL7,

(rf)* 5 o (€7 +@H)Y) od (ST+N + 1)),

=0.
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Therefore, if Q" € ST + N7 + (L7)* (or, less restrictively, if Q" € C7 + (L7)*) (k =
1,2,...,m), then Condition (I) is satisfied for K = A¥ and K =T'7.

Now we focus on Condition (IV) with K = T'". Recall that 7 = max{|a| : « € F}. Let
F={a € F:|al =7}, and define Q"= (@Za :0F) € S” and f*(x) € Rlx, F 4 F] such
that

—k ko ifa, BEF = —k
_ af ) k — OF
Qap { 0 otherwise and f*(z) @, =)
(k=0,1,...,m).
Lemma 3.3. Condition (IV) with K =T holds if and only if
) >0ifxecl and ff(x)=0 (k=1,2,...,m). (3.5)

Proof. (i) “If part”: Suppose that (3.5) holds. Let X € Fy(T'7). By the definition of
Fo(T7), there is an (x9,x) € Ry x J such that

X = (af ¥z P @] M F)T
0 = (H° X)=Xgo =212, i.e.,x9=0,
0 = (@ X)=(Q" (2§ 2™ F)a] ®a™: F)T) (h=1.2,...,m).

If follows from (3.2), zo = 0 and the first identity above that

xtB ifa, B F,
Xap = { 0 otherwise. (3.6)
Hence we obtain that
@Q", X) = <§’“, a:Df> = fz) (k=0,1,2,...,m). (3.7)

Therefore (3.5) implies Condition (IV) with K =T,

(ii) “Only if part”: Suppose that Condition (IV) with K = I'” holds. For an arbitrary
chosen & € J such that f5(z) = 0 (k = 1,2,...,m), let 2o = 0 and X = (] *lz= :
f)(ng‘a‘:ca : F)T. Then (3.6) and (3.7) follows. Therefore Condition (IV) with K = I'”’
implies (3.5). O

The condition (3.5) holds in the following cases:
(a) Q" =0 € S” or fO(x) is an identically zero polynomial, i.e., deg(f°(z)) < 2.
() {wel: ffa@)=0(k=1.2...,m)} = {o}.

We note that (a) can be always satisfied by choosing a nonempty finite subset F of Z such
that f*(x) € Rz, F + F] (k= 0,1,2,...,m) and deg(f°(z)) < 27 = 2max{|a| : a € F},
and that (b) implies that the feasible region of POP (1.3) is bounded.

For Example 3.1, we observe that Fy(T7) =

0 0 0 0 ( ) r2
xr1,T2) € R
X=looo 0 |5 glx gl ,x o [~ 19F
) = 1,1)(1,1) =
0 0 0 a2a3 (1,1)(1,1)*(1,1)(1,1)
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where Q" is given as in (2.5). Thus, Condition (IV) is satisfied for K = T'".

If the cone co T is closed, i.e., Condition (II) is satisfied for K = co I" in addition to
Condition (I), then we can introduce the primal-dual pair of Lagrangian-conic relaxation
problems (2.1) and (2.2) for K = co T, and the relation (7*(\,K) = n?(\, K))]\ = (*(K) <
¢P(K) follows by (ii) of Theorem 2.1. Here ( )T\ means a monotonic increase as A — 0o,
satisfying the equality in the parenthesis. The cone I' as well as its convex hull co I',
however, are not necessarily closed. In fact, r’ given in (3.4) is not closed. To see this, let

0 0
Y =

OO OO
O O OO
= = O

0
1
1

Then X ¢ T'", but the matrix (xg;‘a‘ac"‘ ca € F)ai e s a e F)T € 17 with
(20, 21,72) = (€,¢,1/¢) converges to X as ¢ — 0.

Lemma 3.4. Assume that 0 € F and 7e; € F (i = 1,2,...,n), where e; denotes the i-th
unit coordinate vector in R"™. Then, T'7 and co T are closed.

Proof. Let {X?:p=1,2,... } be a sequence in I'V converging to X € S”. By X? ¢
7, there exists (x5, x?) € R, x J such that Xop = (zh) el (zP)e (2B)7~IBl(2P)B which
converges to X o3 as p — oo for ((a, ) € OF). Specifically, (z§)7 |l (xP)® (af) 1ol (xP)>
converges to X oo fora=0¢€ Fanda =rTe; € F (i = 1,2,...,n). Thus, (z})?" and (27)*"
(i=1,2,...,n) converge to Xoo and X ;e,)(re,) (i = 1,2,...,n), respectively. This implies
that the sequence {(zf,x?) : p=1,2,... } is bounded, and we can take a subsequence which
converges to (Zo, &) € Ry x J. Therefore,

X = ((zo)1*l(@)™ : F)((zo)"*l(@)> : F)T e T,

and we have shown that T'” is closed. The closedness of co I'V follows from Lemma 3.1 of
(3]. O

Without loss of generality, the assumption of the previous lemma can be satisfied by
adding 0 € Z and 7e; € ZY (i = 1,2,...,n) to F if necessary. For Example 3.1, one can
add (2,0) and (0,2) to F to satisfy the assumption.

The MC relaxation problem proposed in [3] as an extension of the CPP relaxation for
QOPs to POPs is essentially equivalent to COP (1.1) with K = co I'”. A hierarchy of
copositivity conditions assumed there is weaker than Condition (I) and can be regarded as a
generalization of Condition (I). We have assumed a stronger condition here, Condition (I),
to consistently derive the Lagrangian-conic relaxation (2.1) in the unified framework. On
the other hand, the additional condition on zeros at infinity assumed in Lemma 3.1 of [4],
which was also assumed in [22] for a canonical convexification procedure for a class of POPs,
is stronger than Condition (IV).

If ¥ = {a€Z} :|a| <1}, then POP (1.3) becomes a QOP. In this case, L7 = §7
and (L7)% = {0}, and the previous discussions correspond to Section 4.2 of Part T [4],
where the convexification of a linearly constrained QOP with complementarity condition
was discussed.

A Hierarchy of Lagrangian-SDP Relaxations for POPs

In this section, we propose a hierarchy of Lagrangian-SDP relaxations for POPs by com-
bining the approach in [2, 4, 17] for deriving the Lagrangian-CPP and Lagrangian-DNN
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relaxations for a class of QOPs with the hierarchy of SDP relaxations proposed by [20] for
POPs. The motivation for combining these two approaches, which have been studied almost
independently, is to develop efficient and effective numerical methods for POPs.

Fixing J = R" in POP (1.3), we consider a POP of the form

¢* = inf {f%%) |z €R", ffx)=0(k=12,...,m)} (4.1)

throughout this section. Then an SOS relaxation of POP (4.1) is given by

Eglo = sup{zoeR

fO(x) — 20 € SOS[z] + ) _Rz]f*() } ~ (4.2)
k=1

For main theoretical results which we will establish, we introduce

Condition (VI) (Archimedean condition) The feasible region {x € R" : f¥(x) =0

(k=1,2,...,m)} is nonempty and bounded, and the set {x : p(x) > 0} is bounded
for some p(z) € SOS[z] + Sy, Rla]f*(@).
Lemma 4.1.
(i) & =¢*

(ii) If Condition (VI) holds, then (% = (*.

Proof. (i) If x is a feasible solution of POP (4.1) and zy is a feasible solution of (4.2), then
f%(x) — 2o € SOS[z], which implies zg < fO(). Thus (& < ¢* follows.
(ii) We know that the feasible region of POP (4.1) can be written as

{xeR": ff(x)>0, —ff(x) >0 (k=1,2,...,m)}

and that SOS[z] — SOS[xz] = R"[x]. Then the lemma follows directly from Lemma 4.1 of
[23]. See also Section 4 of [20]. O

Reducing SOS problem (4.2) to a simpler SOS problem

In this subsection, we establish the equivalence between SOS problem (4.2) and the following
simpler SOS problem

0
¢ — sy e R fO(x) — yo € SOS[z Zm@ z))?, w3

(y07y17"’7ym)

R1+m

where

A ={acZ} :|a| <7} (r€Zy), 0,(x) = Z x?® ¢ SOS[x, A.], )
acA, .
Olx] = {0, (x) : 7 € Z+} C SOS[z] C R[x].

The last relation in (4.4) implies that {y,®[z]f*(x):yx € R} C Rlz] (k = 1,2,...,m);
hence (4.3) can be regarded as a subproblem of (4.2).The following lemma shows their
equivalence.

Theorem 4.2. (¢ = (2.
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Proof. (i) Proof of (& < (4. We know that R[z] D —y,®|z]f*(z) for every yx € R (k =
1,...,m). This implies that if (yo,y1,...,ym) is a feasible solution of (4.3), then 2o = yo is
a feasible solution of (4.2). Therefore, the inequality (¢ < (% follows.

(ii) Proof of (& > (% . Let zy be a feasible solution of (4.2) and € an arbitrary positive
number. We show that there is a feasible solution (yo,y1,...,ym) of (4.3) with objective
value yo = 29 — €. Since zq is feasible solution of (4.2), we see that

SOS[z] > fU(@)—z0— Y ¢F(@)fF (=) (4.5)
k=1

for some ¥*(x) € Rlz] (k = 1,...,m). Let 7% = deg(y*(x)), so that ¢*(z) € Rz, A, ]
(k=1,...,m). Then, each polynomial ¥*(x) € R[z, A,x] can be represented as

W)= Y ke (k=1,...,m).

aE.A_,_k

Substituting these identities into the relation (4.5), we get

S0S[e] > f@)-=-) Y vaz*fi() (4.6)

k=1 aE.ATk

Choose a p > 0 such that e — (37, | Ax]) (1/(2p))? > 0, and let yx = max{(py%)? : o €
A} (k=1,...,m). Then,

SOS[z] > (e— (Z |A7'k|> (1/(29))2>

+3° S (ke @) +1/(20))°

k=1a€cA g
303 (v — (p0h)?) (@ fi())?
kZlOLE.ATk
= €+Z Z Pl fF(x) + Z Z Yk (az"‘f’“(m))2.
k=lacA_ k=1a€cA

It follows from (4.6) that

SOS[z] > fOl@)-z0- Y. Y. vhaft(x)
k=1acA i

m m

et > N ket + Y Y (@i (@)”

k=1a€cA i k=1a€cA

-

m

= @) —(-)+) Yy (@ (@)

k=1a€cA_j

-

2

2

= @)~ (20— + Y ubre(x) (=)
k=1
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Therefore, we have shown that

@)~ (0—¢) € SOS[z]— Yy (2) (f*(2))’
k=1

C SOS[x] — Zykg[f’?] (fk($))2’
k=1

and that (yo,y1) = (20 — €, 21) is a feasible solution of SOS problem (4.3). Thus we have
¢4 > yo = 29 — € for all € > 0. This implies that (& > z, for any feasible zy of (4.2). Hence
d >l O

A hierarchy of finite SOS subproblems of (4.3) for numerical computation

The SOS problem (4.3) that attains the exact optimal value ¢* of POP (4.1) under the
assumption of Lemma 4.1 cannot be solved numerically because the degree of sum of squares
of polynomials involved is not bounded. For numerical computation of lower bounds of *
which converges to (*, we introduce a hierarchy of SOS subproblems of (4.3) by bounding
the degree of the SOS polynomials to be used with an increasing sequence of finite integers
as in a similar way to the hierarchy of Lasserre’s SDP relaxation [20] for POPs.

Let wiin = max{[deg(f°(x))/2], deg(f*(x)) (k =1,2,...,m)}. For every w € Z, not
less than wpyi,, we consider the following SOS problem:

FO@) = yo+ Y ykbr(@)(f* () € SOS[z, A,
k=1

¢¢ = sup {yw€R — . (4.7)
(Yo, Y15 - - - Yym) € RIT™
where
W) = w—deg(ffx) (k=1,...,m). (4.8)
We note that
f2(x) e Rlz, A, + Ao, ] C Rz, A, + A, (4.9)

HTk(w)(:c)(fk(:c))z € SOS[z, A,] C Rz, A, + Ayl (E=1,2,...,m),
Therefore, the degree of polynomials in the SOS problem (4.7) is bounded by 2w. This SOS

problem can be solved as an SDP (4.16), as shown in the next subsection.

Lemma 4.3. Suppose that (yo, y1,- - - ,Ym) is a feasible solution of (4.7). Then (Yo, Y\, ---sYm)
is a feasible solution of (4.7) with the same objective value if y, >y, (k=1,2,...,m).

Proof. The assertion follows from 6. () (z)(f*(x))? € SOS[z, A,] (k=1,2,...,m). O
Lemma 4.4. Let wpin < w € Zy. Then (¢ < ¢4 and (& converges to ¢ monotonically
from below as w — oco.

The inequality ¢¢ < ¢% follows from the definitions of 6, (z) and ®[x] in (4.4). Letting
Win < w1 < wg, we show that Cf,l < Co‘fQ. Suppose that (yo,y1,--.,Ym) is a feasible solution
of (4.7) with w = wy. By Lemma 4.3, we may assume that yr > 0 (k=1,2,...,m). Then,

SOS[x, Au,] 3 fO(@) = yo + D ykbre () (@) (f (@))%, (4.10)

k=1
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(W) > 7F(wy) (k=1,...,m),

Bt (@) (F5(@))” = Oy (@) (Fo(@)" = [ 30 2| (FH(2)’

acFF
€SOS[z, Au] (k=1,....m), (411)

where .Fk = ATk(wg)\A‘rk(wl) = {a € ATk((JJQ) L ¢ ATk((JJ1)} = {a € ATk(wg) : |a| > T{c} (k =
1,...,m). It follows from y, > 0 (k =1,2,...,m), (4.10) and (4.11) that

SOS[z, A,,] D SOS[z,A,,] + SOS[z, A.,]

5 @) —yo+ > Ykbor () (@) (FF(x))?

k=1

+Zyk (04w @) (5(@))° = 070y (@) (F4())°)

= fox) —yo+ Z YOrk () (@) (f* ()% (4.12)
k=1
Hence, (yo,91,---,Ym) remains a feasible solution of SOS problem (4.7) with w = wy. We
have shown that Cﬁl < (jz.
Finally, we show that (¢ converges to (% as w — co. Let € > 0. Then there exists a
feasible solution (yo,y1, - - -,¥Ym) of (4.3) such that yo > (% — e. Thus,

SOS[®, A.] 3 fO(x) —yo + Zyke (x))?
f01"sorneal‘3€ZJr (k=1,2,...,m) andsomemeax{U +deg(f (w)) k=1,2,...,m}.
Now, define 7% (w ) (k: =1,2,...,m) by (4.8). Then 7%(w) > o* (k =1,2,. ) Assumlng
ye 20 (k=1,2,...,m) Wlthout loss of generality by Lemma 4.3, we can prove that

SOS[z, Au] > (@) = o+ D> ykbor () (@) (fF(2))?

k=1

by the same way as (4.12) has been derived from (4.10). As a result, (yo,¥y1,...,Yx) is a
feasible solution of (4.7) with the objective value yo > (% —e. This implies that (% —e < ¢2.
We already know that (¢ < ng < (¢ if w < wy. Since € > 0 arbitrary, we have shown that
¢4 converges to (L as w — oc.

Reducing SOS problem (4.7) to a COP
To derive a COP of the form (1.2) equivalent to SOS problem (4.7), we need to convert the
SOS condition
Fox) = yo+ Y ykbri oy (@) (fF(2))? € SOS[a, A, (4.13)
k=1
to a linear matrix inequality. By (4.9), we can represent the left hand side of (4.13) as

@) =0+ Y Ukbre o) (@) (fF())* = <Q ~ H! yo+Zwak» DA > (4.14)

k=1 k=1
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Here HS, and Qi (k=0,1,...,m) are matrices in SA~ chosen such that
Py = (@1 a4) e Rle, A, + A,
1 = <Hg, mDA“’> € SOS[z, A, (4.15)
Oy (@) (F(@)? = (@k, a4 ) € S08[a, AL (k=1,2,...,m).

Specifically, H” is a matrix in S whose elements are all zeros except H3y = 1.

By (4.14), we can rewrite the SOS condition (4.13) as

m

<Qg —Hyo + Z Q" ., mDA‘“> € SOS[x, A,].
k=1

By Lemma 2.5, we know that the inclusion relation above is equivalent to Q2 — H yo +

1L
oy Qf,yk € S“fr““ + (]LA“’) . Thus, letting K, = Sﬁ‘“ N LA, we obtain the following
primal-dual pair of COPs:

X ecK,, (H, X)=1,
P = inf {(Q°, X) y (4.16)
Q5 X)=0(k=1,2,...,m)
0 0 k *
- H eK
¢d = sup {yo€R Qu “yO+ZQ“’yk v (4.17)

k=1
(yOa Yty .- 7ym) € Rler

In particular, the problem (4.17) is equivalent to the SOS problem (4.7). We note that
K = Sﬁ“ + LA, and that both K,, and K, closed. See Lemma 2.6.

Lagrangian-SDP relaxations of COPs (4.16) and (4.17)

If we take K = K, = S7* NnLA, H* = H? and Q" (k=0,1,2,...,k), then the problems
(4.16) and (4.17) coincide with the primal-dual pair of COPs (1.1) and (1.2), respectively. We
are now ready to apply the general discussions on COPs (1.1) and (1.2) given in Sections 2,

Part I [4]. Let H. = Z Q" for their Lagrangian-conic relaxation problems (2.1) and (2.2).

k=1
Then we obtain:
nE(\) = inf {(Q)+ \H., X) | X €K, (H2, X)=1 }. (4.18)
nd(\) = sup {yeR | QL+ H., - Hlyo €K, yo€R }. (4.19)

Theorem 4.5. Assume that the feasible region of POP (4.1) is nonempty. Let wymin < w €
Zy. The following results hold.

(i)

nd(A\) = n2(\) < (& for every A € R. The problem (4.19) attains the optimal value
nd(A\) at a feasible solution if n(\) is finite.

(ii) n(N\) converges to (& monotonically from below as X — oc.
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(iti) For any e > 0, there exist & € Zy and X € R such that (& —e < n%(\) < ¢4 holds for
every w > & and every X > \; roughly speaking n()\) converges to (% from below as
A >0 and w € Z4 both tend to oco.

(iv) In addition, if Condition (VI) holds, we can replace C% by the optimal value ¢* of
POP (4.1).

Proof. For (i) and (ii), it suffices to show that Conditions (I) and (II) hold for K = K,, =
Sﬁ“ N LA“. Then, both assertions follow from (ii) of Theorem 2.1. Tt follows from the
assumption that the feasible region of (4.16) is nonempty. By construction, we know that
H?, QF e st (k=1,2,...,m). On the other hand, K = S}* N L% C S{*. Therefore
K" > Sﬁ“’, and Condition (I) follows. On the other hand we know that Sﬁ“ and LA are
both closed convex cones. And, so is their intersection. Therefore, Condition (II) holds for
K = S7 nLA.

(iii) We have derived the Lagrangian-SDP relaxation problem (4.19) of (4.1) from SDP
(4.16). By the same argument as above, we can prove directly that (4.19) is equivalent to
SOS problem:

nz(/\) = sup {yo eR
k=1

FO@) =y + XY Orny (@) (f*(2))* € SOS[z, AL, yo € R } :

Thus it can be shown that if wmin < w1 < wg, then the inequality n (X) < n (A) holds
for every A > 0. Let € > 0. Then, by Lemma 4.4, we can find an @ € Z, such that
¢l —€/2 <% < ¢4 for every w > &. Furthermore, by (i), we can find a A € R such that
¢d—e/2 < nd(N) < ¢ for every A > . Hence we obtain (% — e < ¢4 — /2 < n(\). Now
if w> @ and A > @, then ¢4 —e < nd(N\) < nd(N\) < ¢4, where the last inequality follows
from the discussion above. O

In order to solve the primal-dual pair of COPs (4.18) and (4.19), it is possible to apply the
bisection and 1-dimensional Newton methods proposed in Part I [4]. See also the numerical
method in [17], consisting of a bisection method (Algorithm A of [17]), a proximal alternating
direction multiplier method [12] (Algorithm B) and an accelerated proximal gradient method
[7] (Algorithm C).

Now we present a simpler way of deriving the Lagrangian-SDP relaxation, COP (4.18)
directly from POP (4.1). Choose A > 0 and w € Z. such that w > wpin where wyin =
max{[deg(fo(x))/2], deg(fr(x)) (k =1,2,...,m)}. Consider the unconstrained POP

¢*(A) = inf{g"(A\w,z) : xR}, (4.20)

where g°(A\,w, ) = fO(z)+A D 05 () () (fF(2))?. (See (4.4) and (4.8) for the definition
of 0,1 (x)). Since 0.1, (x) > 1 for every & € R, the term A" 0.4 (z)(fF(x))?
added to the objective polynomial fO(x) of POP (4.1) serves as a penalty for violating the
equality constraints f*(z) =0 (k = 1,2,...,m) of POP (4.1). By the construction of the
matrices H°, Q¥ (k = 0,1,...,m) (see (4.15)) and H. = Sy Q" the unconstrained
POP (4.20) can be rewritten as

= in + y TTTE) )y =1 e ‘
) = inf {(Q+AHL, a74) 1 (HY, 2P =1, e R}
Replacing 74« by a variable matrix X € K,, = Sj_\w N LY, we obtain the Lagrangian-SDP

relaxation COP (4.18) and its dual (4.19). It follows from 74« € K, that n2()\) < ¢&(\) <
¢*. We also see by Theorem 4.5 that if the feasible reagion of POP (4.1) is nonempty and
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Condition (VI) holds then (2()\) converges to the optimal value ¢* of POP (4.1) as A > 0 and
w € Z4 both tend to co. The derivation of the Lagrangian-SDP relaxation COP (4.18) and
its dual (4.19) are equivalent to the application of Lasserre’s hierarchy of SDP relaxations
[20] to (4.20).

A numerical example

We illustrate how ¢ ()\) converges to the optimal value ¢* of POP (4.1) as w and A both tend
to oo with a simple numerical example. We also roughly evaluate the performance of our
Lagrangian-SDP relaxation formulation (4.18) and (4.19) combined with the PB (projection-
bisection) method, which was originally proposed in [17] (see also Section 4 of Part I [4] and
Section 2 of [6]) for large scale COPs of the form (1.1).

Let f(x) be a randomly generated polynomial with degree 4, m = 1 and f!(z) =
St (2z; — 1)2 — 1, for a POP of the form (4.1). Since the feasible region is nonempty
and bounded, the problem has a finite optimal value (*. The numerical experiments were
conducted in MATLAB on Mac Pro with Intel Xeon E5 8 core CPU (3.0 GHz). For the PB
method, we modified the MATLAB code of the PB method (Algorithm 2.2 in [6]) developed
for a class of QOPs. For the primal-dual interior-point method, SeDuMi [24] and SDPT3
[25] were used with default parameters for accuracy. The relative accuracy § = 1.0e-4 was
used for the PB method. We note that the PB method solves the dual problem (4.19) while
SeDuMi and SDPT3 solve the primal-dual pair of (4.18) and (4.19) simaltaneously.

In Table 1, the changes of n()\) as A and w increase are shown for n fixed to 3. The
optimal value ¢* of POP (4.1) was computed by SparsePOP [26, 27] with SeDuMi. We note
that SparsePOP is a MATLAB implementation of Lasserre’s hierarchy of SDP relaxations
of POPs [20]. When the PB method was applied to (4.19) with w = 2, n¢()\) increased with
A from 100 to 51200, but it then decreased due to numerical errors. On the other hand,
when SeDuMi was applied to the primal-dual pair of (4.18) and (4.19), n¢()) increased with
A for each fixed w = 2, 3, 4, and it also increased with w for each fixed A. It eventually
attained a better lower bound —5.02473 of the optimal value (* = —5.02431 of POP (4.1)
at w =4 and A\ = 102400. We also observe in Table 1 that SeDuMi provided a better lower
bound in less cpu time.

Table 1: n = 3. The optimal value is -5.02431. The default parameters for accuracy were
used when applying SeDuMi and SDPT3 to (4.18) and (4.19). For the PB method applied
to (4.19), the relative accuracy § = 1.0e-4 was used.

Lower Bounds (seconds)
w 2 3 4

A PB SeDuMi SeDuMi SeDuMi
100 | -5.48483(1.90e0) | -5.48480(5.97e-2) || -5.41977(7.82e-2) | -5.39395(2.42¢-1)
200 | -5.26430(1.52¢0) | -5.26423(4.65e-2) || -5.23750(8.58¢-2) | -5.22897(2.21e-1)
400 | -5.14748(1.63¢0) | -5.14733(6.07e-2) || -5.13594(7.63e-2) | -5.13342¢(2.20e-1)
800 | -5.08717e(1.34e0) | -5.08670(3.98¢-2) || -5.08160(8.43¢-2) | -5.08093(2.44e-1)
1600 | -5.05603(1.28e0) | -5.05574(6.02e-2) || -5.05336(7.36e-2) | -5.05320(2.28e-1)
3200 | -5.04078(1.52¢0) | -5.04008(7.08¢-2) || -5.03894(1.01e-1) | -5.03890(2.38¢-1)
6400 | -5.03540(1.30¢0) | -5.03221(4.54e-2) || -5.03165(9.23¢-2) | -5.03164(2.01e-1)
12800 | -5.03148(1.33¢0) | -5.02826(8.10e-2) || -5.02798(9.34e-2) | -5.02796(1.85¢-1)
25600 | -5.02033(1.71e0) | -5.02628(4.89e-2) | -5.02615(1.08¢-1) | -5.02614(2.44e-1)
51200 | -5.02689(1.84e0) | -5.02529(4.86e-2) || -5.02515(8.54e-2) | -5.02518(2.09¢-1)
102400 | -5.06741(1.48e0) | -5.02479(8.26e-2) || -5.02476(9.95e-2) | -5.02473(2.21e-1)
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We now consider larger problems. The PB method is compared with the direct applica-
tion of SparsePOP, which invokes SeDuMi or SDPT3 as an SDP solver, to POP (4.1) and
the applications of SeDuMi and SDPT3 to (4.18) and (4.19). Table 2 shows the case where
n = 20 and w = 2. We observe that

(a) SparsePOP with SDPT3 and SparsePOP with SeDuMi applied directly to POP (4.1)
attained the best lower bound, and also performed faster than SDPT3 and SeDuMi
applied to (4.18) and (4.19), respectively.

(b) SDPT3 and SeDuMi applied to (4.18) and (4.19) worked effectively in computing
better bounds but required longer time than the PB method,

(¢) the PB method with smaller A up to 1600 attained a reasonable lower bound in less cpu
time but the lower bounds generated got worse for larger A due to numerical errors.

Table 2: n = 20 and w = 2. The default parameters for accuracy were used when applying
SeDuMi and SDPT3 to (4.18) and (4.19). For the PB method applied to (4.19), the relative
accuracy 0 = 1.0e-4 was used.

Lower BoundS (seconds)
SparsePOP with SDPT3 for (4.1): -1.92956e+1(5.45e+2)
SparsePOP with SeDuMi for (4.1): -1.92956e+1(5.14e+3)
A PB SDPT3 SeDuMi

100 | -2.45517e1(6.34el) | -2.45504e1(1.73e3) | -2.45504e1(1.70e4)
200 | -2.23581el(7.56el) | -2.23569e1(1.76e3) | -2.23569e1(1.70e4)
400 | -2.10353e1(8.54el) | -2.10322e1(1.82e3) | -2.10322e1(1.66e4)
800 | -2.02549¢1(1.53¢2) | -2.02489¢1(1.64e3) | -2.02489¢1(1.65¢4)
1600 | -1.98115e1(1.18¢2) | -1.98030e1(1.77e3) | -1.98028e1(1.71e4)
3200 | -2.14671el1(1.47e2) | -1.95590e1(1.73e3) | -1.95589e1(1.73e4)
6400 | -2.82489¢1(4.10e2) | -1.94301e1(1.86e3) | -1.94300e1(1.73e4)
12800 | -4.09698¢1(3.00e2) | -1.93637e1(1.823) | -1.93636e1(1.73e4)

Table 3 shows the case for n = 25, 30 and w = 2. We note that the observation (a)
made in the previous case is no longer true in these cases. In general, the dual SDP problem
derived as Lasserre’s SDP relaxation [20] of a POP has no interior-feasible solution. This is
a difficulty that many SDP solvers such as SDPT3 based on the primal-dual interior-point
method cannot properly handle. For SeDuMi, we observe that it can effectively deal with
such degeneracy, however, it is too slow to process these problems. As far as the speed is
concerned, SDPT3 is much faster than SeDuMi for large SDPs, but its speed is still not fast
enough and its memory consumption is too large for these problems. The observation (c) on
the PB method remains valid and it successfully provided a lower bound for the unknown
optimal value of POP (4.1) with n = 30 which neither SeDuMi nor SDPT3 could process.

The numerical results reported in Tables 1 to 3 display high potential of our approach
based on the Lagrangian-SDP relaxation formulation (4.18) and (4.19) combined with the
PB method. As seen in the Tables, the current implementation of the PB method lacks
stability for large A. A more stable and efficient implementation of the PB method is
necessary before fully evaluating the performance of our approach. See also the numerical
results reported in [3, 6, 17].
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Table 3: n = 25, 30 and w = 2. The default parameters for accuracy were used when
applying SeDuMi and SDPT3 to (4.18) and (4.19). For the PB method applied to (4.19),
the relative accuracy 6 = 1.0e-4 was used. { means that SDPT3 stops with error (termcode
= -5, gap = 3.6180e6, pinfeas = 1.1035e-4 and dinfeas = 7.5934e-2). { means that SDPT3
terminated with error (termcode = -5, gap = 1.7981e-3, pinfeas = 7.1405e-11 and dinfeas =
8.0319¢-12).

Lower Bounds (seconds)
n 25 30
SparsePOP+SDPT3: -2.9375e67(2.5476e3) || SparsePOP+SDPT3: Out of memory
A PB SDPT3 PB for (4.19) SDPT3
100 | -2.88618e1(1.61e2) -2.88610el (1.45e4) -3.42261e1(3.84¢2) Out of
200 | -2.62152e1(1.99¢2) | -2.62075e1 (1.49%4) | -3.11497e1(7.75¢2) memory
400 | -2.45866e1(2.15e2) | -2.45837el (1.55e4) -2.90901e1(4.67¢2)
800 | -2.36180e1(2.38¢2) | -2.36062el (1.57ed) || -2.78837e1(6.17e2)
1600 | -2.30519¢1(2.90e2) | -2.30385el (1.55e4) || -2.72198¢1(5.32¢2)
3200 | -3.80742e1(3.90e2) | -2.27227el (1.57e4) -3.09553e1(6.17¢2)
6400 | -2.83800e1(3.37¢2) | -3.10021el* (1.24e4) | -3.24649¢1(1.08e3)
12800 | -3.91523e1(4.79¢2) -2.24664el (1.49¢e4) -5.17664€1(9.43¢2)

Concluding Remarks

For POP (1.3) with J = R}, two different approaches can be used. The first one is the
hierarchy of Lagrangian-DNN relaxations, obtained by replacing SDP cones with DNN cones
in the construction of the hierarchy of Lagrangian-SDP relaxations in Section 4. The second
one is the hierarchy of Lagrangian-SDP relaxation for the reformulated equality constrained
POP over R", obtained from adding z;—27,,, = 0 (i = 1,2,...,n) and replacing the cone R}
by R*". The lower bounds generated by the first hierarchy of Lagrangian-DNN relaxations
may not be theoretically guaranteed to converge to the optimal value of the original POP.
However, it may work effectively and efficiently for practical problems with a low relaxation
order.

Preliminary numerical results have been reported in Section 4. As mentioned in Section
4.5, there remain some issues to be investigated for a stable and efficient implementation
of the PB method for the hierarchy of Lagrangian-SDP relaxations of general POPs. The
1-dimensional Newton method proposed in Part I [4] may increase the numerical efficiency.

In addition, handling sparsity in an efficient manner is an important issue. Although a
hierarchy of sparse Lagrangian-SDP relaxations was presented in the original version [5] of
this paper, it is excluded here for the simplicity of the discussions in this paper. We hope
to report extensive numerical results in the near future.
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