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CONVERGENCE RATE BOUNDS FOR A PROXIMAL ADMM
WITH OVER-RELAXATION STEPSIZE PARAMETER FOR
SOLVING NONCONVEX LINEARLY CONSTRAINED
PROBLEMS
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Abstract: This paper establishes convergence rate bounds for a variant of the proximal alternating direction
method of multipliers (ADMM) for solving nonconvex linearly constrained optimization problems. The
variant of the proximal ADMM allows the inclusion of an over-relaxation stepsize parameter belonging to
the interval (0,2). To the best of our knowledge, this is the first time that stepsize parameter larger than
(1 ++/5)/2 is considered in the ADMM literature.
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Introduction

We consider the following linearly constrained problem
min{ f(z) + g(y) : Ax + By =b, x € R",y € R} (1.1)

where f: R" — (—o00,00] and g : RP — (—00, 00] are proper lower semicontinuous functions,
A e R>X" B € R™P and b € R'. Optimization problems such as (1.1) appear in many impor-
tant applications such as nonnegative matrix factorization, distributed matrix factorization,
distributed clustering, sparse zero variance discriminant analysis, tensor decomposition, and
matrix completion, asset allocation (see, e.g., [1,8,25,34,35,39,41]). Moreover, it has ob-
served that (specific variants of) the alternating direction method of multipliers (ADMM)
can tackle many of the instances arising in these settings extremely well despite many of
them being nonconvex.

A particular ADMM class for solving (1.1), namely, the proximal ADMM, recursively
computes a sequence {(zg, yi, A\p)} as

. 1
xp = argmin, {Eg(x, Yk—1, Ae—1) + §||x - xk1||2G} ,
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. 1
Y = argmin, {Eﬁ(xmy, Ak—1) + §||y - yk—1§{} ; (1.2)
A = A1 — 08 [Axk + By — b]

where 5 > 0 is a penalty parameter, 6 > 0 is a stepsize parameter, G € R"*" and H € RP*P
are symmetric and positive semidefinite matrices, and

La(x,y,A) = f(x)+9g(y) — (\, Az + By — b) + §||A:v + By — b|? (1.3)

is the augmented Lagrangian function for problem (1.1). If (H,G) = (0,0) in the above
method, we obtain the standard ADMM. Moreover, the above subproblems with suitable
choices of G and H are easy to solve or even have closed-form solutions for many relevant
instances of (1.1) (see [5,19,33,37] for more details).

For the case in which f and g in (1.1) are both convex (e.g., see [12,18,19,27]), the
complexity results for the proximal ADMM (1.2) can be conveniently stated in terms of
the following simple termination criterion associated with the optimality condition for (1.1),
namely: for given p,e > 0, terminate with a quintuple (z,y, A, 71,72) € R" x RP x RI x R™ x R?
satisfying

max{||Az + By = bl|, |[r1[, [|r2ll} < p, 71 € 0-f(x) —A"A, 12 € 0:9(y) —B'A  (L4)

where 0, denotes the classical e-subdifferential of convex functions and the norms in the
first inequality can be arbitrarily chosen. In terms of this termination criterion, the best
ergodic iteration-complexity bound found in the literature is O(max{p~!,e71}) while the
best pointwise one is O(p~2). (The latter bound is independent of € since, in the pointwise
case, the two inclusions above are shown to hold with € = 0.)

This paper considers the special case of (1.1) in which f is as stated immediately follow-
ing (1.1) (and hence not necessarily convex) and g is a differentiable function whose gradient
is Lipschitz continuous on the whole RP. By considering an extended notion of subdifferential
for the nonconvex function f (see for example [28,30]), this paper establishes an O(p~2)-
pointwise iteration-complexity bound to obtain a quadruple (z,y, A,r1) € R” x R? x Rl x R?
satisfying

max{||Az + By = bl [|Vg(y) = B*All, [r1ll} < p, 1 €df(z) - A™A. (1.5)

for an important subclass of the proximal ADMM (1.2). The latter subclass has the following
properties: the penalty parameter 3 is sufficiently large (see (2.6)), G is an arbitrary positive
semidefinite matrix, H is a sufficiently large positive multiple of the identity, and the stepsize
0 lies in the interval (0, 2). To the best of our knowledge, this is the first time that iteration-
complexity is established in the literature for a variant of the ADMM with stepsize 6 > (v/5+
1)/2, even for the case in which (1.1) is assumed to be a convex problem. It is worth pointing
out that [7,10] show that larger choice of § usually improves the practical performance of the
proximal ADMM. Finally, asymptotic convergence of the proposed method is also analyzed
under Kurdyka-Lojasiewicz property.

Previous related works. The ADMM was introduced in [9,11] and is thoroughly discussed
in [3,10]. Even though convergence of the sequence generated by the ADMM has been
established in very early papers about it, only recently has its iteration-complexity been
established. To discuss this development in the convex case, we use the terminology weak
pointwise or strong pointwise bounds to refer to complexity bounds relative to the best
of the first k iterates or the last iterate, respectively, to satisfy the termination criterion
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(1.4). The first iteration-complexity bound for the ADMM was established in [27] under
the assumptions that C is injective. More specifically, the ergodic iteration-complexity for
the standard ADMM is derived in [27] for any 6 € (0, 1] while a weak pointwise iteration-
complexity easily follows from the approach in [27] for any 6 € (0,1). Subsequently, without
assuming that C'is injective, [19] established the ergodic iteration-complexity of the proximal
ADMM (1.2) with G = 0 and § = 1 and, as a consequence, of the split inexact Uzawa
method [40]. Paper [18] establishes the weak pointwise and ergodic iteration-complexity
of another collection of ADMM instances which includes the standard ADMM for any 6 €
(0, (1 ++/5)/2). It should be noted however that [18,19] do not provide any details on how
to obtain an easily verifiable ergodic termination criterion with a well-established iteration-
complexity bound. A strong pointwise iteration-complexity bound for the proximal ADMM
(1.2) with G = 0 and 6 = 1 is derived in [20]. Pointwise and ergodic iteration-complexity
results for the whole proximal ADMM (1.2) and for any 6 € (0, (1++/5)/2) are given in [4,14].
In addition to providing alternative proofs for these latter results, paper [12] obtains an
ergodic iteration complexity bound for the proximal ADMM with § = (14++/5)/2. A number
of papers (see for example [5,6,13,16,26,29] and references therein) have obtained similar
complexity results in the context of other ADMM classes. Finally, it should be mentioned
that, subsequently to this paper, [17] studied complexity results for the proximal ADMM
with stepsize parameter 6 € (0,2) in the convex case.

Iteration-complexity analysis of the ADMM has also been established for possibly non-
convex instances of (1.1) satisfying the same assumptions made on this paper, i.e., f is a
proper lower semi-continuous function and g is a continuously differentiable function whose
gradient is Lipschitz continuous on the whole RP. Recently, there have been a lot of interest
on the study of ADMM variants for nonconvex problems (see, e.g., [15,21-24,31,32,36,38]).
The results developed in [15, 24, 31, 32, 36, 38] establish convergence of the generated se-
quence to a stationary point of (1.1) under the assumption that the objective function of
(1.1) satisfies the so-called Kurdyka-Lojasiewicz (K-L) property. However, none of these
papers considers the issue of iteration complexity for ADMM although their theoretical
analysis are generally half-way or close to accomplishing such goal. Paper [22] analyzes the
convergence of ADMM for solving nonconvex consensus and sharing problems and estab-
lishes the iteration complexity of ADMM for the consensus problem. Paper [23] studies the
iteration-complexity of a multi-block type ADMM method whose two-block special case is
a modification of the proximal ADMM in which the function g of the second subproblem
in (1.2) is replaced by its linear approximation, G is positive definite and H is chosen as
LI where L is the Lipschitz constant of Vg(-). Finally, [21] studies the iteration-complexity
of a proximal variant of the augmented Lagrangian method for solving the 1-block special
form of (1.1), i.e., with f =0 and A =0.

Organization of the paper. Subsection 1.1 presents some notations and basic results. Sec-
tion 2 describes the proximal ADMM and presents corresponding convergence rate bounds
whose proofs are given in Section 3. The asymptotic convergence of the proposed method
under Kurdyka-Lojasiewicz property are discussed in Section 4

Notations and basic results

This subsection presents some definitions, notations and basic results used in this paper.
Let R™ denote the n-dimensional Euclidean space with inner product and associated
norm denoted by (-,-) and || - ||, respectively. We use R*™ to denote the set of all I x n
matrices. The image space of a matrix Q € R\*™ is defined as Im(Q) := {Qz : z € R"}
and Pg denotes the Euclidean projection onto Im (Q). The notation ¢ > 0 means that
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Q is a definite positive matrix. The symbol Apnin(Q) denotes the minimum eigenvalue of a
symmetric matrix Q. If @ is a symmetric and positive semidefinite matrix, the seminorm
induced by @ on R”, denoted by ||-||g, is defined as ||-||g = (Q(-),-)}/2. For a given sequence
{zk : k > 0}, let {Az,} be the sequence defined by

Azk =2k — Zk—1, k Z 1.

The domain of a function h : R™ — (—o00, 00| is the set domh := {z € R" : h(z) < +o0}.
Moreover, h is said to be proper if h(z) < co for some = € R™.
We next recall some definitions and results of subdifferential calculus [28, 30].

Definition 1.1. Let h: R™ — (—o00, c0] be a proper lower semi-continuous function.
(i) The Fréchet subdifferential of h at z € domh, written by dh(z), is the set of all
elements u € R™ which satisfy

hy) = hla) — wy —a) _

lim inf
yEe y—e ly — ||

When z ¢ dom h, we set dh(z) = 0.

(ii) The limiting subdifferential, or simply subdifferential, of h at x € dom h, written by
Oh(x), is defined as

Oh(z) = {u € R"™ : Iz, — , h(zyn) — h(x),up, € Oh(xy), with up — u}.  (1.6)

(iii) A critical (or stationary) point of & is a point z in the domain of h satisfying 0 € Oh(x).

The following result gives some properties of the subdifferential.

Proposition 1.1. Let h: R™ — (—o00, 00| be a proper lower semi-continuous function.

(a) if {(uk,xr)} is a sequence such that x, — x, up, — u, h(zy) — h(z) and u, € Oh(xy),
then u € Oh(x);

(b) if x € R™ is a local minimizer of h, then 0 € Oh(x);
(¢) ifp:R™ = R is a continuously differentiable function, then d(h + p)(z) = dh(z) +
Vp(x).
We next recall the definition of critical points of (1.1).
Definition 1.2. A triple (z*,y*, \*) € R" x R? x R! is a critical point of problem (1.1) if
0e€df(z*)— A" N*, 0=Vg(y*)— B*\*, 0= Az"+ By* —b. (1.7)

Under some mild conditions, it can be shown that if (z*, y*) is a local minimum of (1.1),
then there exists A* such that (z*,y*, \*) is a critical point of (1.1).
We end this section by presenting an auxiliary result which is used in our presentation.

Lemma 1.2. Let S € R" P be a non-zero matriz and let og' denote the smallest positive

eigenvalue of SS*. Then, for every u € RP, there holds

1
[Ps=(u)|| < —=|ISul. (1.8)
0.+
S
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Proof. Let r denote the rank of S and let S = RAQ* be a partial singular-value decompo-
sition of S where R € R™*" is such that R*R = I, Q € RP*" is such that Q*Q = I and
A € R™*" is a positive diagonal matrix. It is easy to see that

[Ps-(w)]| = [[Po(u)]| = [QQ* Q) Q*ul| = |Q"u| Vu e R”. (1.9)
Moreover, we have

1Qull = AT AQ ]| < [ATH[|AQ u]| = AT [|RAQ ul| = [A™*[[|Sull Vu e R(p~ :
1.10

The result now follows from the above two relations and the fact that [|[A7Y| =1/4/od. O

Proximal ADMM and its Convergence Rate

This section describes the assumptions made on problem (1.1) and states the variant of
the proximal ADMM considered in this paper. It also states the main result of this paper
(Theorem 2.2), and a special case of it (Corollary 2.3), both of them describing convergence
rate bounds for the aforementioned proximal ADMM variant. The proof of Theorem 2.2 is
however postponed to Section 3.

The augmented Lagrangian associated with problem (1.1) is defined as

B
Lo(x,y,\) = f(2) + 9(y) = (A, Av + By = ) + J || A + By — 0] (2.1)
This paper considers problem (1.1) under the following set of assumptions:
(A0) f:R"™ — (—o0,00] is a proper lower semi-continuous function;

(A1) B#0and Im(B) D {b} UIm(A);
(A2) g¢:RP — R is differentiable everywhere on R? and there exists L > 0 such that

1Ps-(Vg(y) = Pe- (Vg < Llly' =yl Vy,y' € RY; (2.2)

(A3) there exists m > 0 such that the function g(-) +m|| - ||?/2 is convex, or equivalently,
m

9W) = 9w) = (Vo) v —v) = =5 Il —yl* Vy,y' €R; (2:3)

(A4) there exists § > 0 such that

L := inf {f(x) +9(y) + §||Ax + By — b||2} > —00. (2.4)

(z,y)

Some comments are in order. First, due to the generality of (A0), problem (1.1) may
include an extra constraint of the form x € X where X is a closed set since this constraint
can be incorporated into f by adding to it the indicator function of X. Second, (A1) implies
that for every = € R™, there exists y € R? such that (z,y) satisfies the (linear) constraint
of (1.1). The extra condition that B # 0 is very mild since otherwise (1.1) would be much
simpler to solve. Third, if Vg(-) is L-Lipschitz continuous, then (A2) and (A3) with m = L
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obviously hold. However, conditions (A2) and (A3) combined are generally weaker than
the condition that Vg(-) be L-Lipschitz continuous.
Next we state the proximal ADMM for solving problem (1.1).

Proximal ADMM

(0) Let an initial point (g, 0, Ao) € R™ x R? x R! and a symmetric positive semi-definite
matrix G € R™*" be given. Let a stepsize parameter 6 € (0,2) be given and define

0
=_— 2.
I (22)
Choose scalars 8 > 3 (see (A4)) and 7 > 0 such that
2 — 12 472
5 <ﬁch +27—m 3( irT )) 0, (2.6)
4 /BO'B

where op (resp., 0f;) denotes the smallest eigenvalue (resp., positive eigenvalue) of
B*B, and set k = 1;

(1) compute an optimal solution z; € R™ of the subproblem

. 1
min {E@(x7yk1,/\k1)+2|x—xk1é} (2.7)

zER™

and then compute an optimal solution y; € RP of the subproblem

-
w{r A Tl — e 2}. 2.8
min { £ ) + 5l pal) ©8)

(2) set
M = Ak—1 — 0B [Azy, + Byy — 0] (2.9)

and k < k + 1, and go to step (1).

end

We now make a few remarks about the proximal ADMM. First, the assumption that
0 € (0,2) guarantees that v in (2.5) is well-defined and positive. Second, the special case of
the proximal ADMM in which G = 0 requires only an initial pair (yo, Ao) since any of its
iteration is independent of z;_;. Third, note that if 5B*B+71 —ml > 0, then the objective
function of subproblem (2.8) is strongly convex and hence y, is uniquely determined. Fourth,
the subproblems (2.7) and (2.8) are of the form

) 1, 9 . 1
min {f(x) lea) + anawm} . min {g<y> )+ 2||y||ﬂ+ﬁB*B} (2.10)
for some ¢ € R™ and d € RP. For the purpose of this paper, we assume they are easy to
solve exactly, possibly by choosing 7 > 0, 8 > 0 and G appropriately. Fifth, condition (2.6)
imposed on the different data constants and parameters of the proximal ADMM method
is needed to establish convergence rate bounds for it (see Theorem 2.2). Note that, if
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either o3 > 0 or 7 > m/2, then it is always possible to choose a sufficiently large penalty
parameter 3 satisfying this condition. Hence, if o3 > 0, convergence rate bounds for the
standard ADMM (i.e., the special case of the above method with G = 0 and 7 = 0) can be
derived for g sufficiently large (see Corollary 2.3).

Next we define a parameter required in order to present our convergence rate bounds.
Define

) €l s 9 Bop +27—m 9
:0) = —||B*A — | |A
i das0) = i D18 Al + (EEEZZY g
s.t. TAyO + (1 — 1/9)B*A)\0 = B*)\() — Vg(yo) (211)
where olg 1
o 10— 1 (2.12)

T B0 — 10— 1))of, ~

Theorem 2.2 below expresses the complexity of the proximal ADMM in terms of the
quantity 7o, which depends on the initial iterate pair (yg, Ag) as well as the constant m and
the parameters 6, § and 7 used by the method. This contrasts with the analysis of the
papers [21-23] which derive iteration-complexity for variants of the augmented Lagrangian
and the proximal ADMM expressed in terms of both (zg, yo, Ao) and (z1,y1, A\1). We believe
that the one derived in this paper is more convenient since quantities expressed only in terms
of (zg,y0,\o) are easier to compute and/or estimate. Definition (2.11) of 7y is somewhat
complicated but, under some conditions, it simplifies or an upper bound on 79 can easily be
obtained. The following trivial result elaborates on this point and gives sufficient conditions
for the quantity 79 to be finite.

Lemma 2.1. Let (yo,\o) € R? x R! and 0 € (0,2) be given. Then, problem (2.11) is
feasible, and hence the quantity ng := no(yo, Ao; ) is finite, under either one of the following
conditions:

(i) B*Xo = Vg(yo), in which case ng = 0;
(i) 7=0, 8 #1 and B*B invertible;
(iii) 7> 0.
The following result derives convergence rate bounds for the proximal ADMM for solving

the nonconvex optimization problem (1.1) satisfying assumptions (A0)-(A4) for any 6 €
(0,2) and 8 sufficiently large.

Theorem 2.2. Assume that the stepsize 0 € (0,2) and the initial pair (yo, Ao) € RP x R is
such that the quantity no := no(yo, Ao; 0) defined in (2.11) is finite and define

A% = Eﬁ(l’o, Yo, )‘0) - E (213)
where L is as in (A4). If, for every k > 1, we define
j\k = Ap—1 — B (Axg + Byg—1 — ), (2.14)

then we have .
—GAack S 8f($k) — A*>\]€7 (215)

and there exists j < k such that
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6 max{ny, A%} < . 3max{ny, A%}
Iazjllo < 4 DI wgy,) - Bl < BB B )y s
1 3maX{nOaA%}
Az, + By, — bl < —4/ —— 2787

where §1 s as in (2.6), and o2 is defined as

(WJWZ)))l, (2.16)

0—561

5y 1= (69 +

As a consequence of the previous result, the following corollary establishes convergence
rate bounds for the standard ADMM for solving (1.1) with B*B invertible for any stepsize
6 € (0,2) and sufficiently large penalty parameter /3.

Corollary 2.3. Consider the standard ADMDM, i.e., the special case of the proximal ADMM
with G =0 and 7 = 0, applied to problem (1.1) with B* B invertible. Assume that the initial
pair (Yo, Ao) satisfies B*A\g = Vg(yo) and § > § is chosen in a such a way that
Bog —2m o 3yL?
8 ~ Bop '

Then, A% > 0 where A% is as in (2.13), and for every k > 1,

(2.17)

0 € df(xr) — A* A

and there exists 7 < k such that

: AY A9
)= B\ < B*BJ|y/ -2 Az; + By, — b|| < —B
Vo) - BNl <0 | VBIBBI | e+ By bl <0 () 2

Proof. Since B*\g = Vg(yo), it follows from Lemma 2.1(i) that 1o = 0. Moreover, since
B*B is invertible, we have og = UE. The conclusion that A% > 0 follows from Lemma 3.8
with k = 0, and the fact that 1y = 0. Moreover, inequality (2.17) yields vL? < (o5/3)?/24.
Hence, since 7 = 0, it follows from the definitions of ; and d in (2.6) and (2.16), respectively,
and inequality (2.17) that

1
Bop o5 < B8 gyl 35 (2.18)
8 4 02
Hence, 61 = O(Bop) and 1/62 = O(B0). Therefore, the desired result trivially follows from
the facts that G =0, 7 = 0 and 79 = 0, and Theorem 2.2. O

Proof of Theorem 2.2

This section gives the proof of Theorem 2.2.
We first establish a few technical lemmas. The first one describes a set of inclusions/equations
satisfied by the sequence {(zx, Yy, \r)} generated by the proximal ADMM.
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Lemma 3.1. Consider the sequence {(zk,yr, \)} generated by the prozimal ADMM and
let {\r} as defined in (2.14). Then, for every k > 1, the following inclusions hold:

0e [8f(xk) —A*Xk} 4 Gak — zhr), (3.1)
0= {Vg(yk) - B*j\k} + BB*B(ykx — Yr—1) + 7Yk — Yu—1), (3.2)
0 = [Azg + Bys — b + — (e — A1), (3.3)

0p
Proof. The optimality conditions for (2.7) and (2.8) imply that

0 € df(xp) — A*(Aw—1 — B(Azg + Byg—1 — b)) + G(zr — zx-1),
0= Vg(yr) = B*(Ax—1 — B(Azp + Byr — b)) + 7(yr — yr—-1),

respectively. These relations combined with (2.14) immediately yield (3.1) and (3.2). Rela-
tion (3.3) follows immediately from (2.9). O

The following lemma provides a recursive relation for the sequence {A\g}.

Lemma 3.2. Let Ayg € R? and AXg € R be such that
TAyo + (1 = 1/0)B*AXg = B* o — Vg(0). (3.4)
Then, for every k > 1, we have
B*AMN; = (1 —0)B*AMNg_1 + Ouy (3.5)

where
up = Vg(yx) — Vg(yr—1) + 7(Ayr — Ayp—1). (3.6)

Proof. Using (2.14) and (3.3) we easily see that
ONe = Ae + (0 — DAp—1 + BOB(yx — Y1), Yk > 1.
This expression together with (3.2) then imply that
B\ = (1—0)B* Mot + 0[Va(ye) + 7Ayr] k> 1. (3.7)

Hence, in view of (3.6), relation (3.5) holds for every k > 2. Also, (3.6) and (3.7) both with
k =1 imply that

B*A)\ = B*(Al — /\0) = —GB*)\O +6 [Vg(yl) + TAyl] = —0B*\g+ 0 [Ul + Vg(yo) + TAyo}
which, together with the definition of Ay in (3.4), shows that (3.5) also holds for k = 1. O

The next lemma describes how the sequence {(x, yx, Ax)} affects the value of the aug-
mented Lagrangian function defined in (2.1).

Lemma 3.3. For every k > 1, we have

(a) Lo(Ths Y1, M—1) — Lo(@h—1,Yr—1, \o—1) < —|| Az ||Z/2;
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(b) ‘Cﬂ(mkayka )‘k—l) - ‘Cﬂ(mkayk—h >\k‘—1) S (m - /BGB - 27—)“Ayk||2/2;
(€) Ls(@r, yr, M) — Lo(@r, yr, Ae—1) = [1/(08)] | AN

Proof. (a) In view of (2.7), we have

La(T, Yr—1, Mo—1) + |z — 2i—1l6/2 < Lo(Th—1, Yk—1, Ak—1),
which, combined with the identity Azy = xy — xp_1, proves (a).
(b) Using the definition of Lz in (2.1), we have
L@k, Y1, Ae—1) — Lo (T, Y, Ab—1)

= g(yr-1) — 9(yx) — Mk—1, B(yr, — Y&)) + gHAfﬂk + Byp—1 — b||* — §|\Axk + By — b||?

= 9(yx—-1) — 9(yx) — (Ae—1 — B(Az + Byr — ), B(yx, — yr)) + §||B(yk—1 —y)|?

= 9(yk-1) — 9(uk) — (\e» B(yr—1 — vi)) (3.8)

where the last inequality is due to (2.14). On the other hand, it follows from (A3) and (3.2)
that

9(Wr—1)=9(r) = A, Blyr—1 — yx)) = —%Hykfl—kaQJrgHB(yk—l—yk)HQJrTHykq—kaZa
(3.9)
which, combined with (3.8) and the fact that | BAyk|> > op||Ayk||?, proves the desired
inequality.
(c) This statement follows from (2.9), the identity ANy = A\ — A\x,—1 and the fact that
(2.1) implies that

LTk, Yrs Ak) = La(Th, Y, A—1) — (A — Ap—1, Az, + By, — b). O

Our goal now is to show that a certain sequence associated with {Lg(zk,yk, Ax)} is
monotonically decreasing, namely, the sequence {A’g + n } where

A= Lo(wp,yr M) — L Yk >0, (3.10)

Bog +21—m
4

and L, 1o = 10(yo, Ao; ) and c¢; are as defined in (A4), (2.11) and (2.12), respectively.

Before establishing the monotonicity property of the above sequence, we state three
technical results. The first one describes an upper bound on Ag — qu in terms of three
quantities related to {Azy}, {AM;} and {Ayyi}, respectively.

c *
=SBt o+ Jlanl? iz (3.11)

Lemma 3.4. For every k > 1,

A+ — (A5 ) < — ]| Azell% + 0} + 6} (3.12)
where
0L = 5l AN + 5 (1B AN - B AN ?) (3.13)
and
0 i= - (P2 ) (1wl + [An-al?) (3.14)

where ¢1 is defined in (2.12).
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Proof. The proof of the lemma follows by adding the three inequalities given in statements
(a), (b) and (c) of Lemma 3.3 and using the definitions of AE and 7 in (3.10) and (3.11),
respectively. O

The next two results combined provide an upper bound for O}, in terms of {Ayy}.

Lemma 3.5. Let uy and O}, be as in (3.6) and (3.13), respectively. Then,

v 2
O < ——lluxl
Bof;

where v is defined in (2.5).

Proof. Assumption (A1) clearly implies that A\, = —B0(Axy, + Byr, —b) € Im(B). Hence,
it follows from Lemma 1.2 that

1 *
AN = Pe(AN) || £ —= B A ||
+
9B
where Pp(+) is defined in Subsection 1.1. Hence, in view of (3.5) and (3.13), we have

1
I} HUE

c * *
Ok < o B AN + S (1B AN — || B" AN ?)

1 c1 % 2 * 2
=—F4+—= 1—-0)B*A\;— — —||B*AX g1 |-
(707 + ) 100 =5 Ay 4 el = 15" vl

Note that if # = 1, then (2.12) implies that ¢; = 0 and the above inequality implies the
conclusion of the lemma. We will now establish the conclusion of the lemma for the case in
which 6 # 1. The previous inequality together with the relation ||s; + s2||? < (1+¢)]|s1]|* +

(14 1/t)]|s2]|> which holds for every si, s € R and t > 0 yield

1 c " 1 c "
ey < —+ [(1 +1)(0 = 1)?|B*Axp—1||” + (1 + 7> 92||uk||2] — 2 B* AN |2
Bosh 2 t 2

1 c1 5 €1 » 2 1 1 ( 1) 2 2
= + = ](A+t)O—-1)°——]|||B"AX,_ + + — 14— 6% u
K%g 2)( o 1) 2} 15" A | <ﬁ901g 2) L) 62

_Ja+ne-1)7? 27 C1 * 2 1 c1 1\ 2
= {690;— [1-1+0-1)7 2}3 AN |17 + (,390; +2> (1+;)0 [l ]~

Using the above expression with t = —1 + 1/|@ — 1| and noting that ¢ > 0 in view of the assumption that
0 € (0,2), we conclude that

1 c1 1 c1 62 9
6} < 6 =1 = (1 =10 1)) = | I1B*AXe—1|® + +5 llull
o, 2 Boot 2 ) 1—10—1]
1 6—1 62
— (1 ) e
Blo; 1—-10—-11/)1—10-1|
where the last equality is due to (2.12). Hence, in view of (2.5), the conclusion of the lemma follows. ]

Lemma 3.6. The vector uy, defined in (3.6) satisfies

llurll* < 3(L2 + 72) (| Ayel* + | Aye—1 ). (3.15)
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Proof. Noting that (3.5) implies that u; € Im B* and using assumption (A2) and non-
expansiveness of the projection operator, we obtain
[url® = [[Pp- (w) > = 1P (Va(yr) = Vg(yr-1)) + 7Pp+ (Ayx — Ayp—1) ||
< (Ll Ayl + 7l Aye — Agea )
< 3L2|| Ayi]|* + 372 (| Ayx )1 + [ Aye—1 ) (3.16)
where the last inequality follows from the triangle inequality and the relation (s;+s2+53)% <

3s% + 3s2 + 352 for sq, 892,83 € R. Therefore, the desired inequality follows trivially from
(3.16). 0

Finally, the next proposition shows that the sequence {A } decreases.

Proposition 3.7. The sequence {(zk,yr, \i)} generated by the prozimal ADMM satisfies
k k—1 1 2 2 2
A +nk — (A5 +np—1) < —§HA$1¢||G = 01([[Aykll” + [Aye—1 ") VE =1 (3.17)

where 61, A’B and ni are as in (2.6), (3.10) and (3.11), respectively.
Proof. Tt follows from Lemmas 3.5 and 3.6 that

3y(L? + 72)

oL <
k 50'3

(1 Ayel* + | Ayr-11%)

and hence, in view of (2.6) and (3.14), we have

3V(L2+712) m—Bop—2r
Bog 4

= =01 ([ Ayxl® + [ Ayr-1]*)

ol + 07 < ( ) (1Al + [ Ao |?)

where the last inequality is due to the definition of §; in (2.6). Hence, the result follows due
o (3.12). O

The next three lemmas show how to obtain convergence rate bounds for the quantities
|Azjlle, [|Ay;|| and ||AN;|| with the aid of Proposition 3.7. The first one shows that
{A% 4 ni} is nonnegative.

Lemma 3.8. Let Ag and ny; be as in (3.10) and (3.11), respectively. Then,

Al +m >0 Vk>0. (3.18)

Proof. Let us first consider that case k& > 1. Assume for contradiction that there exists an
index kg > 0 such that Ak°+ +Mko+1 < 0. Since {A +ny } is decreasing (see Proposition 3.7),
we obtain

J ko
S (AL +m) <D (AL + )+ (G — ko) (AR +mkor1) Vi > ko (3.19)
k=1 k=1

and hence

J—00

J
lim Y “(Af + ) = —oc. (3.20)
1
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On the other hand, since 3 > B, it follows from (2.1), (2.9), (3.10), (3.11) and assumption
(A4) that

AL 4k = La(@r, yr Ak) — L4 0k > La(@r, Yrs Ak) — £ > Li(wh, Yps M) — £
3 1
:f(fﬂk)+9(yk)+§||A$k+Byk —b|* - FO\IQ’/\k — Ai_1)
> L (I = et I = Mot ) 2 o (Il = e )
— 2460 230 ,
and hence that
J
(A5 ’ ) = = |ol® Vi1, 21

2 (a5 +m) > 52 (NP = olP) = =g ol V5 (3:21)

which yields the desired contradiction. Therefore, (3.18) holds for ¥ > 1. Now, for the
case k = 0, the desired inequality follows from the last conclusion and Proposition 3.7 with
kE=1. O

Lemma 3.9. For every k > 1, we have

k
1
> (1013 + alAnl? + ] an?) < 3max(ad,m) (322)

where 01, AY and 63 are as defined in (2.6), (2.13) and (2.16), respectively.

Proof. First note that Proposition 3.7 together with Lemma 3.8 yields, for every k > 1,

k
1
> (el + alam 1P + 1an11) < A%+ m < 2max(afm) (329

j=1

which, in particular, implies that

P

k 0
2m3‘X{A v770}
D (1A + Ay ) € ———— (3.24)
=1 !
Due to (3.23), in order to prove (3.22), it suffices to show that
k 0
max{Aj3,
> (a2 < 2B m] (3.25)

Then, in the remaining part of the proof we will show that (3.25) holds. By rewriting (3.13),
we have ol
JANI2 = 80 |5 (1B" ANl = 1B AA) + 0} ¥k >1,

where A)g is such that the pair (Ayg, AXg) is a solution of (2.11). Hence, using (2.11) and
Lemmas 3.5 and 3.6, we obtain

k

k k
Cly u 0
D NIANP <50 | S IB AXo|* + D07 | < B0m+ — > [lug]?

j=1 j=1 B j=1
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30~y(L? 4 12 k
< 80 + 2T SN (g 1P + Ay P)
g
B j=1
66y(L* 4 7%)max{Afj, no}

0;51

< BOno +

where the last inequality is due to (3.24). Hence, (3.25) follows from the last inequality and
the definition of d2 in (2.16). O

Lemma 3.10. For every k > 1, there exists 3 < k such that

6 max{no, A%} 3max{rno, Aj} 3max{rno, Aj}
1Az;llo < | ———=, Ayl </ ——— ANl </ ————5
k 01k 02k

where 61, 10, Ay and J are as defined in (2.6), (2.11), (2.13) and (2.16), respectively.
Proof. The proof of this result follows directly from Lemma 3.9. O

We are now ready to prove Theorem 2.2.
Proof of Theorem 2.2: First note that the inclusion (2.15) follows immediately from (3.1).
Also, we obtain from (3.2) and (3.3) that

N 1
Vy(yr) — B*\y = —(BB*B +7)Ays, Az, + By, — b= —@Axk, Yk > 1.

Hence, to end the proof, just combine the above identities with Lemma 3.10. O

Convergence Analysis of the Proximal ADMM Under Kurdyka-
Lojasiewicz Property

This section analyzes the convergence of the proximal ADMM under the assumption that
a specific potencial function is Kurdyka-Lojasiewicz (K-L). The K-L property and K-L
function can be described as follows.

Definition 4.1. Let T : R® — (—o00, 00] be a proper lower semicontinuous function.

(a) T is said to have the Kurdyka-Lojasiewicz property at z* € domdT if there exist
n € (0, +0o0], a neighborhood U of z* and a continuous concave function ¢ : [0,1) — Ry
such that: i) ¢(0) = 0; ii) ¢ is C* on (0,7); iii) for all s € (0,7), ¢’(s) > 0; iv) for all
zeUN{z e R": T(z*) < T(2) < T(z*) + n}, the Kurdyka-Lojasiewicz inequality
holds

&' (T(z) — T(z"))dist(0,0T'(z)) > 1. (4.1)

(b) If T has the KL property at each point of dom 97T, then T is called a K-L function.

We refer the reader to [2] and references therein for examples of K-L functions. We
first show the convergence of the sequence {(zx, yx, \x)} generated by the proximal ADMM
assuming that it is bounded. Subsequently, we discuss a case in which this boundedness can
be ensured.
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Proposition 4.1. Let {(xk,yr, \x)} be generated by the proximal ADMM with T = 0.
Assume that G is positive definite and define
T(z,y,\) := Ls(z,y,\) + 3c10° 82| B*(Ax + By + b)||?/2, (4.2)
where ¢y is as in (2.12). Then there exist k1, k2 > 0 such that, for every k > 1,
T(ak, yo M) + 1 ([|Azk]* + [|Ayx|® + [AN?) < T(@p-1,y6-1,Me-1)  (43)

and there exists (wf,wy,wp) €  OT(xk,ye, k) satisfying ||(wi,wi,wp)| <
Ko||[(Azg, Ayk, AXg)||. Additionally, if T is a KL function and {(zk,yk, \x)} is bounded,
then {(zk, yr, \x)} converges to a critical point of problem (1.1).

Proof. From (4.2), Lemma 3.3 with 7 = 0 and (2.9), we have

Azylg | (m—Bo Al
T(xlwykta)‘k?) - T(xkfhykfl))‘kfl) < - || kHG + ( ﬁ B) ||Ayk||2 QM
2 9 03
AN 3c . .
+3 egkl o> 5 (1B AN = [[B* AN %) - (44)

Using Lemma 3.5 and the facts that 7 = 0 and ||[Vg(yx) — Vg(yr—1)||*> < L?||Ayk||? (see the
first inequality in (3.16) with 7 = 0), we obtain

1AM
0B

which, combined with (4.4), yields

. . yL?
(IIB AN|? = | B* AN ]?) < LJF IVg(yr) — Va(ur—)II” < = [ Aul,
/BUB /BUB

[Azi||Z;  [(Bos —m) 39L
2 2 BUE
2
NESWE
06
Since G is positive definite, the last inequality and (2.6) with 7 = 0 imply that there exists

k1 > 0 such that (4.3) holds. Now, it follows from (3.1)—(3.3), (2.14) and some algebraic
manipulations that

T(xk, Yrs M) — T(Xp—1, Yh—1, A1) < — (| A2

wi = —3c10BA*(BB* + I) A\, — GAxy, € 0,T (T, Yi, i)
w! := —3¢108B*(BB* + I)A\, — BB*BAyy, = V, Tk, Yx, M)
’UJ}? = A)\k/eﬁ - v)\T(xkayka Ak)?

and hence the second statement of the proposition easily follows. In order to prove the last
statement of the proposition, note the boundedness of {(zr, yr, Ax) } implies that there exists
a subsequence {(wx;, yx,, Ax;)} converging to some (z, 7, \). Now, in view of (2.7), we have

ﬁﬁ(xkjaykj—l, )\kj—l) < L:ﬁ("za Yk;—1, )‘k]‘—l) + ”:z - xkj—1||%‘/27

which, combined with the fact that (||Axgll, [|Aykll, |AXc]]) — (0,0,0) (see (4.3)),
yields limsup;_, ., f(zx;) < f(Z). Hence, since f is lower semi continuous, we obtain
lim; .o f(zx;) = f(Z). Thus, using (4.2) and the fact that g is continuous, we conclude
that T'(xx,, yx,;, \v;) — T(Z, 7, \) as j — oo. Hence, the desired result follows from the first
part of the proposition and [2, Theorem 2.9)]. O
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Proposition 4.2. Assume that B = I, f is coercive, i.e., lim|,| 400 f(7) = 400, and
g = inf, g(y) > —oo. Then the sequence {(xk, Yk, A\i)} generated by the prozimal ADMM
with 7 = 0 is bounded.

Proof. Since Vg is L-Lipschitz continuous (see (A2) with B = I) we have

L
9) < 9(v) + (Vo). v —m) + Iy - yl* Vy,y €RP.

Hence, using y = yx and ' = yr — (1/L)Vg(yx), and the definition of g, we obtain
_ 1
9 < 9(ux — (1/L)Vg(ur) < 9ur) — 57 [Voue)|* (4.5)

On the other hand, the optimality condition for (2.8) yields
Ae = Volye) + (1 = 0)B(Azy + gy — b).

Since (3.22) implies that 2?21 |[AN;||* < oo, we obtain, from (2.9), that {Azy, + By — b}
is bounded. Thus, we conclude that there exists x > 0 such that

Xl < 2(Vg(yn)® + 2x8. (4.6)

Hence, using the decreasing property of T' (see (4.3)) together with the latter inequality, we
obtain

T($an07>\0) Z T(x/wyk:v)\k) Z ‘C,B(zkvyka)\k)

2 2
:f(xk)"‘g’[AﬂUk—i—yk—b]—/\Bk +g(yk)_||/\2kﬂ|

2 2
Zf(xk)*gH[AIk +yk*b]f%k +g(yk)fwi

Since v > 1 (see (2.5)), it follows from (2.6) that 8 > 2L. So, the last inequality and (4.5)

imply that
2

A
Tleoio,30) 2 flon) + 5 |14z w8 = 3 [ 9 (@7)
Therefore, the last inequality together with the coerciveness of f and boundedness of { Az +
yr — b} imply that {(x, yx, Ax)} is bounded. O

Concluding Remark

In this paper, we have established convergence rate bounds for the proximal ADMM for
solving nonconvex linearly constrained optimization problems. In this study, the stepsize
parameter included in the Lagrange multiplier updating can be chosen in the interval (0, 2)
instead of the classical one (0, (v/5 + 1)/2).

Due to the possible nonconvexity of the objective function of (1.1), a sufficiently large
penalty parameter was required in the analysis of the method. This kind of assumption
is quite common in the nonconvex ADMM literature. Although a large penalty parameter
may compromise the performance of the method, some proximal ADMM variants have
been demonstrated to be efficient for solving some nonconvex problems; see, for instance,
[23,24,32]. We also mention that some assumptions related to the matrix B (see Corollary 2.3
and Propositio 4.2) may imply that (1.1) can be reduced to an unconstrained problem and
then proximal gradient type methods can be used to solve it. Even in this case, the use of
the proximal ADMM may be interesting; see, for example, [23].
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