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COMMENTS ON A FIXED POINT THEOREM OF MIRON
NICOLESCU

VASILE BERINDE

ABSTRACT. In what turn out to be his last published paper [Un théoréme de
triplet fize. Collection of articles dedicated to Mauro Picone on the occasion of his
ninetieth birthday, Rend. Mat. (6) 8 (1975), 17-20.], Miron Nicolescu established
a very interesting fixed point theorem for a triplet of mappings f = (f', f”, f'"),
where f' : G" xG" = G'; f':G'"'xG = G"; f7:G xG" — G and
(G',d"), (G",d"), (G",d") are metric spaces. The main aim of this note is to
present a slightly simplified proof of that result, to discuss some other related
aspects and to establish some extensions and generalizations of Nicolescu’s fixed
point theorem.

1. INTRODUCTION

In [9], Miron Nicolescu (1903-1975), a proeminent Romanian mathematician, for-
mer Director of the Institute of Mathematics in Bucharest (1963-1975), President
of Romanian Academy (1966-1975) and Vice-President of the International Math-
ematical Union (1974-1975), established an interesting fixed point theorem for a
triplet of mappings. Our aim in this note is to present a slightly simpler proof
of Nicolescu’s result, to discuss various aspects related to it and to establish some
extensions and generalizations.

We first introduce all notions and reformulate the results in [9], by using a slightly
different notation.

Let G = (G',G",G") be a triplet of metric spaces, (G',d), (G",d"), (G",d"),
and f = (f', ", f") be a triplet of mappings defined as follows

f/ . G// % G/l/ - G/7 f// . G// % G/ - G//; f//l . Gl % G// - G/”.

According to [9], it is said that the triplet f is a contraction of the triplet G if there
exists o € (0,1) such that

(1.1)  max{d"(z",2)),d" (2", 2]} <d = d'(f'(2",2""), f'(z},2])) < - d;
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and the analogue relations for f” and f”| i.e., there exists o’ € (0,1) such that
(12) maX{d//,<l’/,/,$/1//),d/(.%',,xll)} S d — d”(f”(:lj'”/, .’L'/)7 f”(x&”,x&)) S a// A d,
and there exists o € (0,1) such that

(1.3)  max{d'(2/, ), d"(2", 2Y)} < d = d"(f"(2',2"), f" (21, 27)) < o™ - d.
The main result in [9] is the following interesting fixed point theorem.

Theorem 1.1. If (G',d"), (G",d"), (G",d") are complete metric spaces and f =
(f', ", f") is a contraction of G = G' x G" x G", then there exists a unique triplet
(d',a",d") € G such that

(14) f’(a”,a/”) — a/; f’l(a,//, a/) — a//; f”/(a/,a”) — a///‘
Proof. 'We adapt the original proof given in [9]. First we note that, in order to
simplify calculations, one can consider the contraction coefficient

a = max{a/,a”, "}

for all contraction conditions (1.1), (1.2), (1.3) satisfied by the mappings f’, f”, f".
Now let 2 € G”, 2" € G” and compute =} = f'(z},2]") and continue the
process:

(15) = ) = ) = )
(L6) el =) = ) e = 5l
A1) =P dh= P d= )

In this way we obtain the sequences
e {d)ca’ (#ce”

defined by the following recurrence relations

(1.8)
T =12 ah); 2l =, an)s angg = flannana)in =123,
respectively.

We prove that {x] },{z'}, {2/} are Cauchy sequences. Let d > 0 be arbitrary
such that

(1.9) max{d'(z},2),d" (2, %3),d" (27", 23)} < d.
Then
max{d" (2", %), d (2}, 2%)} < d
which, by (1.1), implies
d"(wy, 2%5) = d"(f" (=1, 1), f" (2}, 25)) < a - d.
Similarly, we have by (1.9)
max (! (a}, a4), d”(af, 2} < d
which implies, by means of (1.2),
0" ) = 4" (@ ), 1 af) < o
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while
max{d" (25, 25),d" (23, 25')} < d
implies, by means of (1.3),
d'(z5, 2%) = d'(f'(5, 25"), f'(a%, 25)) < a-d.
Now, further,
max{d'(z5, x3),d" (23, 25),d" (25, 25')} < a - d
implies by (1.1)

d//( 3’ 4) — d//(f ( //,,mé),f”(mg/, 3)) < O[ d
and the analogous relations,

(ol ) = At ), ) < 02

and
d (2, ) = d'(f'(«5,2%"), f'(z}, 7)) < o® - d,

respectively.

By induction and in view of the recurrences (1.8), we obtain
(1'10) d//(gcl/ $n+1) d//(f ( ;/L/ lvx,nfl)’f//(l’/ry’ n)) <a” 'da
(111 @) = ), ) < 0
and
(1.12) &'y, ahy) = d'(f'(@h, 2))), (@0, 2040) <ot d

foralln=1,2,3,...

Now, by a routine computation, it follows from (1.10), (1.11), (1.12) that
{z,}, {2}, {z)} are Cauchy sequences in the complete metric spaces (G', d'), (G",d"),
(G",d"), respectively. Denote

(1.13) a = lim 2; o = lim 2!); o= lim 2.

n—oo n—o0 n—oo

In view of the fact that f/, f”, f"" are uniformly continuous, by letting n — oo in
(1.8), we obtain (1.4), i.e

f/(a//’ a///) — a/; f//(a///, a/) — a//; f///( ) — a////‘
To prove the uniqueness, assume that there exists (b',0”,0") € G with the same
property, i.e.,

FOLET) =Y ) =Y ) =
and let h > 0 be such that
max{d'(a’,t'),d" (a",b"),d" (a" ")} < h.
Then, the following implications hold

maX{d”(a”,b//),d/”(a///, b///)} S h:>d/(a/,, b/) S Of'h,
maX{d,//(a”/,b,//),d/(a/,b,)} S h:> d//(a//7b//) S Of'h,
max{d/(a’, b/)7 d”(a”, b//)} S h _— d//l(a///’ b//l) S Q- h,

and hence
maX{d/(a,, b/), d”(a”, b”), d,//(a”/, b//l)} S a- h
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By induction one obtains
(1.14) max{d (a’,t"),d"(a",b"),d" (", 0"} <™ - h,n=1,2,3,....
Now, by letting n — oo in (1.14), one obtains
max{d’(a', b,), d"(a", b”), d///(a///’ b///)} <0,
which implies d'(a/,0) = 0,d"(a”,b") = 0,d" (", 0"") = 0, that is,
a/ — b/ a// — b// a/// — b///
which proves the uniqueness of the fixed point of f. O

Remark 1.2. The contractiveness property introduced by conditions (1.1), (1.2)
and (1.3) must be interpreted in the following sense: f’ is a contraction if there
exists o € (0,1) such that for any d satisfying max{d"(z",z),d" (2", 2{")} < d,
one has

(1.15) d(f' (2", 2", f (2, 2])) <o - d,

and the analogous ones for f” and f”’. This also includes the limit case

d = max{d"(z", ), d" (", 2"}

This means that the interpretation of that condition as: f’ is a contraction if there
exists o € (0, 1) such that for some d satisfying max{d” (2", ), d" (2", 2{")} < d,
one has
(1.16) d'(f'(a",a"), f'(a,27)) < o' - d,
would be wrong, as illustrated by Example 1.1 below.

Example 1.1. Let G’ = G”" = G"” = [0,1] with the usual distance and let f’ :

:L'//“I_:LJ//
G" x G" — G' be given by f'(z",2"") = ————, for all 2" € G” and 2" € G".

2
Then, for " = 2" =1 and 2 = 2" = 0 one has

1= max{d”(x", flflll), d///(l’///, 117/1//)} S d=2

and
d,(f/(l‘”, :L'”/), f/(:vlll’xllll)) S a/ . d

1
for o/ = 5 but condition (1.16) is not satisfied, since

L= d ("), £ ) > ol ma{d (a2t 4 (@ 2} =

DN |

It is easy to see that, if f” and f” are defined similarly, i.e., f”(z",2') = #,

for all 27 € G and 2’ € G/, f"'(2/,2") = %, for all ' € G’ and 2" € G”, then
any triplet (a,a,a) with a € [0, 1] is a fixed point of the triplet f = (f', f”, f"") .

Remark 1.3. In view of the previous Remark 1.2, if f = (f/, f”, f"") is a contraction
of GG, then this implies that

(1.17)

d/(f/(x//, :C,/,)7 f/(xlll’x/{/)) S a/-{d”(l‘”,x/{),d///(.%'///,.%'/lll)},V$//,.%'/1/ c G//’x///’x/{/ c G///;
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VSL'”, :L,/I/ c G”, :L‘/”, xlll, c G/”;

(118) d//(f//(.’E”/,.’L'/),f//(I'/l//,Jf/l)) S O[// . max{d/”(x/”,x/{/),d/(:z:/,xll)},

n n " / / /
Ve x] € G2 2y € G

(1.19) d"(f"(2",2"), f" (21, 2Y)) < o - max{d'(a', 2}),d" (=", 27)},

va' o e G2 2l e G,
Note that in the presence of the contraction conditions (1.17), (1.18), (1.19) for f =
(f", ", f"), the proof of Theorem 1.1 follows by the Banach contraction principle.

A simpler proof of Theorem 1.1.
In this case we consider the mapping F': G — G, defined by
(120) F(l‘/, l'//7 LU///) _ (f/(.’ljl/, JI///), f”(x/”, .’13/), f///(LU/, .’13//)), V(‘T/, ZL'//, .T///) c G,
and consider on the product space G the max metric d given by
(121) d((l_/’ CL',/,:,U”/), (y/’ y//, y///)) — maX{d/(x,, y/)’ d”(x//, y//)’ d”’(l"”,y,//)},

for all (LL‘/, x| :L‘/”), (y/’ Y y///) cq.
Now, by denoting
a =max{d, ", a"},
it is easy to prove that, in view of (1.17), (1.18) and (1.19), F' is an a-contraction
on the complete metric space (G,d). Therefore, by Banach contraction mapping
principle [1], we conclude that there exists a unique fixed point (a’,a”,a”) of F in
G, that is,
F(a/’a/,,a//,) — (a/’a//’a///)’
which, by virtue of (1.20), implies (1.4).

Remark 1.4. Note that the second proof of Theorem 1.1 has been also indicated
by Ivanov [6] in the review he has written in Zentralblatt fiir Mathematik to the
article of Miron Nicolescu [9].

At a certain step, in the proofs of Theorem 1.1 we used the continuity of the
mappings f’, f”, f"”". But, as it is well known, see for example [8,10] and the mono-
graph [3], it is possible to get the conclusion of the contraction mapping principle for
discontinuous mappings, too. This has been done for the first time by Kannan [7],
see also [4] and [5].

The next theorem is an extension of Theorem 1.1 to Kannan type contractive
mappings.

Theorem 1.5. Let (G',d'), (G”,d"), (G",d") be complete metric spaces and sup-
pose f = (f',f", f") is a Kannan type contraction of G, that is, there exists
o, " e (0,1/2) such that

(1.22)  d'(f'(2",2"), f'(y",y") < o [d'(, f' (", &™)+ d' (&, (" 9]
for all ',y € G' 2",y € G" 2" " € G
(1.23) d”(f”(ibm,:tl),f”(ym,y/)) <a [d”(x”,f”(wlu,xl)) + d"(y”,f”(y'",y'))} ’
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fo,,,. all :E,, y/ c G/,:U”, y// c G//’:L,///’y/// c G///;
(124) d///(f///(x/7$//)7f///(y/’y//)) S O/// [d,/,(:,U/,/, f‘///(lj7 x//)) + d//(y///’ f‘///(y/7 y//))] ,
fo,r, all x/’y/ c G/7:I:”, y// c G,/,SU”/,y”/ c G///'
Then there exists a unique triplet (a',a”,a") € G' x G" x G" such that
(125) f’(a”,a”’) — a/; f”(a///7 a/) — a/l; f///(al7a”) — a/l/‘
Proof.
Consider the mapping F' : G — G, defined by
(126) F(l‘,,xﬂ, :U///) — (f/($//’x///),f//(x///,x/),f///(x/’;v//))7v(x/’x//,x///) c G,
and consider on the product space G the metric d given by
(127) d((l',’.r//’ x///)7 (y/’y//’y///)) — d,(lj, y/) + d”(fL‘”, y//) + d”’(l"”,y”’),

for all (z/,2",2"), (v, y",y") € G. Since, by hypothesis, (G',d"), (G",d"), (G",d")
are complete metric spaces, it follows that (G, d) is a complete metric space, too.
Now, by denoting
a =max{d,a” a"},
it is easy to see that the contractions conditions (1.22), (1.23) and (1.24), also hold
with o/, o, " replaced by a:

(128) d/(f/(:c”,m”/),f’(y",y"')) S a [d/(l‘/,f/(ﬂ?//,xm)) +d/(y/,f/(y/,ym))],
fOI' all l‘l, y/ c G/,.’E”, y// c G,/,SU”/,y”/ c G/H;

(129) d”(f”(x///, x/),f”(y///,y/)) S a [d//(l'//7f,/(xll,,xl)) +d”(y”, f”(y”/, y/))] ,
fOr all x/’ y/ c GI)x//’ y// c G//7 x///7 yI// c G///;

(130) d,/,(f”/(x,,x//),f”/(y/, y//)) S Q [d/”(xlll, f/”(x/,x//)) + d”(y///, f/”(y/,y”))] ,

forall /.y € G',2",y" € G, 2",y € G". Now, by summing up (1.28), (1.29) and
(1.30) we obtain a Kannan type contraction condition for the mapping F : G — G:
(1.31)

d(F(x), F(y)) < ald(z, F(z)) +d(y, F(y)],Vz = («/,2",2"),y = (v, 4", y") € G.

Now, conclusion follows by Kannan fixed point theorem [7].

However, for the sake of completeness and especially in order to illustrate the
way we proceed when F' is not more continuous, we shall present a detailed proof,
different from that given in [3].

Take zg € G arbitrary and consider the Picard orbit of F' starting from zg, i.e.,
the sequence {z,}, given by x,, = F"(zg), n > 1.

By taking x := z,,_1, y := x, in (1.31), we obtain

d(F(2n-1), F(2n)) < a[d(@n-1, F(zn-1)) + d(zn, F(2y)]
which yields
d(xp, Tnt1) < a[d(Tp—1,2y) + d(Tpn, Tpi1)],
i.e.,
Q@

1.32 d(xn, Tpy1) <
(1.32) (n, 2ns1) € T

d(xp—1,2n),n > 1.
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Denote § = +%-. Since 0 < a < 1/2, we get 0 < 6 < 1 and therefore

.
(1.33) d(xn, Tpt1) < 0 - d(xp—1,2p),n > 1.

Now, by (1.33) we obtain
(1.34) d(xp, Tpt1) < 0" - d(zg,x1),n > 1
and
(1.35) d(Tn, Tnyp) < (0 + 24+ OP) - d(xp—1,xn),n > 1,
respectively. By (1.34) and (1.35) we get

d(xp, Tnyp) < 157:5 ~d(xg,x1),n,p > 1,

which shows that {x,} is a Cauchy sequence in the complete metric space (G,d).
Denote
a= nh_)nolo F(xzy).
Next,
d(a, F(a)) < d(a, !Tn-&-l) + d(xn-&-la F(a)) = d(a, xn-i—l) + d(F($n)’ F(a))
< d(a,rp+1) + ald(zp, Tnt1) + d(a, F(a))].

The previous inequalities show that
1 «
d(a,F(a)) < Ed(a, Tnt1) + Ed(:cn,azn_i_l,n > 1.

By letting n — oo in the previous inequality we obtain d(a, F'(a)) = 0, i.e., a is a
fixed point of F. If we denote a = (a’,a”,a”), this means

f/(a// a///) — a/. f//(a/// a/) — a///' f///(a/ CL//) — a////‘
To prove that the fixed point a = (a’,a”, a”) is unique, assume there exists another
fixed point b = (b',0”,b") of F in G. Then, by (1.31) we get
d(a,b) = d(F(a), F(b)) < ald(a, F(a)) + d(b, F(b))] =0,
which proves the uniqueness. O

Remark 1.6. From the proof of Theorem 1.5 we could obtain, like in [3], both a
priori and a posteriori error estimates for Picard iteration in a unique formula:
52‘
1-96
Indeed, if we take i = 1 in (1.36), then we get the a posteriori error estimate

(1.36) d(zpti-1,a) < d(xp, n-1), n=0,1,2,...;i=1,2,...

d(l'naa) S %d(:ﬂnvwnfl)? n= 1>27"'7

while, for n =1 in (1.36), we get the a priori error estimate
i

1—90

d(z;,a) < d(zy,20), 1=1,2,...,

— [0
where 0 = %~ and

a =max{da, o, a"}.
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Remark 1.7. A similar result to the fixed point theorem given by Theorem 1.5
can be established by using a Chatterjea type contraction condition, see [4,8,10].

Theorem 1.8. Let (G',d'), (G",d"), (G",d") be complete metric spaces and sup-
pose [ = (f',f", ") is a Chatterjea type contraction of G, that is, there exists
o, " e (0,1/2) such that

(137) d/(fl(x,/7x/,/)7f/(y//,y/”)) S a/ [d/(x,,f,(y/l,y///)) +d/(y/,f/($”,x/”)):| ,
for all .T/ y/ E G/ fL‘” y// 6 G// SU”/ y/// E G///,
(138) d”(f”(.?U/”,:E/), f”(y/”,y/)> S a// [d”(l’”, f”(y///, y/)) + d”(y”,f//(x/”,x/))] ,
fo,r, all x/ y/ E G/ .’EN y// e G// x/// y/// E G///,
(139) d///(f///($/7m//)7f///(y/’y//)) S a/// [d,/,(LE”/, f'///(y/7 y//)) + d”(y”/,f”/(x,,x//))] ,
fo,r_ all x/ yl c GI m// y// c G// [BIH yI// c GI//.

Then there exists a unique triplet (a',a”,a") € G' x G" x G" such that
(1.40) f/(a//, am) _ a/; f”(am, a/) _ a//; fm(a/, a//) —a"
Proof.

1mmilarly to the proot o eorem 1.5, consider the mapping F' : G — G, define

Similar] h f of Th 1.5 ider th ing F': G — G, defined
by
(141) F(ﬂj,,m”, ‘/L,///) — (f,(l'”,m”/),f”(a’:”’,a’;/),f’”(ﬁvl,l’,,)),v(lj,x”,l’”’) E G,
and on the product space G consider the metric d given by
(142) d((x/, J,‘//7 LU///), (yl7 y//’ y///)) _ d/(JZ‘/, y/) + d//(.’E”, y//) + d”/(.’['///, y///)’
for all («/, 2", 2", (v, y",y") € G. Since, by hypothesis, (G',d), (G",d"), (G",d")
are complete metric spaces, it follows that (G, d) is a complete metric space, too.

Now, by denoting

a =max{d,a” a"},

it is easy to see that the contractions conditions (1.37), (1.38) and (1.39), also hold
with o, o, o replaced by a:
(143) d/(f/(l'//,fl'”/), f/(y//;y”/)) S Q [d/(l'/, f/(y//;y///)) + d/(y/, f/(x”, JJ///))] ,
for all xl y/ E G/ .:U// y// e G// :L,/// y/// E G///,
(144) d/l(f”(x///, x,),f”( ///7y/)> S a [d”(l'”, f//( ///7y/)) + d//(y//7 f”(.’L’”l, x/))] ,
for all x/ y/ E G/ :__L,// y// 6 G// $/// y/// E G///,

(145) d”,(f”/(x,,x//),f”/(y/,y”)) S Q [d//l(xlll,f///(y/’y/l)) + d//(y”/,f”/(x/,x”))] ,

for all ',y € G',2",y" € G", 2" ,y" € G". Now, by summing up (1.43), (1.44)
and (1.45) we obtain a Chatterjea type contraction condition [4] for the mapping
F:G—G:

(1.46)

d(F(z), F(y)) < ald(z, F(y) +d(y, F(2)], Vo = (2/,2",2"),y = (v, y",y") € G.

From (1.46), we obtain the following two inequalities

(1.47) d(F(x), F(y)) < dd(z,y) + 26 - d(y, F(z)),Vz,y € G,
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(1.48) d(F(z), F(y)) < dd(xz,y) + 20 - d(z, F(x)),Vx,y € G,
where § = %-. Now, in a standard way, see [2], by (1.47) we obtain the existence
of the fixed point of F', while, by means of (1.48) we obtain its uniqueness. O

Remark 1.9. We can prove Theorem 1.8 in a similar manner to the first proof of
Theorem 1.1, by working separately in each complete metric space (G, d’), (G",d")
and (G",d""). By using the same technique, one can prove the following interesting
result.

Theorem 1.10. Let (G',d"), (G",d"), (G",d") be complete metric spaces and
suppose ', ", f" are hybrid type contractions, that is, there exists o/, o™ € (0,1)
and " € (0,1/2) such that

d,(f/(ﬂf//, SU///), f,(y//, y///)) S O[/ . max{d”(a:", y//)’ dm(l‘/”’ y///)}’
for all x// y// c G// :U”/ y/// c G///,
9 9 9 )
d//(f//(.r///7 .',U/), f//(y///, y/)) S a// [d//(l‘//, f//($///7 x/)) + d//(y//, f//(y///7 y/))] ,
/ / ! " 1 1 " " ",
forall ',y € G' 2" y" € G" 2" y" € G";
d///(f///($/, x//)’ f”/(x£7x£/)) S a///'max{d/(x/7$£)’ d”(x//, xlll)}’v:z/’ xll E lex//’ mllll E G/I.
Then there exists a unique triplet (a’,a”,a"”) € G' x G" x G" such that

f/(a”,a”/) — a/; f//(a///7a/) — a//; f///(al7a”) — a/l/.

ACKNOWLEDGMENTS

He is grateful to Franco Brezzi who provided a scanned copy of the paper [9].

REFERENCES

[1] S. Banach, Théorie des Operations Lineaires, Monografie Matematyczne, Warszawa-Lwow,
1932
[2] V. Berinde, Approzimating fixed points of weak contractions using the Picard iteration, Non-
linear Anal. Forum 9 (2004), 43-53.
[3] V. Berinde, lterative Approximation of Fized Points, Second edition, Lecture Notes in Math-
ematics, 1912. Springer, Berlin, 2007.
[4] S. K. Chatterjea, Fized-point theorems, C.R. Acad. Bulgare Sci. 25 (1972), 727-730.
[5] L. B. Ciri¢, , A generalization of Banach’s contraction principle, Proc. Am. Math. Soc. 45
(1974), 267-273.
[6] A. A. Ivanov, Review 54062, Zentralblatt MATH, 1975
[7] R. Kannan, Some results on fized points, Bull. Calcutta Math. Soc. 10 (1968), 71-76.
[8] J. Meszaros, A comparison of various definitions of contractive type mappings, Bull. Calcutta
Math. Soc. 84 (1992), 167-194.
[9] M. Nicolescu, Un théoréme de triplet fize, Rend. Mat. 8 (1975), 17-20.
[10] B. E. Rhoades, A comparison of various definitions of contractive mappings, Trans. Amer.
Math. Soc. 226 (1977), 257-290.
[11] I. A. Rus, Some variants of contraction principle, generalizations and applications, Stud. Univ.
Babeg-Bolyai Math. 61 (2016), 343-358.
[12] M. R. Taskovi¢, Transversal spring spaces, the equation © = T(z,...,x) and applications,
Math. Morav. 14 (2010), 99-124.



28 VASILE BERINDE

Manuscript received 15 December 2017

VASILE BERINDE
Department of Mathematics and Computer Science, North University Center at Baia Mare, Tech-
nical University of Cluj-Napoca, Victoriei 76, 430122 Baia Mare Romania

E-mail address: vberinde@cunbm.utcluj.ro



