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for i, j ∈ {1, 2, 3}. A geodesic metric space is called a CAT(0) space (see, [2, 5, 6,
13, 14, 15, 17, 20]) if all geodesic triangle satisfy the following comparison axiom:

Let △ be a geodesic triangle in X and △ be a comparison triangle for △. Then
△ is said to satisfy the CAT(0) inequality if, for all x, y ∈ △ and all comparison
points,

d(x, y) ≤ dR2(x, y).

If x, y1, y2 are points of a CAT(0) space and y0 is the midpoint of the segment
[y1, y2], which is denoted by y1⊕y2

2 , then the CAT(0) inequality implies

(1.1) d2
(
x,
y1 ⊕ y2

2

)
≤ 1

2
d2 (x, y1) +

1

2
d2 (x, y2)−

1

4
d2 (y1, y2) .

The inequality (1.1) is called the (CN) inequality (for more details, see Bruhat and
Titz [4]). In fact, a geodesic space is a CAT(0) space if and only if it satisfies the
(CN) inequality.

It is well known that all complete, simply connected Riemannian manifold having
non-positive section curvature is a CAT(0) space. For other examples, Euclidean
buildings [3], Pre-Hilbert spaces, R-trees [2], the complex Hilbert ball with a Hy-
perbolic metric [9] is a CAT(0) space. Further, complete CAT(0) spaces are called
Hadamard spaces.

In the sequel, we give some fundamental for nonlinear mappings in CAT(0) spaces.
Let C be a nonempty closed subset of a CAT(0) space X. Let T : C → C be a
self-mapping. Recall that a mapping T is said to be:

(M1) nonexpansive if d(Tx, Ty) ≤ d(x, y) ∀x, y ∈ C;
(M2) asymptotically nonexpansive if there exists a sequence {kn} in [1,∞) with

limn→∞ kn = 1 such that
d(Tnx, Tny) ≤ knd(x, y) ∀x, y ∈ C and ∀n ≥ 1;

(M3) uniformly L-Lipschitzian if there exists a constant L > 0 such that
d(Tnx, Tny) ≤ Ld(x, y) ∀x, y ∈ C and ∀n ≥ 1.

In 2006, Alber et al. [1] first introduced the concept of total asymptotically non-
expansive mappings. Recall that mapping T : C → C is said to be ({µn}, {νn}, ψ)
total asymptotically nonexpansive (or briefly, total asymptotically nonexpansive)
if there exist nonnegative real sequences {µn} and {νn} with µn → 0, νn → 0 as
n → ∞ and a continuous strictly increasing function ψ : [0,∞) → [0,∞) with
ψ(0) = 0 such that

d(Tnx, Tny) ≤ d(x, y) + µnψ(d(x, y)) + νn

for all x, y ∈ C and n ≥ 1.
From definition, it is easy to see that, each nonexpansive mapping is asymptotically
nonexpansive with {kn = 1}, ∀n ≥ 1, and each asymptotically nonexpansive map-
ping is total asymptotically nonexpansive mapping with µn = kn−1, νn = 0, ∀n ≥
1 and ψ(t) = t, t ≥ 0. Also, for each asymptotically nonexpansive mapping is a
uniformly L-Lipschitzian mapping with L = supn∈N{kn}.

A point x ∈ C is called a fixed point of T if x = T (x). We denote by F (T ) the set
of fixed points of T . A sequence {xn} in C is called an approximation fixed point



CONVERGENCE ANALYSIS OF MODIFIED PICARD-S HYBRID WITH ERRORS 379

sequence of T if

lim
n→∞

d(xn, Txn) = 0.

On the other hand, in 2015 Thakur et al. [21] introduced the modified Picard-
Mann hybrid iterative scheme for approximating a fixed point of a total asymptot-
ically nonexpansive mapping T in complete CAT(0) spaces, the sequence {xn} is
defined by

(1.2)


x1 ∈ C,

wn = (1− αn)xn ⊕ αnT
nxn,

xn+1 = Tnwn

for all n ≥ 1, where {αn} is a real appropriate sequence in [0, 1]. They proved
some convergence theorems under mild conditions and they also examined speed
convergence between the modified Picard-Mann hybrid iterative scheme (1.2) and
the modified Mann iterative scheme.

Recently, Pansuwan and Sintunavarat [18] introduced the Picard-Ishikawa hybrid
iterative scheme, the sequence {xn} is given by

(1.3)


x1 ∈ C,

wn = (1− αn)xn ⊕ αnT
nxn,

yn = (1− βn)wn ⊕ βnT
nwn

xn+1 = Tnyn

for all n ≥ 1, where {αn} and {βn} are real appropriate sequences in [0,1]. They
proved strong and ∆-convergence theorems of iteration process (1.3) for total asymp-
totically nonexpansive mappings in complete CAT(0) spaces and they also gave
numerical examples and convergence behavior to support the results.

Inspired and motivated by the above works, in this paper, we introduce a new
type iterative scheme called “modified Picard-S hybrid with errors” which is defined
the following manner:

(1.4)



x1 ∈ C,

wn = α
(1)
n xn ⊕ α

(2)
n Tnxn ⊕ α

(3)
n e

(1)
n ,

yn = β
(1)
n Tnxn ⊕ β

(2)
n Tnwn ⊕ β

(3)
n e

(2)
n

xn+1 = γ
(1)
n Tnyn ⊕ γ

(2)
n e

(3)
n

for all n ≥ 1, where {α(1)
n }, {α(2)

n }, {α(3)
n }, {β(1)n }, {β(2)n }, {β(1)n }, {γ(1)n }, {γ(2)n } are

real appropriate sequences in [0,1] and {e(1)n }, {e(2)n }, {e(3)n } are bounded sequences
in C. Under suitable conditions, we establish ∆-convergence theorem and strong
theorem of iterative scheme (1.4) for total asymptotically nonexpansive mappings in
framework of complete CAT(0) spaces. Moreover, we also give numerical examples
to illustrate the speed of the convergence of proposed iterative scheme to compare
with others iterative schemes.
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2. Preliminaries

In this section, we give some elementary properties about CAT(0) spaces as
follows:

Lemma 2.1 ([7]). Let X be a CAT(0) space. Then, for any x, y, z ∈ X and
λ ∈ [0, 1],

d ((1− λ)x⊕ λy, z) ≤ (1− λ) d (x, z) + λd (y, z) .

Lemma 2.2 ([7]). Let X be a CAT(0) space. Then, for any x, y, z ∈ X and
λ ∈ [0, 1],

d2 ((1− λ)x⊕ λy, z) ≤ (1− λ) d2 (x, z) + λd2 (y, z)− λ (1− λ) d2 (x, y) .

In 2008, Kirk and Panyanak [10] specialized Lim’s concept of the ∆-convergence
in a general metric space [16] to CAT(0) spaces and proved some weak convergence
theorems in Banach spaces by using the ∆-convergence. Now, we introduce some
basic properties and the concept of the ∆-convergence.

Let {xn} be a bounded sequence in a CAT(0) space (X, d). For any x ∈ X, we
put

r(x, {xn}) = lim sup
n→∞

ρ(x, {xn}).

(1) The asymptotic radius r({xn}) of {xn} is given by

r({xn}) = inf{r(x, {xn}) : x ∈ X};

(2) The asymptotic center A({xn}) of {xn} is the set

A({xn}) = {x ∈ X : r(x, {xn}) = r({xn})}.

It is well known that, in a complete CAT(0) space, A({xn}) consists of exactly
one point (see [8]).

(3) A sequence {xn} ⊂ X is said to be ∆-convergent to a point x ∈ X if A({xnk
})

= {x} for every subsequence {xnk
} of {xn}.

In 2014, Karapinar et al. [11] proved the existence theorem of fixed points for
uniformly continuous and total asymptotically nonexpansive mappings in CAT(0)
spaces which is also useful in our main results.

Lemma 2.3 ([11]). Let C be a nonempty bounded closed convex subset of a complete
CAT(0) space (X, d) and T : C → C be a uniformly continuous total asymptotically
nonexpansive mapping. Then T has a fixed point and the fixed point set of F (T )
are closed and convex.

Lemma 2.4 ([22]). Let {an}, {λn} and {cn} be the sequences of nonnegative num-
bers such that

an+1 ≤ (1 + λn)an + cn,

for all n ≥ 1. If
∑∞

n=1 λn < ∞ and
∑∞

n=1 cn < ∞, then limn→∞ an exists. When-
ever, if there exists a subsequence {ani} ⊆ {an} such that ani → 0 as i → ∞, then
limn→∞ an = 0.
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Lemma 2.5. Suppose that (X, d) is a complete CAT(0) space . Then the following
statement hold:

(S1) every bounded sequence in X always has a ∆-convergent subsequence (see
[12]);

(S2) if {xn} is a bounded sequence in a closed convex subset C of X, then the
asymptotic center of {xn} is in C (see [8]);

(S3) if {xn} is a bounded sequence X with A({xn}) = {p}, {un} is a subsequence
of {xn} with A({un}) = {u} and a sequence {d(xn, u)} converges, then p = u
(see [7]).

Lemma 2.6 ([11]). Let C be a closed convex subset of a complete CAT(0) space
(X, d) and T : C → C be a uniformly continuous and total asymptotically nonexpan-
sive mapping. If {xn} is a bounded sequence in C such that limn→∞ d(xn, Txn) = 0
and ∆− limn→∞ xn = w, then Tw = w.

3. Main results

Theorem 3.1. Let C be a bounded closed convex subset of a complete CAT(0)
space (X, d) and T : C → C be a uniformly L-Lipschitzian and ({µn}, {νn}, ψ)-
total asymptotically nonexpansive mapping. Suppose that the following conditions
are satisfied:

(C1)
∑∞

n=1 µn <∞ and
∑∞

n=1 νn <∞;

(C2)
∑∞

n=1 d(e
(1)
n , p) < ∞,

∑∞
n=1 d(e

(2)
n , p) < ∞ and

∑∞
n=1 d(e

(3)
n , p) < ∞ for all

p ∈ F (T );

(C3) there exist constants b, d with 0 < b ≤ α
(1)
n , α

(2)
n , α

(3)
n ≤ d < 1 such that

α
(1)
n + α

(2)
n + α

(3)
n = 1 for each n ∈ N;

(C4) there exist constants a, c with 0 < a ≤ β
(1)
n , β

(2)
n , β

(3)
n ≤ c < 1 such that

β
(1)
n + β

(2)
n + β

(3)
n = 1 for each n ∈ N;

(C5) there exist constants f, h with 0 < f ≤ γ
(1)
n , γ

(2)
n ≤ h < 1 such that γ

(1)
n +

γ
(2)
n = 1 for each n ∈ N;

(C6) limn→∞ α
(3)
n = limn→∞β

(3)
n = limn→∞γ

(2)
n = 0;

(C7) there exists a constant M∗ such that ψ(r) ≤M∗r for each r ≥ 0.

Then the sequence {xn} defined by (1.4) ∆-converges to a fixed point of T .

Proof. By using Lemma 2.3, we get F (T ) ̸= ∅. Next, we will divide the proof into
three steps.
Step1 First, we will prove that limn→∞ d(xn, p) exists for all p ∈ F (T ), where the
sequence {xn} is generated by (1.4). Let p ∈ F (T ). By Lemma 2.1 and (1.4) we
have

d(wn, p) = d(α(1)
n xn ⊕ α(2)

n Tnxn ⊕ α(3)
n e(1)n , p)

≤ α(1)
n d(xn, p) + α(2)

n d(Tnxn, p) + α(3)
n d(e(1)n , p)

≤ α(1)
n d(xn, p) + α(2)

n [d(xn, p) + µnψ(d(xn, p)) + νn] + α(3)
n d(e(1)n , p)

= (α(1)
n + α(2)

n )d(xn, p) + α(2)
n [µnψ(d(xn, p)) + νn] + α(3)

n d(e(1)n , p)

= (1− α(3)
n )d(xn, p) + α(2)

n [µnψ(d(xn, p)) + νn] + α(3)
n d(e(1)n , p)
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≤ d(xn, p) + [µnψ(d(xn, p)) + νn] + d(e(1)n , p)

≤ (1 + µnM
∗)d(xn, p) + νn + d(e(1)n , p)(3.1)

for each n ∈ N. Also, we have

d(yn, p) = d(β(1)n Tnxn ⊕ β(2)n Tnwn ⊕ β(3)n e(2)n , p)

≤ β(1)n d(Tnxn, p) + β(2)n d(Tnwn, p) + β(3)n d(e(2)n , p)

≤ β(1)n [d(xn, p) + µnψ(d(xn, p)) + νn]

+β(2)n [d(wn, p) + µnψ(d(w, p)) + νn] + β(3)n d(e(2)n , p)

≤ β(1)n [(1 + µnM
∗)d(xn, p)

+νn] + β(2)n [(1 + µnM
∗)d(wn, p) + νn] + β(3)n d(e(2)n , p)

≤ β(1)n [(1 + µnM
∗)d(xn, p) + νn]

+β(2)n [(1 + µnM
∗)[(1 + µnM

∗)d(xn, p) + νn + d(e(1)n , p)] + νn]

+β(3)n d(e(2)n , p)

= β(1)n [(1 + µnM
∗)d(xn, p) + νn]

+β(2)n [(1 + µnM
∗)2d(xn, p) + (1 + µnM

∗)νn

+(1 + µnM
∗)d(e(1)n , p) + νn] + β(3)n d(e(2)n , p)

≤ (1 + µnM
∗)2d(xn, p) + (2 + µnM

∗)νn

+(1 + µnM
∗)d(e(1)n , p) + d(e(2)n , p),(3.2)

for each n ∈ N. From (1.4), (3.1) and (3.2), for each n ∈ N, we get

d(xn+1, p) = d(γ(1)n Tnyn ⊕ γ(2)n e(3)n , p)

≤ γ(1)n d(Tnyn, p) + γ(2)n d(e(3)n , p)

≤ γ(1)n [d(yn, p) + µnψ(d(yn, p)) + νn] + γ(2)n d(e(3)n , p)

≤ γ(1)n [(1 + µnM
∗)d(yn, p) + νn] + γ(2)n d(e(3)n , p)

≤ γ(1)n [(1 + µnM
∗)[(1 + µnM

∗)2d(xn, p)

+(2 + µnM
∗)νn + (1 + µnM

∗)d(e(1)n , p) + d(e(2)n , p)] + νn]

+γ(2)n d(e(3)n , p)

= (1 + µnM
∗)3d(xn, p) + (2 + µnM

∗)(1 + µnM
∗)νn

+(1 + µnM
∗)2d(e(1)n , p) + (1 + µnM

∗)d(e(2)n , p)

+νn + d(e(3)n , p)

= (1 + µnM
∗)3d(xn, p) + (3 + 3µnM

∗ + (µnM
∗)2)νn

+(1 + 2µnM
∗ + (µnM

∗)2)d(e(1)n , p)

+(1 + µnM
∗)d(e(2)n , p) + d(e(3)n , p)

= (1 + ξn)d(xn, p) + δn,(3.3)

where ξn := [3M∗ + 3µn(M
∗)2 + µ2n(M

∗)3]µn and

δn := (3 + 3µnM
∗ + (µnM

∗)2)νn + (1 + 2µnM
∗ + (µnM

∗)2)d(e(1)n , p)
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+ (1 + µnM
∗)d(e(2)n , p) + d(e(3)n , p).

By assumption (C1) and (C2), we have

(3.4)
∞∑
n=1

ξn <∞ and
∞∑
n=1

δn <∞

By assertion (3.3), (3.4) and Lemma 2.4, we obtain limn→∞ d(xn, p) exists.
Step 2 Next, we will show that limn→∞ d(xn, Txn) = 0. Without loss of generality,
we can assume that

(3.5) r := lim
n→∞

d(xn, p) ≥ 0.

From (3.1), we have

(3.6) lim
n→∞

d(wn, p) ≤ r.

And also (3.2), we have

(3.7) lim
n→∞

d(yn, p) ≤ r.

By Lemma 2.2 and (1.4) we have

d2(wn, p) = d2(α(1)
n xn ⊕ α(2)

n Tnxn ⊕ α(3)
n e(1)n , p)

≤ α(1)
n d2(xn, p) + α(2)

n d2(Tnxn, p)

+α(3)
n d2(e(1)n , p)− α(1)

n α(2)
n d2(xn, T

nxn)

≤ α(1)
n d2(xn, p) + α(2)

n [(1 + µnM
∗)d(xn, p) + νn]

2

+α(3)
n d2(e(1)n , p)− α(1)

n α(2)
n d2(xn, T

nxn)

= α(1)
n d2(xn, p) + α(2)

n [(1 + µnM
∗)2d2(xn, p)

+2(1 + µnM
∗)d2(xn, p)νn + ν2n] + α(3)

n d2(e(1)n , p)

−α(1)
n α(2)

n d2(xn, T
nxn)

= (1− α(3)
n )d2(xn, p) + α(2)

n [(2 + µnM
∗)M∗d2(xn, p)µn

+(2(1 + µnM
∗)d(xn, p) + νn)νn]

+α(3)
n d2(e(1)n , p)− α(1)

n α(2)
n d2(xn, T

nxn)

≤ d2(xn, p) + ((2 + µnM
∗)M∗d2(xn, p))µn

+(2(1 + µnM
∗)d(xn, p) + νn)νn

+α(3)
n d2(e(1)n , p)− α(1)

n α(2)
n d2(xn, T

nxn),(3.8)

where Qn = (2 + µnM
∗)M∗d2(xn, p) and Rn = 2(1 + µnM

∗)d(xn, p) + νn, which
yield

(3.9) d2(wn, p) ≤ d2(xn, p) +Qnµn +Rnνn + α(3)
n d2(e(1)n , p).

It follows from (3.8) we have

α(1)
n α(2)

n d2(xn, T
nxn) ≤ d2(xn, p)− d2(wn, p) +Qnµn +Rnνn + α(3)

n d2(e(1)n , p).

By assumptions (C1), (C2), (C3) and assertions (3.5), (3.6), (3.8) we get

d2(xn, T
nxn) ≤ 1

bd

[
d2(xn, p)− d2(wn, p) +Qnµn +Rnνn + α(3)

n d2(e(1)n , p)
]
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→ 0 as n→ ∞.(3.10)

Since

d2(yn, p) = d2(β(1)n Tnxn ⊕ β(2)n Tnwn ⊕ β(3)n e(2)n , p)

≤ β(1)n d2(Tnxn, p) + β(2)n d2(Tnwn, p)

+β(3)n d2(e(2)n , p)− β(1)n β(2)n d2(Tnxn, T
nwn)

≤ β(1)n [(1 + µnM
∗)d(xn, p) + νn]

2

+β(2)n [(1 + µnM
∗)d(wn, p) + νn]

2 + β(3)n d(e(2)n , p)

−β(1)n β(2)n d2(Tnxn, T
nwn)

= β(1)n (1 + µnM
∗)2d2(xn, p) + β(1)n [2(1 + µnM

∗)d(xn, p) + νn]νn

+β(2)n (1 + µnM
∗)2d2(wn, p)

+β(2)n [2(1 + µnM
∗)d(wn, p) + νn]νn

+β(3)n d(e(2)n , p)− β(1)n β(2)n d2(Tnxn, T
nwn)

≤ d2(xn, p) + ((2 + µnM
∗)M∗d2(wn, p) + 2Qn)µn

+(2(1 + µnM
∗)d(wn, p) + νn +Rn)νn

+α(3)
n d2(e(1)n , p)

+β(3)n d(e(2)n , p)− β(1)n β(2)n d2(Tnxn, T
nwn),(3.11)

where Pn = (2+µnM
∗)M∗d2(wn, p)+2Qn and Sn = 2(1+µnM

∗)d(wn, p)+νn+Rn,
which implies that

d2(yn, p) ≤ d2(xn, p) + Pnµn + Snνn + α(3)
n d2(e(1)n , p)

+ β(3)n d(e(2)n , p)− β(1)n β(2)n d2(Tnxn, T
nwn).

By assumptions (C1), (C2), (C3), (C4) and assertions (3.5), (3.7), (3.11) we get

d2(Tnxn, T
nwn)

≤ 1

ef

[
d2(xn, p)− d2(yn, p) + Pnµn + Snνn + α(3)

n d2(e(1)n , p) + β(3)n d2(e(2)n , p)
]

→ 0 as n→ ∞.
(3.12)

By assumption (C6) and assertions (3.10), (3.12) we get

d(yn, xn) = d(β(1)n Tnxn ⊕ β(2)n Tnwn ⊕ β(3)n e(2)n , xn)

≤ β(1)n d(Tnxn, xn) + β(2)n d(Tnwn, xn) + β(3)n d(e(2)n , xn)

≤ d(Tnxn, xn) + [d(Tnwn, T
nxn) + d(Tnxn, xn)] + β(3)n d(e(2)n , xn)

→ 0 as n→ ∞.(3.13)

By assumption (C3), (C6) and assertion (3.10) we have

d(wn, xn) = d(α(1)
n Tnxn ⊕ α(2)

n Tnwn ⊕ α(3)
n e(2)n , xn)

≤ d(Tnxn, xn) + α(3)
n d(e(1)n , xn)

→ 0 as n→ ∞.(3.14)
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It follows from (3.13) and (3.14) which implies that

d(wn, yn) ≤ d(wn, xn) + d(xn, yn)

→ 0 as n→ ∞.(3.15)

By assumptions (C1), (C2) and assertions (3.13) and (3.15) we have

d(yn, T
nyn) ≤ β(1)n d(Tnxn, T

nyn) + β(2)n d(Tnwn, T
nyn) + β(3)n d(e(2)n , Tnyn)

≤ (1 + µnM
∗)[d(xn, yn) + d(wn, yn)] + 2νn + β(3)n d(e(2)n , Tnyn)

→ 0 as n→ ∞.(3.16)

By assumptions (C2), (C5) and (C6) we have

d(xn+1, T
nyn) = d(γ(1)n Tnyn ⊕ γ(2)n e(3)n , Tnyn)

≤ γ(2)n d(e(3)n , Tnyn)

→ 0 as n→ ∞.(3.17)

From assertions (3.13), (3.16) and (3.17) which implies that

d(xn+1, xn) ≤ d(xn+1, T
nyn) + d(Tnyn, yn) + d(yn, xn)

→ 0 as n→ ∞.(3.18)

Since T is uniformly L-Lipschitzian,

d(xn, Txn) ≤ d(xn, xn+1) + d(xn+1, T
n+1xn+1) + d(Tn+1xn+1, T

n+1xn)

+d(Tn+1xn, Txn)

≤ d(xn, xn+1) + d(xn+1, T
n+1xn+1) + Ld(xn+1, xn)

+Ld(Tnxn, xn)

= (1 + L)d(xn, xn+1) + d(xn+1, T
n+1xn+1) + Ld(Tnxn, xn)

→ 0 as n→ ∞.

Step 3 Next, we claim that the sequence {xn} ∆-converges to a fixed point of T .
Indeed, we will show that

w∆(xn) :=
∪

{vn}⊆{xn}

A({vn}) ⊆ F (T )

and w∆(xn) consists of exactly one point. Let v ∈ w∆(xn). By the definition of
w∆(xn), there exists a subsequence {vn} of {xn} such that A({vn}) = {v}. From
Lemma 2.5(S1), there is a subsequence {un} of {vn} such that ∆− limn→∞ un = u
and u ∈ C. By Lemma 2.6, we have u ∈ F (T ). Since {d(vn, u)} converges, by
Lemma 2.5(S2), we get v = u. Thus w∆(xn) ⊆ F (T ).
Finally, we prove that w∆(xn) consists of exactly one point. Let {vn} be a subse-
quence of {xn} by the uniqueness asymptotic center such that A({vn}) = v and let
A({xn}) = {x}. Since v = u ∈ F (T ) and {d(xn, u)} converges, by using Lemma
2.5(S3), we see that x = u ∈ F (T ), Therefore w∆(xn) = {x}. This completes the
proof. □

By using a similar technique as in the proof of Theorem 3.2 in the paper of Thakur
et al. [21], we obtain strong convergence theorem without the proof immediately.
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Theorem 3.2. Let X,T,C, (C1), (C2), (C3), (C4), (C5), (C6), {α(1)
n }, {α(2)

n }, {α(3)
n },

{β(1)n }, {β(2)n }, {β(3)n }, {γ(1)n }, {γ(2)n }, {e(1)n }, {e(2)n }, {e(3)n } satisfy the assumption of
Theorem 3.1. Then the sequence {xn} which is defined by (1.4) converges strongly
to a fixed point of T if and only if

lim inf
n→∞

d(xn, F (T )) = 0,

where d(x, F (T )) = inf{d(x, p) : p ∈ F (T )}.

The concept of special self mapping is called Condition(I) introduced by Senter
and Dotson [19] as follows.

Definition 3.3 ([19]). Let (X, d) be a CAT(0) space and C a nonempty subset. A
self mapping T with F (T ) ̸= ∅ is said to satisfy condition (I) if there is a nonde-
creasing function f : [0,∞) → [0,∞) with f(0) = 0 and f(l) > 0 for all l > 0 such
that

d(x, Tx) ≥ f(d(x, F (T )))

for all x ∈ C.

By using Condition (I) with the similar technique as in the proof of Theorem 3.3
in Thakur et al. [21], we obtain the following result.

Theorem 3.4. Let X,T,C, (C1), (C2), (C3), (C4), (C5), (C6), {α(1)
n }, {α(2)

n }, {α(3)
n },

{β(1)n }, {β(2)n }, {β(3)n }, {γ(1)n }, {γ(2)n }, {e(1)n }, {e(2)n }, {e(3)n } satisfy the assumption of
Theorem 3.1 and let self mapping of T satisfy Condition (I). Then the sequence
{xn} which is defined by (1.4) converges strongly to a fixed point of T .

Definition 3.5. Let (X, d) be a CAT(0) space and C a nonempty subset. Recall
that a self mapping T is said to be semi−compact if C is closed and for all bounded
sequence {xn} ⊂ C with limn→∞ d(xn, Txn) = 0, there exists a subsequence {xnj}
of {xn} such that {xnj} → p ∈ C.

Using a similar technique as in the proof of Theorem 22 in Karapinar et al. [11],
we obtain the following result.

Theorem 3.6. Let X,T,C, (C1), (C2), (C3), (C4), (C5), (C6), {α(1)
n }, {α(2)

n }, {α(3)
n },

{β(1)n }, {β(2)n }, {β(3)n }, {γ(1)n }, {γ(2)n }, {e(1)n }, {e(2)n }, {e(3)n } satisfy the assumption of
Theorem 3.1 and let T be semi−compact. Then the sequence {xn} which is defined
by (1.4) converges strongly to a fixed point of T .

4. Numerical examples

In this section, we will illustrate numerical examples to compare speed con-
vergence of the modified Picard-S hybrid with error iterative scheme (1.4) with
the modified Picard-Mann hybrid iterative scheme (1.2) and the modified Picard-
Ishikawa hybrid iterative scheme (1.3) by using the mapping same [14, Example 4.1]
and difference a set C and the initial point.
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Example 4.1. Let X = R be a Euclidean metric space and C = [1, 50]. Let
T : R → R be defined by

Tx =
3
√
x2 + 18.

It is obvious that T is a continuous uniformly L-Lipschitzian and a total asymptoti-
cally nonexpansive mapping (see more [14, Example 4.1, pp 10.]) with F (T ) = {3}.

Let x1 = 50. By using MATLAB compute the iterates of (1.2),(1.3) and (1.4)
with different control parameters as follows:

Case 1) αn = α
(1)
n = 5n

15n+7 , α
(2)
n = 280n2+49n

420n2+256n+28
, α

(3)
n = 187n+28

420n2+256n+28
, βn =

β
(1)
n = 7n

10n+3 , β
(2)
n = 3n

10n+3 ,

β
(3)
n = 3

10n+3 , γ
(1)
n = 2n

2n+1 , γ
(2)
n = 1

2n+1 , e
(1)
n = e

(2)
n = e

(3)
n = 3n2−1

n2 .

Case 2) α
(1)
n = 4n

5n+2 , α
(2)
n = 10n2+2n

50n2+25n+2
, α

(3)
n = 19n+2

50n2+25n+2
, β

(1)
n = 2n

7n+11 , β
(2)
n =

5n+2
7n+11 , β

(3)
n = 9

7n+11 ,

γ
(1)
n = 3n

3n+2 , γ
(2)
n = 2

3n+2 , e
(1)
n = e

(2)
n = e

(3)
n = 3n2−1

n2 .
Then we obtain numerical results in Table 1, Figures 1 and 2.

Table 1. The values of the sequence {xn} with different control parameters.

Figures 1 and 2 illustrate the speed of convergence with different control param-
eters for approximating the fixed point set of F (T ) = {3}.

Example 4.2. Let X = R be a Euclidean metric space and C = [1, 20]. Let
T : R → R be defined by

Tx = lnx+ 1.

It is obvious that T is a continuous uniformly L-Lipschitzian and a total asymptot-
ically nonexpansive mapping (see more [14, Example 4.2, pp 11-12.]) with F (T ) =
{1}.

Let x1 = 20. By using MATLAB compute the iterates of (1.2),(1.3) and (1.4)
with different control parameters as follows:
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Figure 1. Comparison speed of convergence with Case 1 of Table 1

Figure 2. Comparison speed of convergence with Case 2 of Table 1

Case 1) αn = α
(1)
n = 5n

15n+7 , α
(2)
n = 280n2+49n

420n2+256n+28
, α

(3)
n = 187n+28

420n2+256n+28
, βn =

β
(1)
n = 7n

10n+3 , β
(2)
n = 3n

10n+3 ,

β
(3)
n = 3

10n+3 , γ
(1)
n = 2n

2n+1 , γ
(2)
n = 1

2n+1 , e
(1)
n = e

(2)
n = e

(3)
n = n2−1

n2 .

Case 2) α
(1)
n = 4n

5n+2 , α
(2)
n = 10n2+2n

50n2+25n+2
, α

(3)
n = 19n+2

50n2+25n+2
, β

(1)
n = 2n

7n+11 , β
(2)
n =

5n+2
7n+11 , β

(3)
n = 9

7n+11 ,

γ
(1)
n = 3n

3n+2 , γ
(2)
n = 2

3n+2 , e
(1)
n = e

(2)
n = e

(3)
n = n2−1

n2 .
Then we get numerical results in Table 2, and we also illustrate the convergence
speed is shown in Figure 3 and 4 respectively.
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Table 2. The values of the sequence {xn} with different control conditions.

Figure 3. Comparison speed of convergence with Case 1 of Table 2

From the numerical results of Example 4.1 and 4.2. We see that the convergence
speed of the modified Picard-S hybrid with error iterative scheme (1.4) is faster
than that of the modified Picard-Mann hybrid iterative scheme (1.2) and that of
the modified Picard-Ishikawa hybrid iterative scheme (1.3).
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Figure 4. Comparison speed of convergence with Case 2 of Table 2
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