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A SUBSPACE METHOD FOR OPTIMIZATION ON
RIEMANNIAN MANIFOLDS*
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Abstract: In this paper, the subspace method proposed by Yuan and Stoer (ZAMM Z. Angew. Math. Mech.
75 (1995) 69-77) for euclidean unconstrained optimization is generalized for optimization on Riemannian
manifolds. Under some conditions, the global convergence and local linear convergence of the algorithm
are established. Our numerical results show that the proposed algorithm is competitive with some recent
developed methods.
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Introduction

Recently, there are many research works on the topic of optimization problems on Rieman-
nian manifolds, because of its applications in various areas, such as signal processing , neural
networks, computer vision, and econometrics, see, for instance [3,14,16,19,21]. Traditional
optimization algorithms for solving smooth problems, such as steepest descent, Newton,
quasi-Newton, nonlinear conjugate gradient and trust-region method have been successfully
generalized to Riemannian manifolds. See [1-3,5-7,9,13,16] and the references therein. For
the theory and algorithms for nonsmooth optimization on Riemannian manifolds, see, for
instance [10,11,17,18,22] .

The realistic application problems of optimization on Riemannian manifolds are always
large scale problems. Therefore, some techniques for handling large scale problems on Eu-
clidean spaces obtain much attention. See [14,19,21] and the references therein. Among
these, the subspace techniques are getting more and more important. Absil and Gallivan
presented accelerated line-search and trust region methods in [4]. In this paper, we propose
a subspace method which is a generalization of the subspace method proposed by Yuan
and Stoer [20]. In Yuan and Stoer’s method, a search direction is computed by minimizing
the approximate quadratic model in the two dimensional subspace spanned by the current
gradient and the last search direction. We also adopt the same idea to compute the search
direction which lies in a two dimensional subspace. Under some mild conditions, we prove
the global convergence and local linear convergence of our method.

The paper is organized as follows. In section 2, we introduce some notations, definitions
and preliminary results that will be frequently used in the subsequent discussions. In section
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3, we summarize Yuan and Stoer’s method briefly and propose our subspace method in detail.
In section 4, the global and local linear convergence are established. Numerical experiments
are reported in section 5.

Notations, Definitions and Preliminary Results

In this section, we introduce the notations and definitions which will be used throughout
the paper. For any x,y € R", the inner product is denoted by 27y or (x,y). We use M to
denote a Riemannian manifold. For x € M, T, M denotes the tangent space of M at x. The
inner product defined on T, M is denoted by (:,-),, and when no confusion arises, we will
also omit the subscript and only use (-, -) for simplicity. The tangent bundle TM := U, T, M
consists of all tangent vectors to M.

For a smooth function f: M — R, the derivative of f at x € M, denoted by Df(z), is
an element of the dual space to T, M which satisfies D f(z)v = lim;_,q w =uvf
for all v € T, M, where vf is a tangent vector to R at f(x). That is, let f: M — R be
a smooth mapping, Df(z) is a mapping from T, M to TR ~ R. The gradient of f at =
(see [5]), denoted by grad f(x), is defined by

(grad f(z),v) =Df(x)v, Vve T, M.

The concept of retraction has played an important role in both theoretic and computa-
tional aspects.

Definition 2.1 ([5, p. 55]). A retraction on a manifold M is a smooth mapping R from the
tangent bundle 7'M onto M with the following properties. Let R, denote the restriction of
R to T, M.

1. R.(0;) = z, where 0, denotes the zero element of T, M.

2. With the canonical identification Ty, (T, M) ~ T, M, R, satisfies

DR, (Oz) = tdr, m
where idp, o denotes the identity mapping on T, M.

In the remainder of this paper, we will omit the subscript 7,,M and use id to denote the
identity mapping idr,r¢. For a retraction R, define the composite map

fr, = foRy: TyM—R.
Then Dfr, (0) = Df(x). We use D?fz. to denote the Hessian of fr_ .

Definition 2.2 ([14, p. 608]). We say that fr, is uniformly convex on the f(xg)-sublevel
set of f, if there exists 0 < m < M < oo such that

mljv[|* < D? fr, (p)(v,v) < MlJv[|?, Vv eT,M (2.1)

forall pe R;Y({Z € M: f(Z) < f(z0)}).

Definition 2.3 ([5, Chapter 8]). We will consider the transport of a vector from one tangent
space 1, M into another one T}, M, that is, consider isomorphisms 7, : T, M — T,M.
For a retraction R,, the vector transport 7;1%; is defined by

ﬁ?;u:: DR, (v)[u], Voue TyM,



A SUBSPACE METHOD FOR OPTIMIZATION ON RIEMANNIAN MANIFOLDS 281

i.e.

7;R*u = gRI(U + tu)|

N VueT,M,

t=0
where v = R (y).
If no confusion, we omit the subscript R, and use 7T, to denote 7,7%.
For x € M,v € T, M, assume that R;l exists, where y = R;(v). Then fr, = fg, o
R,' o R,, and
Dfr,(v) = Dfr,(0)DRx(v) = Df(y)Te.y, (2.2)
grad fr,(v) =T grad f(y), (2.3)

where 7., is the adjoint of T, (defined by (u,T. ,v) = (T,5,u,v) for all v € T, M, u €
T,M).

Wolfe conditions and BFGS scheme

Given z € M, for p € T, M, if (p,grad f(z)) < 0, we say that p is a descent direction of f
at x.

Definition 2.4 ((Wolfe conditions) [14, p. 600]). If the following conditions hold
f(Ra(ap)) < f(x) + abiD f(x)p, (2.4)
Df(Re(op))To,r, (ap)P = b2D f(2)p, (2.5)

where 0 < by < by < 1,0 < o < 1, we say that « satisfies the Wolfe conditions. Note that
the above conditions are equivalent to

f(Bz(ap)) < f(z) + abiD fr, (0)p, (2.6)
<grad f(Rx(ap))a E,Rx(ap)p> Z b2<grad f(l‘),p> (27)

Replacing (2.7) by
[(grad f(Raz(ap)); Te,r.(ap)P)| < —b2(grad f(z),p), (2.8)

we obtain the Strong Wolfe conditions.

Assume that zy is the current iterate and py € T, M. Let 241 = Ra, (axpr), where
«ay, > 0. Define

8 = appr = Ry (py1). (2.9)
Let Tz, 1., be the vector transport from T, M to Ty, , M, and let
sk = Tepnaniidk € Top oy M, (2.10)
yr = grad f(zrq1) — Top s, grad f(ze) € Ty, M. (2.11)
Then the generalization of the secant condition on M endowed with a vector transport 7T is
Biy15k = Yk, (2.12)
where the operator Byyy : Ty, M +—— T, M. The BFGS scheme on M is as follows
Bupip = Bp— 0B g o el g e, (2.13)
(Sk, BSk) Yk Sk)

with By = Tarwnss © Beo Tt see [5].

Tp,Tr+1”
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Subspace Method on Riemannian Manifolds

In this section, we generalize Yuan and Stoer’s subspace method from R™ to a Riemannian
manifold M. Now we take some effort to describe Yuan and Stoer’s subspace method briefly.
For detail, the reader can refer to [20].

Yuan and Stoer’s subspace method

For a twice continuously differentiable function f defined on R™, the quadratic approximate
of f at iterate x4 is

1
f(@) = f(@es1) + ghyr (@ — Tes1) + = (@ — 2e41)" Brga (7 — 2p11),

2
where gr4+1 is the gradient of f at zpy1 and Bjyyi is an approximation to the Hessian
V2f(xks1). Then, to get the descent direction py 1, the most general method is to minimize
vr+1(p) subject to p € R™. However, Yuan and Stoer consider the following problem

min , 3.1
min g (9) (3.1
where Q = span{gi+1,pr} and py is the search direction at xj.
Assume that By satisfies the secant equation Byy1sr = yg. The reader can refer to [20]
about the definition of s, yx. Substituting p by pgr+1 + vsg in (3.1), we obtain that

(/LT)igRZ‘ ((gﬁf!;)ip (5) * %(M’V) ((yk727kk+1> <9<Z:’1;f§>> (5) (32)

where pr = (Br419k+1, gk+1). This method has several advantages: Firstly, the solution
pr+1 of (3.2) can be easily computed. Secondly, pi+1 obtains the optimal decrease in the
subspace span{gxt1,pr}, while the search direction of the nonlinear conjugate gradient
method usually does not. Therefore Yuan and Stoer’s method is at least as effective as
the nonlinear conjugate gradient method.

Generalization of Yuan and Stoer’s method

When generalizing Yuan and Stoer’s method from R™ to M, the main difficulty is the
following: since pp € T, M and grad f(zy41) belongs to another tangent space T, ,, M,
the situation results in the nonexistence of span{grad f(zxt1), pr}. Fortunately, the strategy
of transporting p, from T, M to T, , M can remedy this problem. Consider the quadratic
approximation of f at xpy1:

k+1

. N 1
min mzk+1(p) = f(karl) + (grad f(xk+1)ap> + 7<Bk+1p7p>a (33)
P€ETx) 2

where By is unknown. But it has to satisfy the secant condition (2.12). Let py be the
search direction at zy. Then p, € T, M.

To generalize Yuan and Stoer’s method, we need to transport py to the space Ty, , M.
Define €, := span{grad f(2x+1), Tz) 2, Pk} Then we obtain a minimization problem on

a two dimensional subspace €2j:

in iy, (P)-
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In the remainder of this paper, we use the notation
g, = grad f(xp), Vk >0

Since s = Top eni1 5k = Ty 041 Pk, if P € Qp, then p = pgr i1 + vsy for some p,v € R.
Substituting it into (3.3), we obtain a function

/(b(:u'v 1/) = m1k+1 (:U’ngrl + Vsk)7 (34)

which is just (3.2) except that the inner product (-,-) is defined on T}, , M and a constant
term f(2g+1)-
As in [20], we consider separately the two cases: (1) gr+1 and si are collinear; (2) gr+1
and s, are not collinear.
For the first case, if there exists a A such that gg11 = Asg, then as in [20, (2.8)], the next
search direction is set to be
s
(Gr+15 8k) . (3.5)
(YK, Sk)

For the second case, assume that py satisfies the relation

Pk4+1 = —

P Yk, ) — (Grt1, y)® > 0, (3.6)

the unique solution of ¥ (u, v) is

(#k+1> = —1 (<yk75k>”gk+1”2 - <gk+17yk><gk+1»25k>) .
k1) pk(Uk, sk) — (Gkt1,Uk)2 \ PE(Gk+155k) — (941, Yk) || gr+1]]

Thus, the search direction pgy1 can be chosen as

Dk+1 =Mk+19k+1 T Vk+1Sk
1

_pk<yk73k> - <9k+17yk>2
+ ((grt15 ) | gr+ 11> = pr {15 Sk))sk]- (3.7)

[((grt1, Ur) (Gr 415 5%) — (ks sk |9k 1 17) gr 1

Note that the above formula has been derived in [20], we only give it for completeness.
Of course, different values of py give different pg11. There are two choices of py supplied
by Yuan and Stoer: one is

(Y 5k) ( 2 <9k+175k>2> (Ght1Yk)?
Pr = gk - 3.8
A . P E Wi 55) (38)

which is obtained from py = (Bgt19k+1, 9k+1), Where

<yk,5k>( (sk,p) ) {yr,p) (3.9)

Bryip = - k
i sk sk (Y, Sk

corresponding to (2.13) when B, = <"“|’§j|’;> id.
The other is

(grt1,Uk)?

=2 3.10
o= 2 ) (310
which is based on the interval of py.

Now we state the overall algorithm.
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Algorithm: Subspace quasi-Newton optimization method on Riemannian manifolds
Require: Riemannian manifold M; vector transport 7 on M with associated
retraction R; real-valued function f on M.
Goal: Find a minimizer of f.
Parameters: ¢ > 0,0<b; <by <1.
Input: Initial iterate o € M.
Output: Point z* such that ||gradf(z*)|| <e.
Step 1: k=0; set py = —grad f(zo);
Step 2: Compute a step length «y satisfying the strong Wolfe conditions;
set Tpy1 = Ry (npr);
compute gxr1 = grad f(Tr41);
if [|gk+1]] < € then stop.
else go to step 3;
Step 3: If (gk+1, Tay,zpp0 Pr) are collinear,
then define pr+1 by (3.5) and go to step 5;
else go to step 4;
Step 4: Choose py satisfying (3.6) ;
compute pr41 by (3.7)
Step 5: k:=k+1, go to Step 2.

)

E Convergence Analysis

In this section, we show that our algorithm is globally convergent. Under some conditions,
the local linear convergence of our method can also be established. To prove the convergence
results, we always assume that:

Assumption A: f is twice continuously differentiable and bounded below.
Assumption B: 7, ,,., is an isometry for all k¥ > 1, where z; is the iterate
generated by our subspace algorithm.

Given a descent direction p, the following result tells us that a step length satisfying the
Wolfe conditions always exists.

Lemma 4.1 (Feasible step length, e.g. [12]). If p € T, M is a descent direction at x € M,
then there exists a > 0 that satisfies Wolfe conditions (2.6) and (2.7).

In the following lemma, we prove that if oy satisfies the Wolfe conditions, then py is
always a descent direction at zj for all £ > 1.

Lemma 4.2. Assume that Ty, z,., s an isometry. If py is a descent direction at xy and
oy, satisfies the Wolfe conditions, then (yk, sg) > 0 and pry1 is a descent direction at xp11.

Proof. From (2.10), (2.11), and the Wolfe condition (2.7), it follows that

Wy sk) = Agk+1 — Tananir 9ks Tap wrss Sk)

(Gk+15 Togwnrs k) — (ks Sk)

b2(gk 8k) — (9n- Sk)

ag(be — 1){gk, pr) > 0, (4.1)

Y

where the last inequality follows from b, < 1 and the assumption that pp is a descent
direction at xy.
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If g1 and s are collinear, from (3.5) and (4.1), it follows that (gg+1,pr+1) < 0. Now
assume that gry; and s are not collinear. Since (pg+1,Vk+1) is the optimal solution of
¥(u,v) defined by (3.4), we have

—<9k+1,pk+1> :2[1/;(070) — (1, Vk+1)]

. _||9k+1||2
>214(0,0) — 9( o ;0)

4
Pk

Whatever py, is defined by (3.8) or (3.10), we have p; > 0, which together with (4.2) implies
the second assertion. O

Note that throughout this subsection 8, sy and yy, are defined by (2.9), (2.10) and (2.11).
The following theorem treats the case py is defined by (3.10).

Theorem 4.3. Choosing py, by (3.10). Assume that fr,, is uniformly convex on the f(zo)-
sublevel set of f. If there exist M,S > 0 such that

omin{1, || gkt 1} (W 5k) < P ks sk) — (G, ye)® < Mlyg,si), YV E, (4.3)

then
liminf ||grad f(zx)] = 0.
k—oo

Proof. If not, there is 6 > 0 such that
lgrll >0,  VE>0 (4.4)
By the Wolfe conditon (2.6), for any k, we have
f(@rs1) < flan) + 01D fr,, (0)(5k) = f2k) + bi{gr, Sk)-

Since {f(x))} is a non-increasing sequence and f is bounded below, it follows from the above
inequality that

S g, 8) < +oo. (4.5)
k=1
From (4.1), it follows that
(Yk, sk) = (b2 = 1)(gk, 8)- (4.6)

By Lemma 4.2, we have (yg,sg) > 0 and (gx,5r) < 0. Therefore, the inequality (4.6)
becomes (00 3)
9k> Sk

by — 1)L < 1.

( ? )<yk78k> -

Multiplying it by —(gk, k) on two sides, we obtain

5 \2
9k Sk .
(1 - b2) <<;k Skk>> S _<gk7 5k>a
which, along with (4.5), yields
— (gk, k)*
) 4.7
E (U 5) < 400 (4.7)

k=1



286 HEJIE WEI

From (2.2), it follows that
(gk+1,5k) = Df (Zey1)sk = Dfr,, (Sk)3k. (4.8)
By (2.10) and (2.11), we have
(Yk> sk) = (Dfr,, (3x) — Dfr,, (0)8x = D*fr,, (03k)(5k, %),

in which 6 € [0,1]. By (4.2) and (2.9), we have (gx,05;) = ar0{gx, pr) < —akG% <0,
which yields that f(Rz, (03x)) < f(zo). Since fg,  is uniformly convex on the f(zo)-sublevel
set of f, we have

mll$e]l* < (yi, sk) < M3,
which implies that
(yi: s6) = O(llsell*) = O(ll3x]1*)- (4.9)
y (4.7) and (4.9), we have
o loope)? (4.10)
2 2

Substituting (4.8) into (2.8), we can get [{gr+1, Sk)| < —b2(gk, 8%), which together with (4.6)
yields

b
(Gr+1, 88)] < 1772172@19,81@)- (4.11)

Similar as in [14, p. 620], we can define the averaged Hessian G and §j, as

1
Gui= [ D*fn, (804t Gui=Dfn, (51) - Din,, 0).
0

Then (y, Sk) = xSk, Gk (Sk, ) = Ur and in addition to (2.2), (2.3), we get

(Dfg,, (8k) — Dfr,, (0))v

|l = max
= 2 ol
Dfr,, (8x)v —Dfr,, (0)v
= max - -
W o
_ <gk+17 Ekamk+lv> - <gk7 U>
= maX
5 1ol
_ <gk+1’ 7;k7fk+lv> - <7;7k7$k+1 9k 7;61@70%+1U>
V€T, M Ek,$k+1v

_ max <yk> Ekaafk+1v>
Tay g1 V€ Ty M H7~$k7$k+lv||

= [lyxll-

Let Gy, be the Lax-Milgram representation of G. Then we have

[y [|? okl Gr(VG Sk,\ﬁSk

=== <M. 4.12)
(Ykssk) Gk IV Grén|? (
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From (3.10) and (4.3), it follows that
26 < p, < 2M. (4.13)

By (3.7) and (4.3), we have

1
prsall < [Bllyelllselllge+1ll® + prl(grrt, sedlllsell]- (4.14)
min{1, [|gry1l} (Y, sk)

By (4.5), {(gk, px) is bounded, which together with aj < 1 implies that

136]l = o]l = o(%). (4.15)

With the above inequalities in hand, now we prove that the sequence {||px||/(— {9k, pr))} is
decreasing. By (4.2), we know that

prsll prllPra]
(g1, Pr41) — Ngrgal*”

which together with (4.4) and (4.14) implies that

el o pr 1 g lellsll k|<gk+178k>|HSk||}
—(grr15Pk11) ~ (Wkosk) dmin{1, [|gesal|} " gkl llgr+1*
Sﬁ[O(llykllekll) +O(pr - gr+1, 5%)| - [Isx1D)]
<yk p OV M (yk, si)|lskll) + O(p b <yk75k> s [D](by (4.11), (4.12))
smM)w(nsku) (by (4.13))
Yks Sk)

_ (A s
—o(/Tnll - — ) 1 osey

<yk,8k>

<o(VIa- \/ i esy) FOUs (v (40)
(\/7 HPkH )+O\/||57 \/|8T
( / HpkH ) (by (415))

Gk, Dk)

<o( —<gk,§k>m). (1.16)

Note that by (4.5), the term \/—(gk, §x) in (4.16) tends to zero as k goes to infinity. Thus

lpesill < <”p’”H for all sufficiently large k. Therefore <g";’:"|“> > 7 for some 7 > 0,

—(gk+1,Pr+1) —{9r.pPk |
which contradicts (4. 10) The proof is complete. O
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Now we study the case that py is chosen from (3.8). The following result will be useful
in our analysis.

Lemma 4.4. Assume that fr, is uniformly convex on the f(xzo)-sublevel set of f. Let By,

be defined by (3.9). Then By, is positive definite. Moreover, | By| and ||B;"| is uniformly
bounded.

Proof. Note that By is just the one step RBFGS update from <ﬁ§;i’;> id. By (4.9), there

exist m, M > 0 such that m < 2% < M. For any unit p(||p|| = 1), we have

[EAR

(Berp.p) = Pt () - SbE) (e

lIskll> = vk, si)
_ (wkosk) (s6:0)° | (wkop)?
[[skll? Isel® ™ (yw, sk)

2
Since 0 < <‘T:kﬂ>2 < 1, we have

2
(Wrosk) (ko)™ _ (Wk, S5) llyx]?
Iskll2  (ukrse) = llsel®  (ys sk)

<yk7p>2

0<
Yk, sk)

< 2M,

S <Bk+1pap> S

in which the last inequality follows from (4.12). Furthermore, ||Bgy1| > M > m. Then

Yk, Sk
| Br41]| and || B, || are positive definite and uniformly bounded. O

Let f* := mingeaq f(x). The following theorem, which tells us f(zx) — f* converges to
zero linearly, is another main result of this subsection.

Theorem 4.5. Choosing pi; by (3.8). Assume that fr, is uniformly convezx on the f(zo)-
sublevel set of f, the sequence {x} is formed by the Riemannian subspace quasi-Newton
algorithm, there exists a constant p € (0,1) such that

Flar) = 5 < uF(flxo) = f7).
Proof. Let By, be defined by (3.9). Define 65 and gi by

M’ G = (B Sk, $k) _ <kak7pk>‘ (4.17)
1851111 Br 3k

0, = arccos -
15112 1px|I?

From (2.7), it follows that —D/fr., (cgpr)pe < —boD f(xk)pk, which together with

1
—Dfr,, (cwpr)pr = =D f(@r)pr — ak/ D?fr,, (tarpk)(pk, pr)ds
0
> =D f (xx)pr — arM||pg|?
implies that —beD f(x)pr > —Df(zx)px — axM||pk||*. Thus,

> bo—1 Df(ze)pe _ b2 —1 (gk,pk)

M el M pell?

By our subspace algorithm, we have the relation (Bgpk,pr) = —{(gk,pr). It follows from
(4.17) that
1—by (Bpr,pr) 1—by

o =2 : = ak-
M Ipx 12 M
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By (2.4), (4.2) and Lemma 4.4, we have

f(xr) = f(@p11) = —aubiDf (xk)pr

lgell* gk lI? 5

> apb——— = apb; —"—"—
Yok 1<Bk9kagk>H |
1—-by qx
> b ——
=T M2 cos? 05

cos? 0|l gx |- (4.18)

Now we prove that there exists 3 > 0 such that cosfy > ( for all k. Since By, is defined
by (3.9), it is one-step RBFGS update from A = X id, where A\ = W Let By be
the BFGS update of By. Then

1

tI’(%B]H,l — ld) = tr(f [Bk . <

Bk, )Brdr k()Y
h\ +

(BiSk, 8k) (Yk, 5k)
| B 3 ||? llyx]?
MBr3k, 86) MYk, Sk)
(Bidk, 8) | Biselll 3117 llyx|?
MIskl? (Brsk, 8k)? MYk, sk)
qr M
~ Acos2 6y, + By
[A3k—1]” n lye—1ll® an
/\<A=§k—1a§k—1> /\<yk—175k—1> ) cos? Gk
M qr M
N Neos2O0r X
<M e
- A A cos? 0y,

] - ia)

= tr(ka — Zd) —

By, —id) —

< tl“(fB]~C - ’Ld)

M

< -1+
(4.19)

By the proof of [14, p.621], we have

L4 1 5. 112
det(kaH) > qﬁkdet(XBk) s m m||8g_1]| -

mm
T oqe (A8p—1,86-1) T A ar

(4.20)

Let ®(B) := tr(B—id) —log detB. By Lidskii’s theorem (see [15, Thm. 3.5]), if B is positive
definite, then ¢(B) > 0. Combining this inequality with (4.19) and (4.20) yields

1= 2M Qi m o m
<d(-B < — — —— —log(~ - -1
0< (/\ k1) b\ X cos? by Og(/\ Qk)
2M k k

IN

- " 2logm — 2 + log(A\? cos® ;) + 1 —

1 .
A\ cos? 0y, + 98\ cos? 0
By (4.9), A is bounded. Then we have

dk qk
— 1 >C
A cos? 0, + og)\ cos2 0, —

log(\? cos? 6;) + 1

for some real number C. Let g(z) := 1 — z + logz, where z > 0. Then g(z) < 0 for any
z > 0, which implies
dk dk

l1—-——— +log——— < 0.
)\ cos? 0y, + og)\ cos? 0y,
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From the above two inequalities, it follows that
log(\? cos® 0) > C. (4.21)

Then there exists 8 > 0 such that cosf, > [ for all k. And there exists x such that

dk
cos? 0, > K.

By (4.18) and cosfy, > 3, we have

F) = Tz = s gl (1.22)

Note that y € M is in the neighborhood of z, there exists ¢ € [0, 1] such that

Fly) — F(x) = DF@IR ) + 5D, (177 () (R (), R ()

21Df@ﬁR;%y)+7§HR;WyHP

1 1
> IDf(2)|? = —— 2
> L IDf@)? = 5 lg(a)]
Since y € M is arbitrary, we have f(x) — f* < ||g(z)||?/(2m). Combining it with (4.22)
yields

Flaw) — Flz) = 2mbins® 2 (@) - £, (123)

which implies that
fla) = f(2*) < uP(f(xo) — f(z7)),
where p =1 — 2mb 32152 O

Next we prove the local linear convergence of the subspace algorithm. In the proof of
the last result, we adopt the notation F(z) = Q(G(z)) as & — x*, which means that there
exist {,L > 0 and a neighborhood N of z* such that [||F(z)| < [|G(z)|| < L||F(z)|| for all
zeN.

Theorem 4.6. Suppose that the assumptions of Theorem 4.5 hold. Assume that xj con-
verges to an optimal solution x*. There exists a K such that for all k > K, there exist T > 0
and p € (0,1) such that

dist(zp, 2*) < 7~ Kdist(z g, 27).

Proof. There exists a neighborhood U of * such that, for all x € U,
* Lo -1 -1 -1
fl@) = f(27) = 5D fR,. 1Ry (2)) (R (x), By (2))

for some t € (0,1), which together with (2.1) implies that f(z) — f(z*) = Q(|R;}(2)]]?).
From the proof of [5, Prop. 7.1.3] it follows that |R,.! (x)|| = Q(dist(z,z*)), and therefore

f(x) — f(2*) = Q(dist(z, %)?). (4.24)

Since {xy} converges to z*, there is a K such that, for all & > K, x; belongs to U. By
(4.23), we have

flar) = f@*) < p(fae-r) = f@*) < u"F(flax) = f(=).
Then the assertion follows from (4.24). O
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Numerical Results

In this section, we demonstrate the effectiveness of our Riemannian subspace quasi-Newton
algorithm on some test problems. All of our tests are carried out in MATLAB R2014a on a
Thinkpad notebook Intel Core i5 with 2.53GHz CPU and 4.00GB RAM .

Since the convergence of first-order methods may slow down as the iterates approach a
stationary point, it is critical to detect this and stop properly. In addition, it is tricky to
correctly predict whether an algorithm is temporarily or permanently trapped in a region
when its convergence speed has reduced. Hence, it is usually beneficial to have flexible
termination rules. In our implementation, in addition to checking the norm of the gradient
llgradf(z)|| < €4, we also compute the relative changes of objective function values of the
two consecutive iterates and terminate it as soon as

flor) — f(Tre1)
a1 =

The default values of €7, e, are 1078,107°. The max iteration is 1000.
Given a symmetric matrix A € R™*" the p-largest eigenvalue problem can be formulated

(5.1)

as

max tr(XTAX)
XeRnxp

st.  XTX =1,

We form a few randomly generated dense Wishart matrices assembled as A = AAT | where
A € R™ ™ is a matrix whose elements are sampled from the standard Gaussian distribution.
The initial iterate X is given by applying Matlab’s function orth to a matrix whose elements
are drawn from the standard normal distribution using Matlab’s function randn.

The objective function is constrained on the Stiefel manifold St(p,n) = {X € R"*P .
XTX =1,}. The tangent space is Tx St(p,n) = {Z e R™*P : XTZ + ZTX = 0}. We select
the gradient, retraction and vector transport as follows. Define the function

fRYP 5 R: X tr(XTAX).

Let f denote the restriction of f to the Stiefel manifold. We have Df(X)[Z] = 2tr(ZT AX),

hence grad f(X) = 2AX. Then the gradient of f is equal to the projection of grad f(X) onto
TxSt(p,n):

gradf(X) = Pxgradf(X) = (I - XXT)gradf(X) + Xskew(X T gradf(X)),
where skew(S) := 3(S — ST). The retraction is
Rx () == qf(X +¢),

where ¢f(S) denotes the @ factor of the decomposition of S as S = QR, where @ belongs
to St(p,n) and R is an upper triangular matrix with strictly positive diagonal elements.
Since the isometry condition can be dropped on compact manifolds (see [14]), we choose the
vector transport as below

Txy.x,€ = (I — X2 X3+ Xoskew(X ] €) € T, St(p,n),

where X2 = RX1 (77)757 ne TXlst(pa n)
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We conduct our numerical experiments on the problem above. For simplicity, we describe
the Riemannian subspace quasi-Newton algorithm as RSQN 1 and RSQN 2, where we choose
pr by (3.10) and (3.8) respectively. The Riemannian steepest descent method is abbreviated
as ‘RSD’ and the Riemannian Conguate Gradient method is called ‘RCG’ for short (see [5,8]).
We record the average numerical performance and list them in Table 1, 2 in which ‘iter’
represents the iteration number, ‘CPU’ represents the required time, ‘obj’ represents the
objective function value, ‘nf’ represents the number of the function evaluations and ‘ng’
represents the number of gradient evaluations.

Table 1: Numerical results of RSD and RSQN1

n,p RSD RSQN1
CPU iter obj nf ng \ CPU iter obj nf ng
n = 100, various p (I)
p=3 0.25 113 542.0168 367 114 | 0.07 46 542.0168 192 192
p=>5 0.35 132 874.2449 444 133 | 0.10 50  874.2449 195 195
p=10 0.40 148 1586.8262 484 149 | 0.12 50  1586.8262 192 192
p =5, various n (II)
n = 100 0.37 145 873.6855 440 146 | 0.09 43 873.6855 172 172
n=>500 | 3.96 336 4768.8005 961 337 | 0.42 81 4768.8005 236 236
n =1000 | 14.72 448 9716.6753 1188 449 | 1.26 103 9716.6753 219 219
n = 100, p = 5, various cond(A) (III)
0(10%) 0.27 106 864.3154 343 107 | 0.10 50  864.3154 194 194
0(10°) 0.29 109 864.9386 367 110 | 0.10 48 864.9386 189 189
0(10°) 0.40 147 882.5408 479 148 | 0.09 49  882.5408 178 178
Table 2: Numerical results of RCG and RSQN2
n,p RCG RSQN2
CPU iter obj nf ng \ CPU iter obj nf ng
n = 100, various p (I)
p=3 0.12 53  542.0168 154 54 | 0.07 47 542.0168 180 180
p=>5 0.16 58 874.2449 168 59 | 0.08 48 874.2449 170 170
p=10 0.20 64 1586.8262 186 65 0.12 57 1586.8262 212 212
p = 5, various n (II)
n=100 | 0.17 59 873.6855 172 60 | 0.08 43  873.6855 151 151
n = 500 1.12 93 4768.8005 261 94 | 0.35 79 4768.8005 176 176
n=1000 | 3.71 108 9716.6753 301 109 | 1.17 101 9716.6753 196 196
n = 100, p = 5, various cond(A) (III)
0(10%) 0.16 58 864.3154 167 59 | 0.10 51  864.3154 195 195
0(10°) 0.16 55 864.9386 164 56 | 0.09 48 864.9386 168 168
0(10°) 0.17 60 8825408 172 61 | 0.09 49 8825408 178 178

Table 1, 2 contain the results with various n,p and cond(A) for the RSD, RSQN1, RCG,
RSQN2 over random tests. For a fixed n, it is clear that from Table 1(I), 2(I), our subspace
algorithms, RSQN1 and RSQN2, perform more efficient than RSD, and RCG in terms of
CPU time and iterations for small p. Since we adopt the Wolfe line search in our subspace
methods, RSQN1 and RSQN2 require more gradient evaluations than RCG. For a fixed p,
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Table 1(IT), 2(IT) show that the advantage of the RSQN1, RSQN2 is more obvious especially
when n grows larger in terms of CPU time, iterations and the number of function evaluations,
which indicate the efficiency of the subspace method. For n = 100, p = 5, we investigate the
influence of the condition number of the random matrix A on the algorithm in Table 1(III),
2(III). It is clear that the CPU time, iterations, the number of function evaluations of our
algorithm keep stable as the condition numbers grow. Overall, our algorithm is efficient and
stable in most cases, even for ill-conditioned problems.
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