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ON CIRCUMCENTERS OF FINITE SETS IN HILBERT SPACES

HEINZ H. BAUSCHKE*, HUI OUYANG, AND XIANFU WANG

ABSTRACT. A well-known object in classical Euclidean geometry is the circum-
center of a triangle, i.e., the point that is equidistant from all vertices. The
purpose of this paper is to provide a systematic study of the circumcenter of sets
containing finitely many points in a Hilbert space. This is motivated by recent
works of Behling, Bello Cruz, and Santos on accelerated versions of the Douglas—
Rachford method. We present basic results and properties of the circumcenter.
Several examples are provided to illustrate the tightness of various assumptions.

1. INTRODUCTION AND STANDING ASSUMPTION
Throughout this paper,
‘H is a real Hilbert space

with inner product (-,-) and induced norm || - ||. We denote by P(H) the set of all
nonempty subsets of H containing finitely many elements. Assume that

S =A{z1,z2,...,2m} € P(H).

The goal of this paper is to provide a systematic study of the circumcenter of S,
i.e., of the (unique if it exists) point in the affine hull of S that is equidistant from
all points in S. The classical case in trigonometry or Euclidean geometry arises
when m = 3 and H = R%. Recent applications of the circumcenter focus on the
present much more general case. Indeed, our work is motivated by recent works
of Behling, Bello Cruz, and Santos (see [4] and [5]) on accelerating the Douglas—
Rachford algorithm by employing the circumcenter of intermediate iterates to solve
certain best approximation problems.

The paper is organized as follows. Various auxiliary results are collected in Sec-
tion 2 to ease subsequent proofs. Based on the circumcenter, we introduce our main
actor, the circumcenter operator, in Section 3. Explicit formulae for the circumcen-
ter are provided in Sections 4 and 5 while Section 6 records some basic properties.
In Section 7, we turn to the behaviour of the circumcenter when sequences of sets
are considered. Section 8 deals with the case when the set contains three points
which yields particularly pleasing results. The importance of the circumcenter in
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the algorithmic work of Behling et al. is explained in Section 9. In the final Sec-
tion 10, we return to more classical roots of the circumcenter and discuss formulae
involving cross products when H = R3.
The notation employed is standard and largely follows [2].
2. AUXILIARY RESULTS

In this section, we provide various results that will be useful in the sequel.

2.1. Affine sets. Recall that a nonempty subset S of H is an affine subspace of H
if (Vp € R) pS+ (1 —p)S = S; moreover, the smallest affine subspace containing S
is the affine hull of S, denoted aff S.

Fact 2.1. [11, page 4] Let S C ‘H be an affine subspace and let a € H. Then the
translate of S by a, which is defined by

S+a={zx+a|zecbs}
is another affine subspace.

Definition 2.2. An affine subspace S is said to be parallel to an affine subspace
M if S = M + a for some a € H.

Fact 2.3. [11, Theorem 1.2] Every affine subspace S is parallel to a unique linear
subspace L, which is given by

(VyeS) L=S—-y=85-5.

Definition 2.4. [11, page 4] The dimension of an affine subspace is defined to be
the dimension of the linear subspace parallel to it.

Fact 2.5. [11, page 7] Let x1,..., 2y € H. Then
m
aff{z1,...,2m)} = {Am +oo o A | Ay Am €Rand 30N = 1}.
i=1

Some algebraic calculations and Fact 2.5 yield the next result.
Lemma 2.6. Let x1,...,2,m € H. Then for every iy € {2,...,m}, we have
aff{x1,...,xn} =x1 +span{xs —x1,..., Ty — 21}
= Ty, +span{z1 — Tiy, . . ., Tig—1 — Tigs Tig+1 — Tigs - - - s Tm — Tig }-

Definition 2.7. [11, page 6] Let zg,z1,...,2, € H. The m + 1 vectors
X0, X1,..., L, are said to be affinely independent if aff{xg,x1,...,zn} is
m-~dimensional.

Fact 2.8. [11, page 7] Let z1,z2,...,2y € H. Then z1,z9,...,z,, are affinely
independent if and only if o — z1,...,z,, — x1 are linearly independent.

Lemma 2.9. Let z1,...,x, be affinely independent wvectors in H. Let p €
aff{z1,...,xm}. Then there exists a unique vector (a1 am)T e R™ with
Yot a; =1 such that

p=a1x1 + -+ Ty
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The following lemma will be useful later.

Lemma 2.10. Let
0= {(:nl, ey =1, %) € H™ | X1, .., Tm—1, Tm are affinely independent}.

Then O is open.

Proof. Assume to the contrary that there exist (z1,...,%m—1,2Zm) € O such that
for every k € N~ {0}, there exist (:vgk), . ,:rgfb) LT (k)) € B((xl, e T, Tm); %)
such that x(k) e ,xgi) 15 xg,li) are affinely dependent. By Fact 2.8, for every k, there
exists bk) = ( (k), . ﬁ(k 1) € Rm=1 {0} such that

k k k k
(2.1) Mxé)—a:% Nt Bl — 2t =o.

Without loss of generality we assume

m—1

(2.2) (ke N~ {0}) [p®)2= 3" (82 =1,

=1

and there exists b = (31,...,Bm_1) € R™™! such that

. k k . T
Jlim (87, 800 = lim 68 = b= (81, Ba):

Let k go to infinity in (2.2), we get
IoII> = 87 + -+ 81 = 1,

which yields that (81, ..., Bm-1) # 0.
Let k go to infinity in (2.1), we obtain

Bi(za —x1) + -+ + Bm—1(Tm — 1) = 0,

which means that zo — z1,...,2,, — x1 are linearly dependent. By Fact 2.8, it
contradicts with the assumption that zi,...,xm—1, 2z, are affinely independent.
Hence O is indeed an open set. ]

Fact 2.11. [7, Theorem 9.26] Let V' be an affine subset of H, say V' = M + v, where
M is a linear subspace of H and v € V. Let x € H and yg € H. Then the following
statements are equivalent:

(i) yo = Pv(x).
(i)  —yo € M+.
(iii) (x —yo,y —v)=0forally € V.

Moreover,

Py(z+4e¢) = Py(z) forall z € X,e € M*.
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2.2. The Gram matrix.

Definition 2.12. Let aq,...,a,, € H. Then

a1 <a17a%> e Aar,am)

(az,a1)  lazl|* -+ (a2, am)
G(ala"'7am) - 7 . ’.

(am,a1) (am,a2) -+ |lam|?

is called the Gram matriz of a1,...,am.

Fact 2.13. [8, Theorem 6.5-1] Let aq, . .., an, € H. Then the Gram matrix G(ay, ..., am)
is invertible if and only if the vectors aq, ..., a, are linearly independent.

Remark 2.14. Let z,y, z be affinely independent vectors in R?. Set a = y — x and
b =z — x. Then, by Fact 2.8 and Fact 2.13, ||a||?||b]|* — (a,b)? # 0 and |/a| # O,

16l # 0.
Proposition 2.15. Let x1,...,x,m € H. Then for every k € {2,...,m}, we have

det (G(xg — Ty, Ty — 931))

= det (G(ml — Ty Tl — Thy Thptl — Thy -+ -y Ty — xk)>

Proof. By Definition 2.12, G(x1 — g, ..., Tg—1 — Ty Tht1 — Thy - - -, Ty — Tk) 18

(2.3)
(1 — g2 — ) - (@1 =TT — k) (B T T —Tk) o (@1 — Tg, T — T
(o —xp, 21 — ) -0 (T2 — Tk, Tp—1 — Tk) (ro — Ty Tp1 — k) -+ (T2 — Tk, Ty, — Tk)

(Th—1 — Ty @1 — k) o (Tpo1 — T, T — Tp) Tkt — Tk, Thepr — Tp) o (Tho1 — g, Tin — T
(Tpt1 — g, 1 — ) 0 (Tpy1 — Tk, X1 — Ty (Tht1 — Thy Tl — Th) -+ (Thp1 — Thy T — Th)
(Tm — @, 01 —Tk) o (T~ Thy Tt — k) (T — Thy Thrr — Tk) o (T — Thy Ty — Tp)

In (2.3), we perform the following elementary row and column operations: For every
i €{2,3,...,m — 1}, subtract the 15 row from the i*" row, and then subtract the
15 column from the i column. Then multiply 1% row and 1% column by —1,
respectively. It follows that the determinant of (2.3) equals the determinant of

(2.4)
<Ik—l’1750k—fv1> (SEk—Il,Zk—l —LL“1> (xk—1717é13k+1—x1> <3€k:—I1,SL’m—Il>
(o — @1, 0 —w1) - (p2—map1—w1) (P2 -2, Tk0 1) o0 (B2 — T, T — T1)
(Tp—1 — w1, — 1) -+ (Th—1 — T, Tp—y — T1)  (Tp—1 — T, Tpg1 — T1) o0 (Th—1 — T1, Ty — T1)
(Trr1 — 2,2 —21) 0 (Tppr — T, T — 1) (Tpgt — T Tpy1 —@1) oo (Tpgl — T4, Ty — T1)
(T — 1,28 — 1) 0 (T — 21, Tpo1 — 21) (T — T, Tpg1 — 21) o0 Ty — L1, T — 21)

In (2.4), we interchange i** row and (i + 1)* successively for i = 1,...,k — 2.

In addition, we interchange ;™ column and (j 4 1) column successively for j =
1,...,k — 2. Then the resulting matrix is just G(xy — x1,...,2,; — x1). Because
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the number of interchange we performed is even, the determinant is unchanged.
Therefore, we obtain

det (G(xl — Ty Tl — Ty Tt ] — They -+ y Ty — xk))

= det (G(xg — L1, Ty — 331)>
as claimed. O

Fact 2.16. [12, page 16] Let S = {A € R™*™ | A is invertible }. Then the mapping
S — S : A A7l is continuous.

Fact 2.17 (Cramer’s rule). [10, page 476] If A € R"*" is invertible and Az = b,
then for every ¢ € {1,...,n}, we have

. det(AZ)

~ det(A)’

where A; = [Ay 1|+ |Asi—1|b|Asit1] - - |Asn). That is, A; is identical to A except
that column A, ; has been replaced by b.

Z;

Corollary 2.18. Let {z1,...,xm} CH with z1,...,%m being affinely independent.

Let ((ajgk), e ,a:g:)))keN CH™ such that
lim (xgk), ey = (2, ).
k—o0
Then
G(re — 1, ..., Ty — 1’1)_1 = klim G(l‘gk) — mgk), e ,xﬁ,’f) — a:gk))_l.
—00

Proof. By Lemma 2.10, we know there exists K € N such that
(Vk > K) xgk), ..., z!®) are affinely independent.
Using Fact 2.8, we know
T9 — X1,...,Tm — 1 are linearly independent,
and

(Vk > K) iL'gk) — :vgk), k) x(lk) are linearly independent.

m

Hence Fact 2.13 tells us that G(xo — x1,..., 2, — 21)" ! and (VE > K) G(IL‘gk) -

:rgk), . ,xﬁfi) — l‘gk))_l exist. Therefore, the required result follows directly from
Fact 2.16. O

3. THE CIRCUMCENTER

Before we are able to define the main actor in this paper, the circumcenter oper-
ator, we shall require a few more results.

Proposition 3.1. Let p,z,y € H, and set U = aff{z,y}. Then the following are
equivalent:

@) [lp =zl = llp — yll-
(i) (p— 2,y — ) = 3|y — x>
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eee _ J’_
(}11) PU({OB); =2 |
(iv) pe 44+ (U -D)
Proof. 1t is clear that
lp—zl|l=lp—yll = lp—zl>=[|(p — 2) + (z — y)|?
= |p—z|*=p—z*+2p—z,2—y) + |z —y|
1
= p-vy-2)=ly—2|*

Hence we get (i) < (ii).
Notice xzﬁ € U. Now
T+y

2

r+y
— V=0
L u—a)

(i) & (iii) in Fact 2.11)

= Py(p) ==(uel) (p-

x;y,(w+a(y—x))—x>20

by U = = + span{y — z})
a:+y

(
(by
—VaeR) (p-—
(
(v -

ﬂ

—z)=0
x_

2
)

<=><p—<x— Yy y—z)=0

r—y
2

1
=p-ay-z)=3ly- z|?,

—=p-—z,y—x)+ y—x) =0

which imply that (iii) < (ii).
On the other hand, by (i) < (ii) in Fact 2.11 and by Fact 2.3,
T4y
2

r+y

= Py(p) <=p— e(U-U)*

@pe%jL(U—U)L,

which yield that (iii) < (iv).
In conclusion, we obtain (i) < (ii) < (iii) < (iv). O
Corollary 3.2. Let x1,...,xy, bein H. Let p € H. Then
lp—zill =+ = llp — 21l
(p— 1,22 — 21) = &|wg — 212
— lp— @l = 2

<p—331,9€m 1— 1) = QHl’m 1—331H
(p— 21,2 — 21) = 3|z — 21]]%

Proof. Set I = {2,...,m — 1,m}, and let ¢ € I. In Proposition 3.1, substitute
x = x1 and y = z; and use (i) < (ii). Then we get ||p — z1| = ||p — =] =
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. 1 . 2 H
(p — x1, 2 — 1) = 5]|lz; — 21]|°. Hence

. 1
(iel) |p—all=llp—aill <= (p— 21,2 = 21) = Sllwi = 2|,
Therefore, the proof is complete. O

The next result plays an essential role in the definition of the circumcenter oper-
ator.

Proposition 3.3. Set S = {z1,z2,..., 2y}, where m € N\ {0} and z1,z2,..., 2y
are in ‘H. Then there is at most one point p € H satisfying the following two
conditions:

(i) p € aff(S), and
(i) {llp — sl | s € S} is a singleton: ||p — 21| = [|p — x2)| = -~ = |lp — @]

Proof. Assume both of p, ¢ satisfy conditions (i) and (ii).

By assumption and Lemma 2.6, p, ¢ € aff(S) = aff{x1,..., 2, } = 1 +span{zxs —
X1y Ty — x1}. Thus p — ¢ € span{ze — x1,...,2,, — o1}, and so there exist
Qi,...,n_1 € R such that p — ¢ = Zﬁ_ll a;(zi+1 — x1). Using the Corollary 3.2
above and using the condition (ii) satisfied by both of p and ¢, we observe that for
every i € I ={2,...,m}, we have

1
(p—x1, —x1) = §||$i - $1||2 and

(q = 1,21 - 1) = 3l — 1
Subtracting the above equalities, we get
Viel) (p—q,z;—x1)=0.
Multiplying c; on both sides of the corresponding i equality and then summing
up the m — 1 equalities, we get

m—1

0=(p—a. Y ailziss—21)) = (p—a.p — ) = |p—all*.

i=1
Hence p = ¢, which implies that if such point satisfying conditions (i) and (ii) exists,
then it must be unique. O

We are now in a position to define the circumcenter operator.

Definition 3.4 (circumcenter). The circumcenter operator is

p, if p € aff(S) and {||p — s|| | s € S} is a singleton;
&, otherwise.

CC:PH) = HU{D}: S — {

The circumradius operator is

|CC(S) —s||, if CC(S) € H and s € S;

CR: R: S
PH) = R: 5 {+oo, it CO(S) = @.
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In particular, when CC(S) € H, that is, CC(S) # @, we say that the circumcenter
of S exists and we call CC(S) the circumcenter of S and CR(S) the circumradius
of S.

Note that in the Proposition 3.3 above, we have already proved that for every
S € P(H), there is at most one point p € aff(S) such that {||p —s|| | s € S} is a
singleton, so the notions are well defined. Hence we obtain the following alternative
expression of the circumcenter operator:

Remark 3.5. Let S € P(H). Then the CC(S) is either @ or the unique point
p € H such that

(i) p € aff(S) and,
(ii) {llp—s|| | s € S} is a singleton.
Example 3.6. Let 1,22 be in H. Then
T+ X2

CC({JZ‘l,QS‘Q}) = 5 .

4. EXPLICIT FORMULAE FOR THE CIRCUMCENTER
We continue to assume that
m e N~ {0}, z1,...,2, are vectors in H, and S ={z1,...,2m}.

If S is a singleton, say S = {21}, then, by Definition 3.4, we clearly have CC(S) =
x1. So in this section, to deduce the formula of CC(S), we always assume that

m > 2.
We are ready for an explicit formula for the circumcenter.
Theorem 4.1. Suppose that x1,...,%,, are affinely independent. Then CC(S) €

H, which means that CC(S) is the unique point satisfying the following two condi-
tions:

(i) CC(S) € aff(S), and
(i) {||ICC(S) —s]|| | s € S} is a singleton.

Moreover,

. g — 21]?
CO(8) = o1+ 502 =1, — 21)Clwz — a1, 1y — 1) s ,

[
where G(xa — x1,...,Tm—1 — T1,Tm — x1) IS the Gram matriz defined in Definition
2.12:
G(r2 — 21, ., Tp—1 — T1, Ty — 21)
sz—ﬂclHZ ($2—$1,9€3—$1> <$2—$1,9€m—$1>
(Tm-1 — 21,22 — 1) (Tm—1 — 21,23 —21) -+ (Tme1 — T1, T — T1)

(T — 1,22 — 1) (T — 1,23 —21) -~ |Zm — o1 ||?
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Proof. By assumption and Fact 2.8, we get that xo — x1,..., 2, — 21 are linearly
independent. Then by Fact 2.13, the Gram matrix G(z2 — 1,23 — X1, ..., Tm — T1)
is invertible. Set

a |2 —lez
s 1| N =
:iG(ajg—xl,xg—xl,...,xm—xl 1 . y
Qm—1 |Zm —1:1”2

and
p=z1+oq(r2 —x1) +aa(xs — 1) + - + 1 (Tm — 21).

By the definition of G(z9 — x1,23 — ®1,...,2m — x1) and by the definitions of

(al Qg v Oémf1)T and p, we obtain the equivalences
1 |z — 21
Qg 1| s — zf?

G(-TQ*Q?l,ﬂ?g*CL‘l,...,fEm—xl) : :5
Qm—1 |2 — 21|

)
(ar(za — 1) 4+ + Qo1 (T — 1), 72 — 1) = 5|22 — 21|

(@1(z2 —21) + -+ amoi1 (@ — 1), 2 — 1) = gll2m — 212

<p — 21,22 — 961> = %H:m - $1H2

(p—21,2m — 21) = 5l|2m — 21

Hence by Corollary 3.2, we know that p satisfy condition (ii). In addition, it is clear
that p = 21 + aq (22 — 1) + ao(zs — 1) + -+ + m—1(Tm — x1) € 21 + span{xs —
Z1,...,Tm—x1} = aff(S), which is just the condition (i). Hence the point satisfying
conditions (i) and (ii) exists.

Moreover, by Proposition 3.3, if the point exists, then it must be unique. O

Lemma 4.2. Suppose that CC(S) € H, and let K C S such that aff(K) = aff(.9).
Then

CC(S) = CO(K).

Proof. By assumption, CC(S) € H, that is:
(i) CC(S) € aff(S), and
(i) {||ICC(S) —s|| | s € S} is a singleton.
Because K C S, we get {||CC(S) —s|| | s € K} is a singleton, by (ii). Since
aff(K) = aff(.9), by (i), the point CC(S) satisfy
(I) CC(S) € aff(K), and
(IT) {||CC(S) —ul| | w € K} is a singleton.
Replacing S in Proposition 3.3 by K and combining with Definition 3.4, we know
CC(K) =CC(S). O
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Corollary 4.3. Suppose that CC(S) € H. Let x;,,...,x; be elements of S such
that x1,x;,,...,x;, are affinely independent, and set K = {x1,x;,,...,z;}. Fur-
thermore, assume that aff (K) = aff(S). Then

CcC(S) = CO(K)

. i, — a1]]?
=1 + 5(1‘11 — Ty, T4, —xl)G(l‘il — Ty, Tjy —xl)

—1
@5, — 1|2

Proof. By Theorem 4.1, x1,x;,, ..., x;, are affinely independent implies that CC(K) #
@, and

. iy — 21|
CC(K) =x1 + Q(LE“ — X1y, T — xl)G(azil — X1y, Tjy — .%‘1)_1 :
i, — 12
Then the desired result follows from Lemma 4.2. O
Lemma 4.4. Let x;,,...,x; be elements of S, and set K = {x1,xi,,...,x;,}. Then

aff(K) = aff(S) and z1, iy, ..., %, are affinely independent.

> X, — T1,...,%;, —x1 IS a basis of span{xy — x1,...,Tym — T1}.

Proof. Indeed,

Ziy — X1,...,T; —x1 is a basis of span{ze — x1,..., 2y — 21}
Ty —X1,...,%; — 21 are linearly independent, and
span{x;, — 1,...,x;, — 1} = span{xy — T1,..., Ty — T1}
Fact 2.8 | £1, %4, ..., x;, are aflinely independent, and
x1 + span{z;;, — x1,...,z;, — 1} = o1 +span{xy — x1,..., Ty, — 1}

x1,%i,- .., x; are affinely independent, and
aff(K') = aff(5),

which completes the proof. O

5. ADDITIONAL FORMULAE FOR THE CIRCUMCENTER
Upholding the assumptions of Section 4, we assume additionally that
T1,...,T, are affinely independent.
By Theorem 4.1, CC(S) € H. Let
k€{2,3,...,m} be arbitrary but fixed.
By Theorem 4.1 again, we know that
(5.1a) cCS) =x1+ai(xg —x1) +ao(xs —x1) + - + am—1(zm — 1)
(5.1b) = (1 - Zﬁ_llozi)xl + o129+ -+ U 1T,
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where
aq |22 — xl”i
(5.2) 04:2 = %G(I‘Q*1‘1,1‘3*561,...,1‘”1*331)_1 s =@
Q—1 |Zm — leZ
By the symmetry of the positions of the points x1,...,Zk, ..., &y in S in Definition

3.4 and by Proposition 3.3, we also get
CC(S) = ap, + Pi(x1 — xp) + - - + Br1(zh—1 — 7)

(5.3a) + Br(zpy1 — ) + - + Bn—1(Tm — xk)
m—1
(5.3b) = Biwr+ -+ Brawroa + (1= Y Bi)ak + Brwrgr + - + B 1Tm,
i=1
where
(5.4)
lz1 — a2
B :
o] -1 — i
= —G(T) — Thy -+ -y T | — Ty Thel — Thy o - s T — Thp) - kot K
: 5 (x1 — xp k-1 — Ty Tht1 — Tk m — T) zpss — 2|2
ﬁmfl .

|l —

Proposition 5.1. The following equalities hold:

(5.5)

(1 — Zﬁ;l ai) = B1, (coefficient of x1)
(5.6)

Qg1 = (1 - Z?Zl i), (coefficient of xy)
(5.7)

(Vi S {2,...,k—1}) a1 =0 and (V] S {k,kf—i—l,...,m—l}) o7 :ﬂj.
Proof. Recall that at the beginning of this section we assumed 1, . . ., T, are affinely
independent. Combining the equations (5.1b) & (5.3b) and Lemma 2.9, we get the
required results. O

To simplify the statements, we use the following abbreviations.

A=G(xa—T1,..., Tk — T1y. ., Ty — 1),

B =G(x1— Tk, T — Tl Tl ] — Thy -+ -, Ty — L),

and the determinant of matrix A (by Proposition 2.15, it is also the determinant of
matrix B) is denoted by:

d = det(A).
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We denote the two column vectors a, b respectively by:
a=(lze—x1l® -+ o —za)® -+ Jom —2]?)T
b= (ler —aell® o lowrmr —2l® Noee —2l® o zm —2xl?)T
For every M € R™ " and for every j € {1,2,...,n},
we denote the jth column of the matrix M as M, ;.
In turn, for every i € {1,...,m — 1},
Ai = [Asa] - [Avictlal Avig| - - [ Avm1],
and
Bi = [Bi1| - [Bui-1]b| B it1] - - | Bam—1]-

That is, A; is identical to A except that column A, ; has been replaced by a and B;
is identical to B except that column B, ; has been replaced by b.

Lemma 5.2. The following statements hold:
(i) (o1« -um—1)" defined in (5.2) is the unique solution of the monsingular

system Ay = %a where y is the unknown variable. In consequence, for every
ie{l,...,m—1},

det(Ai)
25
(ii) (ﬁl e ﬁmfl)T defined in (5.4) is the unique solution of the nonsingular sys-

tem By = %b where y is the unknown variable. In consequence, for every
ie{l,...,m—1},

o =

det(B;
g, = LB,
26
Proof. By assumption, 1, ..., z,, are affinely independent, and by Proposition 2.15,

we know det(B) = det(A) = § # 0.
(i): By definition of (al e ozm_l)T,

(041 cee Oém_l)T = %A_la.

Clearly we know it is the unique solution of the nonsingular system Ay = %a. Hence
the desired result follows directly from the Fact 2.17, the Cramer Rule.
(ii): Using the same method of proof of (i), we can prove (ii) . O

Using Theorem 4.1, Lemma 5.2 and the equalities (5.5), (5.6) and (5.7), we readily
obtain the following result.

Corollary 5.3. Suppose that x1,...,xn are affinely independent. Then
cC(S)=(1- St )@y + Q122 + -+ Qo 1Tm,
where (Vi € {1,...,m —1}) o = 55 det(A;). Moreover,

m—1

1
1—20@——det By), ak_lzl—ZQ—ddet( i),

=1
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) 1
(Vi e {2, N 1}) i1 = 2% det(B;)
1

and (Vje{kk+1,....m—1}) a;= %det(Bj).

6. BASIC PROPERTIES OF THE CIRCUMCENTER

In this section we collect some fundamental properties of the circumcenter oper-
ator. Recall that

m € N~ {0}, z1,...,2, are vectors in H, and S ={z1,...,2m}.
Proposition 6.1 (scalar multiples). Let A € R~ {0}. Then CC(AS) = ACC(S).
Proof. Let p € H. By Definition 3.4,

ff
p=c(s) = P
{llp —s|| | s € S} is a singleton
{l[Ap — As|| | As € AS} is a singleton
< \p = CC(\S),
and the result follows. 0

{)\p € aff(\S)

The next example below illustrates that we had to exclude the case A = 0 in
Proposition 6.1.

Example 6.2. Suppose that H = R and that S = {0, —1,1}. Then
CcCc-S)={0}#a=0-CC(9).

Proposition 6.3 (translations). Let y € H. Then CC(S +y) = CC(S) +y.

Proof. Let p € H. By Lemma 2.6,

p€aff{z1,...,zn} <= (T A\1,..., A\ € R with z)\izl) p:Z)\iazi
i=1

=1

= @M. Am €Rwith > Ai=1) p+y=> Ni(xi+y)
=1 =1
—ptyecaff{zi+y,...,zm +y},

that is
(6.1) p € aff(S) <= p+y € aff (S +y).
By (6.1) and Remark 3.5, we have

p € aff(9)

=CC(S) e H =
i ) {{Hp— sl| | s € S} is a singleton

p+ye€aff(S+y)
{lp+vy)—(s+v)| | s+ye€S+y}is a singleton

—p+y=CC(S+y) eH.
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Moreover, because @ = @ + y, the proof is complete. [

7. CIRCUMCENTERS OF SEQUENCES OF SETS
We uphold the assumptions that
m e N~ {0}, =xi,...,x, are vectors in H, and S ={z1,...,2,}.

In this section, we explore the convergence of the circumcenter operator over a
sequence of sets.

Theorem 7.1. Suppose that CC(S) € H. Then the following hold:
(i) Sett = dim (span{xQ—xl, . ,xm—xl}), and let S = {z1,2i),...,2;,} C S

be such that x;, —x1,...,x;,—x1 s a basis of span{za—x1,...,Tm—2x1}. Fur-
thermore, let ((zgk),xl(f), cey T Z(f)))k> C HU with lim (acg ), yjl(f), e ,xl(f))
= (x1,24,,...,23,), and set (Vk > 1) S { 1 , 21 ,..., lt } Then

there exist N € N such that for every k > N, CC(SU‘”)) €H and

lim CC(S®™) =cc(S) = Cco(s).

k—o0
(ii) Suppose that x1,...,Tm—1,Tm are affinely independent, and let
((mg’“),...,xffj)_l,xﬁ,’f)))m C H™ satisfy limkﬁoo(xgk),... xﬁ’j)l,xg’i’) =

(X1, oy Tme1, Tm). Set &’k >1) K = {:L'gk),...,xgj) 1 m } Then

lim CC(S™) =cc(9).

k—o0
Proof. (i): Let [ be the cardinality of the set S. Assume first that [ = 1. Then
t=0,and S = {z1}. Let (xgk))kzl C H satisfy limg_, o xgk) = x1. By Definition
3.4, we know C’C({a:(lk)}) = mgk) and CC({z1}) = 1. Hence
lim CC(S®™) = lim azgk) =z = CC(S).

k—o0 k—o0

Now assume that [ > 2. By Corollary 4.3 and Lemma 4.4, we obtain

(7.1) CC(S) =CC(S)
. i, — 1]
=1 + 5(.7}11 — X1y, Tjy — a:l)G(xil — Xiye-e, Tiy — 33‘1)_1 :
i, — x|

Using the assumptions and the Lemma 2.10, we know that there exists N € N such
that

(Vk > N) xgk), +® , ml(f) are affinely independent.

11 )
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By Theorem 4.1, we know (k > N) CC(S®) € H. Moreover, for every k > N,
(7.2)

|z; Ty
1, & k k k k k k k)y— b
+§(xl(1)_x§-)""’x’gt)_x§- ))G(xgl)—xg),...,xgt)—xg )) !
2 k
) = )2

Comparing (7.1) with (7.2) and using Corollary 2.18, we obtain
Jim cc(S™y = co(S) = co(s).
—00
(ii): Let x1,...,Zm—1,Tm € H be affinely independent. Then t = m — 1 and

S = 5. Substitute the S and S*®) in part (i) by our S and S*) respectively. Then
we obtain

lim CC(S®)) = Cco(S)

k—o0

and the proof is complete. ]

Corollary 7.2. The mapping
U:H" - HU{D}: (z1,...,2m) = CC{z1,...,Tm})

is continuous at every point (x1,...,Ty) € H™ where x1,..., 2y, are affinely inde-
pendent.
Proof. This follows directly from Theorem 7.1(ii). O

Let us record the doubleton case explicitly.
Proposition 7.3. Suppose that m = 2. Let ((wgk),a?gk)))k>1 C H? satisfy

limkﬁoo(xgk),xgk)) = (x1,22). Then
lim CO({a",2"}) = OC({wr,22}).
Proof. Indeed, we deduce from Example 3.6 that

$§k) + mgk) xr1 + X2

. k) (k .
lim CO({a", 2)7}) = lim D=2 = S22 = CC({ay,22))
and the result follows. O

The following example illustrates that the assumption that “m = 2” in Proposi-
tion 7.3 cannot be replaced by “the cardinality of S is 2”.

Example 7.4. Suppose that H = R?, that m = 3, and that S = {x1, 22, 23} with
x1 = (—1,0), x2 = x3 = (1,0). Then there exists ((azgk),a:ék),xgk)))kzl C H?3 such

that limk%oo(xgk),xgk),xgk)) = (1,22, 23) and

Jlim CC(fal?, 2”257} # CC(S),
— 00
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Proof. For every k > 1, let (:Egk),a:gk),azgk)) = ((—1,0), (1,0), (1+%,0)> € H3. Then
limkﬁoo(xg ),acg ) acgk)) = (x1,x2,73). Moreover, by Definition 3.4, we know that
(VE > 1), CC(S(k)) = @, since there is no point in R? which has equal distance to all
of the three points. On the other hand, by Deﬁnition 3.4 again, we know CC(S) =

(0,0) € H. Hence limy_,s co({x1k>,x2 2 =@ #£ (0,0) = CC(S). 0
The following question now naturally arises:

Question 7.1. Suppose that CC({z1,x2,23}) € H, and let ((xgk),:vgk),xgk)))kzl -

H3 be such that limkﬁoo(a:gk) , xék) , wgk)) = (21,2, xz3). Is it true that the implication

vk >1) co(fat? 2,2y e n
— lim CC({af", 2", 2{}) = CO(ar,v2,23))
—00
holds?

When 1, 29, x3 are affinely independent, then Theorem 7.1(ii) gives us an affir-
mative answer. However, the answer is negative if z1, xo, x3 are not assumed to be
affinely independent.

Example 7.5. Suppose that H = R? and S = {z1, 29,23} with z; = (—2,0),
x9 = x3 = (2,0). Then there exists a sequence ((xgk), xgk), acgk)))k>1 C #H?3 such that

(i) limpooo (2”28, 2$) = (21, 22, 23),

(i) (Vk > 1) CC’({xlk ) 21y € R?, and
(i) limg_oo CC({x* ,xg’“’,zg 1) # CC(S).

Proof. By Definition 3.4, we know that CC(S) = (0,0) € H. Set
(v =1) $® = {z{?,29, 2"} = {(-2,0),(2,0), (2 -

|~

o)}

9

T~
N

(i): In this case,
(k) (k) _(k)y _ 1
klgn (77, 2y, 25" ) = lim ((—2,0), (2,0), (2 - ¢, ﬁ))
:((_27 O)a (27 0)7 (27 0))
=(z1, 22, T3).

(ii): It is clear that for every k > 1, the vectors (—2,0),(2,0), (2 — £, ) are not
colinear, that is, (—2,0),(2,0),(2 — £, ﬁ) are affinely independent. By Theorem
4.1, we see that

vk >1) cC{al?, P 2{}) e R2.

(iii): Let k > 1. By definition of CC(S( )) and (ii), we deduce that CC(S(k)) _
@), py € R? and that

||CC(S(k)) _ xgk)H - ||CC(5(k)) _ :ng)H _ HCC(S(k)) _ xgk)H.
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Because CC(S®*)) must be in the intersection of the perpendicular bisector of a:gk) =
(—2,0),x§k) = (2,0) and the perpendicular bisector of wgk) = (2,0),x§) =(2-

%, 7), We obtain

2+2-1
P =0 and pf =4(p{" - — )
thus,
k k
(7.3) co(s®y = M, py = (0,-8+ 2 + ).

(Alternatively, we can use the formula in Theorem 4.1 to get (7.3)). Therefore,
gmcww“hzgmap@+%+§):mfﬁhuamzccw%
—00 — 00

and the proof is complete.

As the picture below shows, (Vk > 1) l'gk) = (2 — £, &) converges to z3 = (2,0)
along the purple line L = {(z,y) € R? |y = —1(2—2)}. In fact, CC(S®) is just the
intersection point between the two lines M7 and Ms, where M is the perpendicular
bisector between the points 1 and x2, and My is the perpendicular bisector between

the points a:gk) and xs. O

=6

Ficure 1. Continuity of circumcenter operator may fail even when

(Vk > 1) CC(S®) e H.

8. THE CIRCUMCENTER OF THREE POINTS

In this section, we study the circumcenter of a set containing three points. We
will give a characterization of the existence of circumcenter of three pairwise distinct
points. In addition, we shall provide asymmetric and symmetric formulae.

Theorem 8.1. Suppose that S = {x,y,z} € P(H) and that | = 3 is the cardinality
of S. Then x,y,z are affinely independent if and only if CC(S) € H.

Proof. If S is affinely independent, then CC(S) € H by Theorem 4.1.
To prove the converse implication, suppose that CC(S) € H, i.e.,

(i) CC(S) € aff{x,y, 2z} , and
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(i) [[CC(S) — =] = [[CC(S) —yll = [|CC(S) — |-
We argue by contradiction and thus assume that the elements of S are affinely
dependent:

dim(span{S — z}) = dim(span{y — z, z — x}) < 1.
Note that y —x #% 0 and z — z # 0. Set
U=x+span{y —x,z —x} = x + span{y — x} = = + span{z — z}.
Combining with Lemma 2.6, we get
(8.1) U = aff{z,y, 2z} = aff{z, y} = aff{x, z}.
By definition of CC(S), we have

82)  COWS) ecaff{z,y} LU and |CCS) - 2| = [CCS) - yl,
and
(83)  CCOS) € aff{z,2} U and [|CCS) - 2| = [|CCS) - 2]
Now using (i) < (iii) in Proposition 3.1 and using (8.2), we get

r+y

C’C(S):PU(CC(S)>: 4

Similarly, using (i) < (iii) in Proposition 3.1 and using (8.3), we can also get

ce(s) = py(co(s)) == er z
Therefore,
Ll oo =t =y =,
which contradicts the assumption that [ = 3. The proof is complete. U

In contrast, when the cardinality of S is 4, then
CC(S) € H # elements of S are affinely independent

as the following example demonstrates. Thus the characterization of the existence
of circumcenter in Theorem 8.1 is generally not true when we consider [ > 3 pairwise
distinct points.

Example 8.2. Suppose that H = R?, that m = 4, and S = {x1, 72,23, 24},
where z; = (0,0), 22 = (4,0), 3 = (0,4), and x4 = (4,4) (see Figure 2). Then
x1,x2,xs3, x4 are pairwise distinct and affinely dependent, yet CC(S) = (2, 2).

In Theorem 4.1 above, where we presented the formula for CC(S), we gave special

importance to the first point 1 in S. We now provide some longer yet symmetric
formulae for CC(S).

Remark 8.3. Suppose that S = {z,y,z} and that [ = 3 is the cardinality of
S. Assume furthermore that CC(S) € H, i.e., there is an unique point CC(S)
satisfying

(i) CcC(S) € aff{x,y, z} and
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X3

xq N X

FiGure 2. Circumcenter of the four affinely dependent points from
Example 8.2.

(i) [|[CC(S) —z| = [[CC(S) —yll = [|CC(S) — z]|.
By Theorem 8.1, the vectors z,y, z must be affinely independent. From Theorem
4.1 we obtain

1 y — x| Yy—T,z—T ! y —z||?
CC“*:x+z@‘%z‘”(@[xw[m><|V—ﬂﬁ>) (L—x$>
(ly — 21z — 2)* = ||z — 2[*(y —x, 2 — 2))(y — @)

2lly — =[Pz — z|* = (y — x,2 — x)?)
(ly =21z = 2)* = lly — 2>y — 2,2 — 2)) (2 — x)
2lly — =Pz — z|* = {y — z,2 — x)?)

:x+

_l’_

1
= E(Hy — 2 — 2z -y + |lx— 2|y — 2,y — @)y + |z — y)| 2z — 2,2 — y)z),
where K1 = 2(|ly — z|]?||z — z||*> — (y — 2, 2z — x)?).
Similarly,
ca(s)
1

= E(Hy - Z||2<I‘ —z,x—y)x+ ”ZL’ — zH2<y —z,y— o)y + ”iL‘ _ y||2<z oz — y>2)7

where Ky = 2(||lz — y||?||z — y||*> — (x — vy, 2 — y)?) and

cc(s)
1
= (ly =21 =22 vy o —=lPly — 2y =)y + oyl (z ~ 2,2 = 9)2),
where K3 = 2(||z — z|]|ly — z||* — (x — 2,y — 2)?).
In view of Proposition 3.3 (the uniqueness of the circumcenter), we now average
the three formulae from above to obtain the following symmetric formula for p:

cc(S)
1

= = (ly = 2P — 20 — )z + 1z = 212l — 2y — D)y + 2 — g2 — 2,2 — 1)),
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where

1 1
K:f(
6 \[ly — |||z —z|> = (y — 2,2 — x)

1
[z —yllPllz —yll* — (& —y,z — y)?

1 )
lz = 2|2lly — 21> — (z — 2,y — 2)2/
In fact, Proposition 2.15 yields K1 = K9 = K3.

2

]

_l’_

We now summarize the above discussion so far in the following two pleasing main
results.

Theorem 8.4 (nonsymmetric formula for the circumcenter). Suppose that S =
{z,y,z} and denote the cardinality of S by l. Then exactly one of the following
cases occurs:

(i) I=1 and CC(S) = .

(i1) 1 =2, say S = {u,v}, where u,v € S and u # v, and CC(S) = “T‘H’

(iii) { = 3 and exactly one of the following two cases occurs:

(a) z,y,z are affinely independent; equivalently, ||y — z||||z — z|| > (y —
x,z—x), and

My =z =2z —ylatle — APy -2y -2y +lz —ylP(z - 2.2 - y)z.

ce(s) 2ly — 2lPllz =2 — (y — z,z — 2)?)

(b) z,y, z are affinely dependent; equivalently, ||y—zx||||z—z| = (y—=z, z—x),
and CC(S) = @.

Theorem 8.5 (symmetric formula of the circumcenter). Suppose that S = {z,y, 2}
and denote the cardinality of S by l. Then exactly one of the following cases occurs:

(i) l=1and CO(S) =ax =y =z = T+

N  Je—ylletle—zly+y—z]
OUZ“2““dC“KS)—'|ufm+mfw+@fﬁ :

iii) | = 3, consider K = % L
(iif) ’ ) 6 \lly—z[2[lz—=[?—(y—=,2—x)? + lz—ylPllz=yl>—(z—y,z—y)? T
= e y_z>2), and exactly one of the following two cases occurs:

(a) K €]0,+00] and

v—za—ya+tle—zPy -2y -2y + o —ylPz -2,z —y)2
% .
(b) K is not defined (because of a zero denominator) and CC(S) = @.

9. APPLICATIONS OF THE CIRCUMCENTER

In this section, we discuss applications of the circumcenter in optimization.
Let z € H, and let Uy, ..., U, be closed subspaces of H. The corresponding best
approximation problem is to

(9.1) Find @ € N{X,U; such that ||z — al| = minU |z — ull.

uen™, U;

Clearly, the solution of (9.1) is just Prm v,
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Now assume that H = R™, and let U and V be linear subspaces of H, i.e., we
focus on m = 2 subspaces. Set

S:R" = PR"): x — {z, Ryx, Ry Ryx}.

Behling, Bello Cruz, and Santos introduced and studied in [4] an algorithm to ac-
celerate the Douglas—Rachford algorithm they termed the Circumcentered-Douglas-
Rachford method (C-DRM). Given a current point z € R™, the next iterate of the
C-DRM is the circumcenter of the triangle with vertices , Ryx and Ry Ryyx. Hence,
given the initial point = € R™, the C-DRM generates the sequence (x(k)) keN Via

(9.2) 2@ =z and (VkeN) 2D =co(S@E®)).

Behling et al.’s [4, Lemma 2] guarantees that for every z € R", the circumcen-
ter CC(S(x)) is the projection of any point w € U NV onto the affine subspace
aff{x, Ryz, Ry Ryxz}. Here, the existence of the circumcenter of S(x) turns out
to be a necessary condition for the nonemptiness of U N'V. In fact, CC(S(x)) =
Pagr(s(z))(Punvz), which means that CC(S(z)) is the closest point to the Pynya
among the points in the affine subspace aff(S(x)). In [4, Theorem 1], the authors
proved that if x in (9.2) is replaced by Pyz, Pyz or Pyyyz, where z € R™, then
the C-DRM sequence defined in (9.2) converges linearly to Pyny z. Moreover, their
rate of convergence is at least the cosine of the Friedrichs angle between U and
V, c¢r € [0,1], which happens to be the sharp rate for the original DRM; see |3,
Theorem 4.1] for details.

In [4, Section 3.1], the authors elaborate on how to compute the circumcenter of
S(x) in R™. They used the fact that the projection of CC(S(x)) onto each vector
Ryz —x and Ry Ryx — x has its endpoint at the midpoint of the line segment from
x to Ryz and x to Ry Ryx. They exhibited a 2 x 2 linear system of equations to
calculate the CC(S(x)) and an expression of the CC(S(z)) with parameters. Their
expression of the CC(S(x)) can be deduced from our Remark 8.3. Actually, for
every x € R", using Theorem 8.4(iii)(a), we can easily obtain a closed formula for
CC(S(x)) allowing us to efficiently calculate the C-DRM sequence.

In [4, Corollary 3|, Behling et al. proved that their linear convergence results are
applicable to affine subspaces with nonempty intersection using the Friedrichs angle
of suitable linear subspaces parallel to the original affine subspaces. Returning to
(9.1), we now set

S:R" = P(R"): « + {x, Ry, 2, Ry, Ry, . .., Ry, - Ry, Ry}

In order to minimize the inherent zig-zag behaviour of sequences generated by var-
ious reflection and projection methods, Behling et al. generalized the C-DRM in
[5] to the so-called Circumcentered-Reflection Method (CRM). Using our notation,
it turns out that the underlying CRM operator C': R® — R" is nothing but the
composition CC o S. Hence Behling et al.’s CRM sequence is just

(9.3) 2@ =2 and (VkeN) 25D =co(SW)).
In [5, Lemma 3.1], they show C is well defined. Moreover, they also obtain

~

(Vw € L U)  CO(S(x)) = Pyg(sy (0)-
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~

In particular, CC(S(z)) = P,

a:
of the set S(z) is the point in aff(S(x)) that is closest to Prr y;x. Behling et al.’s
central convergence result (see [5, Theorem 3.3]) states that the CRM sequence
(9.3) converges linearly to Prm ;.

fi( §(x))(Pﬁ?LlUix)’ which means that the circumcenter

~

For the actual computation of the circumcenter of the set S(z), both [4] and [5]
only contain passing references to that the computation “requires the resolution of
a suitable m x m linear system of equations.” Concluding this section, let us point
out that the explicit formula presented in Corollary 4.3 may be used; after finding

~

a maximally linearly independent subset of S(x) — x (using Matlab, say) one can
directly use the formula in Corollary 4.3 to calculate the circumcenter.

10. THE CIRCUMCENTER IN R? AND THE CROSSPRODUCT

We conclude this paper by expressing the circumcenter and circumradius in R3
by using the cross product. We start by reviewing some properties of the cross
product.

Definition 10.1 (cross product). [1, page 483] Let z = (x1,22,23) and y =
(y1,%2,y3) be two vectors in R3. The cross product x x y (in that order) is

z Xy = (Toy3 — T3Y2, T3Y1 — T1Y3, T1Y2 — T2Y1).

Fact 10.2. [1, Theorem 13.12] and [6, Theorem 17.12] Let z,y, z be in R3. Then
the following hold:

(i) The cross product defined in Definition 10.1 is a bilinear function, that is,
for every o, 8 € R,

(az+By) x z=a(z x2)+ By x2) and z X (ay+ Bz) = a(z x y) + B(z X 2).
(ii) = x y € (span{z,y})*, that is
VaeR) (VBeR) (rxy,azr+py)=0.
(iii) We have
(xxy)xz={(x,2)y —(y,2)x and zx (yxz)=(z,2)y— (z,y)z.
(iv) (Lagrange’s identity) |z x yl|? = 2]y — (z,5)>

Definition 10.3. [1, page 458] Let = and y be two nonzero vectors in R", where
n > 1. Then the angle 6 between x and y is defined by

(z,y)

0 = arccos ,
[EIIET]

where arccos: [—1,1] — [0, 7].
Remark 10.4. If z and y are two nonzero vectors in R", where n > 1, then

(@, y) = [lz[[llyll cos 0,

where 6 is the angle between = and y.
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Fact 10.5. [1, page 485] Let = and y be two nonzero vectors in R?, and let § be
the angle between x and y. Then

|z x y|| = ||=||||ly]| sin® = the area of the parallelogram determined by z and y.

Now we are ready for the expression of the circumcenter and circumradius by
cross product.

Theorem 10.6. Suppose that H = R3, that x,y, z are affinely independent, and
that S = {z,y,z}. Set a =y — x, and b = z — x and let the angle between a and b,
defined in Definition 10.3, be 6. Then

(i) CO(S) =z + (||a||2b—HbH2a)2><(a><b)'

2]|axb]|
. all||b]|]ja—b a—b
(ii) [6, 1.54] CR(S) = leljpllietl — Jacbl.

Proof. (i): Using the formula of circumcenter in Theorem 4.1, we have

CC@:H%@_QS 2 —2) (( ly — ||? <y—x,z—x>>‘1 (ny—xn?)

p—wy—z)  fz—a?

o Yoy (el (@ s\ (fal?
=5 b)(<b,a> ub||2> (W)
_ 1 . 2 —(a, b)Y (lal?
= e (ao® © Y) <—<b, a) al? > (u»u?)
. 1 o oy (al21812 = 18] (a, )
==+ s @ O (el ~ lof2te))
(lall[[Bl1 — [1b1*(a. b))a + (llal* [b]> = ||a][*(a, b))b
2([all2[b]% — (a. b)2)
(lall® — [[bl|*a, ba — (la]|b — [|b]|a, a)b
2([[all2[[b]2 = {a,5)2) '
Using the Fact 10.2(iii) and (iv), we get
(lall* = [1Bl|*a) x (a x b)
2||la x b||? '

CcC(S) =

(ii): By Definition 3.4, we have

la]|*b — [[b][*a) x (a x b) H

wy  ores) - fecs) - - | 1B

Using Fact 10.2(iv) and Fact 10.2(ii), we obtain

| lats = 6112a) x (a x b)|

D=

2
= ([[alze = 61%a] e x b1 = lial?e = 1617, a x &)?)

(10.2) = ||llal® — )| lla x bl
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In addition, by Remarrk 2.14, since ||a|| # 0, ||b|| # 0, thus

d
10.3 a2b—b2 b"“”—'H
(10.3) [ = lelal| = al ol 7 = o
Now
lall, _ 1] ‘ <H all, el > H Il
lp— gl = —b
‘ 11" Jal o1 o e/ ™ al®
= llal® = 2(b, a) + ||
(10.4) = |la — b]|*.

Upon combining (10.2), (10.3) and (10.4), we obtain
|(llal26 — 1b)1%a) x (a x B)|| = lalllplla — bl la x o]

Hence (10.1) yields

CR(S) = gy |l = 1) x (@ 0
1
= st lallbll bl x b
 laltbllle - o)
2[la bl

By Fact 10.5, we know |la x b|| = ||a||||b]| sin §. Thus, we obtain

lalll[blllla = bl _ |la =]
(5) 2||la x b|| 2siné

and the proof is complete. O

Fact 10.7. [9, Theorem I] Suppose that n > 3, and a cross product is defined which
assigns to any two vectors v, w € R™ a vector v X w € R™ such that the following
three properties hold:

(i) v x w is a bilinear function of v and w.
(ii) The vector v x w is perpendicular to both v and w.
(i) v x w]f? = [J]]*w]* — (v, w)*.

Then n =3 or 7.
Remark 10.8. In view of Fact 10.7 and our proof of Theorem 10.6, we cannot

generalize the latter result to a general Hilbert space H — unless the dimension of
‘H is either 3 or 7.




ON CIRCUMCENTERS OF FINITE SETS IN HILBERT SPACES 295

REFERENCES

[1] T. M. Apostol, Calculus. Vol. I: One-Variable Calculus, with an Introduction to Linear Algebra,
John Wiley & Sons, Inc., second edition, 1967.

[2] H. H. Bauschke and P. L. Combettes, Conver Analysis and Monotone Operator Theory in
Hilbert Spaces, Springer International Publishing, second edition, 2017.

[3] H. H. Bauschke, J. Y. Bello Cruz, T. T. Nghia, H. M. Phan and X. Wang, The rate of linear
convergence of the Douglas—Rachford algorithm for subspaces is the cosine of the Friedrichs
angle, Journal of Approximation Theory 185 (2014), 63-79.

[4] R. Behling, J. Y. Bello Cruz and L. R. Santos, Circumcentering the Douglas—Rachford method,
Numerical Algorithms 78 (2018), 759-776.

[5] R.Behling, J.Y. Bello Cruz and L. R. Santos, On the linear convergence of the circumcentered—
reflection method, Operations Research Letters 46 (2018), 159-162.

[6] H. S. Coxeter, Introduction to Geometry, John Wiley & Sons, Inc., second edition, 1989.

[7] F. R. Deutsch, Best Approzimation in Inner Product Spaces, Springer-Verlag Inc., 2010.

[8] E. Kreyszig, Introductory Functional Analysis with Applications, John Wiley & Sons, Inc.,
1989.

[9] W. S. Massey, Cross products of vectors in higher dimensional Euclidean spaces, American
Mathematical Monthly 90 (1983), 697-701.

[10] C. D. Meyer, Matriz Analysis and Applied Linear Algebra, SIAM, 2000.
[11] R. T. Rockafellar, Convex Analysis, Princeton University Press, 1970.
[12] T. D. Tammo, Algebraic Topology, European Mathematical Society, 2008.

Manuscript received 4 June 2018
revised 12 June 2018

HeiNnz H. BAUSCHKE
Mathematics, University of British Columbia, Kelowna, B.C. V1V 1V7, Canada
FE-mail address: heinz.bauschke@ubc.ca

Hur Ouyana
Mathematics, University of British Columbia, Kelowna, B.C. V1V 1V7, Canada
E-mail address: hui.ouyang@ubc.ca

XIANFU WANG
Mathematics, University of British Columbia, Kelowna, B.C. V1V 1V7, Canada
E-mail address: shawn.wang@ubc.ca



