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CONVERGENCE TO A FIXED POINT OF A BALANCED
MAPPING BY THE MANN ALGORITHM IN A HADAMARD
SPACE

TATSUYA HASEGAWA AND YASUNORI KIMURA

ABSTRACT. In this paper, we propose a notion of a balanced mapping for a
finite family of nonexpansive mappings. We prove a A-convergence theorem for
the Mann algorithm of the balanced mapping in a Hadamard space.

1. INTRODUCTION

The fixed point approximation has been studied by a large number of researchers.
In 1953, Mann [5] introduced an iteration procedure for approximating fixed points
of a nonexpansive mapping in a Hilbert space. This iteration is often called the
Mann algorithm. Later, many researchers studied this algorithm approximating a
common fixed point of nonexpansive mappings on Hilbert or Banach spaces. On the
other hand, we know that the class of complete CAT(0) spaces, called Hadamard
spaces, includes Hilbert spaces. In 2008, Dhompongsa and Panyanak [2] proved a
convergence theorem of the Mann algorithm to a fixed point on Hadamard spaces.

Theorem 1.1 (Dhompongsa and Panyanak [2]). Let C' be a bounded closed convex
subset of a Hadamard space and'T : C — C' a nonexpansive mapping. For an initial
point x1 € C, define an iterative sequence {x,} by

Tnt1 = (1 —tp)x, &t Tay,

forn € N, where {t,} is a sequence in [0,1], with the restrictions thaty - t, = 00
and limsup,,_,. t, < 1. Then {z,} A-converges to a fized point of T'.

Further, in complete CAT(1) spaces, Kimura, Saejung, and Yotkaew [3] proved a
A-convergence theorem to common fixed point for a family of nonexpansive map-
pings including the following scheme:

Tpt+1 = (1 - an)xn S 0471((1 - 5n)8xn @ BnTxn)

It should be noted that, in CAT (k) spaces for k € R, a weighted average of more
than two points may not be unique according to the order of the convex combination.

In this paper, we propose a new definition about convex combination of mappings.
We define a balanced mapping by a minimizer of a certain function generated by
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nonexpansive mappings and show that it is well-defined. We apply this mapping
for a A-convergence theorem by the Mann algorithm to a common fixed point of
the mappings.

2. PRELIMINARIES

Let (X,d) be a metric space. For x,y € X, a mapping ¢ : [0,]] — X is called a
geodesic with endpoints x and y if ¢ satisfies ¢(0) = z, ¢(I) = y and d(c(u), c(v)) =
|u —v| for u,v € [0,1]. If a geodesic with endpoints x and y exists for any =,y € X,
then we call X a geodesic space. Moreover, if a geodesic uniquely exists for each
xz,y € X, then we call X a uniquely geodesic space.

Let X be a uniquely geodesic space. For xz,y € X, the image of a geodesic
¢ with endpoints « and y is called a geodesic segment joining z and y, and is
denoted by [z,y]. A geodesic triangle A(x,y,z) C X with vertices z,y,z in X is
the union of geodesic segments joining each pair of vertices. A comparison triangle
A(z,7,2) C R? for A(x,y,2) is a triangle such that d(z,y) = ||z — 7|, d(y,2) =
|lg — z||, and d(z,z) = ||z —z|. If for any p,q € A(x,y,z) and their comparison
points p, ¢ € A(Z, 7, Z), the inequality

d(p,q) < |p— gl
is satisfied for all triangle in X, then X is called a CAT(0) space, and this inequality
is called the CAT(0) inequality. A Hadamard space is defined as a complete CAT(0)
space.
Let X be a Hadamard space. For ¢ € [0,1] and z,y € X, there exists unique
z € [x,y] such that d(z,z) = (1 — t)d(z,y) and d(y, z) = td(z,y). We denote this z
by tx ® (1 — t)y. From the CAT(0) inequality, we obtain the following lemma.

Lemma 2.1. Let X be a Hadamard space, x,y,z € X and t € [0,1]. Then
d(z,te ® (1 —t)y)* < td(z,2)* + (1 = t)d(z,9)* — t(1 - t)d(z, y)*.

Lemma 2.2 ([1, Corollary 1.2.5]). Let X be a Hadamard space. Then for any four
pOintS Z0,%1,Y0,Y1 € X;

d(z0,y1)* + d(@1,90)* < d(xo, 90)* + d(1,y1)* + 2d(wo, 21)d(yo, y1)-
Let X be a Hadamard space and {z,} C X be a bounded sequence. For any
r € X, we put
r(z,{x,}) = limsupd(z,z,), r({zn}) = ig(r(m, {zn}).

n—oo

If x € X satisfies that r(z,{z,}) = r({zn}), we call x an asymptotic center of
{zn}. Furthermore, if for any subsequence of {x,}, each asymptotic center is a
unique point z, we say that {z,} is A-convergent to x. It means that for {z,} C X
A-converging to x and all y € X with = # y, it follows
lim sup d(xp, x) < limsup d(zy, y).
n— o0 n— o0
We know that any bounded sequence {z,,} C X has a A-convergent subsequence
[4]. Let T be a mapping from X into itself. A mapping T from X into itself is
called a nonexpansive mapping if it satisfies the inequality d(Tz,Ty) < d(x,y) for
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any z,y € X. A point z € X is called a fixed point of T' if Tz = z . We denote the
set of all fixed points of 7" by F(T).

3. MAIN RESULTS

In this section, we propose a notion of a balanced mapping for a finite family
of nonexpansive mappings. We prove a A-convergence theorem for the Mann algo-
rithm of the balanced mapping in a Hadamard space. First we prove a balanced
mapping is well defined. Then we show its nonexpansivenesss and properties of the
set of its fixed points.

Lemma 3.1. Let X be a Hadamard space. Let {T1,T5,...,Tn} be nonexpansive
mappings from X to X. Let {a',a?,...,a™N} C[0,1] such that . ok =1. Then
the set
N
argmin Z oFd(Typx, y)?
yeX k—1
consists of one point.

Proof. Let d = infyex Zszl o*d(Tyx,y)? and {y,} C X a sequence such that

N
: k
lim > ofd(Ti,yn)* = d
k=1
For m,n € N, we have
N 1 1 1 1
Z Oékd(Tk:L', iyn @ iym)Q < 5 Z O‘kd(Tk’xa yn)2 + 5 Z Oékd(Tk:L', ym)2
k=1 k=1 k=1
1
- Zd(ynaym)2
Thus we have
1 N
d(ynaym)Q < 5 Zakd(Tkxayn) + Zakd(Tk$aym)2
k=1 k=1
N
1 1
- Z O‘kd(Tkxa ~Yn D ym)2
2 2
k=1
1 N
<5 ; ot d(Tya, yn)* + kzl ot d(Tya, ym)® — d

Hence we obtain {y, } is Cauchy. By the completeness of the Hadamard space, there
exists u = lim,_,so yn. By the continuity of the metric, we get Zivzl ok d(Tpx,u)? =
. N

infyex >, o d(Tiz, y)*.
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Let u,v € argmin,¢ x Zszl o*d(Tyz,y)%. By definition, we have
N

Z oFd(Tyx,u)? <
k=1

1 1
oFd(T, FU ® 51})2

I

N
1 1 1
< 5 E oFd(Tw, u)? + 3 ofd(Tyx,v)? - Ed(u,v)Q.

T

k=1
Therefore we obtain
1 1 1
qdu, v)? < -3 kzl oFd(Tya,u)? + 3 ; oFd(Tya,v)?.

Similary we obtain

1 e 1
Zal(u,v)2 < 5 ;akd(Tkx, u)? — 3 ; oFd(Tyz, v)?.

Adding these inequalities, we obtain d(u,v) = 0, and hence u = v. O

From the result above, we can define a new mapping U : X — X by Uz =
argmin, ¢ x Zivzl o*d(Tyx,y)? for € X, and we call it a balanced mapping gener-
ated by {11, T»,..., T} and {a!,a?,... oV}

Lemma 3.2. Let X be a Hadamard space. Let {T1,Ts,...,Tn} be nonerpansive
mappings from X to X. Let {a',a?,...,aN} C [0,1] such that Z,ivzlak = 1.
Define a mapping U : X — X by
N
Uz = argminz oFd(Tpx, y)?
yeX 1

for x € X. Then U is a nonexpansive mapping.

Proof. Let t € ]0,1[ and z,y € X. We may assume that Uz # Uy.

N
Z o d(Ta, U)?
k=1

ok d(Tya, tUz @ (1 — t)Uy)?

M) =

k=1
N N N
<ty oFd(Tha,Uz)® + (1 - 1)) oFd(Tha, Uy)? —t(1 - 1) > o*d(Ux, Uy)?
k=1 k=1 k=1
N
>

oFd(Ta, Uy)? —t(1 — t)d(Uz, Uy)?,

WE

I
~

ofd(Tyx, Ux)? + (1 —t)

B
Il
—
e

Il

1
and thus
N N
1=t oFd(Thr,Uz)* < (1—1) Y oFd(Tiz, Uy)® — t(1 - t)d(Uz, Uy)*.
k=1 k=1
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Dividing by 1 — ¢ and taking the limit as ¢t — 1, we have

N
(3.1) Z Fd(Tpx, Uz)? d(Tpz,y)? — d(Uz,Uy)>

k=1 =

|Mz

Thus we have

WE

N
(3.2) d(Uz,Uy)? < oFd(Tyx, Uy)? — Zakd(Tk:L', Uz)?.
k=1

B
Il

1

Similarly, we obtain

N N

(3.3) d(Uy,Uz)?* < — Z oFd(Tyy, Uy)? + Z ofd(Thy, Ux)?.
k=1 k=1

By Lemma 2.2, adding (3.2) and (3.3), we have

2d(Ux, Uy)? Tz, Uz)? — Fd(Tpy, Uy)?

( )
(Tyx, Uy)? + Ty, Uz)?

N N
)P <= oM )P =D atd
k=1 k=1
N N
+ Z ofd Z d(
k=1 k=1
N
<2 Z akd(Tkaz, Try)d(Uzx,Uy).
k=1
Since T}, is nonexpansive,

N N
2d(Ux,Uy) < ZZakd(Tkx,Tky) <2 Zakd($, y) = 2d(z,y).
k=1 k=1

Therefore we have d(Ux,Uy) < d(x,y). O

Lemma 3.3. Let X be a Hadamard space. Let {Th,T>,...,Tn} be nonexpansive
mappings from X to X such that ﬂgﬂ F(Ty) # 0. Let {a*,a?,...,aN} € ]0,1]
such that Zgzlak = 1. Define a mapping U : X — X by

N

Ux = argmlnz oFd(Typx, y)?
yexX k=1

forx € X. Then F(U) = N2_ F(T}).
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Proof. For z € ﬂ]kvzl F(Ty), we have

N

Uz = argminz oFd(Tyz,y)?
yeX 1

N

= argmin Z oFd(z,y)?
veX o1

= argmin d(z, y)*
yeX
= z.

Thus z € F(U) and hence N, F(Ty) C F(U).
On the other hand, let z € F(U). By (3.1), for w € (A_, F(T}) and ¢ € ]0,1],

we have

Since o > 0, we obtain Tz = z for k = 1,2,..., N, and hence F(U) C ﬂivzl F(Ty),
which is the desired result. O

In the main theorem, we consider a sequence {U,} of balanced mappings. From
Lemma 3.3, we have F(U,) = ﬂivzl F(Ty) for all n € N if {T;} has a common fixed
point.

Theorem 3.4. Let X be a Hadamard space. Let {T1,Ts,...,Tn} be nonexpansive
mappings from X to X such that (\h_, F(T}) # 0. Let {a},a2,...,aN} C[a,1] C
10,1] such that Z,]f:lozﬁ =1 for every n € N. For n € N, define a mapping
Up: X =X by

N

U,z = argmin Z ozfld(Tkx, y)?
veX o1

for x € X. Let {0} C [e,d] C ]0,1], 21 € X and let {x,} be a sequence in X
generated by

Tptl = OpnTn B (1 - 5n)Un$n

forn € N. Then {x,} A-converges to an element of (o, F(T})-
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Proof. First we note that F(U,,) = szl F(Ty) for all n € N. Let 2 € N &_, F(Ty).
From Lemma 3.3,

d(xpi1,2)? = d(6pzn @ (1 — 6,)Unn, 2)?
< 0pd(xn,2)? + (1 = 0,)d(Upzn, 2) = 6, (1 — 8,)d(Upzp, 2 )?
< d(xp, 2)? = 0p(1 = 0,)d(Unn, z1,)*
< d(xp,2)2.

Thus there exists m = lim,,_,o, d(xy, z). Since 0 < ¢(1 — d) < §,(1 — ), we obtain
limy, 00 d(Up X, x,) = 0.

We show lim,, o0 d(Tj2p,x,) =0 for all k =1,..., N. Since {z,} is bounded, it
follows that

m = lim d(zp,2) < lim (d(zn, Upzy) + d(Unxy, 2))

n—oo n—oo

= nh_}m d(Upzy, 2)

= lim d(Upzn,Upz)
n—oo
< g, dom, 2) =

Thus limy, 00 d(y, 2) = limy,—y00 d(Upxp, 2) = m. By (3.1), it holds that

N N
Zaﬁd(Tkxn, Unzn)? < Z o d(Tyxy, 2)? — d(z, Upay,)?
k=1 k=

—_

N

< Z ok d(zy, 2)? — d(z, Upzy)?
k=1

= d(zn, ) —d(z, Unfn)2'

Since 0 < a < of, we get lim, o0 d(TpZn, Unzyn) = 0 and limy, o0 d(Tp2n, 2,) = 0
for k =1,2,...,N. Since {z,} is bounded, there exists a subsequence {xy, } of {zy}
which A—converges to a point xg € X. Assume zg ¢ F(71). Then we have

limsup d(zy,, xo) < limsup d(zy,, T1zo)
1—00 1—00
<limsup(d(xy,, T1xy,;) + d(Thzp,, T120))
1—+00
< limsup d(zp,, o).
1—00

We get a contradiction and xg € F(T7). Similarly, we can show 2y € F(T}) for all
k=1,2...,N.

Suppose that there are two subsequences {u;} and {v;} of {x,,} which A-converge
to ug and vg, respectively. Then it follows that wug, vy € ﬂff:l F(T}) and thus both



412 T. HASEGAWA AND Y. KIMURA

{d(xn,up)} and {d(x,,vo)} have limits. Suppose that ug # vg. Then, we have
lim d(zp,up) = lim d(u;, up)
n—oo 11— 00

< lim d(u;,v0)

11— 00

= nlgglo d(xp,vo)

= lim d(’Ui,Uo)
1—00

< lim d(vj, ug)

11— 00

= nlgI;O d(xp,uo).

We get a contradiction and thus ug = vg. This shows that {z,} A-converges to
z0 € Ny F(Ty). O

Remark. Let H be a Hilbert space and x1,...,xy € H. Then we can show
argmin, ¢ ;7 S a¥ ||z, — y||? consists of one point and it coincides with S8, aFay,.
Indeed, by the parallelogram law, we have

N N 2 N k-1
S lap —yl? =D oF @k —y)|| +)D aFod ag — )
k=1 k=1 k=2 j=1
N 2 N k-1
= 2o fm =yl 4D afad o — ).
k=1 k=2 j=1

Therefore, it attains the minimum when y = Zivzl akay.
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