S Yokohama Publishers
Y Livear ar %ﬂeﬁrﬁa&ﬂ& S’ ooN 2ieaaier CoPyriaht 2016

¢ Volume 2, Number 2, 2016, 301-310

i

APPROXIMATION OF A FIXED POINT OF GENERALIZED
FIRMLY NONEXPANSIVE MAPPINGS WITH NONSUMMABLE
ERRORS

TAKANORI IBARAKI AND YASUNORI KIMURA

ABSTRACT. In this paper, we study an iterative scheme for three different types
of nonlinear mappings defined on a uniformly convex Banach space. These map-
pings are generalization of firmly nonexpansive mappings on a Hilbert space and
their nonlinear structures are different from each other. We prove strong con-
vergence of iterative schemes generated by the shrinking projection method with
errors. When generating the iterative sequence, we consider an error for obtain-
ing the value of metric projections and we prove that the sequence still has a
desirable property for approximating a fixed point of the mapping.

1. INTRODUCTION

The study of firmly nonexpansive mappings is a central topic in convex analysis
since it is closely related to the theory of subdifferentials of convex functions and
monotone operators defined on a Banach space. This study also has a strong con-
nection to metric fixed point theory and it has been investigated by a large number
of researchers.

Let E be a real Banach space and C' a nonempty closed convex subset of £. We
say a mapping T : C' — F is firmly nonexpansive [3] if

[tz —y) + (1 =) (Tz = Ty)|| = [Tz - Ty|

for every x,y € C and t > 0. If E is a Hilbert space, then one can show that T is
firmly nonexpansive if and only if

((x =Tx) = (y—Ty), Tx —Ty) >0

for every x,y € C. One of the most important examples of this class of mappings in
a real Hilbert space H is a resolvent operator K, : H — H of a monotone operator
A: H = H for r > 0 defined by K, = (I +7A)~!. Moreover, the metric projection
Po onto a nonempty closed convex subset C' of H is also an example of firmly
nonexpansive mappings since Pg is a resolvent operator of the subdifferential of i¢,
the indicator function with respect to C'.

As a generalization of the resolvent operator defined on a Hilbert space, some
different types of resolvents defined on a Banach space have been proposed and
studied. These notions correspond to variations of nonlinear mappings on a Banach
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space including firmly nonexpansive mappings. Following [1], we call them mappings
of type (P), (Q), and (R); see the next section.

In the metric fixed point theory, approximation method of a fixed point of a
nonlinear mapping is one of the most important topics and it has been rapidly
developed in the recent research. In particular, the shrinking projection method
proposed by Takahashi, Takeuchi, and Kubota [15] is a remarkable result.

Theorem 1.1 (Takahashi-Takeuchi-Kubota [15]). Let H be a real Hilbert space and
C a nonempty closed convex subset of H. Let T be a nonexpansive mapping of C
into itself such that F(T) ={z € C: z =Tz} is nonempty. Let {ca,} be a sequence
in [0, a], where 0 < a < 1. For a point x € H chosen arbitrarily, generate a sequence
{zn} by the following iterative scheme: x1 € C, Cy = C, and

Yn = QpTy + (1 - Oén)Tl'n,
Cr={2€C:|z—ynl <z —znll} N Cp,
Tnt1 = Po,x

forn € N. Then, {x,} converges strongly to Ppryxr € C, where Pk is the metric
projection of H onto a nonempty closed convex subset K of H.

We note that the original result of this theorem is a convergence theorem to a
common fixed point of a family of nonexpansive mappings. Since they proved this
theorem, a large number of researchers have proposed various types of generalized
results of this method in the setting of Banach spaces; see Kimura, Nakajo, and
Takahashi [10], Kimura and Takahashi [11] and references therein.

In this paper, we study an iterative scheme for three different types of nonlinear
mappings defined on a uniformly convex Banach space. Each of these mappings is
a generalization of firmly nonexpansive mappings on a Hilbert space, however, their
nonlienar structures are different from each other.

The approximating sequences we proposed are generated by the shrinking pro-
jection method with errors. In the original shrinking projection method, we need to
obtain the exact value of the metric projection to generate a sequence in every step,
and it is a task of difficulty. We consider an error for obtaining the value of metric
projections and prove that the sequence still has a nice property for approximating
a fixed point of the mapping. Namely, even if the error sequence does not converges
to 0, it is possible to estimate an upper bound of the approximate distance between
the point in the sequence and its image by the mapping.

The technique we adopted in the results has been proposed in [7,8].

2. PRELIMINARIES

Let E be a real Banach space with its dual £*. The normalized duality mapping
J : E — E* defined by

Jr={y" € E*: |z|* = (z,y") = |ly"[I"}
for x € E. If E is smooth, strictly convex and reflexive, then J is a single-valued

bijection. Let C' be a nonempty closed convex subset of a smooth Banach space F.
A mapping T': C' — E is said to be of type (P) [1] if

(Tx — Ty, J(x — Tz) — J(y — Ty)) >0
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for each x,y € C. A mapping T : C — F is said to be of type (Q) [1,12] if
(T —Ty,(Jx — JTx) — (Jy— JTy)) >0
for each x,y € C. A mapping T : C — F is said to be of type (R) [1,5] if
(JTx —JTy,(r —Tx)— (y—Ty)) >0
for each x,y € C. We denote by F(T') the set of fixed points of 7. A point p in C
is said to be an asymptotic fixed point of T if C' contains a sequence {z,} such that

&y — p and xp, — Tz, — 0. The set of all asymptotic fixed points of T' is denoted
by F(T). It is clear that if T': C — E is of type (P) and F(T') is nonempty, then

(2.1) (Tx —p,J(x—Tx)) >0
for each z € C and p € F(T). Let E be a reflexive, smooth and strictly convex
Banach space and let C be a nonempty closed convex subset of E. It is known that

the metric projection P of E onto C' is a mapping of type (P). We also know that
if T:C — FE is of type (Q) and F(7T) is nonempty, then

(2.2) (Tx —p,Jo — JTz) >0

foreachz € Cand p € F(T). If T : C — FE is of type (R) and F(T') is nonempty,
then

(2.3) (JTx — Jp,x —Txz) >0
for each x € C and p € F(T).

The following results describe the relation between the set of fixed points and
that of asymptotic fixed points for each type of mapping.

Lemma 2.1 (Aoyama-Kohsaka-Takahashi [2]). Let E be a smooth Banach space,
let C be a nonempty closed convex subset of E and let T : C' — E be a mapping of
type (P). If F(T) is nonempty, then F(T) is closed and convex and F(T) = F(T).

Lemma 2.2 (Kohsaka-Takahashi [12]). Let E be a strictly convex Banach space
whose norm is uniformly Gateauz differentiable, let C be a nonempty closed convex
subset of E and let T : C — E be a mapping of type (Q). If F(T) is nonempty, then
F(T) is closed and convex and F(T) = F(T).

Lemma 2.3 (Takahashi-Yao [16]). Let E be a strictly convex Banach space and E*
has a uniformly Gateaux differentiable norm, let C be a nonempty subset of E such
that JC' is closed and convex and let T : C'— E be a mapping of type (R). If F(T)
is nonempty, F(T) is closed, JF(T) is closed and convex and F(T) = F(T), where
F(T) is the set of generalized asymptotic fized points of T.

The mappings of types (Q) and (R) are strongly related to each other; it is a kind
of duality in the following sense. Let E be a reflexive, smooth and strictly convex
Banach space, let C' be a nonempty subset of £ and, let T" be a mapping form C
into E. Define a mapping T* as follows:

(2.4) T*x* := JTJ 'a*
for each z* € JC, where J is the duality mapping on F and J~! is the duality

mapping on E*. We know that JF(T) = F(T*); see [16]. Further, we have the
following result.
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Lemma 2.4 (Aoyama-Kohsaka-Takahashi [1]). Let E be a reflexive, smooth and
strictly convexr Banach space, let C be a nonempty subset of E and let T : C — E
be a mapping of type (R). Let T* : JC — E* be a mapping defined by (2.4). Then
T* is of type (Q) in E*.

In 1984, Tsukada [17] proved the following theorem for the metric projections in
a Banach space. For the exact definition of Mosco limit M-lim,, C),, see [13].

Theorem 2.5 (Tsukada [17]). Let E be a reflexive and strictly convexr Banach
space and let {Cy} be a sequence of nonempty closed convex subsets of E. If Cy =
M-lim,, C,, exists and nonempty, then for each x € E, {Pc,x} converges weakly to
Pc,x, where Pc, is the metric projection of E onto C,. Moreover, if E has the
Kadec-Klee property, the convergence is in the strong topology.

Let E be a smooth Banach space and consider the following function V : Ex E —
R defined by

(2.5) V(,y) = llz]* = 2{z, Jy) + |yl

for each =,y € E. We know the following properties;

) (= = lyl)? < V(z,y) < (=]l + |yll)* for each z,y € E;

(2) V(z,y) +V(y,x) = 2(x —y, Jr — Jy) for each z,y € E;

(3) V(z,y) =V(z,2) + V(z,y) + 2(x — 2, Jz — Jy) for each x,y,z € F;

(4) if E is additionally assumed to be strictly convex, then V(z,y) = 0 if and
only if x = y.

Lemma 2.6 (Kamimura-Takahashi [6]). Let E be a smooth and uniformly convex
Banach space and let {z,} and {yn} be sequences in E such that either {x,} or
{yn} is bounded. If lim, V (xy,y,) =0, then lim, ||z, — y,|| = 0.

The following results show that the existence of mappings ¢ , g,, g%, and gy,
Zr Zr
related to the convex structures of a Banach space F and its dual space. These
mappings play important roles in our result.

Theorem 2.7 (Xu [18]). Let E be a Banach space, r € |0,00] and B, = {x € E :
||| < r}. Then,

(i) if E is uniformly convex, then there exists a continuous, strictly increasing
and convez function g : [0,2r] = [0,00[ with g (0) = 0 such that

loz + (1 = a)yl® < allz[* + (1 = )llyl* = a(l = a)g, (= = y])

for all x,y € B, and o € [0,1];
(ii) iof E is uniformly smooth, then there exists a continuous, strictly increasing
and convex function g, : [0,2r] — [0, co[ with g, (0) = 0 such that

laz + (1 = a)yl* = allz[* + (1 = a)lly|* - a(1 — a)g,(Ilz — ylI)
for all z,y € B, and o € [0,1].
From this theorem, we can show the following result; For the proof, see Kimura [9].

Theorem 2.8. Let E be a smooth Banach space and let r > 0. Then,
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(i) if E is uniformly convez, then the function g, in Theorem 2.7 (i) satisfies

g,(lz = yll) < V(z,y)

for all x,y € By;
(ii) iof E is uniformly smooth, then the function g, in Theorem 2.7 (ii) satisfies

V(z,y) <g.(lz —yll)
for all x,y € B,.

Similar results for the mappings g: and g, also hold as follows:

Theorem 2.9. Let E be a reflexive, smooth and strictly conver Banach space and
let r > 0. Then,

(i) if E is uniformly smooth, then there exists a continuous, strictly increasing
and convez function g* : [0,2r] — [0, co[ with g*(0) = 0 such that

g (|[Jz = Jyl) < V(z,y)

for all x,y € By;
(ii) iof E is uniformly convex, then there exists a continuous, strictly increasing
and convex function g : [0,2r] — [0, 00[ with g:(0) = 0 such that

Viz,y) <g;(IJx = Jyl)
for all x,y € B,.

Proof. (i) Since E is uniformly smooth, we have that E* is uniformly convex. From
Theorem 2.7 (i), we have that for any z*,y* € B} and a € |0, 1], there exists
a continuous, strictly increasing and convex function g* : [0,2r] — [0, 00 with
g7(0) = 0 such that
(2.6)  flaz™ + (1 = a)y*||* < allz[* + (1 = a)[ly*|I* — a1 — a)g’(llz* — y*[)).
For any x,y € By, it is clear that Jx, Jy € B}. From (2.6) we obtain that
|2+ a(Jy — Jo) | — || J=|?

- .

(1= a)gr(IJy — Jz||) < |Tyl* — | Jz|* —
Tending o — 0, we obtain that
gr 17y = Jzl)) < [ Jyl* = |T2]|* = 2(J " T, Ty — Jx)
= ylI* = ll|* - 2{z, Jy — Jz) = V(z,y).
(ii) In the same way as in the proof of (i), we have the desired result by Theo-
rem 2.7 (ii). O
3. APPROXIMATION THEOREM FOR THE MAPPINGS OF TYPE (P)

In this section, we propose an approximation theorem for a mapping of type
(P), which includes the metric projections onto nonempty closed convex subset of
a uniformly convex Banach space.
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Theorem 3.1. Let E be a smooth and uniformly convexr Banach space, let C' be a
nonempty bounded closed convex subset of E, and let r € |0, 00[ such that C C B,.
Let T : C — E be a mapping of type (P) such that F(T) is nonempty. Let {6,}
be a nonnegative real sequence and let oo = limsup,, 0,. For a given point u € F,
generate a sequence {xp} by x1 =2 € C, C; =C, and

Cr1={2€C: (Tay — 2z, J(xy —Txy)) >0} NCy,
Tpt1 €{z€C:|u— Z”2 < d(u, Cn+1)2 + 0pt1} N Chrya,

for all n € N. Then,
limsup ||z, — Tz, < gr_l(éo).

n—oo

Moreover, if 5o = 0, then {z,} converges strongly to Prryu.

Proof. Since C,, includes F(T') # () for all n € N, {C},} is a seqence of nonempty
closed convex subsets and, by definition, it is decreasing with respect to inclusion.
Let p, = Pc,u for all n € N. Then, by Theorem 2.5, we have that {p,} converges
strongly to po = Pg,u, where Cyp = (2, Cp. Since z, € C, and d(u,C,) =
||lu — pnl|, we have that
lu =z ]|* < [lu = pall® + 6,
for every n € N\ {1}. From Theorem 2.7 (i), we have that for a € ]0, 1],
I — ull® < flapn + (1 — a)zn — ul]?
< allpn —ul* + (1 = @)z — ull® = (1 = a)g, (lpn — 2nl))
and thus
ag (Ipn = zall) < 20 — ull® = [pn — ]| < 6.
Tending v — 1, we have that g (|[pn — 2n|) < 6, and thus ||p, — 2,[| < gr_l(én).
Using the definition of p,, we have that p,41 € Cp41 and thus
<T$n — Pn+1, J(xn - Tmn)) 2 07
or equivalently,
(Zn — Prg1, J (T — Txp)) > |20 — Txp?.
Hence we obtain that

||33n - Tan < ||55n - pn—i-lH < ”xn _an + ||pn - pn+l|| < g;l(én) + Hpn - pn—&-l”
for every n € N'\ {1}. Since lim, p,, = pp and lim sup,, §,, = &y, we have that
limsup ||z, — Tz, || < g;l(éo).

n—oo
For the latter part of the theorem, suppose that dg = 0. Then we have that
limsup ||z, — Ty | < 9;1(0) =0
n— 00 -

and

limsupg (|| — pnl]) < limsupd, = 0.
n—oo n—oo

Therefore, we obtain that

lim ||z, — Tzl =0 and lim |z, — py| = 0.
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Then, by Lemma 2.1 and since p, — pg, we have that x, — py € F(T) = F(T).
Since F(T') C Cy, we get that pg = Poyu = Pp(ryu, which completes the proof. [

4. APPROXIMATION THEOREM FOR THE MAPPINGS OF TYPE (Q)

We next consider an approximation theorem for a mapping of type (Q). This
type of mappings includes the generalized projections onto nonempty closed convex
subset of a uniformly convex Banach space.

Theorem 4.1. Let E be a uniformly smooth and uniformly convex Banach space,
let C be a nonempty bounded closed convex subset of E, and let r € |0, 00| such that
C C B,. Let T : C — E be a mapping of type (Q) such that F(T) is nonempty.
Let {0, } be a nonnegative real sequence and let 6y = limsup,, 6,,. For a given point
u € E, generate a sequence {x,} by x1 =2z € C, C1 =C, and

Coy1=1{2€C: Txy —z,Jx, — JTxy) >0} NCy,

Zny1 € {2 € C: [Ju— 2| < d(u, Crg1)? + Ong1} N Crya,
for alln € N. Then,

limsup ||z, — Txy|| < g;l(ﬁr(gjl(cso)))-

n—oo
Moreover, if o = 0, then {z,} converges strongly to Pp(ryu.
Proof. Since C,, includes F(T) # () for all n € N, {C,} is a seqence of nonempty
closed convex subsets and, by definition, it is decreasing with respect to inclusion.
Let p, = Pc,u for all n € N. Then, by Theorem 2.5, we have that {p,} converges
strongly to po = Pc,u, where Cy = (22, Cy. Since z,, € Cy and d(u,Cp) =
|lu — pn||, we have that
lu = aa|* < llu = pall® + 6n
for every n € N\ {1}. From Theorem 2.7 (i), we have that for a €]0, 1],
lpn — wll? < [lapy + (1 = @)y — ul®
< allpp — ul* + (1 = @)z — ul* = a(l = @)g, (lpn — znl)
and thus
ag, ([P = @nll) < lzn = ull® = llpn — ul|* < 0.
Tending a — 1, we have that g (|lp, — zs[|) < 6, and thus [[p, — 2| < g;l(én).
Using the definition of p,, we have that p,41 € Cp41 and thus
<Twn — Pn+1, an - JTxn> > 0
From the property of the function V', we have that
0 < 2(Txp — pti1, Jxn — JTxy)

= 2(ppn+1 — Tap, JTxy — Jxp)

= V(pnt1,2n) = V(pnt1, Tan) — V(Tap, 2n)

< V(pn+1a xn) - V(Txmxn)'
By Theorem 2.8 (ii), we obtain that

<

V(Tmnaxn) V(pn+17xn)
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(Prt1,Pn) +V(Pn, @n) + 2(Pnt1 = Pny Jpn — Jin)

(Prt1,Pn) + G (lpn = 2all) + 2(pns1 — pn, Jpn — Jon)
<V (Pnt1,0n) + 5,(9- " (00) + 2(Pni1 — Pu, Jon — Jn).

Since lim sup,, ,, = dp and p,, — pg, we have that

limsup V(Tzn, 2n) < g,(g, L(60)).

n—oo

Therefore, by Theorem 2.8 (i), we have that
lim sup ||z, — Tan | < limsup g, YV (Tan, 20)) < g7 (9,(g, " (90)))

n—oo

|4
|4

IN

For the latter part of the theorem, suppose that do = 0. Then we have that
limsup [z, — T < g (9,(g,'(0))) =0
n—oo
and
limsupg (lzn — pnl) < limsupd, = 0.
n—oo n—00

Therefore, we obtain that

lim ||z, — Tzy| =0 and hm |z, — pnl| = 0.
n—oo

Then, by Lemma 2.2 and p, — po, we have that x,, — pg € F(T) = F(T). Since
F(T) C Cy, we get that pg = Po,u = Ppr)yu, which completes the proof. O

5. APPROXIMATION THEOREM FOR THE MAPPINGS OF TYPE (R)

The mappings of type (R) is, in a sense, the dual of the mappings of type (Q). By
using this fact, we obtain the following an approximation theorem for this mapping.

Theorem 5.1. Let E be a uniformly smooth and uniformly convexr Banach space
and let C' be a nonempty bounded of E with JC' is closed and convex and r €]0, co[
such that C C B,. Let T : C — E be a mapping of type (R) such that F(T) is
nonempty. Let {6,} be a nonnegative real sequence and let 6y = limsup,, §,,. For a
given point u € E, generate a sequence {x,} by x1 =x € C, C1 = C, and

Cny1=1{2€C:(JTxy — Jz,xp, — Txy) >0} NC,,
Tpp1 €{z€C: || Ju—Jz||? <d(Ju, JCpi1)? + 6ng1} N Cry1,
for alln € N. Then,
lim sup ||z, — T || < 9. (@ (g (@ (g (60)))-

Ju where P*

Moreover, if 5 = 0, then {x,} converges strongly to J* TR(T) 18

Prpm
the metric projection of E* onto JF(T).

Proof. From Lemma 2.4, we have that T* : JC — E* is of type (Q) in E* with
F(T*) # 0, where T* is defined by (2.4). Put z} = Jx, and C} = JC, for each
n € N. Then T* and {z},} satisfy the conditions of Theorem 4.1 in E*. Theorefore,
we obtain that

(5.1) lim sup ||z, — Tz | < g~ 'G5 (g7 (%))
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where the function g* and gy in Theorem 2.9. Moreover, if o = 0, then {z}}
converge strongly to F(T*)Ju where PF(T*) is the metric projection of E* onto
F(T*) = JF(T). From Theorem 2.8 (i) and 2.9 (ii), we have that
(5.2) 9,1 Tzn — znll) < V(Twn, 2n) < gr([|Jzn — JTanl]).
From (5.1) and (5.2), we obtain that
lim sup | Tz, — ]| < limsup g~ (g2(1 Tz — JT0])))
n—oo n—oo

<9, @: (g @ (g (60))

Finally, we show that {z,} converges strongly to .J *1P;;(T*)Ju. Since F is uni-
formly smooth and uniformly convex, we obtain that the duality mapping J~! on
E* is continuous and z,, = J 'z for each n € N. Since z}, — P;(T*)Ju, we have
that

T = J 1), = T P Ju
This completes the proof. O

6. DEDUCED RESULTS

In the case where FE is a Hilbert space, the functions 9. Grs g* and gy become

9.=9,=9.=3,=|" |2 for every r € ]0, 0o[. Therefore, as a direct consequence of
Theorems 3 1, 4.1 and 5.1, we obtain the following result.

Corollary 6.1. Let H be a Hilbert space and let C' be a nonempty bounded closed
convex subset of H. Let T : C — E be a firmly nonexpansive mapping such that
F(T) is nonempty. Let {6,} be a bounded nonnegative real sequence and let 6y =
limsup,, §,,. For a given point u € H, generate a sequence {x,} by 1 = x € C,
Cl = C, and

Cny1=4{2€C: Tz, — 2,2, — Tay) >0} NCh,
np1 € {2 € Ot Ju—2|* < d(u, Coy1)” + 1} N G,
for all n € N. Then,
limsup ||z, — Tz, < 1/ do.

n—oo
Moreover, if 69 = 0, then {x,} converges strongly to Prryu.
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