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A NOTE ON THE OPTIMAL PARAMETER OF
BABAIE-KAFAKI'S THREE-TERM CONJUGATE GRADIENT
METHOD*

XIAOLIANG DoNGg! AND DEREN HAN

Abstract: Minimizing the condition number is often used in conjugate gradient methods to improve com-
putational efficiency. In this paper, based on an eigenvalue study and a singular value study, respectively,
we discuss the condition number of the conjugate gradient method proposed by Babaie-Kafaki. The ob-
tained results improve the method, since the condition number of the corresponding iteration matrix attains
its minimum value. Moreover, we propose a modified Hestenes—Stiefel type three-term conjugate gradient
method with adaptive strategy, in which the nice properties of the sufficient descent condition and adaptive
conjugacy condition can be retained, accelerating the convergence or reducing the condition number of it-
eration matrix. Under mild conditions, we show that the proposed method converges globally for general
objective functions. Numerical experiments indicate that the method is practically promising.
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dition number
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Introduction

Consider the following unconstrained optimization problem:

min f(z), (1.1)
where f : R" — R is a smooth function. We denote by g(x) the gradient of f at x and
abbreviate g(zx) and f(zr) by g and fi, respectively. Also, we use yx—1 = gx — gr—1 and
| - || to stand for the Euclidian norm.

Conjugate gradient (CG) methods are a class of efficient tools for solving large—scale un-
constrained optimization problems due to their low memory requirement and simple iterative
formula. The recursion scheme of CG methods is

xo € R, zpi1 = xf + S, Sk = apdy, Yk >0, (1.2)

*This work is supported by the National Natural Science Foundation of China (11601012,
11625105,11431002), the Natural Science Basic Research Plan in Shaanxi Province of China (2017JM1046),
the Innovation Talent Promotion Plan of Shaanxi Province for Young Sci-Tech New Star (2017KJXX60).

TThe work of the first author was done while he was visiting Xi’an Shiyou University



360 X. DONG AND D. HAN

where oy > 0 is a steplength to be computed along the search direction dj defined by
di = —g1,dx = =gk + Brdk—1,k = 2,3, (1.3)

and [y is a parameter. Several famous formulas for f; are called the Fletcher—Reeves
[24], Hestenes—Stiefel [29], Polak-Ribiere-Polyak [25] and Dai-Yuan [12] formulas, and the
corresponding parameters (i are listed as follows

P BHS — 9kt gprp _ 95Ye-1 gpy __lgel® (1.4)

T gkl Cd iy T T a2 T A e

We refer to an excellent survey [26] for further details.

Among these formulae, the Hestenes—Stiefel (HS) method has attracted much attention,
not only for its important history significance, but also for its excellent computational per-
formance. Numerous modified HS algorithms and variants of the parameter B,f S have been
developed, analyzed and implemented over the past few years. Generally, the conjugacy con-
dition, sufficient descent condition and minimizing condition number are significant factors
that play important roles for the efficiency.

The search directions of the HS method satisfy the standard conjugacy condition, inde-
pendent of the line search used. That is,

dj yr—1 = 0. (1.5)

The modified HS conjugate direction

T T
Sk—1Yp_1 Sk—1Sp_1
dy=— {1~ T o7
Sp—1Yk—1 Sk 1Yk—1

) gk = — Mg, (1.6)

proposed by Perry [32] satisfied y} My = sl |, which is similar, but not identical to the
conjugacy condition (1.5). Later, as an extension of (1.5), Dai and Liao [13] proposed the
following Dai-Liao (DL) conjugacy condition:

dfyk—1 = —€g} sk—1, (1.7)

with a positive constant &.
If there exists a constant ¢ > 0 such that

di, gi < —cllgkll*, Yk €N, (1.8)

then the so-called sufficient descent condition holds. Gilbert and Nocedal [25] illustrates its
important usefulness for obtaining convergence of the PRP+ CG method. Classical examples
included the CG_.DESCENT method [27], the CGOPT method [14], the THREECG method
[4], the 3HS+ method [31] and the CTTHS and MTTHS methods [38], in which the condition
(1.8) holds independent of any line searches used and the convexity of the objective functions.
Further development and applications can refer to [1,2,5,6,8-11,15,17-23,30,31,33,35-37].
Note that although the DL method seldom generates uphill search directions in actual com-
putations, it generally fails to guarantee the sufficient descent condition [3]. In applications,
ill-condition usually causes the loss of the orthogonality, which further causes the loss of ef-
ficiency. Hence, minimizing the condition number and correcting the orthogonality property
are important in implementing CG methods. By combining the orthogonality correction
scheme, Hager and Zhang developed an excellent software package L_.CG_DESCENT, which
is very efficient for solving large—scale test problems [28].
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Recently, three-—term methods attract more and more attentions. Babaie-Kafaki [7] pro-
posed an extended three-term CG method, in which the search direction dj was constructed
as follows:

A7 = —ge + Bl sk—1 — Okyr—1, (1.9)
where the parameter 6, is given by
T
O = wy—p TEL (1.10)
Sp—1Yk—1
and wy € [0,1] is a scalar. When wy = 1, the above method reduced to the method

proposed by Zhang, Zhou and Li [38], and when wy = 0, the method reduced to the HS
method. Throughout the paper, we use the same notations as in [7] and [38] and call them
EZZL and ZZL method for short, respectively.

The convergence analysis of the EZZL method was made if the objective functions were
uniformly convex. However, it is unknown that whether this method can be globalized with
the Wolfe conditions for the nonconvex functions. On the other hand, note that the search

direction (1.9) can be rewritten as dy, = —Qrgxr with the iteration matrix Qy
T T
Sk— 18
Qp =1 — Ethot o, Tt (1.11)
Sp_1Yk—1 Yie—15k—1
which is neither symmetric nor normal unless wy = —1. To study the sufficient descent
condition, Babaie-Kafaki introduced the symmetric matrix
T 1 sp_1yT 4+ 8T
A= Q@ L) W1 T Ih 1kt (1.12)
2 2 Sp—1Yk—1
and analyzed its smallest and largest eigenvalues:
1 Sk— —
A (wr) = = (T+wp) £ (1— wk)”’“;”w . (1.13)
2 Sp—1Yk—1

From (1.13) we can see that in order to guarantee the positive definiteness of the matrix
Ay, we should ensure that X\, = & € (0,1]. Consequently, the following optimal value of the
parameter wy is obtained

(26 = Vyi_ysk—1 + lIse—1llllye—1ll
Yi_18k—1+ llse—1llllyr—1

wg = (1.14)

Though the choice (1.14) can ensure the sufficient descent property, the other two key
factors, i.e., conjugacy condition and minimizing condition number, are ignored. In this
paper, to keep the intrinsic clustering of the eigenvalues of iteration matrix and self-adjusting
conjugacy property, we conduct an eigenvalue study and a singular value study, which help
us present a revised version of the parameter. We also prove that the EZZL method is
actually the ZZL method where the optimal choice for the parameter A\ can minimize the
condition number of the iteration matrix. The analysis motivates us to consider minimizing
the condition number of the iteration matrix in algorithm design.

The paper is organized as follows. In Sect.2, we present the optimal parameter choice
from an eigenvalue study and a singular value study, respectively. In Sect. 3, we propose
a modified HS type three—term CG method and establish its global convergence with the
Wolfe conditions for the nonconvex functions. We report numerical results in Sect. 4. Final
conclusions are made in the Sect. 5. Numerical results are listed in the part of Appendix.
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An Optimal Parameter Choice

As mentioned above, the matrix condition number, both due to its role in the error analysis
and its role in convergence rate, plays an important role in a numerical algorithm. Hence,
for the three-term HS-type method (1.9), we consider finding an optimal choice for the
parameter wy, and minimizing the condition number of iteration matrix (1.11), based on an
eigenvalue study and a singular value study, respectively.

e An eigenvalue study: We first consider the condition number based on an eigenvalue
study. To be specific, we substitute (1.14) in (1.13), and obtain that

T
Sp—1+ (2 — Sp_ _
)\;(wk)zéykflTk 1+ (2 = llsk—1lllyx 1||7 (2.1)
Yp_15k—1 + l1sk—1 ||l yr—1]]

and the corresponding condition number is computed as

Cond(Ay) = N Yi_1sk—1+ (£ = Dllse—1lllyr—1ll
Ay (wk) Yi_15k—1 + [lse—1llllye—1l]

(2.2)

The choice for £ = 1, which corresponds to wy = 1, can minimize the condition number
of the iteration matrix Ay.

e A singular value study: We now briefly present the definition of the singular value
decomposition and spectral condition number as follows.

Definition 2.1 ([34]). Let A € R"*™ be a nonzero matrix with rank r. Then, R™
has an orthogonal basis ¢;,7 = 1,2, ..., m, R™ has an orthogonal basis p;,i = 1,2, ...,n,
and there exist o1 > 09 > ... > 0, > 0 such that

) oo, =12,
Ag; = { 0, i=r+1,...m, (2.3)

and

v _ ) oig, 1=12,..r,
AP = { 0, i=r+1,...n. (2.4)

Furthermore, for a nonsingular matrix A € R™*"  its spectral condition number is

defined by ra(A) = [|AJ[||A™].

Since sfyk = akdfyk > 0, as guaranteed by the Wolfe line search, we obviously obtain
that the vectors si and y; are nonzero vectors. Therefore, there exist a set of mutually
unit orthogonal vectors {u} }7~? such that

stul = ylul =0,i=1,2,...,n — 2, (2.5)

which yield
Qrui = ul,i=1,2,...,n— 2. (2.6)
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It follows that Qi has the eigenvalue 1 of multiplicity n — 2, which corresponds to
{u}?=2. Naturally, we intend to find the two remanning eigenvalues, i.e, o; (w) and

o (w).

We can easily get the trace of Qka as follows:

Ise—1lllyr—11°
(51{71%—1)2

Tr(QF Qx) n—2+(1+w}d)-

)

= 2.7
L 1@ T (o ) 27)
n—2 times
which implies that
(07 (W)* + (0, (W))? = (1 + wi)O, (2.8)
where
sl
k—1 -
O = <T> > 1. (2.9)
Sp—1Yk-1

Notice that @), presents rank—two update, we can readily compute its determinant.
Specifically, from the relationship that the determinant of the iteration matrix Qg
equals to the product of o} (w) and o (w), we get that

det(Qr) = o (wk)oy, (wi) = wiOy. (2.10)

Based on the relationships between the trace and the determinant of a matrix and its
eigenvalues, we can construct a quadratic equation as follows:

02 — /(1 + wi)20k0 + (WrO) = 0. (2.11)

It should be pointed out that the discriminant in quadratic equation (2.11) A, =
(1 — wg)?Ox > 0 and therefore the existence of two real roots can be ensured.

A simple analysis of Equation (2.11) indicates that

VOy
2

o (wr) =

{1+ wi| £ 1 — wgl}. (2.12)

Subsequently, we list the singular values of @ by considering the following two cases.

Case (i) For 0 < wy < 1, we can easily obtain that

1,1,...1,0; =wky/Op,0f =1/6y. (2.13)
N——

n—2 times

Case (ii) For wy > 1, we can readily get that

L,1,..,1,0, =6, 0f =wip\/Oy. (2.14)
N——

n—2 times

To minimize the spectral condition number ko(Qy), it is equivalent to clustering the
singular values of the iteration matrix @ as dense as possible. We consider to employ
wr = 1 to achieve this goal.
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A New Three—Term CG Method

It follows from the last section that the availability of condition number analysis of itera-
tion matrix is essential to practically implement CG method. To elaborate this further, in
this section, we find a new hybridization form of search directions of the EZZL method to
coordinate with three aforementioned key factors in a suitable way, thereby retaining the
properties of HS4+ method and ZZL method, and ensuring the global convergence for the
general functions. Different from the existent methods, a dynamical adjustment strategy of
the search direction is chosen to reduce the condition number of iteration matrix as much
as possible or efficiently eliminate round—off error. Since the proposed search directions are
obtained from condition number analysis, we call the presented method as CZZL method
for short. In Subsection 3.1, a description of a CZZL algorithm is detailed. Convergence
analysis of the CZZL method is investigated in Subsection 3.2.

Properties of the CZZL method

Theoretically, the HS+ method has the conjugacy condition (1.5) and self-restarting mech-
anism.

In such a case, we combine the obtained optimal parameter and the self-adjusting con-
jugacy condition [19], and present the following search direction:

—gr + BHESdy_1, ke Ky,

T
95 dr—1
—9k + ﬂHSdk—l - 77
b dz_lykfl

dj, = (3.1)

Yk—1, k€ Ky,

where the index set K7 and K5 are presented by
Ky ={keN| gy >0,g{dr_1 <0},

Ky ={keN| glyx—1>0,g{dx_1 >0}
Subsequently, we state the steps of this method as follows.

Algorithm 3.1 (CZZL method). Step 1. Give positive constant €, and p < o < 1. Choose
an initial point 1 € R™ and set d; = —g; and k = 1.
Step 2. Determine a steplength «j satisfying the Wolfe conditions:

flak + ondi) — f(xr) < pargy di, (3.2)

g (Ik + akdk)T di > Ug]{dk. (33)

Step 3. Let the new iterate by zp41 = xr + agdi and calculate ggy1. If ||grt1] < &,
then stop.

Step 4. If ggﬂyk <0, then set dp+1 = —gx+1 and k = k + 1, and goto Step 2.

Step 5. If g,{Hyk > 0, then compute the search direction dy11 by (3.1), and goto Step
2.

The following lemma indicates that the proposed search directions satisfy the sufficient
descent condition and adaptive conjugacy condition, the proof is similar to that of the CHS
method in [19], so we omit it here.
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Lemma 3.2. Suppose that the steplength i satisfies the Wolfe conditions. The search
directions {di } k>0 of CZZL method satisfiy the sufficient descent condition (1.8) with c =1,
that is di gr, < —||gx||*. Furthermore, the adaptive conjugacy condition is also satisfied, that
18,

[lys|® T T
- Sk) , di >0,
Y diy1 = sty (ges15%) > giardy (3.4)

0, ggﬂdk < 0.

Remark 3.3. The relaxed form of conjugacy condition above leads to inherit some nice
properties of the HS+ method, while maintaining the descent property and known conver-
gence results.

Global convergence of the CZZL method

We begin this section by making the following regular assumptions, commonly used to
establish the global convergence of the CG methods.

Assumption 3.4.

Boundedness Assumption: The level set Q = {z € R"|f(z) < f(z1)} is bounded.

Lipschitz Assumption: In some neighborhood €y of €2, the objective function f is
continuously differentiable and its gradient g is Lipschitz continuous, namely, there exists a
constant L > 0 such that ||g(x) — g(y)|| < L||z — y||, Y,y € Qo.

Note that these Assumptions imply that there exist constants B > 0 and v > 0 such
that 2 — y|| < 2B and |g(2)]| < .Y,y € .

Now, we come to establish global convergence of Algorithm 3.1. For general nonlinear
functions, similar to [27], we can obtain a weaker global convergence result in the sense that
hkrr_l> Lr‘}f llgx]l = 0. In what follows, for the sake of contradiction we assume that there exist a

positive constant € such that
lgkll > e, Vk € N. (3.5)

Similar to analysis of [27], here we need to state some properties of di, B and sj.

Lemma 3.5. Suppose that Assumptions 3.4 hold. Let {xy}r>0 be generated by Algorithm
3.1. If (3.5) holds, then there exist positive constants C1 and M such that

185 < Cullsell, el < M, (3.6)
where ; .
_ —0k, 1 9k Yk—1 SO OTkEKh
b { —gk + 0 5yk_1, if k€ Ko (3.7)

Proof. Clearly, it is sufficient to consider the case where g{'dy_1 > 0 and g} yx—_1 > 0, which
corresponds to k € K5. Note that from definition of the parameter 9}? S as (1.10), where
wi = 1, it follows
grs — e gy (3.8)
k -, P} . .
d£_1(gk — gk-1)
We have from (3.7), (3.8), and the limitation on ||g(x)| in £ that

el < llgell + 1655] - yaes

gedio1 n

7 " |9k — k-1

df_ yk—1 (3.9)
gl + 9o — g

37.

Il
=
=
+

A
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So, setting M = 3y, we get ||pg| < M.
Now, we estimate a bound for 8. Actually,

T
18HS| = | ng Yeot ) L||gk||||3k—21|| < 2B Ly N
di 1 Yk—1 (1-o0)e (1-o0)e

(3.10)

Subsequently, we give the convergence result of our presented method. It should be
pointed out that the proof is analogous to that of Theorem 3.2 in [27] and we omit it
here. O

Theorem 3.6. Suppose that Assumptions 3.4 hold. Let {x}}r>1 be generated by Algorithm
3.1. If (3.5) holds, then likm inf || gr| = 0.
—00

Numerical Results

In this section, we report some numerical results on a set of 73 nonlinear unconstrained
problems. For each test problem, the dimension n is set to 10000 and the Fortran expression
of its function and gradient can be downloaded from Andrei’s website: http://www.ici.
ro/camo/neculai/SCALCG/evalfg.for.

The following CG methods in the form of (1.9) or (1.3), only different in the choice of
the CG parameter, are test:

1. The HZ (CG_DESCENT) method [27]: The CG method with the parameter
—1]1? -1
HZ _ max{ gHS — QMgTdk,l, . , where n = 0.1.
: * (di_yyr—1)?"" l[di—1 [ min{n, [[gr—1l[}

2. The EZZL method [7]: The three—term CG method with the search directions defined
by (1.9) and (1.10) with the parameter wj, defined by (1.14), where £ = 0.96 is an
optimal value, please see [7].

3. The ZZL method [38]: The CG method similar to EZZL method with the parameter
wg = 1.

4. The CZZL method: Algorithm 3.1.

All algorithms use exactly the same implementation of the Wolfe line search conditions
with p = 1074, 0 = 0.6. We stop the iterations if the inequality ||gx | < 1076 is satisfied.

The detailed numerical results, including the CPU time in seconds and the number of
iterations, the total number of function evaluations, and gradient evaluations implementation
for each of the tested method, can be found in the part of Appendix.

Further to demonstrate the efficiency of these methods, the use of profiles of Dolan and
Mofe [16] will present a wealth of information including efficiency and robustness. More
analytically, the left side of the figure presents the percentage of test problem for which a
method performs fastest, the right side gives the percentage of the test problems that are
successfully solved. The top curve is the method that solved the most problems in a time
that was within a factor w of the best time.

To some extent, as can be seen from the Figs.1, 2 and 3, the curves of the CZZL method
approximately solves 60% of the test problems with the least number of iterations, 55% the
number of function and gradient evaluations. Obviously, the three figures above graphically
illustrate that the curve of “CZZL” is always the top performer for almost all values of w.
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Figure 3: Performance based on gradient evaluations
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Figure 4: Performance based on CPU time

Meanwhile, as we see in Fig.4, the best performance, relative to the number of the CPU
time, is obtained by the “CZZL” method, followed by the “HZ” method. Noted that the
optimal parameter is set as £ = 1 in the ZZL method and £ = 0.96 in the EZZL method,
which determines the curves of the two algorithms are close. However, as a variant of the
EZZL or ZZL methods, the direction of the CZZL method needs less computational cost for
inner products than these two methods do. This is maybe the reason why CZZL method is
slightly superior to the EZZL and ZZL methods in Fig.4.

Since all methods are implemented with the same condition of line search, we conclude
that the CZZL method is efficient for solving large scale test problems.

Conclusions

We establish a relationship between the EZZL method and the ZZL one, which adds us to
understanding to one of intrinsic advantages of ZZL method. That is, the condition number
Condz(Qr) and the spectral condition number k2 (Qy) attain their minimum values, which is
no other than the original ZZL method. Based on this fact, we proposed another three-term
HS type CG method, which is essentially designed based on an adaptive switch from the
ZZL method to the HS+ one for gl dy_1 < 0. The strategy is justified by the fact that the
automatic approximate restart property can effectively avoid jamming, i.e., generating many
tiny steps without significant progress to the solution. Under mild conditions, we show that
the proposed method converges globally for general objective functions. Computationally,
the proposed CZZL method slightly outperforms the HZ, EZZL and ZZL methods.
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Appendix: Numerical Results

In this appendix, we provide details of the results of our numerical experiments that were
summarized in Sect.4. The following table provides the number of iterations, function and
gradient evaluation counts and CPU time for the implemented methods HZ, ZZL, EZZL
and CZZL.

Table 1: Comparison of efficiency with other algorithms

test function ~ method iter NF NG time flz®) lg(z*)l
1 Extended HZ 14 31 23 0.1560E-01  0.244921E+06  0.414957E-11
Freudenstein EZZL 14 35 26 0.1560E-01  0.244921E+06  0.372791E-06
and Roth 77L 12 28 21 0.1560E-01  0.244921E+06  0.616751E-11
CZZL 19 40 28 0.3120E-01  0.244921E+06  0.173857E-08
HZ 84 169 85 0.4836E+00  0.287021E-07  0.955929E-06
2 Extended E7Z7L 78 158 81 0.4836E4+00  0.363714E-07 0.464708E-06
Trigonometric 77L 72 146 5 0.4524E400  0.371338E-07 0.876825E-06
CZZL 68 138 71 0.4056E+00  0.410899E-07  0.649677E-06
HZ 35 115 93 0.3120E-01 0.413633E-10 0.883297E-06
3 Extended EZZL 34 81 57 0.3120E-01 0.126291E-16 0.194573E-08
Rosenbrock 77L 29 76 95 0.1560E-01 0.115556E-12 0.170309E-06
CZZL 30 83 61 0.1560E-01 0.274934E-13 0.350440E-08
4 Extended HZ 39 120 88 0.4680E-01 0.241601E-12 0.111298E-06
White and EZZL 31 68 45 0.3120E-01 0.469923E-19 0.246188E-10
Holst 77L 28 70 48 0.3120E-01 0.886802E-17  0.137291E-08
CZZL 30 84 61 0.3120E-01 0.359118E-09 0.157459E-06
HZ 14 29 16 0.1560E-01 0.395971E-09 0.828139E-06
5 Extended EZ7ZL 12 26 16 0.1560E-01 0.186754E-13 0.491168E-08
Beale 77L 14 29 16 0.0000E+00  0.928397E-12 0.451021E-07
CZZL 13 27 16 0.1560E-01 0.109417E-13 0.676160E-08
HZ 39 7 42 0.3120E-01  0.945324E+04  0.432339E-06
6 Extended EZZL 38 75 41 0.3120E-01  0.945324E+04  0.457665E-06
Penalty 77L 39 T 44 0.3120E-01  0.945324E+04  0.873929E-06
CZZL 37 74 39 0.3120E-01  0.945324E+404  0.566525E-06
HZ 556 1113 557  0.4836E+00  0.195334E-12 0.971561E-06
7 Perturbed EZZL 556 1113 557  0.4680E+00  0.195334E-12 0.971561E-06
Quadratic 77L 556 1113 557  0.4836E+00  0.195334E-12 0.971561E-06
CZZL 556 1113 557  0.4524E+00  0.195334E-12 0.971561E-06
HZ 697 969 1124 0.1451E+01  0.500050E+07  0.987437E-06
8 Raydan 1 EZ7ZL 696 958 1132 0.1466E+01  0.500050E+4-07  0.981211E-06
77L 617 883 970  0.1264E+01  0.500050E+07  0.974616E-06
CZ7ZL 700 958 1144 0.1404E+01  0.500050E+407  0.956716E-06
HZ 4 9 5 0.0000E4-00  0.100000E+05  0.696901E-06
EZ7ZL 4 9 5 0.0000E+00  0.100000E+05  0.881940E-06

9 Raydan 2
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No test functionmethod  iter NF NG time f(z*) lg(z*)l
Z7L 4 9 5 0.0000E4-00  0.100000E+05  0.874238E-06
CZZL 4 9 5 0.1560E-01  0.100000E4-05  0.876624E-06
HZ 684 932 1146 0.1638E+01 -0.385558E+09  0.999901E-06
10 Diagonal 1 EZZL 685 937 1156 0.1700E+01 -0.385558E+09  0.996549E-06
Z7L 664 919 1111 0.1638E+01 -0.385558E+09  0.987551E-06
CZZL 650 910 1082 0.1513E+01 -0.385558E+09  0.988588E-06
HZ 532 1072 588  0.1310E401  0.521304E+02  0.957067E-06
11 Diagonal 2  EZZL 530 1059 597 0.1373E4+01  0.521304E+02  0.764140E-06
77L 513 1010 597 0.1310E401  0.521304E+02  0.976715E-06
CZZL 513 1010 597  0.1310E401  0.521304E+02  0.976715E-06
HZ 752 958 1300  0.2902E+01 -0.499570E+08  0.993599E-06
12 Diagonal 3 EZZL 758 971 1305  0.2964E+01 -0.499570E+08  0.991946E-06
77L 730 945 1247 0.2792E+01 -0.499570E+08  0.983214E-06
CZZL 683 899 1152 0.2543E+4+01 -0.499570E+408  0.989931E-06
HZ 84 135 131 0.2340E4-00 -0.218141E407  0.953351E-06
13 Hager EZZL 85 135 134 0.2496E400 -0.218141E4-07  0.882455E-06
77L 85 135 134 0.2340E+00 -0.218141E+07  0.903042E-06
CZZL 78 127 121 0.2184E+00 -0.218141E+407  0.998525E-06
HZ 22 39 29 0.3120E-01  0.999721E4-04  0.972110E-06
14 Generalized EZZL 22 38 30 0.1560E-01  0.999721E4-04  0.983892E-06
Tridiagonal 1 77L 22 38 30 0.3120E-01  0.999721E+04  0.999055E-06
CZZL 22 38 30 0.1560E-01  0.999721E4-04  0.998560E-06
HZ 12 25 15 0.1560E-01 0.188017E-05 0.928034E-06
15 Extended EZZL 19 39 26 0.1560E-01 0.182143E-05 0.415190E-06
Tridiagonal 1 77L 19 39 26 0.1560E-01 0.127890E-05 0.320957E-06
CZZL 21 43 22 0.1560E-01 0.131771E-06 0.436183E-06
16 Extended HZ 7 16 9 0.3120E-01  0.127963E4-05  0.302989E-06
Three Expo EZZL 11 24 16 0.6240E-01  0.127963E405  0.355738E-11
Terms 77L 11 22 13 0.4680E-01  0.127963E4-05  0.957499E-06
CZZL 7 16 9 0.3120E-01  0.127963E4-05  0.873383E-06
HZ 45 88 49 0.4680E-01  0.111485E4-01  0.884245E-06
17 Generalized EZZL 48 94 52 0.4680E-01  0.111485E+01  0.850410E-06
Tridiagonal 2 77L 48 94 52 0.6240E-01  0.111485E+01  0.909493E-06
CZZL 48 93 53 0.4680E-01  0.111485E401  0.846675E-06
HZ 3 7 5 0.0000E4-00  0.233932E-11 0.305896E-07
18 Diagonal 4 EZZL 3 7 5 0.0000E4-00  0.129131E-12 0.718695E-08
77L 3 7 5 0.0000E4-00  0.635480E-12 0.159434E-07
CZZL 3 7 5 0.0000E4-00  0.648384E-12 0.161045E-07
HZ 2 6 4 0.1560E-01  0.693147E+404  0.103219E-06
19 Diagonal 5 EZZL 2 6 4 0.3120E-01  0.693147E+04  0.148136E-06
77L 2 6 4 0.1560E-01  0.693147E4-04  0.146374E-06
CZZL 2 6 4 0.1560E-01  0.693147E4-04  0.146374E-06
HZ 8 20 13 0.0000E4-00  0.694120E-10 0.964836E-06
20 Extended EZZL 9 22 14 0.1560E-01 0.614989E-19 0.259490E-10
Himmelblau Z7L 9 22 14 0.1560E-01 0.148286E-19 0.105267E-10
CZZL 8 20 13 0.0000E4-00  0.874962E-14 0.118941E-07
HZ 546 900 1072 0.2122E401  0.999872E+04  0.709404E-06

21 Generalized
PSC1



374

Table 1(Continued)

X. DONG AND D. HAN

No test functionmethod  iter NF NG time fz*) [lg(z*)]]
EZZL 419 754 728 0.1732E401  0.999872E+04  0.968782E-06
7Z7ZL 658 1040 1359  0.2496E+01  0.999872E+04  0.999025E-06
CZZL 568 894 1159  0.2122E+01  0.999872E+04  0.947480E-06
HZ 12 26 15 0.4680E-01  0.386600E+404  0.756732E-10
22 Extended EZZL 10 21 11 0.3120E-01  0.386600E+4-04  0.224436E-06
PSC1 77L 10 21 11 0.3120E-01  0.386600E+04  0.444246E-06
CZZL 12 25 15 0.4680E-01  0.386600E+404  0.578734E-06
HZ 52 106 58 0.4680E-01 0.240337E-07 0.664155E-06
23Extended EZ7ZL 683 1368 786 0.5148E4+00  0.759875E-07 0.996799E-06
Powell 7Z7ZL 108 219 121 0.7800E-01 0.151117E-07 0.314773E-06
CZZL 207 418 248  0.1404E+400  0.235726E-06 0.972554E-06
2AExtended HZ 19 50 42 0.4680E-01 0.314873E-09 0.316863E-06
Block-Diagonal EZZL 19 52 44 0.6240E-01 0.339858E-10 0.106174E-06
BDI1 77L 17 53 46 0.4680E-01 0.135461E-09 0.865541E-06
CZZL 14 41 36 0.4680E-01 0.695022E-09 0.673971E-06
HZ 57 191 155 0.6240E-01  -0.500312E+04  0.266716E-07
25 Extended EZZL 52 153 120 0.4680E-01  -0.500312E4+04  0.864224E-08
Maratos 77L 46 127 96 0.4680E-01  -0.500312E+04  0.685762E-08
CZZL 52 179 147 0.4680E-01  -0.500312E4+04  0.612689E-06
26 Extended HZ 32 66 35 0.6240E-01  0.998933E+03  0.730857E-06
Cliff EZ7ZL 34 78 48 0.7800E-01  0.998933E+403  0.962513E-10
77ZL 33 74 44 0.7210E-01  0.998933E403  0.912443E-10
HZ 32 66 35 0.6240E-01  0.998933E4-03  0.730857E-06
97 Quadratic HZ 306 613 376 0.2964E+00  0.468112E-10 0.998910E-06
Diagonal EZZL 302 605 367  0.2964E4+00  0.468478E-10 0.989436E-06
Pertarbed 77L 297 595 361 0.2964E4+00  0.526881E-10 0.998999E-06
CZZL 294 589 351 0.2808E+00  0.487871E-10 0.999760E-06
HZ 164 384 241 0.1404E4-00  0.295859E-09 0.733572E-06
28 Extended EZZL 374 772 412 0.3120E+00  0.118862E-09 0.914613E-06
Wood 77L 373 764 404 0.2964E+00  0.136781E-09 0.980687E-06
CZZL 106 240 147 0.9360E-01 0.603254E-10 0.181708E-06
HZ 74 250 197 0.7800E-01 0.268614E-12 0.341791E-07
29 Extended EZZL 59 185 142 0.6240E-01 0.545382E-16 0.564764E-09
Hiebert 77L 66 201 153 0.6240E-01 0.109291E-13 0.977542E-07
CZZL 60 196 154 0.6240E-01 0.334222E-08 0.302646E-06
HZ 558 1117 559  0.3744E400  -0.500000E-04  0.975083E-06
30 Quadratic EZZL 558 1117 559  0.3744E400  -0.500000E-04  0.975050E-06
QF1 77L 558 1117 559 0.3900E4-00  -0.500000E-04  0.975109E-06
CZZL 558 1117 559 0.3588E+400  -0.500000E-04  0.975208E-06
31 Extended HZ 17 35 21 0.1560E-01  0.399900E+4-05  0.225606E-08
Quadratic EZZL 17 34 20 0.1560E-01  0.399900E+405  0.428478E-08
Penalty QP1 77ZL 17 35 21 0.1560E-01  0.399900E4-05  0.104037E-09
CZZL 17 35 21 0.1560E-01  0.399900E+05  0.550402E-08
39 Extended HZ 46 139 105 0.2496E400  0.315808E-19 0.596287E-08
Quadratic EZZL 39 95 65 0.1560E4+-00  0.110587E-15 0.134713E-06
7Z7ZL 44 119 88 0.2028E+4-00  0.665493E-19 0.795808E-10

Penalty QP2
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CZZL 37 103 74 0.1716E400  0.579174E-15 0.822382E-06
HZ 1105 2019 1305 0.8268E400 -0.100001E+4-01  0.982240E-06
33 Quadratic EZZL 1152 2068 1397  0.8580E+00 -0.100001E+401  0.963274E-06
QF2 77L 1149 2065 1391 0.8424E+00 -0.100001E+01  0.976485E-06
CZZL 1153 2068 1400  0.8268E+00 -0.100001E401  0.999836E-06
HZ 3 7 5 0.1560E-01  0.793176E405  0.489886E-14
34 Extended EZZL 3 7 5 0.0000E4-00  0.793176E+05  0.489886E-14
EP1 Z7L 3 7 5 0.0000E4-00  0.793176E+05  0.992401E-13
CZZL 3 7 5 0.0000E4-00  0.793176E+05  0.489886E-14
HZ 34 60 52 0.3120E-01  0.389690E+404  0.823902E-06
35 Extended EZZL 34 59 53 0.3120E-01  0.389690E4-04  0.841719E-06
Tridiagonal 2 77L 36 60 56 0.3120E-01  0.389690E4-04  0.762596E-06
CZZL 30 52 44 0.1560E-01  0.389690E+4-04  0.973055E-06
HZ 982 2237 2276 0.1591E+01  0.400343E+05  0.836823E-06
36 BDQRTIC EZZL 7632 13753 18952 0.1296E+402  0.400343E+05  0.979984E-06
(CUTE) Z7L 3602 7214 8154  0.5975E+4+01  0.400343E+05  0.937097E-06
CZZL 2921 5608 8328  0.4898E+401  0.400343E+05  0.892730E-06
HZ 1115 2231 1116 0.9516E+00  0.428965E-14 0.963923E-06
37 TRIDIA EZZL 1115 2231 1116  0.1061E+01  0.425900E-14 0.999080E-06
(CUTE) Z7L 1115 2231 1116  0.1030E+01  0.426354E-14 0.995306E-06
CZZL 1118 2237 1119 0.8736E+00  0.346980E-14 0.970174E-06
HZ 10 23 16 0.1560E-01  0.000000E4-00  0.334245E-11
38 ARWHEAD EZZL 10 23 16 0.1560E-01  0.000000E4-00  0.477885E-11
(CUTE) 77L 7 15 8 0.0000E4-00  0.000000E+00  0.962518E-06
CZZL 8 17 11 0.1560E-01  0.000000E400  0.198467E-07
HZ 11 32 26 0.1560E-01 0.888014E-17 0.987219E-06
39 NONDIA EZZL 10 30 25 0.1560E-01 0.101573E-18 0.145197E-06
(CUTE) 77L 12 38 32 0.1560E-01 0.177480E-23 0.267772E-10
CZZL 10 41 36 0.1560E-01 0.478202E-14 0.899411E-09
40 HZ 10005 20031 10277 0.1036E+02  0.264657E-06 0.417689E-06
NONDQUAR EZZL 10009 20033 10144 0.1028E+02  0.345678E-06 0.348193E-06
(CUTE) Z7L 5627 11261 5669  0.5694E+401  0.773771E-06 0.973591E-06
CZZL 2223 4498 2803  0.2231E401  0.468577E-05 0.958940E-06
HZ 7 15 8 0.1560E-01 0.710648E-13 0.529597E-06
41 DQDRTIC EZZL 7 15 8 0.0000E4-00  0.575440E-14 0.156667E-06
(CUTE) Z7L 7 15 8 0.0000E4-00  0.419615E-14 0.128175E-06
CZZL 7 15 8 0.1560E-01 0.483353E-14 0.146626E-06
HZ 921 1621 1643  0.3011E+01 -0.999950E+04  0.835536E-06
42 EG2 EZZL 183 326 430 0.6864E4-00 -0.999950E+404  0.769429E-06
(CUTE) 77L 227 549 395 0.8268E4-00  -0.999950E+404  0.959097E-06
CZZL 102 296 253 0.4680E+00 -0.999900E+04  0.515334E-06
43 HZ 9 19 10 0.1560E-01  0.100000E+4-01  0.374357E-07
DIXMAANA EZZL 8 17 9 0.1560E-01  0.100000E4-01  0.135182E-06
(CUTE) 77L 8 17 9 0.1559E-01  0.100000E4-01  0.183715E-06
CZZL 7 15 8 0.1560E-01  0.100000E4-01  0.160362E-09
14 HZ 9 19 10 0.1560E-01  0.100000E4-01  0.170910E-06
DIXMAANB EZZL 8 17 9 0.1560E-01  0.100000E4-01  0.733504E-06

(CUTE)
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77L 8 17 9 0.1559E-01  0.100000E+01  0.291293E-06
CZZL 8 17 9 0.1560E-01  0.100000E401  0.338649E-07
45 HZ 10 21 11 0.3120E-01  0.100000E4-01  0.601031E-06
DIXMAANC EZZL 10 21 11 0.1560E-01  0.100000E4-01  0.295833E-06
(CUTE) 77L 10 21 12 0.1559E-01  0.100000E4-01  0.246996E-07
CZZL 9 19 10 0.1560E-01  0.100000E+01  0.140561E-06
16 HZ 376 753 377 0.7176E+00  0.100000E4+01  0.994610E-06
DIXMAANE EZZL 380 761 381 0.7332E4+00  0.100000E+01  0.970189E-06
(CUTE) 7Z7ZL 380 761 381 0.7488E+4-00  0.100000E+01  0.971610E-06
CZZL 381 763 382 0.7020E+00  0.100000E4+01  0.991286E-06
47 Partial HZ 19 39 22 0.8970E+01  0.262885E-13 0.709103E-06
Perturbed EZZL 19 39 22 0.8970E4+01  0.259904E-13 0.728662E-06
Quadratic 77L 19 39 22 0.9001E4+01  0.259925E-13 0.728450E-06
PPQ1 CZZL 19 39 23 0.9095E4+01  0.259297E-13 0.726961E-06
HZ 33 67 34 0.3120E-01 0.120744E-12 0.921929E-06
48 Broyden EZ7ZL 42 86 45 0.4681E-01 0.499226E-13 0.641751E-06
Tridiagonal Z7ZL 47 95 48 0.4680E-01 0.171076E-12 0.899517E-06
CZZL 39 79 40 0.4680E-01 0.642722E-13 0.663415E-06
49 Almost HZ 558 1117 559  0.4056E+400  0.185646E-12 0.964790E-06
Perturbed EZZL 558 1117 559 0.4212E400  0.185646E-12 0.964791E-06
Quadratic 7Z7L 558 1117 559 0.4056E4+00  0.185646E-12 0.964791E-06
CZZL 558 1117 559  0.3588E+400  0.185646E-12 0.964794E-06
50 Tridiagonal HZ 526 1053 527 0.5460E400  0.124535E-12 0.990364E-06
Perturbed EZZL 527 1055 528  0.5460E+400  0.110222E-12 0.932288E-06
Quadratic 77L 527 1055 528  0.5772E+00  0.110221E-12 0.933853E-06
CZZL 527 1055 528 0.4992E4+00  0.110216E-12 0.940543E-06
HZ 25 41 38 0.3120E-01  0.600033E+05  0.724594E-06
51 EDENSCH EZZL 24 40 35 0.3120E-01  0.600033E+4-05  0.667480E-06
(CUTE) 7Z7ZL 24 41 33 0.3120E-01  0.600033E405  0.937401E-06
CZZL 25 46 39 0.1560E-01  0.600033E4-05  0.699751E-06
HZ 8 18 11 0.3120E-01  -0.107966E+04  0.812432E-06
52 VARDIM EZZL 8 18 11 0.1560E-01  -0.107966E+4-04  0.139305E-06
(CUTE) 77L 7 16 10 0.3120E-01  -0.107966E-+04  0.235044E-07
CZZL 8 22 14 0.3120E-01  -0.107966E+04  0.365119E-07
53 HZ 19653 39307 19654 0.1605E402  0.520081E-09 0.995424E-06
STAIRCASE S1 EZZL 19922 39845 19924 0.1560E+02  0.124917E-10 0.990152E-06
77L 19854 39709 19855 0.1552E+402  0.549551E-10 0.996042E-06
CZZL 19919 39839 19920 0.1568E+02  0.157027E-08 0.994485E-06
HZ 20 49 35 0.1559E-01 0.334500E-16 0.473808E-06
54 LIARWHD EZZL 19 41 28 0.1559E-01 0.301349E-18 0.212609E-06
(CUTE) 77ZL 23 54 41 0.1561E-01 0.445938E-19 0.270235E-07
CZZL 20 52 37 0.3120E-01 0.627242E-19 0.100180E-06
HZ 4 9 5 0.1559E-01 0.238032E-08 0.689838E-06
55 Diagonal 6 EZZL 4 9 5 0.1561E-01 0.397016E-08 0.891065E-06
77L 4 9 5 0.0000E4+-00  0.389466E-08 0.882629E-06
CZZL 4 9 5 0.1560E-01 0.389466E-08 0.882607E-06
HZ 10000 20001 10002 0.7769E+401  0.999900E-04 0.138933E-10

56 DIXON3DQ

(CUTE)
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EZZL 10000 20001 10002 0.7550E+01  0.999900E-04 0.251426E-10
77L 10000 20001 10002  0.7566E+01  0.999900E-04 0.246421E-10
CZZL 10000 20001 10002 0.7613E401  0.999900E-04 0.542692E-09
57 HZ 26 46 37 0.3119E-01  0.110993E4-05  0.626820E-06
DIXMAANF EZZL 24 45 33 0.3120E-01  0.110993E4-05  0.910804E-06
(CUTE) 77L 25 44 36 0.3120E-01  0.110993E+05  0.561396E-06
CZZL 20 38 28 0.3120E-01  0.110993E405  0.657467E-06
58 HZ 11 23 12 0.3120E-01 0.385249E-09 0.723351E-06
DIXMAANG EZZL 11 23 12 0.1559E-01 0.437943E-12 0.210481E-07
(CUTE) 77L 11 23 12 0.1561E-01 0.262043E-12 0.162254E-07
CZZL 11 23 12 0.1560E-01 0.410242E-18 0.168796E-10
59 HZ 12 28 17 0.4680E-01 0.965397E-13 0.111864E-07
DIXMAANH EZZL 15 31 20 0.4680E-01 0.398032E-15 0.582973E-09
(CUTE) 77L 14 34 24 0.4680E-01 0.276208E-16 0.495483E-09
CZZL 15 37 23 0.4680E-01 0.145431E-10 0.216339E-06
HZ 7 15 8 0.0000E4-00  0.125079E-08 0.954422E-06
60 DIXMAANI EZZL 6 13 7 0.1559E-01 0.443711E-18 0.188267E-10
(CUTE) Z7L 6 13 7 0.0000E4-00  0.661434E-21 0.727418E-12
CZZL 7 15 8 0.0000E4-00  0.301811E-10 0.219250E-06
61 HZ 10 21 11 0.1561E-01 0.425827E-11 0.515915E-06
DIXMAANJ EZZL 10 22 12 0.1559E-01 0.314254E-11 0.448012E-06
(CUTE) 77L 10 22 12 0.1559E-01 0.278145E-13 0.412097E-07
CZZL 11 23 12 0.1560E-01 0.542242E-15 0.588938E-08
62 HZ 390 980 676  0.2044E+01  0.736996E-04 0.640079E-06
DIXMAANK EZZL 1834 4001 2421 0.7644E+01  0.638282E-08 0.991624E-06
(CUTE) Z7L 1868 3988 2382  0.6770E4+01  0.170386E-12 0.683829E-06
CZZL 314 1088 906  0.2621E+01  0.575590E-04 0.515243E-06
63 HZ 5000 10001 5001  0.3869E+401  0.216929E-13 0.645268E-07
DIXMAANL EZZL 5000 10001 5001  0.3713E401  0.295826E-12 0.809637E-07
(CUTE) Z7L 5000 10001 5001  0.3744E4-01  0.936852E-12 0.953449E-07
CZZL 5001 10003 5003  0.3666E+4+01  0.396277E-13 0.194162E-06
HZ 11 23 12 0.1561E-01 0.107462E-10 0.168403E-06
64 ENGVAL1 EZZL 12 25 15 0.3119E-01 0.161700E-11 0.384653E-07
(CUTE) 77L 12 25 15 0.3120E-01 0.974852E-11 0.974821E-07
CZZL 13 27 16 0.3120E-01 0.112284E-10 0.877603E-07
65 HZ 10 21 11 0.1559E-01 0.109312E-12 0.607747E-06
FLETCHCR EZZL 10 21 11 0.0000E4-00  0.764413E-14 0.125744E-06
(CUTE) Z7L 10 21 11 0.1561E-01 0.267752E-14 0.797907E-07
CZZL 10 21 11 0.0000E4-00  0.159916E-13 0.245999E-06
HZ 5 12 7 0.1559E-01  -0.816849E+04  0.427394E-06
66 COSINE EZZL 5 12 7 0.1559E-01  -0.816849E+04  0.703074E-06
(CUTE) 77L 5 12 7 0.1561E-01  -0.816849E+04  0.703459E-06
CZZL 5 12 7 0.1560E-01  -0.816849E+04  0.753963E-06
67 Extended HZ 4 9 5 0.1559E-01  -0.480453E+404  0.650772E-06
DENSCHNB EZZL 4 9 5 0.1561E-01  -0.480453E+04  0.138452E-06
77L 4 9 5 0.1559E-01  -0.480453E+04  0.191262E-06
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