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In 1976, Korpelevic [17] introduced the following well-known extragradient method

yn = PC(xn − γAxn)

xn+1 = PC(xn − γAyn), n ≥ 0,(1.4)

where PC is the metric projection from Rn onto its subset C for some γ > 0 and
A : C → Rn is an accretive operator. He proved that the sequence {xn} converges
to a solution of the variational inequality (1.3).

Yao et al. [34] presented the following modified Korpelevich method for solving
(1.3)

yn = PC(xn − γAxn − αnxn)

xn+1 = PC(xn − γAyn + µ(yn − xn)), n ≥ 0.(1.5)

Aoyama et al. [7] introduced the iterative algorithm

(1.6) xn+1 = αnxn + (1− αn)QC(xn − γnAxn), n ≥ 0,

where QC is a sunny nonexpansive retraction from E onto C and {αn} ⊂ (0, 1),
{γn} ⊂ (0,∞) are two real number sequences. Motivated by (1.6), Yao and Maruster
[33] presented a modification of (1.6) as follows:

(1.7) xn+1 = βnxn + (1− βn)QC((1− αn)(xn − γnAxn)), n ≥ 0.

Motivated and inspired by the above algorithms and recent works [1, 2, 3, 4, 5,
6, 14, 15, 16, 19, 27, 37], in this paper we suggest an extragradient type method
via the sunny nonexpansive retraction for solving the general variational inequality
problems (1.2) in Banach spaces. It is shown that the presented algorithms con-
verges strongly to a special solutions of the general variational inequality problems
(1.2).

2. Preliminaries

Let E be a real Banach space. The modulus of smoothness of E is the function
ρE : [0,∞) → [0,∞) defined by

ρE(τ) = sup
{1

2
(∥x+ y∥+ ∥x− y∥)− 1 : ∥x∥ = 1, ∥y∥ = τ

}
.

If ρE(τ) > 0 for all 0, then E is said to be smooth. If there exists a constant
c > 0 and a real number 1 < q ≤ 2 such that ρE(τ) ≤ cτ q, then E is said to be
q-uniformly smooth. If E is a real q-uniformly smooth Banach space, then by [28]
the following geometric inequality holds:

(2.1) ∥x+ y∥q ≤ ∥x∥q + q⟨y, jq(x)⟩+ 2∥Ky∥q, for jq(x) ∈ Jq(x),

for x, y ∈ E and K is the q-uniformly smoothness constant of E and Jq satisfying
the equation (1.1). It is well known that

Lp(lp) or W
p
m is

{
p− uniformly smooth if 1 < p < 2

2− uniformly smooth if p ≥ 2.
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The Banach space E is said to be uniformly convex if given ϵ > 0 there exists
δ > 0 such that for all x, y ∈ E with ∥x∥ ≤ 1, ∥y∥ ≤ 1 and ∥x− y∥ ≥ ϵ,∥∥∥∥12(x+ y)

∥∥∥∥ ≤ 1− δ.

It is well known that Lp, lp and Sobolev spaces W p
m(1 < p < ∞) are uniformly

convex.

Let C ⊆ E be a closed convex and Q : E → C be a mapping. Then Q is said to
be sunny if

Q(Q(x) + t(x−Q(x))) = Q(x).

Moreover Q(x) + t(x − Q(x)) ∈ C for x ∈ C and t > 0. A mapping Q : E → C is
said to be a retraction if Q2 = Q. If a mapping Q is a retraction, then Q(z) = z
for every z ∈ R(Q). A subset C of E is said to be sunny nonexpansive retract of
E if there exists a sunny nonexpansive retraction of E onto C and it is said to be
a nonexpansive retract of E if there exists a nonexpansive retraction of E onto C.
If E = H, the metric projection PC is a sunny nonexpansive retraction from H to
any closed convex subset of H. Moreover if C is a nonempty closed convex subset
of an uniformly convex and uniformly smooth real Banach spaces E and T is a
nonexpansive mapping of C into itself with F (T ) := {x ∈ C : Tx = x} ̸= ∅ (the set
of all fixed points of T ) then the set F (T ) is a sunny nonexpansive retract of C.

Lemma 2.1 ([10]). Let E be a smooth Banach space and let K be a nonempty
subset of E. Let Q : E → K be a retraction and let J be the normalized duality
mapping on E. Then the following are equivalent:

(i) Q is sunny nonexpansive;
(ii) ⟨x−Q(x), j(y −Q(x))⟩ ≤ 0,∀x ∈ E and y ∈ K.

Lemma 2.2 ([7]). Let C be a nonempty closed convex subset of a smooth Banach
space E. Let QC be a sunny nonexpansive retraction from E onto C and let A be
an accretive operator of C into E. Then for all γ > 0,

S(A,C) = F (QC(I − γA)),

where

S(A,C) = {x∗ ∈ C : ⟨Ax∗, j(x− x∗)⟩ ≥ 0,∀x ∈ C}.

Lemma 2.3 ([10]). Let C be a nonempty bounded closed convex subset of a uni-
formly convex Banach space E and let T be a nonexpansive mapping of C into itself.
If {xn} is a sequence of C such that xn → x weakly and xn−Txn → 0 strongly then
x is a fixed point of T .

Lemma 2.4 ([22]). Let E be a real Banach space. Then for any given x, y ∈ E,
the following inequality holds:

∥x+ y∥2 ≤ ∥x∥2 + 2⟨y, j(x+ y)⟩, ∀j(x+ y) ∈ J(x+ y).
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Lemma 2.5 ([26]). Let C be a nonempty closed convex subset of a real 2-uniformly
smooth Banach space X. Let A : C → X be an α-inverse strongly accretive mapping.
Then we have

∥(I − γA)x− (I − γA)y∥2 ≤ ∥x− y∥2 + 2γ(K2γ − α)∥Ax−Ay∥2.

In Particular, if 0 ≤ γ ≤ α
K2 then I − γA is nonexpansive.

Lemma 2.6. Let C be a nonempty closed convex subset of a real q-uniformly smooth
Banach space E for 1 < q ≤ 2. Let T : C → E be a γ-strictly pseudo-contractive
mapping. Then for 0 < µ < µ0 = min{1, α

K2 } where K is satisfying the inequality
(2.1), the mapping Tµ(x) = (1− µ)x+ µTx is nonexpansive and F (Tµ) = F (T ).

Lemma 2.7. Let C be a nonempty closed convex subset of a real q-uniformly smooth
Banach space E for 1 < q ≤ 2. Let A : C → E be an η-inverse strongly accretive
mapping. Then for 0 < γ < α

K2 , the mapping

Aµx = (x− γAx)

is nonexpansive.

Lemma 2.8 ([21]). Let {an} be a sequence of real numbers such that there exists
a subsequence {ηi} of {n} such that ani < ani+1 for i ∈ N . Then there exists a
nondecreasing sequence {mk} ⊂ N such that mk → ∞ and the following properties
are satisfied by all (sufficiently large) numbers k ∈ N :

amk
≤ amk+1, ak ≤ amk+1.

In fact mk = max{j ≤ K : aj < aj+1}.

Lemma 2.9 ([29]). Let {an} be a sequence of nonnegative real numbers satisfying
the following relations:

an+1 ≤ (1− αn)an + αnδn, n ≥ n0

where {αn} ⊂ (0, 1) and {δn} ⊂ R satisfying the following conditions:

lim
n→∞

αn = 0,
∞∑
n=1

αn = ∞ and lim sup
n→∞

δn ≤ 0.

Then, we have

lim
n→∞

an = 0.

3. Main results

In this section, we presented our Korpelevich like algorithm and consequently, we
will show its strong convergence.
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Assumption A:

(A1) E is a uniformly convex and 2-uniformly smooth Banach space with a weakly
sequentially continuous duality mapping;

(A2) C is a nonempty closed convex subset of E;
(A3) A : C → E is an α-strongly accretive and L-Lipschitz continuous mapping

with S(A,C) ̸= ∅;
(A4) QC is a sunny nonexpansive retraction from E onto C.

Parametric Restrictions:

(P1) λ, µ and γ are three positive constant satisfying
(i) γ ∈ (0, 1), λ ∈ [a, b] for some a, b with 0 < a < b < α

K2L2 ;

(ii) λ
µ < α

K2L2 where K is the smooth constant of E;

(P2) {αn} is a sequence in (0,1) such that limn→∞ αn = 0 and
∑∞

n=1 αn = ∞.

Algorithm 3.1. For given x0 ∈ C define a sequence {xn} iteratively by

yn = QC [(1− αn)xn − λAxn],

xn+1 = (1− γ)xn + γQC [xn − λAyn + µ(yn − xn)] + γen,(3.1)

where n = 0, 1, . . . , and en is an error to take into account of a possible inexact
computation of a sunny nonexpansive retraction.

Theorem 3.2. The sequence {xn} generated by (3.1) converges strongly to Q′(0),
where Q′ is a sunny nonexpansive retraction of E onto S(A,C).

Proof. Let p ∈ S(A,C). First from Lemma 2.1, we have

p = QC [p− λAp], ∀λ > 0.

In particular

p = QC [p− λAp] = QC

[
αnp+ (1− αn)

(
p− λ

1− αn
Ap

)]
,∀n ≥ 0.

Since A : C → E is an α-strongly accretive and L-Lipschitzian ontinuous mapping,
it must be α

L2 -inverse strongly accretive mapping. Thus by Lemma 2.5 we have

∥(I − λA)x− (I − λA)y∥2 ≤ ∥x− y∥2 + 2λ
(
K2λ− α

L2

)
∥Ax−Ay∥2,

since αn → 0 and λ ∈ [a, b] ⊂ (0, α
K2L2 ), we get αn < 1− K2L2λ

α for enough large n.

Without loss of generality, we may assume that for all n ∈ N,αn < 1− K2L2λ
α , that

is, λ
1−αn

∈ (0, α
K2L2 ). Hence I − λ

1−αn
A is nonexpansive.
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From (3.1) we have

∥yn − p∥ =

∥∥∥∥QC [(1− αn)xn − λAxn]−QC

[
αnp+ (1− αn)

(
p− λ

1− αn
Ap

)]∥∥∥∥
≤

∥∥∥∥αn(−p) + (1− αn)

[(
xn − λ

1− αn
Axn

)
−
(
p− λ

1− αn
Ap

)]∥∥∥∥
≤ αn∥p∥+ (1− αn)

∥∥∥∥(I − λ

1− αn
A

)
xn −

(
I − λ

1− αn
A

)
p

∥∥∥∥
≤ αn∥p∥+ (1− αn)∥xn − p∥.(3.2)

By (3.1) and (3.2) we have

∥xn+1 − p∥ ≤ (1− γ)∥xn − p∥+ γ∥QC [xn − λAyn + µ(yn − xn)]− p∥+ γ∥en∥

≤ (1− γ)∥xn − p∥+ γ

∥∥∥∥QC

[
(1− µ)xn + µ

(
yn − λ

µ
Ayn

)]
−QC

[
(1− µ)p+ µ

(
p− λ

µ
Ap

)]∥∥∥∥+ γ∥en∥

≤ (1− γ)∥xn − p∥

+ γ

∥∥∥∥(1− µ)(xn − p) + µ

[(
yn − λ

µ
Ayn

)
−
(
p− λ

µ
Ap

)]∥∥∥∥+ γ∥en∥

≤ (1− γ)∥xn − p∥

+ γ(1− µ)∥xn − p∥+ µγ

∥∥∥∥(yn − λ

µ
Ayn

)
−
(
p− λ

µ
Ap

)∥∥∥∥+ γ∥en∥

≤ (1− µγ)∥xn − p∥+ γµ∥yn − p∥+ γ∥en∥
≤ (1− µγ)∥xn − p∥+ γµαn∥p∥+ µγ(1− αn)∥xn − p∥+ γ∥en∥
≤ (1− µγαn)∥xn − p∥+ γµαn∥p∥+ γ∥en∥
≤ max{∥xn − p∥, ∥p∥, ∥en∥}
...

≤ max{∥x0 − p∥, ∥p∥, ∥e0∥}.(3.3)

Hence {xn} is bounded.
Set zn = QC [xn − λAyn + µ(yn − xn)]. From (3.1) we have

xn+1 = (1− γ)xn + γzn + γen, ∀n ≥ 0.
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Then, we have

∥yn − yn−1∥
= ∥QC [(1− αn)xn − λAxn]−QC [(1− αn−1)xn−1 − λAxn−1]∥

≤
∥∥∥∥(1− αn)

(
xn − λ

1− αn
Axn

)
− (1− αn−1)

(
xn−1 −

λ

1− αn−1
Axn−1

)∥∥∥∥
≤ (1− αn)

∥∥∥∥(xn − λ

1− αn
Axn

)
−
(
xn−1 −

λ

1− αn
Axn−1

)∥∥∥∥
+ | αn − αn−1 | ∥xn−1∥

≤ (1− αn)∥xn − xn−1∥+ | αn − αn−1 | ∥xn−1∥,

and thus

∥zn − zn−1∥
= ∥QC [xn − λAyn + µ(yn − xn)]−QC [xn−1 − λAyn−1 + µ(yn−1 − xn−1)]∥

≤ (1− µ)∥xn − xn−1∥+ µ

∥∥∥∥(yn − λ

µ
Ayn

)
−
(
yn−1 −

λ

µ
Ayn−1

)∥∥∥∥
≤ (1− µ)∥xn − xn−1∥+ µ∥yn − yn−1∥
≤ (1− µαn)∥xn − xn−1∥+ µ | αn − αn−1 | ∥xn−1∥.

It follows that

lim sup
n→∞

(∥zn − zn−1∥ − ∥xn − xn−1∥) ≤ 0.

This together with Lemma 2.9 implies that

lim
n→∞

∥xn+1 − xn∥ = 0.

From (3.2) we have

∥yn − p∥2

≤
∥∥∥∥αn(−p) + (1− αn)

[(
xn − λ

1− αn
Axn

)
−
(
p− λ

1− αn
Ap

)]∥∥∥∥2
≤ αn∥p∥2 + (1− αn)

∥∥∥∥(xn − λ

1− αn
Axn

)
−
(
p− λ

1− αn
Ap

)∥∥∥∥2
≤ αn∥p∥2 + (1− αn)∥xn − p∥2 + 2λ

(
K2λ

1− αn
− α

L2

)
∥Axn −Ap∥2.(3.4)
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From (3.1),(3.3) and (3.4), we obtain

∥xn+1 − p∥2

≤ (1− γ)∥xn − p∥2

+ γ

∥∥∥∥(1− µ)(xn − p) + µ

[(
yn − λ

µ
Ayn

)
−
(
p− λ

µ
Ap

)]∥∥∥∥2 + γ∥en∥2

≤ (1− γ)∥xn − p∥2 + γ(1− µ)∥xn − p∥2

+ µγ

∥∥∥∥(yn − λ

µ
Ayn

)
−
(
p− λ

µ
Ap

)∥∥∥∥2 + γ∥en∥2

≤ (1− µγ)∥xn − p∥2 + γµ[∥yn − p∥2

+
2λ

µ

(
K2λ

µ
− α

L2

)
∥Ayn −Ap∥2] + γ∥en∥2

≤ γµ

[
αn∥p∥2 + (1− αn)∥xn − p∥2 + 2λ

(
K2λ

1− αn
− α

L2

)
∥Axn −Ap∥2

]
+ (1− γµ)∥xn − p∥2 + 2λγ

(
K2λ

µ
− α

L2

)
∥Ayn −Ap∥2 + γ∥en∥2

≤ γµαn∥p∥2 + (1− γµαn)∥xn − p∥2

+ 2λµγ

(
K2λ

1− αn
− α

L2

)
∥Axn −Ap∥2

+ 2λγµ

(
K2λ

µ
− α

L2

)
∥Ayn −Ap∥2 + γ∥en∥2.

Therefore, we have

0 ≤ −2λµγ

(
K2λ

1− αn
− α

L2

)
∥Axn −Ap∥2

− 2λγµ

(
K2λ

µ
− α

L2

)
∥Ayn −Ap∥2

≤ αnγµ∥p∥2 + ∥xn − p∥2 − ∥xn+1 − p∥2 + γ∥en∥2

≤ αnγµ∥p∥2 + (∥xn − p∥+ ∥xn+1 − p∥)(∥xn − p∥ − ∥xn+1 − p∥)
+ γ∥en∥2

≤ αnγµ∥p∥2 + (∥xn − p∥+ ∥xn+1 − p∥)∥xn − xn+1∥+ γ∥en∥2.

Since αn → 0, ∥en∥ → 0 and ∥xn − xn+1∥ → 0 as n → ∞, we have

lim
n→∞

∥Axn −Ap∥ = lim
n→∞

∥Ayn −Ap∥ = 0.

It follows that

lim
n→∞

∥Ayn −Axn∥ = 0.

Since A is α-strongly accretive, we obtain

∥Ayn −Axn∥ ≥ α∥yn − xn∥
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which implies that

lim
n→∞

∥yn − xn∥ = 0,

that is,

lim
n→∞

∥QC [(1− αn)xn − λAxn]− xn∥ = 0.

It follows that

(3.5) lim
n→∞

∥QC [xn − λAxn]− xn∥ = 0.

Now, we show that

(3.6) lim sup
n→∞

⟨Q′(0), j(xn −Q′(0))⟩ ≥ 0.

To show that (3.6), since {xn} is bounded, we can choose a sequence {xni} of {xn}
converging weakly to z such that

(3.7) lim sup
n→∞

⟨Q′(0), j(xn −Q′(0))⟩ = lim sup
i→∞

⟨Q′(0), j(xni −Q′(0))⟩.

We first prove that z ∈ S(A,C). It follows that

(3.8) lim
i→∞

∥QC(I − λA)xni − xni∥ = 0.

By Lemma 2.3 and (3.8) we have

z ∈ F (QC(I − λA)),

it follows from Lemma 2.2 that z ∈ S(A,C).
Now from (3.7) and Lemma 2.1, we have

lim sup
n→∞

⟨Q′(0), j(xn −Q′(0))⟩ = lim sup
i→∞

⟨Q′(0), j(xni −Q′(0))⟩

= ⟨Q′(0), j(z −Q′(0))⟩
≥ 0.

Note that ∥xn − yn∥ → 0, we deduce that

lim sup
n→∞

⟨Q′(0), j(yn −Q′(0))⟩ ≥ 0.

Since yn = QC [(I − αn)(xn − λ
1−αn

Axn)] and

Q′(0) = QC [αnQ
′(0) + (1− αn)(Q

′(0)− λ

1− αn
AQ′(0))], ∀n ≥ 0,

we can deduce from Lemma 2.1 that⟨
QC

[
(1− αn)

(
xn − λ

1− αn
Axn

)]
−
[
(1− αn)

(
xn − λ

1− αn
Axn

)]
, j(yn −Q′(0))

⟩
≤ 0
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and ⟨[
αnQ

′(0) + (1− αn)

(
Q′(0)− λ

1− αn
AQ′(0)

)]
−QC

[
αnQ

′(0) + (1− αn)

(
Q′(0)− λ

1− αn
AQ′(0)

)]
, j(yn −Q′(0))

⟩
≤ 0.

Therefore we have

∥yn −Q′(0)∥2

=

∥∥∥∥QC

[
(1− αn)

(
xn − λ

1− αn
Axn

)]
−QC

[
αnQ

′(0) + (1− αn)

(
Q′(0)− λ

1− αn
AQ′(0)

)]∥∥∥∥2
≤

⟨
αn(−Q′(0)) + (1− αn)

[(
xn − λ

1− αn
Axn

)
−
(
Q′(0)− λ

1− αn
AQ′(0)

)]
, j(yn −Q′(0))

⟩
≤ −αn⟨Q′(0), j(yn −Q′(0))⟩

+ (1− αn)

∥∥∥∥(xn − λ

1− αn
Axn

)
−
(
Q′(0)− λ

1− αn
AQ′(0)

)∥∥∥∥ ∥yn −Q′(0)∥

≤ −αn⟨Q′(0), j(yn −Q′(0))⟩+ (1− αn)∥xn −Q′(0)∥∥yn −Q′(0)∥

≤ −αn⟨Q′(0), j(yn −Q′(0))⟩+ 1− αn

2
(∥xn −Q′(0)∥2 + ∥yn −Q′(0)∥2),

which implies that

(3.9) ∥yn −Q′(0)∥2 ≤ (1− αn)∥xn −Q′(0)∥2 + 2αn⟨−Q′(0), j(yn −Q′(0))⟩.

Finally, we will prove that the sequence xn → Q′(0). As a matter of fact from (3.1)
and (3.9) we have

∥xn+1 −Q′(0)∥2 ≤ (1− γ)∥xn −Q′(0)∥2

+ γ

∥∥∥∥(1− µ)(xn −Q′(0)) + µ

[(
yn − λ

µ
Ayn)− (Q′(0)− λ

µ
AQ′(0)

)]∥∥∥∥2 + γ∥en∥2

≤ (1− γµ)∥xn −Q′(0)∥2 + γµ

∥∥∥∥(yn − λ

µ
Ayn

)
−
(
Q′(0)− λ

µ
AQ′(0)

)∥∥∥∥2 + γ∥en∥2

≤ (1− γµ)∥xn −Q′(0)∥2 + γµ∥yn −Q′(0)∥2 + γ∥en∥2

≤ (1− γµαn)∥xn −Q′(0)∥2 + 2γµαn⟨−Q′(0), j(yn −Q′(0))⟩+ γ∥en∥2

≤ (1− γµαn)∥xn −Q′(0)∥2 + 2γµαn

{
⟨−Q′(0), j(yn −Q′(0))⟩+ ∥en∥2

2µαn

}
.

Applying Lemma 2.9 to the last inequality we conclude that {xn} converges
strongly to Q′(0). This completes the proof □
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