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HOLDER CONTINUITY OF SOLUTION MAPS TO
PARAMETRIC PRIMAL AND DUAL WEAK GENERALIZED
KY FAN INEQUALITIES

RABIAN WANGKEEREE, LAM QUOC ANH, AND JUTAMAS KERDKAEW

ABSTRACT. In this paper we consider primal and dual parametric vector Ky Fan
inequality in metric linear spaces. Using the strong convexity and Hélder conti-
nuity for vector valued mappings, without strong monotonicity assumption, we
establish the sufficient conditions for the solution mappings to these problems to
be Hélder continuous around the reference point, when the solution of these prob-
lems is not unique. Many examples are provided to illustrate that the imposed
assumptions are essential and our results are different from the existed ones in
the literature.

1. INTRODUCTION

The Ky Fan inequality has been intensively studied in [16], where the author
proposed the existence of a solution for a class of bifunctions. The mathematical
formulation of this problem includes various important problems related to opti-
mization, namely, optimization problems, variational inequality, Nash equilibrium
problems, fixed-point and coincidence-point problems, etc. It is known that the
general form of this probem was investigated earlier by Nikaido and Isoda [26] in
1955. At that time, this problem was carried out as an auxiliary problem to study
the existence conditions for Nash equilibrium points in non-cooperative games. In
the existence theory of the problem, the key contributions were made by Ky Fan,
whose new existence results contained the original techniques which became a basis
for most further existence theorems [16]. Hence, this model was also called a Ky
Fan inequality.

The Ky Fan inequality has been extended and generalized to vector-valued map-
pings. This formulation is also known as the generalized Ky Fan inequality. In the
literature, existence results for Ky Fan inequalities and the various types of gener-
alized Ky Fan inequalities have been investigated intensively; see [7,8,24] and the
references therein, where the generalized Ky Fan inequalities are called generalized
systems or vector equilibrium problems.
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It is well known that stability and sensitivity analysis of solution mappings for
(generalized) Ky Fan inequalities is an important topic for (vector) optimization
theory and its applications. There have been a large number of contributions to
kinds of semicontinuity, continuity and Holder continuity of solutions with respect
to parameters. Anh and Khanh [3] introduced some definitions related to semi-
continuity of multivalued mappings and discussed various kinds of semicontinuity.
They studied the sufficient conditions for the solution sets of parametric multival-
ued symmetric vector quasiequilibrium problems to have these properties. Huang
et al. [20] further considered a class of parametric implicit vector equilibrium prob-
lems in Hausdorff topological vector spaces. They established sufficient conditions
for the upper semicontinuity and lower semicontinuity of the solution set mapping.
Furthermore, the continuity (or Hausdorff continuity) of solution maps was studied
in [4,21]. Kimura and Yao [21] investigated the existence of solutions and continuity
of for the parametric vector quasi-equilibrium problem. Anh and Khanh [4] con-
sidered a parametric vector quasiequilibrium problem in topological vector spaces
and given some sufficient conditions for solution maps to be lower and Hausdorff
lower semicontinuous, upper semicontinuous and continuous. Using scalarization
approaches, Chen and Li [13] obtained new results on the lower semicontinuity and
upper semicontinuity properties of the Pareto solutions to a parametric vector vari-
ational inequality with a polyhedral constraint set. For related results on this field
one can also refer to [9-11,14,17,28].

However, this continuity was obtained under assumptions related to strong mono-
tonicity or strong pseudomonotonicity. Then the results have been extended to
quasiequilibrium problems. The case of non-unique solutions was dealt with re-
cently in Anh et al. [5], avoiding assumptions related to strong monotonicity, but
Holder continuity was obtained only for approximate solutions which are as close as
we want to exact solutions. In [6], Anh et al. established the sufficient conditions
for Holder continuity of solution mappings of Ky Fan inequalities without using
the strong monotonicity assumptions. The technique is based on strong convexity
and strong convex-likeness. In [?], Li and Li established the Holder continuity of
a set-valued solution mapping to a parametric weak generalized Fan Ky inequality.
It is worth pointing that their method is based on a scalarization representation
of the solution mapping for a parametric Ky Fan inequality and the Holder strong
monotonicity assumptions. To the best of our knowledge, there is no existing result
on Holder continuity of primal and dual Ky Fan inequalities for the generalized Ky
Fan inequalities without the virtue of Holder strong monotonicity assumptions.

In this paper, we will first present the new concepts of the strong convexity
and Holder continuity for vector-valued mappings. Further, without the virtue of
strong monotonicity assumptions, we next establish also certain sufficient conditions
for Holder continuity of both solution maps of parametric primal and dual weak
generalized Ky Fan inequalities, when the solution set may not be singleton. Our
technique is based on the strong convexity for vector-valued maps. Examples are
provided for cases where our results are applicable while existing ones under the
Holder strong monotonicity assumptions are out of use.
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2. PRELIMINARIES

In the sequel, || - || and d(-,-) denote the norm and metric in any normed space
and metric space, respectively (by the context, no confusion occurs). B(0,0) is the
closed ball with center 0 € X and radius § > 0. We use intA, conv(A), and diamA :=
Sup,, ,ea d(7, z) for the interior, the convex hull, and the diameter, respectively, of a
subset A. For a set-valued map G : X — 2Y, grG = {(z,y) € X xY : y € G(2)}
is the graph of G. Recall that X is called a metric linear space iff it is both a
metric space and a linear space and the metric d of X is translation invariant (i.e.,
d(z+z,y+z) =d(z,y),Vz,y,z € X) and, for any convergent sequences {\, } in R
and {2} in X, we have lim, 00 (A 2™) = (limy,—00 A ) (limyy, 500 ™).

Throughout this paper, if not otherwise specified, X will denote a metric linear
space, A and M two metric spaces, and Y a normed space. Let Y* be the topological
dual space of Y. For any £ € Y*, the norm of £ is defined by

€] := sup{(¢, z) : [|z[| = 1},
where (£, ) denotes the value of € at x. Let C' C Y be a pointed, closed and convex
cone with int C' # () and C* := {€ € Y* : ({,z) > 0,Vx € C'} be the dual cone of C.
Since int C' # (), the dual cone C* of C' has a weak™ compact base. For any given
point e € int C, B :={{ € C* : ({,e) = 1} is a weak* compact base of C*. We first
recall some notions needed in the sequel.

Definition 2.1. Let (F, d) be a metric space. For A, B C E, the Hausdorff distance
between A and B is defined by
H(A,B) =max{H"(A,B),H*(B,A)},
where H*(A, B) = 216111?1 d(a,B) and d(z,A) = 5161112 d(z,y).
Note that H(.,.) may not be a metric in the space of the subsets of F, since it

can take the value oo, and H is a metric in the space CB(FE), the collection of all
nonempty, closed and bounded subsets of E.

Now we recall and introduce some concepts related to Holder continuity for vector
valued mappings.

Definition 2.2 (Holder continuity). Let X, Y, M and C be given as above, and [, «
be given positive numbers.

(i) (classical) A mapping g : X — Y, is called (- «)-Holder continuous around
Z € X iff there is a neighborhood U of Z such that, for all z1, 29 € U,

d(g(z1), g(x2)) < ld*(x1, x2).

(ii) (classical) A set-valued mapping G : X — 2 is (I - «)—Hélder continuous
around Z iff there exists a neighborhood U of Z such that for any x1,z9 € U,

G(l‘l) - G(ZUQ) + lB(O,da(l'l,l‘Q)).

(iii) (see [7]) A vector-valued mapping g : X — Y is said to be (I - o)—Holder
continuous with respect to e € intC around z iff, there exists a neighbor-
hood U of z such that for any x1,z9 € U,

g(z1) € g(z2) +1d%(21, 72)[—e; €],
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where [—e,e] := (e —C)N(—e+ O).

(iv) For & > 0, a given mapping f, f : X x X x M — R, is called (I - «)-
Holder continuous with respect to e € intC' around g € M, f-uniformly in
A C X iff, there is a neighborhood N of fi such that, for all p1, uo € N and

r,y€ArxF#y,
fla,y,m) € fz,y, po) +1d* (u1, p2)d’ (2, y)[—e, €.

If the degree of Holder continuity is equal to 1, then Holder continuity is called
Lipschitz continuity. If a certain property is true at every point of B C X, we will
said that it is satisfied in B.

Definition 2.3 (Monotonicity for vector valued mapping). Let X, Y, C be as in
Definition 2.2, g : X Xx X — Y be a vector valued mapping, and h, 8 be positive
numbers

(i) ([2]) g is said to be (h - 3)-Holder strongly monotone on A C X iff for each
r,y€A:x#y,
g(x,y) + g(y,z) + hd’(z,y)B(0,1) € ~C.
(ii) ([?]) g is said to be (h - B)—Holder strongly monotone with respect to
ecintC on A C X iff for each z,y € Az # vy,
9(@,y) + gy, x) + hd’(z,y)e € ~C.
(iii) (classical) g is said to be monotone on A C X iff for each x,y € A,

9(x,y) + g(y,z) € =C.

Lemma 2.4 ([18, Lemma 3.21]). If Y is a real topological linear space and C' is a
convex cone with int C # (), then

int ¢ = {yEY (6, y) > 0,¥€ € C*\{o}}.

Now, we give the topological version of the separation theorem which is also
known as FEidelheit’s separation theorem.

Lemma 2.5 ([19]). Let S and T be nonempty convex subsets of a real topological
linear space X with int S # (0. Then int SNT # O if and only if there are a
continuous linear functional | € X*\{0x~} and a real number o with

l(s) <a<lt), forallse S andt €T

and
l(s) < a, forallse intS.

Now, we introduce new definitions of the strong convexity and convexity-likeness
for the vector valued mappings which are need in this paper.

Definition 2.6 (Strong convexity). Let (X, d) be a metric linear space, Y a normed
space. Let A C X be a convex subset of X, C' C Y a convex cone with int C' # (.
Let g : X — Y be a vector valued mapping. ¢ is said to be C-strongly convex with
modulus h and 8 on A iff there exists two positive real number h and 8 and a point
e € int C such that for all z,y € A and t € [0, 1],

(2.1) tg(x) + (1 —t)g(y) — ht(1 — t)d?(x,y)e € gtz + (1 —t)y) + C.
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In this case g is said to be (h - 8)-C-strongly convex with respect to e.

Remark 2.7. (i) A mapping g : X — Y is called C-convex if for all z,y € A and
t € [0,1],
tg(x) + (1 —t)g(y) € gtz + (1 - t)y) + C.

Clearly, every C-strongly convex function is C-convex. However, the converse is not
true. For example, if X =Y = R,C = R, U {0} and g is defined by g(z) = 2% Tt
is clear that g is C'-convex but it is not C-strongly convex as there is no h > 0 that
satisfies (2.1).

(ii) If Y = R,C = R4y U{0} in the above definition, then g is called (h-3)-strongly
conver on A (see Definition 2.2 [5] and Definition 2.1 [25]).

(iii) The examples of C-strongly convex vector valued functions can be found in
Example 3.5 and Example 3.7.

Definition 2.8 (Strong convex-likeness). Let (X, d) be a metric linear space,
Y a normed space. Let B C X be a nonempty subset of X, C' C Y a convex cone
with int C' # (). Let g : X — Y be a vector valued mapping.
(i) g is said to be C-convez-like in B iff for all z1,x9 € B, and t € [0, 1], there
iszeB
9(z) € tg(w1) + (1 —t)g(x2) — C.
(ii) g is said to be C-strongly convex-like with respect to e in B iff there are
two positive real numbers A and 8 and a point e € int C such that for all
x1,22 € B and t € [0, 1] there is z € B,

9(2) + ht(1 = )% (21, 32)e € tg(a1) + (1 — t)g(wz) — C.

As usual g is said to be (h - 3)-C-strongly concave (C-concave-like, resp.) on A
if —g is (h - B)-C-strongly convex (C-convex-like, resp.) on A.

3. HOLDER CONTINUITY OF SOLUTION MAPS OF PARAMETRIC PRIMAL Ky FAN
INEQUALITIES

Let X,Y,A,M,C and e be as in Section 2, and let K : A — 2% be a set-valued
mapping with nonempty convex values and f : X x X x M — Y be a vector valued
mapping. For each A € A and u € M, we consider the following parametric weak
generalized Ky Fan inequality (for short, (GKF)) :

Find zo € K(\) such that

3.1 GKF .
(3.1) (GKE) { Flao.y.m) ¢ ~int C,Vy € K(N).
For each (A, u) € A x M, we denote the solution set of by

S\ p)={xe K\): f(z,y,pn) ¢ —int C,Vy € K(\)}.
For each € € C*\{0}, A € A and p € M, the {—solution set of the (GKF) is denoted
by

Se(\, ) = A{x € K(\) : &, f(z,y,p)) > 0,Vy € K(\)}.
In this section, we consider Holder continuity of solution mappings of (GKF). Since
existence conditions of solutions have been studied much in the literature, we do

not include existence investigations and always assume that S(A, ) is nonempty
for the considered point (A, ). Firstly, by using the idea given in [15], we establish
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the relationships between the solution sets and the £—solution sets under new mild
conditions imposed on the vector valued mappings.

Lemma 3.1. If for each x € K(A) and (A\,u) € A x M, f(x,-,p) is C-convez-like
in K(\), then
Shw= | Sew= U Seh ).
geCc\{0} eB;
Proof. (a) We first prove that
Shw= U SO
geC=\{0}
Let € Ugeen joy Se(A, p) be arbitrary given. Then, there exists € € C*\ {0} such
that © € Sg(A, ). By the definition of Sg(A, ), for each y € K(N),

(& f(z,y, 1)) > 0.

Applying Lemma 2.4, we can see that, for all y € K(\), f(z,y,u) ¢ —intC. This
shows that = € S(A, ). Hence, we have that

U Seum csup.
geC\{0}
Conversely, let x € S(\, u) be arbitrary given. Then, we have that f(z,y,u) ¢
—intC for all y € K(XA). Obviously, we have
(3.2) flx, K(\), ) N (—=intC) = 0.
Next, we prove that
(f(2, K(\), ) + C) O (=it C) = 0.

Suppose on the contrary that, there exists w € (f(x, K(\), u)+C)N(—intC). Hence,
there exist z € f(x, K(\),u) and ¢ € C such that w = z + ¢ € —intC. So, one has
z = —c¢ —w € —intC, which is a contradiction with (3.2). Now, we will show that
f(z, K(\), ;) +C is a convex subset of Y. To this end, let 21,22 € f(x, K(\),u)+C
and t € [0, 1] be arbitrary given. Then, there are y;,y2 € K(\) and ¢1,¢co € C such
that
zi = f(x,yi,u) + ¢, for all i =1,2.

Then, the convex-likeness of the mapping f(z,-, u) in K(\) implies that there exist
s € K()) and ¢ € C such that

tf(l’,yl,,u) + (]‘ - t)f($7y2nu) = f(ZZ‘,S,/L) +c.
Since C' is a convex cone, we have
tz1 + (1 - t)ZQ = tf(:c,yl,u) +tc + (1 - t)f(%l/%ﬂ) + (1 - t)CQ
= flx,s,u) +[c+ter + (1 —t)co]
[z, K(\),p) +C

Hence, we have that f(z, K(\), u) + C is convex. Applying Lemma 2.5, there exist
a continuous linear functional £ € Y*\ {0} and a number v € R such that

(¢, ¢) <y < (& z+c),Vee —intC,Vz € f(x, K(\),u),Ve e C.

m
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Since C' is a cone, we imply that, for all ¢ € —intC and « > 0, a¢c € —intC. So,
(¢€,¢) <0 for all ¢ € —intC'. Moreover, ¢ is a continuous linear function, one yields
(&,¢) >0 for all c € C,ie., &€ C*\{0}. Since ¢ € —intC' can chosen arbitrarily
close to 0, we imply that v > 0. Similarly, since ¢ € C also can taken arbitrarily
close to 0 and ¢ is a continuous linear function, we derive that (£,z) > 0 for all
2 € fla, KO, ), i,
(& [y, 1)) 2 0,y € K(X),
and hence z € S¢(A, ). So, S(A, 1) = Ugec\ 10y Se(As 1)
(b) Next we show that

U Sevmw= U S w).
£eC=\{o} §eB
Since By C (C*\ {0}), one has Ugecn g0y Se(A 1) O Ugeps Se(A, ). Conversely,
for each £ € C* \ {0}, from Lemma 2.4 we have ({,e) > 0 as e € intC. Putting
&= ﬁf, then £ € B and S¢(\, 1) = SE(A,M), for all (A, u) € A x M, and hence
Se C UgeB;S%()\, w), for all £ € C*\{0}. So, U{eC*\{O}Sﬁ()‘a w) C UgeB;S§()\,u). O

Remark 3.2. Compared with the results (Lemma 3.1) obtained in [15], C-convexity
of f(z,-,u) in K(\) is weakened by C-convex-likeness of f(z,-, u) in K(N).

Theorem 3.3. Suppose that for each & € B, Se¢(\, p) is nonempty in a neighbor-
hood of the considered point (Ao, po). Furthermore, assume the following :
(i) K is (I - a)-Hélder continuous in a neighborhood N (o) of Ao;
(ii) there is a nmeighborhood N(ug) of uo such that for all x € K(N(Xo)) and
w € N(uo), f(x,-,u) is (h - B)-C-strongly convex wiyh respect to e as well
as (m - 1)-Holder continuous with respect to e in conv(K(N(\p)));
(iii) for each p € N(po), f(-,-, 1) is monotone in K(N(Xo)) x K(N(Xo));
(iv) f is (n - y)-Holder continuous with respect to e around pg, 0-uniformly in
K(N(\)) with 6 < .
Then, there exist neighborhoods of N'(Xg) and N'(pg) such that S is single-valued
and satisfies the following Hélder condition:
i

4miNE o o
(33)  H(SOum), SO0 ) < (55)dF ) + (5) 777 (1, o).
for each (A1, 1), (A2, p2) € N'(Ao) X N’ (o).
Proof. (a) We first prove that, for each ¢ € B} there are neighborhoods N (

7)7 NE(AU)
and Ng(po) such that for each £ € N () and (A1, p1), (A2, p2) € Ne(Ao) X Ne(po),
4ml

(8:4)  p(Se(hn ). SeOha ) < (55) " d5 o) + () 7 dF (a1, ),

where p(A, B) :=sup{d(a,b) :a € A,b € B} for each A,BCY.

The proof of (3.4) is separated into three steps:
Step I: For any given two points x11 € S¢(A1, p1) and xo1 € Se(A2, 1), we claim
that

AmiN 5 o
dy :==d(x11,221) < (7) P d5 (A1, A2).
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From the definition of S¢, we have that, for all y € K (A1) and z € K()2),

(3.5) min { (€. f (11, 0)), (€ S e,z m)) } 2 0.

It follows from the (I« )-Holder continuity of K imposed in (i), there are 1 € K ()
and xo € K ()\2) satisfying

(3.6) max{d(l’n,{l}g),d(l‘gl,l‘l)} S lda(>\1,)\2).

1
Taking & = §(x11 + x91), it is clear that Z € conv (K (N()\o))). Since f(z11,-, p1) is
(h - B)-C-strong convexity with respect to e, we have that

1 1 h
fx1, 2, 1) — §f(9611,9611,/i1) - §f(9€11795217/v61) + dee e —C.

Then, it follows from the definition of B} that

0 > <€,f(90117~’?,/£1) - %f(xn,ﬂ?n,m) - %f(u’ﬂn,ﬂ?zhm) + %d§e>
= (& f(z11,Z, 1)) — <§7 %f($11,$11,lt1)> —
h
*<§, %f($11,9621aﬂl)> + <§, de6>,

which arrives that

(3.7) %d’f < <§7 %f($117$11,/~01)> + <5, %f(x11,$21,M1)> — (&, f(z11, 2, p1))-

Since f(-,-, 1) is monotone and 11 € S¢(A1, pt1), we have

(3.8) <§, %f(xn,xn,ul)> —0

and

(3.9) <§ f(3711,9021,M1)> —(&, f(xa1, 211, p11))-

Using (3.7),(3.8) and (3.9), we imply that

(3.10) *dﬁ < - <€7 %f x21,w11,ﬂl)> - <§7f (9611, wvm>>~

1
Taking z = x2 and y = —(z11 + =1 3.5), we can get that
2

(3.11) min {<§ f(xn, (x11 + x1), u1>>, (&, f(:vg1,a:2,u1)>} > 0.
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Hence, (3.10) and (3.11) together yield that
a2 < (e ) (6
e (o, I ) )+ (6 A 58217332,/~L1)>
(o 20 0)) - e o 252 )
+<§,§f<x21,xz,m > (& 3oz an,m))

(& (o, ™ ) ) = (6 (o, P2 ) )]

1
+‘<§7 5f($21,$2,/i1)> - <§, if(x217$117/~'61)>"
Hence, using (3.6) and the (m-1)-Holder continuity with respect to e of f(x11, -, p1)

and f(x21,-, 1) given in (ii), we have

h 1 1
de < §md(x11,372)+§md(37217551)

T11 + Z21 )>
T1l, —F > M1

IN

IN

IN

IN

1 1
§mlda()\1, )\2) + §mldo‘()\1, )\2)
mlda()\l, /\2),

IN

which gives that

1

dy < (#)Ed%(xlm).

Step II: We claim that for any given two points za1 € Sg(A2,p1) and zon €
SE(AQ):U’Q))

1
n\g 1
dy = d(x21,222) < (ﬁ) P A5 (uy, pg).
By the definition of {-solutions, we have that, for all y, z € K(A2),

(3.12) min {<§,f(:v21,y,u1)>, <§’f($22,zau2)>} > 0.
1
Putting y = 5(1‘21 + x92) in (3.12), it is clear that y € K ()A2), and hence

<£7 f($217 Y, /-Ll)> 2 0.
By virtue of the (h- 3)-C-strong convexity with respect to e of f(xo1, -, 1), one has

To1 + T 1
f (9621, Ha/ﬂ) — §f($21,96227ﬂ1) —

1 h
2 = f(z21, w21, 1) + nge e —C.

2

Therefore,

0 > <€7f Ta1,

T21 + T22 )
s M1

1 h
5 = f(@ar, o1, p1) + 4d§6>

1
- §f(9021,5622,ll1) ~ 3

1 1 h
> <57 —§f($21,9622,/~01) - if($21,96217/~01) + 4d§€> .
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Since £ € B}, one yields

(3.13) (€, f(wa1, w22, 1)) + (&, f(w21, 221, 1)) — gdg > 0.
By the monotonicity of f(-,-, 1) and w1 € Sg(A2, 1), we obtain
(3.14) E(f (221,221, 1)) =0
and
(3.15) (& f@ar, w2, 1)) < —(&, f(wa2, w21, 1))
From (3.13), (3.14) and (3.15), we imply that

h

(3.16) dy < —(& f(w22, w21, 11))

2
. . 1

Now, replacing z in (3.12) by 5(1‘22 + x91), we have

(317) <€7 f<$227 W7 ,U’?>> > 0.

By the (h - )-C-strong convexity with respect to e of f(za2,-, u2), we obtain the
following inequality which is similar to (3.13), concretely

(&, f(w22, 221, p2)) + (&, f(x22, T22, 2)) — gdgﬁ > 0.

As §(f (222, 22, 12)) = 0,

h
2
Summing (3.16) and (3.18) and combining with assumption (iv), we have

(€, f(wa2, w1, p2)) — (€, f (w22, 21, p11))
(&, f (w22, w21, p2) — f(x22, T21, f11))]
nd’y(ﬂl’MZ)dga

(3.18) dy < (&, f(w2, 1, p2))-

hd

VAR VAR VAN

and thus,

1
n

dp < (7)) 47 (o).

Step III: Finally, applying Step I and Step II, for each 11 € S¢(A1, 1) and w22 €
Se¢(A2, p2), we have

1
n

i [ B—0 .Y
d(z11,222) < dj +dg < (7) Yd5 (A, o) + <*) 70 g (g1, p2)-

Hence, we get

(3:19)  p(SEOin). S0 2)) < (22 a8 () + ()77 07 ().
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(b) Now we prove (3.3). We see that BY is a weak® compact set and hence it can
be covered by finitely many open sets, i.e.,

(3.20) B; C Lnj N (&),
=1

where & € B and N(§;) is a neighborhood of &;, defined in (a). For Ng (Ao) and
N, (p0) determined as in (a), let N'(Ag) = iy Ne, (Ao) and N’ (o) = (i Ne, (1o)-
For each (\, 1) € N'(Xo) X N'(up) and & € B, it follows from (3.20) that there exists

e

io € {1,...,n} such that { € N(&;,) and obviously, (A,n) € Ng, (Ao) X Ne, (1o)-
Combining the convexity of f(z,., ) assumed in (ii) with Lemma 3.2, we have

S = | Se(h ).
geBe
For each (A1, p1), (A2, u2) € N'(Ag) X N'(uo), we now show that

321 HSO ). 500 m2) < (M) a8 () + (1) a7 o).

Indeed, for each w11 € S(A1, 1) = UgeprSe(A1, p1), there is £ € B} such that
x1] € Sg()q,,ul). As Sé()\g,/tg) C S(\2, ) and applying (a), one has

(1,82, p12)) < d(x1,S¢(N, p12))

< H*(Sé()‘luul)vsé()‘27u2))

IN

p(Se(A1, pa), Se(Az, p2))-

() o+ (5)

=

0
d7=0 (pa, pi2).

IN

Therefore,

@

322) 1), S0, < (M) 7% 00,000 +

1
n\ =6 ,_1_
E) Tlar (p1, pi2)-
Similarly, we also have

4ml n

3:23) #5050 ) < (M) 708 )+ (1) 70 o).

Combining (3.22) with (3.23), we obtain (3.3). Furthermore, setting \; = A2 and
1 = po in the inequality (3.3), we can see that the diameter of the solution set
S(A1, 1) is O (for arbitrary (A1, u2)), i.e., the solution map S of (GKF) is single-
valued in N'(N\g) x N'(p). The proof is complete. O

Remark 3.4. (i) Compared with the results obtained in [5], the real valued
function f is generalized to the vector valued function. Further, the strong
convexity for the real valued function is extended to C-strong convexity for
the vector valued function.
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(ii) Comparing Theorem 3.3 and the results obtained in [1,12,23,27], we can

see that the main difference is the assumption (ii), namely, we assume that

f(x, -, p) is (h - B)-C-strongly convex with respect to e in conv(K (N (\g)))

in Theorem 3.3 but strong monotone in [23], or strong pseudomonotone

in [1,12] or f is satisfied a condition related to strong monotonicity in

[27]. Hence, Theorem 3.3 can be applicable in the general case of non-

unique solutions while the aforecited results do not work as in the following
example.

Example 3.5. Let X =Y =R LA =M = [0,1], C =R2, e = (1,1), K(\) =

[-1 =X\ 1+A,A=0, and

where z = (x1,22),y = (y1,¥2) € X. It is not hard to see that all assumptions of

Theorem 3.3 are satisfied and S(A) = {(0,0)} is Holder continuous. However, we
can see that

fUL, 1), (=1,-1),A) = f((—-1,-1),(1,1),A) = (0,0), for all A € M.

Hence the assumptions on strong monotonicity in [23], strong pseudo-monotonicity
in [1,12] and some conditions related to strong monotonicity in [27] are not satisfied.
Thus, the main results given in [1,12,27] do not work while Theorem 3.3 can be
applicable.

To illustrate the essential of imposed assumptions which do not relate to Holder
continuity in Theorem 3.3, we bring out some following examples.

Example 3.6 (the strong convexity is essential). Let X =Y =R* A= M = [0, 1],
C=R%, e=(1,1), K(A) =[\1,A=0, and f(z,y,\) = (A2} — y), \(z3 — 13)),
where © = (x1,22),y = (y1,¥2) € X. Then, all assumptions of Theorem 3.3 are
fulfilled, except for the strong convexity of f. By direct calculations, we have

0,1 0,1 if A=0
S() = [0,1] x [0,1], : ;
(L}, HAA£0,
which is not lower semicontinuous at A = 0.
Example 3.7 (the monotonicity is crucial). Let X =Y = R A =M = [0,1],
C = Ri, e=(1,1), K(\) = [0,1],A = 0, and f(z,y,A\) = (¥? — \v1,93 — A\x2),
where z = (z1,22),y = (y1,42) € X. f(z,y,\) = y*> — Az. Then, it is not hard to
see that the assumptions of Theorem 3.3 are satisfied, except the monotonicity of

f (f(z,y,0)+ f(y,2,0) = (y3 + 22, y3 + 23) > 0 assumed in the theorem, for many
x,y € [0,1] x [0, 1]). Direct computations give us the solution set

SO = [0,1] x [0,1], if A=0,
| {00, if A # 0,
which is even not lower semicontinuous at A = 0.

In the special case where K(\) = K (K is a nonempty set), the strong convexity
in assumption (ii) of Theorem 3.3 can be reduced to the strong convex-likeness along
with several other relaxations, and we obtain the following result.
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Theorem 3.8. For (KF) with K(\) = K. Suppose that for each § € B}, Se(\, 1) is
nonempty in a neighborhood of the considered point (N, po). Furthermore, assume
the following :

(i) there is a meighborhood N(uo) of po such that for all x € K and p €
N(uo), f(x,-, p) is (h-B)-C-strongly convez-like with respect to e as well as
(m - 1)-Hdélder continuous with respect to e in convK;
(ii) for each € N(po), f(+,-, p) is monotone in K x K;
(iii) f is (n - v)-Holder continuous with respect to e around pg, 0-uniformly in
K with 6 < .

Then, there exist neighborhoods of N'(uo) such that S satisfies the following Holder
condition: For each p1,p2 € N'(uo),

(3.24) H(S(), S(2)) < ()7 d7 (a1, ).

Proof. (a) We first prove that, for each & € B¥ there are neighborhoods N(§) and

Ng(po) such that for each § € N(§) and 1, p2 € Ng(po),

1
n\zs , 2
(3.25) p(Se(n), Sel2)) < +(7 ) "5 (o),
where p(A, B) := sup{d(a,b) : a € A,b € B} for each A, BCY.
Firstly, we claim that for any given two points x; € S¢(u1) and xo € Se(pu2),
1
n\s , 1
dlaryaz) < (3) 7477 (o).
By the definition of &-solutions, we have that, for all y, z € K,
(326) min {(‘5? f(xla Y, M1)>7 <§7 f(an 2, /1'2)>} > 0.
Putting y = 2 € K in (3.26), we have that

<§af($1’3/,/11)> > 0.

By virtue of the (h - §)-C-strong convex-likeness with respect to e of f(xa1, -, 11),
we have that there is v € K such that

1 1 h
flavo,m) = 5f(@r, 22, ) = S f (@ @1, ) + Zdﬁ(ﬂfl,l’z)e c-C.

2
Therefore,
1 1 h g
0 Z gvf(xhvnul)_if(xl)xQ),Ufl)_§f(l‘1uxluul)+zd (1‘1,1‘2)6
1 1 h
> <§7 —§f(331,332,,u1) - §f($17$27/$1) + 4d’8(3€1,1’2)€> .

Since £ € By, one yields

h
(3.27) (& f(z1, 22, 1)) + (& fz1, 210, 1)) — 5035(3517332) > 0.
By the monotonicity of f(-,-, u1) and x1 € S¢(p1), we obtain
(3.28) E(f(z1,21,p1)) =0
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and

(3.29) (& f(z1, 29, 1)) < (&, f(w2, 21, 11))-
From (3.27), (3.28) and (3.29), we have that

h
(3.30) S @ (w1, w2) < (€ fa2, 21, m))-
Now, replacing w in (3.26) by z1, we have

(3.31) <§»f<$2,27/ﬁ2)> = <§,f(:v2,w,u2>> > 0.

By the (h - 5)-C-strong convex-likeness with respect to e of f(z2,-, u2), we obtain
the following inequality which is similar to (3.27), concretely

<£a f(:EQa:L‘lan)) + <£,f($2,1’2,,&2)> - gdlg > 0.
As &(f (w2, w2, p2)) = 0,

(3.32) f

3 < (€ fla2,1,m2)).
Summing (3.30) and (3.32) and combining with assumption (iv), we have

hdi < (€, fwa, w1, p2)) — (€, f @, 1, 1))
< ‘<§7f(x27x17,u2)_f(x27x17:ul)>’
< nd’y(,uh,u?)dga

and thus,

1

n\ sg—eo , 2 _
danay) < (5)" 47 o)
Hence, we get
1

n\ g—g ,-Y_

(3.33) p(Se(pn), Sel2)) < +(57 )7 dF gy, o).

(b) Proving (3.24) is similar to the proof of (3.24) in Theorem 3.3 and hence we can
get our result.
O

4. HOLDER CONTINUITY OF SOLUTION MAPS OF PARAMETRIC DUAL KY FAN
INEQUALITIES

Let X,Y,A, M,C,e, K, f be as in Section 3. For each (A, u) € A x M, we consider
the following parametric dual weak generalized Ky Fan inequality:
(DKF) Find z¢ € K()\), such that

(4.1) f(y, xo, ) ¢ intC, vy € K(X).
As usual, for each (A, ) € A x M, the solution set of (DKF) is denoted by
Si\ p) :={z e K\): f(y,z,pu) ¢ int C,Vy € K(\)}.
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For each & € C*\{0}, X\ € N(\g) and p € N(po), the €—solution set of (DKF) is
denoted by

SEE N 1) ={x € K(\): (& fy, 2, ) <0,Vy € K(\)}.

Note that we can not compare the solution sets of primal problems (KF) with that
of the dual problems (DKF) in general (see, Example 2.1 in [6]). However, under
some suitable assumptions we can get certain relationships between both of them
(see [22]). In this section, we focuss on the Holder continuity of solution mappings
of (DKF) and always assume that all kinds of solution sets of the problems are
nonempty in the neighborhood of the reference point. The following lemma plays
an important role in the proof of our main result.

Lemma 4.1. If for each x € K(A) and (A, u) € Ax M, f(-,x,p) is C-concave-like
in K(\), then

geC\{0} ¢eB
Proof. We first show that

Som= U Sémw.
geCcm\{0}

Let x € Uéec*\{o}Sg(A,,u,), there is £ € C*\ {0}, = € Sg(/\,u). So,

(& f(y,z,p)) <0,y € K(A).
Combining above affirmation with Lemma 2.4, we imply that f(y,z,u) ¢ intC, for
all y € K()\). Hence x € S%(\, u). Conversely, let = € S%(\, ). By the definition
of (DKF), we have
f(K()\),x,,u) N (intC’) = @,
and hence,
(F(K\),z, 1) — C) N (intC) = 0.
Let z1,22 € f(K(N),z,pu) — C, there are y1,y2 € K(\) and ¢1,¢2 € C such that
zi = f(yi,z, pu) —ciyi = 1,2. Since f(-,x, 1) is concave-like in K (), for all ¢ € [0, 1],
there are s € K(\) and ¢ € C such that

tf(thvu) + (1 - t)f(y27x7:u’) = f(Saﬂfvﬂ) -6
fe,tz1+ (1 —t)za = f(s,x,u) —tcr — (1 —t)ca —c € f(K(N),z,u) — C, and hence
F(K(N),z, ) — C is a convex subset of Y. By the virtue of Lemma 2.5, we obtain
a continuous linear functional £ € Y* \ {0} and a number v € R such that
(&,z—c) <y <(&e),Vz e f(K(N),z,u),Ve e C, Ve € intC.

Since C' is a cone, we have (£,¢) > 0 for all ¢ € intC, and hence we also have
(€,¢) > 0 for all c € C, ie., £ € C*\ {0}. Since ¢ € intC and ¢ € C can chosen
arbitrarily close to 0, we yield v > 0 and (£,2) < 0 for all z € f(K(\),z,u), and
hence x € Sg(A,,u). So, S\, u) = Ugec*\{O}Sg()\,u). Using the given arguments
as in Lemma 3.1, we have

U séoumc U séonm.

geC*\{0} §eB;
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g

Applying Lemma 4.1, we establish sufficient conditions for the solution mappings
of (DKF) to be Holder continuous.

Theorem 4.2. Suppose that for each & € B}, the {—solution set Sg()\,u) exists
in a neighborhood of the considered point (Ao, 1o). Furthermore, assume that the
following assumptions are satisfied:

(i) K is (I - a)-Hélder continuous in a neighborhood N (o) of Ao;

(ii) there is a neighborhood N (o) of po such that for all x € K(N(Xo)) and
€ N(po), f(-,z,p1) is (h - B)-C-strongly concave with respect to e as well
as (m - 1)-Holder continuous with respect to e in conv(K(N));

(iii) for each p € U(uo),—f(-,-, ) is monotone on K(N(Xo)) x K(N(Xo));

(iv) f is (n - ~)-Hélder continuous with respect to e around g, 0-uniformly in
K(N (X)) with 6 < §.

Then, there exist neighborhoods of N'(Xo) and N'(uo) such that S¢ is single-valued
and satisfies the following Hélder condition: for each (A1, 1), (A2, p2) € N'(Ag) X
N/(:U’O)z

@2 HE ). 5 00 m2) < (M) 708 () + (1) 47 (o).

Proof. We first show that, for each £ € B} there are neighborhoods N (£), Ng(Ao)

£
and Ng(po) such that for each £ € N(€) and (A1, p1), (A2, 2) € Ng(Ao) X Ne(po)

4ml n

43) (52O, 50w ) < ()78 () + (1) 47 ().

To this end, the proof of (4.3) is divided into three steps:
Step I: For any given two points z11 € Sg()\l,ul) and xo; € Sg()\g,ul), we claim
that

AmiN 5 o
di :=d(x11,221) < (T) T d5 (A1, A2).

By the construction of Sg, for all y € K(\1) and z € K(\2), we have

(4.4) mec { (€, £y, w1, 10)), (€, £z, 21, ) | 0.

Thanks to (i), there are 1 € K (A1) and x2 € K(A2) such that

(45) maX{d($11,$2),d($21,$1)} S lda()\l,)\g).

1
Putting z = 5(:1:11 + z21), it follows from the (h - 3)-C-strongly concavity with
respect to e of f(-,z11, 1) that

1 1 h
—f(Z, z11, 1) + §f($11,$117,ul) + if(ﬂfm,fvn,m) + dee e —C.
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So,

1 1 h
0 > <€, —f(Z,x11, 1) + if(fﬂn,xn,ﬂl) =+ if(le,a:n,m) + de€>

= (& —f(Z, 11, 1)) + <§, %f(9011,$11,/$1)> +

+<§7 %f(ml,mn, u1)> + <§, %d’fe>,

which arrives that

(4-6) %d? < *<§7 *f(fafll,,ul)) - <f, %f(901179€11,#1)> - <f, %f($21,90117H1)>~

On the other hand, combining the monotonicity of f(-,-, u1) and z1; € Sg()\l,m),
one has

(4.7) <§af(96‘11,$11,ﬂl)> =0

and

(4.8) (&, f(w11, 221, 1)) = —(&, f(xa1, 211, p1))-
Combining (4.6),(4.7) and (4.8), one gets

(4.9) %d? < & (@11, 1)) + <§, %f(wn, $21,,L61)>-

Now, setting z = x5 and y = %(xn + 1) in (4.4), we have
@10)  min{ — (& 7(Slon + o) o, m) )€ Fa, )} 20
Hence, from (4.9) and (4.10), we obtain that
Z < <£, f(%(ﬂﬁll + x21),:1:11,u1)> + <€, %f(x11a$21,ﬂl)>
—<§, f(%(fvu + xl))‘rllvul>> - <§, %f($27x21,/~01)>
- (es(ln o)) o (o o)
+<€, %f(x117x21vul>> - <§7 %f(x27$217ﬂl)>
(oo )~ (o )|

—|—‘<§7 %f(xn,l‘m, M1)> - <§> éf($2,$21,u1)>‘-

dy

IN

By (ii), we have

h 1 1
de imd(:cgl,xl) =+ imd(a:n,xg)

IN

1 1
§mda(/\1, )\2) + §'mda()\1, )\2)

= mldo‘(/\l, )\2),
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Hence, we conclude that

4ml
h
Step II : Next we prove that for any given points xo; € Sg()\g,,ul) and x99 €

Sg(A% :U’Q)v

dy < ( )éng\l,Ag).

1
m\aE ,- Y _
dy = d(x21,z22) < (ﬁ) = (1, p2)-

By the definition of S¢, all y, z € K(\2), we get
(4.11) max {(€, f(y, w21, ), (€ F(2, 222, p2)) | < 0.

1
Substituting y = 5(3;21 + x22) in (4.11), we obtain

1
<§7f<§(3?21 + 3622),96217M1>> <0,
which implies that

1
_<§7 f(§($21 + $22)73321,M1)> > 0.
By virtue of the (h- ) -C-strong concavity with respect to e of f(-, xa1, p1), we get

1 1 1 h
—f<§($21 + 9622),96217#1) + §f($217$21, p1) + §f(96227$21, pi) + ngﬁe € —C.

By virtue of the linearity of £ and above discussion, we imply that

(4.12) <§7 —%f($21,x21,u1)> + <§, —%f($22,:1)21,,u1)> — %dg > 0.

From the monotonicity of —f(-,-, u1) and x9; € Sg()\g, 1), we have

(4.13) §(f (w21, 221, 1)) =0

and

(4.14) (& = f(@a2, w1, 1)) < (&, [ (221,222, 1))
Hence, combining (4.12), (4.13) and (4.14), one has

(4.15) hd§ < (& f(@a1, 222, 1))

2
1
Similarly, by setting z = 5(9:22 + 221) in (4.11), and using the above discussion, we

also imply that

gdg < A&, —f (w21, 722, p2)) = —(&, f(wa1, Ta2, p2))-

Summing (4.15) and (4.16) and combining with (iv), we establish

hd; (&, f(w21, 222, 1)) — (&, (w21, T22, p12))
(€, f 21, 22, 1)) — (&, f@21, T22, p12))|
nd’y(/ﬁhM?)dga

(4.16)

INIA A
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i.e.,

dy < (%) %dﬁ(ﬂla 12),

and thus, (4.3) is derived from the conclusions of Steps I and II. Finally, using the
given the same argument in the proof of Theorem 3.3, we can arrive the desired
conclusion. O

5. CONCLUSIONS

In this paper, by using the strong convexity and Holder continuity for both the
vector valued mappings of the primal and dual parametric vector Ky Fan inequality
in metric linear spaces, without strong monotonicity assumption, we presented the
sufficient conditions for the mentioned solution mappings to be Holder continuous
around the reference point, when the solution of these problems is not unique.
Finally, we provided many examples to illustrate that the imposed assumptions are
essential.
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