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closed convex subset of a Banach space), the fixed point set of such a map is always
contractible. In fact, we will clearly see that the contractibility, not the convexity
as usually seen in fixed point theory, arises as a natural structure of the fixed point
set of a continuous Subrahmanyam map.

2. Preliminaries

Let X be a (nonempty) set and T : X → X a selfmap. For any x ∈ X and
n ∈ N ∪ {0}, we will follow the convention by writing Tx for T (x), and Tnx for
n-th (Picard) iterate of T (where T 0x = x). A point x ∈ X is a fixed point of T if
Tx = x and the fixed point set of T is F (T ) = {x : Tx = x}.

Recall that a selfmap T of a metric space (X, d) is called a contraction if there
exists c ∈ [0, 1) such that

d(Tx, Ty) ≤ cd(x, y),

for all x, y ∈ X.
The followings are three well-known theorems we mentioned in the introduction.

Theorem 2.1 (Banach [1]). Let (X, d) be a complete metric space. If T : X → X
is a contraction, then T has a unique fixed point, and the iterative sequence (Tnx)
converges to the fixed point of T for any x ∈ X.

Theorem 2.2 (Subrahmanyam, [3]). Let (X, d) be a complete metric space and
T : X → X a continuous map. If there exists c ∈ [0, 1) such that

d(T 2x, Tx) ≤ cd(Tx, x),

for all x ∈ X, then T has a fixed point, and the iterative sequence (Tnx) converges
to a fixed point of T for all x ∈ X.

Theorem 2.3 (Suzuki [4]). Let (X, d) be a complete metric space and T : X → X
a map. Then T has a fixed point, and the iterative sequence (Tnx) converges to a
fixed point of T for all x ∈ X if and only if T satisfies the following two conditions.

(1) For x ∈ X and ϵ > 0, there exist δ > 0 and k ∈ N such that

d(T ix, T jx) < ϵ+ δ ⇒ d(T i+kx, T j+kx) < ϵ,

for all i, j ∈ N ∪ {0}.
(2) For x, y ∈ X, there exist k ∈ N and a sequence (αn) in (0,∞) such that

d(T ix, T jy) < αn ⇒ d(T i+kx, T j+ky) <
1

n
,

for all i, j ∈ N ∪ {0} and n ∈ N.

Remark 2.4. The continuity of T is required in Theorem 2.2 to ensure the con-
vergence to a fixed point of T , but not in Theorem 2.3.

We now recall the concept of virtual nonexpansiveness introduced by P. Chaoha
[2] in 2007. Let (X, d) be a metric space and B(x, r) denote the open ball (in X)
of radius r > 0 centered at x. Suppose T : X → X is a continuous map with
F (T ) ̸= ∅. The convergence set of T is defined to be

C(T ) = {x ∈ X : the iterative sequence (Tnx) converges}.
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Definition 2.5. We call T virtually nonexpansive if for each p ∈ F (T ) and ϵ > 0,
there exists δ > 0 such that Tn (B(p, δ)) ⊆ B(p, ϵ) for all n ∈ N.

Theorem 2.6. If T is virtually nonexpansive, then F (T ) is a retract of C(T ).

3. Main Results

Throughout this section, we let T be a selfmap on a complete metric space (X, d).

Definition 3.1. We call T a Subrahmanyam map if there exists ψ : X → [0, 1) such
that for each x ∈ X,

(i) d(T 2x, Tx) ≤ ψ(x) d(Tx, x),
(ii) ψ(Tx) ≤ ψ(x).

Notice that a Subrahmanyam map and ψ in the above definition may not be
continuous. Moreover, we will see later (in Example 3.5 below) that our definition of
Subrahmanyam map is strictly weaker than the original Subrahmanyam’s condition
in Theorem 2.2 (where ψ(x) = c).

Example 3.2. Let T : [0, 1] → [0, 1] be defined by

Tx =

{
1, x = 0,
x

2
, x ̸= 0.

It is easy to see that T is a discontinuous Subrahmanyam map with ψ(x) =
1

2
.

Notice also that (Tnx) converges to 0, which is not a fixed point of T .

Theorem 3.3. If T is a continuous Subrahmanyam map with respect to ψ, then T
has a fixed point, and the iterative sequence (Tnx) converges to a fixed point of T
for all x ∈ X.

Proof. For each x ∈ X and n ∈ N, we have

d(Tn+1x, Tnx) = d(T 2(Tn−1x), T (Tn−1x))

≤ ψ(Tn−1x) d(Tnx, Tn−1x)

≤
n−1∏
i=0

ψ(T ix) d(Tx, x)

≤ ψ(x)n d(Tx, x).

Since ψ(x) < 1,

∞∑
n=0

ψ(x)n converges, and hence (Tnx) is Cauchy. Therefore, (Tnx)

converges, says to p ∈ X, and by the continuity, p is a fixed point of T . �
Remark 3.4. The above theorem still holds if we replace (ii) in Definition 3.1 by
a weaker condition : lim

n→∞
ψ(Tnx) ∈ [0, 1) for all x ∈ X.

We now give an explicit example of a continuous Subrahmanyam map which does
not satisfy the original Subrahmanyam’s condition. Hence, the above theorem is
indeed more general than Theorem 2.2.
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Example 3.5. Let T : R2 → R2 be defined by

T (x, y) =

(
x,
y + |x|+ y

∣∣y − |x|
∣∣

2 +
∣∣y − |x|

∣∣
)
,

for all (x, y) ∈ R2.
First, notice that T is continuous and F (T ) = {(x, y) : y = |x|}.

For each (x, y) ∈ R2, we have ∥T (x, y)− (x, y)∥ =
|y − |x||

2 + |y − |x||
, and hence

∥∥T 2(x, y)− T (x, y)
∥∥ =

∥∥∥∥T (x, y + |x|+ y |y − |x||
2 + |y − |x||

)
−
(
x,
y + |x|+ y |y − |x||

2 + |y − |x||

)∥∥∥∥
=

∣∣∣∣y + |x|+ y |y − |x||
2 + |y − |x||

− |x|
∣∣∣∣

2 +

∣∣∣∣y + |x|+ y |y − |x||
2 + |y − |x||

− |x|
∣∣∣∣

=
|y − |x|| (1 + |y − |x||)

(y − |x|)2 + 3 |y − |x||+ 4

=
(1 + |y − |x||)(2 + |y − |x||)
(y − |x|)2 + 3 |y − |x||+ 4

∥T (x, y)− (x, y)∥

=
(y − |x|)2 + 3 |y − |x||+ 2

(y − |x|)2 + 3 |y − |x||+ 4
∥T (x, y)− (x, y)∥ .

Then, by defining ψ : R2 → [0, 1) by

ψ(x, y) =
(y − |x|)2 + 3 |y − |x||+ 2

(y − |x|)2 + 3 |y − |x||+ 4
,

for all (x, y) ∈ R2, we immediately have for each (x, y) ∈ R2,∥∥T 2(x, y)− T (x, y)
∥∥ ≤ ψ(x, y) ∥T (x, y)− (x, y)∥ ,

and ψ(T (x, y)) ≤ ψ(x, y) because∣∣∣∣y + |x|+ y |y − |x||
2 + |y − |x||

− |x|
∣∣∣∣ = ∣∣∣∣(y − |x|)(1 + |y − |x||)

2 + |y − |x||

∣∣∣∣ ≤ |y − |x|| .

It follows that T is a continuous Subrahmanyam map with respect to ψ. However,
T does not satisfy the original Subrahmanyam’s condition in Theorem 2.2 since
sup

{
ψ(x, y) : (x, y) ∈ R2

}
= 1.

Remark 3.6. Recall that T is called quasi-nonexpansive if

d(Tx, p) ≤ d(x, p),

for all x ∈ X and p ∈ F (T ). In metric fixed point theory, it is well-known that the
notion of quasi-nonexpansive maps includes both contractions and nonexpansive
maps, and the fixed point set of a quasi-nonexpansive selfmap on a strictly convex
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Banach space is always convex. However, T in the previous example is not quasi-
nonexpansive because

∥T (0, 4)− (4, 4)∥ =

√
16 +

4

9
> ∥(0, 4)− (4, 4)∥ ,

and its fixed point set is not convex. Therefore, a continuous Subrahmanyam map
is generally not quasi-nonexpansive, but surprisingly, it is always virtually nonex-
pansive according to the next theorem. As a result, the contractibility, instead of
the convexity, becomes a natural structure for the fixed point set of a continuous
Subrahmanyam map.

Theorem 3.7. If T is a continuous Subrahmanyam map with respect to ψ and ψ
is continuous, then T is virtually nonexpansive, and hence, F (T ) is a retract of X.

Proof. Let ϵ > 0, p ∈ F (T ), and L =

∞∑
i=0

(
1 + ψ(p)

2

)i

≥ 1.

Since T and ψ are continuous at p, there is δ > 0 such that for any x ∈ B(x, δ),

we have d(Tx, p) <
ϵ

3L
and ψ(x) <

1 + ψ(p)

2
.

By letting δ
′
= min

{
δ,

ϵ

3L

}
> 0, then for each x ∈ B(p, δ

′
) and n ∈ N, we have

d(Tnx, p) ≤ d(Tnx, Tn−1x) + . . .+ d(Tx, x) + d(x, p)

≤ ψ(x)n−1d(Tx, x) + . . .+ d(Tx, x) + d(x, p)

=
n−1∑
i=0

ψ(x)id(Tx, x) + d(x, p)

≤
n−1∑
i=0

(
1 + ψ(p)

2

)i

d(Tx, x) + d(x, p)

≤ L (d(Tx, p) + d(x, p)) + d(x, p)

< L
( ϵ

3L

)
+ L

( ϵ

3L

)
+

ϵ

3L
< ϵ.

It follows that Tn
(
B(p, δ

′
)
)
⊆ B(p, ϵ) for all n ∈ N, and hence, T is virtually

nonexpansive. By Theorem 2.6 and Theorem 3.3, F (T ) is a retract of C(T ) =
X. �
Corollary 3.8. If X is a contractible complete metric space and T is a continuous
Subrahmanyam selfmap on X with respect to a continuous function ψ, then F (T )
is contractible.

Corollary 3.9. If X is a closed convex subset of a Banach space and T : X → X
is a continuous map satisfying the original Subrahmanyam’s condition in Theorem
2.2, then F (T ) is contractible.

The next example shows that the notion of Subrahmanyam maps is only sufficient
for the contractibility of fixed point sets.
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Example 3.10. Let T : R2 → R2 be defined by T (x, y) = (x,−y). Clearly,
F (T ) = {(x, 0) : x ∈ R} is contractible, but T is not a Subrahmanyam map be-
cause

∥∥T 2(x, y)− T (x, y)
∥∥ = ∥T (x, y)− (x, y)∥ for all (x, y) ∈ R2.

Up this point, one might expect the contractibility of fixed point sets to hold
for those maps satisfying Suzuki’s condition in Theorem 2.3. Unfortunately, the
following example shows that it is not the case.

Example 3.11. Let T : R2 → R2 be defined by

T (x) =

{
0 if x = 0,

x/ ∥x∥ , otherwise.

Then, for each x ∈ R2, the sequence (Tnx) clearly converges to a fixed point of T ,
and F (T ) = {x : ∥x∥ = 1} ∪ {0}. It follows that T satisfies Suzuki’s condition in
Theorem 2.3, but its fixed point set is clearly not contractible.
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