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STRONG CONVERGENCE THEOREMS FOR A FIXED POINT
OF A LIPSCHITZ PSEUDOCONTRACTIVE MULTI-VALUED
MAPPING

SEBSIBE TEFERI WOLDEAMANUEL, MENGISTU GOA SANGAGO,
AND HABTU ZEGEYE

ABSTRACT. It is our purpose in this paper to introduce an iterative process which
converges strongly to a fixed point of a Lipschitz pseudocontractive multi-valued
mapping under appropriate conditions.

1. INTRODUCTION

Let E be a nonempty real normed linear space. A subset K of E is called
proximinal if for each x € E there exists k € K such that

e — k|| = inf{[lz — yl| : y € K} = d(a, K).

It is known that every closed convex subset of a uniformly convex Banach space
is proximinal. In fact, if K is a closed and convex subset of a uniformly convex
Banach space FE, then for any = € E there exists a unique point u, € K such that
(see, e.g., [7,14,24,25])

|2 = ua|| = inf{[|z =y : y € K} = d(z, K).

Let E be a nonempty real normed space. We will denote the family of all
nonempty proximinal subsets of E by P(F), the family of all nonempty closed,
convex and bounded subsets of £ by CBC(FE), the family of all nonempty closed
and bounded subsets of E by CB(F) and the family of all nonempty subsets of E
by 2F for a nonempty normed space E.

Let D be the Hausdorff metric induced by the metric d on F, that is, for every
A,B € CB(E),

D(A, B) = max{supd(a, B),supd(b, A)}.
acA beB
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A multi-valued mapping T : D(T) C E — 2F is called L-Lipschitzian if there exists
L > 0 such that,

(L1) ¥,y € D(T), D(T, Ty) < Lz —y].

In (1.1)if L € [0,1), T is said to be a contraction, while 7" is nonexpansive if L = 1.
Let T : D(T) C E — 2¥ be a multi-valued mapping on E. A point x € D(T) is
called a fixed point of T if x € Tx. The set F(T) = {x € D(T) : x € Tz} is called
a fixed point set of T. Let K be a subset of a real Hilbert space H. A mapping
T : K — CB(K) is said to be pseudocontractive (see [18,19,23]), if the inequality

(1.2) (u—v, 2 —y) <z -yl
holds for each x,y € K,u € Tz, v € T'y. In this case,

lz =y — (u =) +2(u —v,2 —y) <2/l —y[I + |z =y — (u—v)|?,
which implies that

lu=ol? < lla = yl* + llo =y — (uw—v)[*.

Hence, T : K — CB(K) is said to be pseudocontractive multi-valued mapping, if
Vae,ye K

(1.3) lu = v||* <llz = yl* + [z —y = (u=0)|]*, VueTz, veTy.
We observe that (1.3) implies that V z,y € K,
(14)  DATa,Ty) <o -yl +llo—y— (u—v)|%, VueTa, veTy,

known as pseudocontractive-type multi-valued mapping (see, [30]).

Now we give an example of pseudocontractive multi-valued mapping.

Example 1.1. Define T': R — CB(R) by

r+1, x<0,
Ty :=<[-1,1], =0,
z—1, x>0.

We observe that F(T) = {0}. One can easily show that 7" is pseudocontractive
multi-valued mapping.

A mapping T : K — CB(H) is said to be k-strongly pseudocontractive (see [18,19]),
if there exists k € (0,1) such that the inequality

(1.5) (w—v,2 —y) < kllz —y|,

holds for each z,y € K,u € Tz, v € Ty. The following is an example of k-strongly
pseudocontractive multi-valued mapping.
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Example 1.2. Define T: R — CB(R) by

{1}, =<0,
Ty :=<{[-1,1], =0,
{-1}, z>0.

Clearly, F'(T) = {0}. One can easily show that 7" is a k-strongly pseudocontractive
multi-valued mapping.

Remark 1.3. Note that the class of pseudocontractive multi-valued mappings in-
cludes the class of k-strongly pseudocontractive multi-valued mappings. The fol-
lowing example shows that the inclusion is proper.

Example 1.4. The mapping T' given in Example 1.1 is a pseudocontractive map-
ping which is not k-strongly pseudocontractive multi-valued mapping. To see this,
take 2 = —3 and y = —2. Then u = —2,v = —1, and (u — v,z —y) = 1 = |z — y|°.
Hence, there is no k € [0,1) such that (u —v,z —y) < klr—y|?, Yu € Tx, v € Ty.
Therefore, T is not k-strongly pseudocontractive mapping.

Definition 1.5. Let E be a Banach space. Let T : D(T) C E — 2F be a multi-
valued mapping. I — T is said to be demiclosed at zero, if for any sequence {z,} C
D(T') such that {z,} converges weakly to p and D({zy},Tz,) — 0, then p € Tp.

Multi-valued Pseudocontractive mappings are also related with the important
class of nonlinear monotone mappings, where A : K — CB(H) is called monotone,
if for any z,y € K,

(1.6) (u—v,x—y) >0, Yue Az,ve Ay.

A mapping A : K — CB(H) is said to be k-strongly monotone mapping if for all
x,y € K, there exists k € [0, 1), such that

(1.7) (u—v,x—y) >kllz—yl*, Yuc Az, ve Ay.

We note that T is pseudocontractive if and only if A := I — T is monotone and
hence x € F(T) if and only if x € N(A) :={x € K : 0 € Azx}.

Existence of fixed points of multi-valued contractions and nonexpansive map-
pings via the Hausdorff metric have been proved by several authors (See for in-
stance, Markin [17], Nadler [20], Lim [15]). Since then, the theory for nonexpansive
and their generalizations has developed greatly with applications in control theory,
convex optimization, differential inclusion and economics (see, for example, [9] and
references therein). For early results involving fixed points of multi-valued map-
pings and their applications see, for example, Brouwer [2], Daffer [4], Downing and
Kirk [6], Geanakoplos [8], Kakutani [12], Nash [21,22], Cholamjiak et al. [3], Khan
et al. [13], Woldeamanuel et al. [30] and the references therein.

In [11], Jung and Morales established a convergence theorem of Mann-type se-
quence to a unique fixed point of k-strongly pseudocontractive multi-valued map-

ping.
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In [30], Woldeamanuel et al. proved that for a Lipschitz pseudocontractive-type
mapping T : K — CB(K), where K is a nonempty closed and convex subset of a
real Hilbert space, the sequence {z,} generated from an arbitrary z; = w € K by
the scheme,

Yn = (1 - ﬁn)xn + ﬁnunv Up € TIL’n,
(1'8) Zn = YnWp + (1 - ")/n)xm Wy € Tym
Tl = aqw + (1 —ap)zn, n>1

converges strongly to a fixed point of the mapping, under some conditions on the
parameters, provided I — T is demiclosed at zero. However, we observe that this
demiclosed condition is strong.

Motivated by the above results, it is our purpose in this paper to prove strong
convergence of Scheme (1.8) to a fixed point of a Lipschitz pseudocontractive map-
ping T : K — CB(K), under some mild conditions, where K is a nonempty closed
and convex subset of a real Hilbert space H, without the assumption that I — T is
demiclosed at zero. The assumption that T'(p) = {p},Vp € F(T) is not required.
Our work improves most of the results that have been proved for the multi-valued
case.

Let K be a subset of a real Hilbert space H. The following notations will be used
in the sequel:

i. — for weak convergence and — for strong convergence.

ii. Given a closed convex subset K of real Hilbert space H, Px denotes the
nearest point projection from H onto K, that is, Pxx is the unique point
in K with the property || — Pgz|| < |z — y]|, for all y € K.

2. PRELIMINARIES

We first recall some definitions, notations and results which will be needed in
proving our main results.

Lemma 2.1 ([29]). Let H be a real Hilbert space. Then, Given any x,y in H, the
following equations hold:

[tz + (1 = t)yll* = tllz[* + (1 = &) [lyl|* — t(1 — t)l|l= — y]*, vt € [0, 1],

Lemma 2.2. [10] Let H be a real Hilbert space. Then, the following equation holds:
If {xz,} is a sequence in H such that x,, — z € H, then

lim sup [, — ylI? = lim sup |, — 22 + |12 — ylI2, ¥y € .
n—oo n—oo
Lemma 2.3 ([1]). Let K be a nonempty, closed and convex subset of a real Hilbert

space H. If x € H and z € K, then, z = Pk (x) if and only if (x — z,y — z) <
0,Vy € K.

Lemma 2.4 ([31]). Let {a,} be a sequence of nonnegative real numbers satisfying
the following relation:

ant1 < (1 — ap)ay + andy, n > no,
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where {a,} C (0,1) and {6,} C R satisfying the following conditions: lim a, =

n—oo

o0
0, Zan = 00, and limsup d,, < 0. Then, lim a, = 0.
— n—o0 n—oo
Lemma 2.5 ([16]). Let {a,} be a sequence of real numbers such that there exists a
subsequence {n;} of {n} such that a,, < an,+1, for all i € N. Then, there ezists a
nondecreasing sequence {my} C N such that my — oo and the following properties

are satisfied by all (sufficiently large) numbers k € N:
Ay, < Qg1 and ag < Gy 1
In fact, my := max{j < k:aj <aji1}.
Lemma 2.6. Let H be a real Hilbert space. Then,
|z +yl* < l|2l* + 2{y. & +y), Vo,yeH
Lemma 2.7 ([20]). Let K be a real Hilbert space H. Let A,B € CB(H) and a € A.
If v > 0, then there exists b € B such that D(a,b) < D(A, B) + 7.

3. MAIN RESULTS

Lemma 3.1. Let H be a real Hilbert space. Suppose K is a closed, conver, nonempty
subset of H. Assume that T : K — CB(K) is pseudocontractive multi-valued map-
ping with F(T) # (. Then, F(T) is closed and convex.

Proof. For A > 0, define J\ : K — K by J\ := (I + A\(I —T))7}, where Jy is
the resolvent of A := I —T. It is known that J) is a single-valued nonexpansive
mapping, defined on the range of I +A(I —T') and hence F'(.Jy) is closed and convex
(see, [23,32]). Thus, since F(T) # 0, we only need to show that F(Jy) = F(T).
Now,

peF(Jy) & Jyp=p
& p=I+AXI-T))""p
& pe(I+XI-T))p
& 0eXI -T)p
& pelp
Thus, F(Jy) = F(T), which shows that F(T) is closed and convex. O

Lemma 3.2. Let H be a real Hilbert space. Suppose K is a closed, conver, nonempty
subset of H. Assume that T : K — CB(K) is Lipschitz pseudocontractive multi-
valued mapping. Then, there is a single-valued nonexpansive mapping S : K — K,
such that for some A > 0 and for any y € K, S(y) is a fizred point of T(x) :=
(I =Ny+ A\Tx.

Proof. Let L be the Lipschitz constant of T', and choose 0 < A\ < m For
each y € K, define the mapping T, : K — CB(K) by Ty(x) := (1 — \)y + A\Tx.
Then, for any x,z € K,

D(Ty(x), Ty(2)) = max{sup z inf 2[|(1 = A)y+u—((1 = Ay + M),
ueT, V&iy
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sup z inf z|[(1 = Ny + dw — (1 — Ny + At ||}
weT, €Ty

= max{sup z inf z|[Au— Av||, sup z inf z||Aw — At||}
ueT, v€Ty weT, €Ty

= Amax{sup inf ||lu— |, sup 1nf |lw — t||}
ueTz VET? weT'z

AD(Tx,Tz)
AL||x — z||
L
2(L+1) |

Then, k € (0,1), which makes T}, a multi-valued contraction. Now,

IN

IN

x— 2|

Put k = (L+1)
as K is closed and convex, by Nadler’s fixed point Theorem [20], T}, has a fixed point
in K, say S(y), i.e., S(y) € (1 — AN)y+ AT (S(y)). Notice that for any y € K, there
exists v € T'(S(y)) such that S(y) = (1 —X\)y + \v € K. Using the assumption that
T is pseudocontractive, we next show that S is single-valued nonexpansive mapping.
If x,y € K, there exists u € T(S(x)), v € T(S(y)) such that S(z) = (1 — Nz + \u
and S(y) = (1 — Ay + Av. Thus,

1S(z) = ()l (S(z) = S(y),S(x) = S(y))
= (1 =X —y)+AMu—-0),5() - 5(y))
= (=N -y, 5@) = 5y) + Mu—0,5() = 5(y))
< (1 =Nllz = yllISz) = S+ AlS(2) - S)|?
This gives,
(L =NIS(z) = S < (1= Mz = yllIS(z) = S,

i.e.,
15(z) = S < llz —yll,
which shows that S single-valued nonexpansive mapping.
O

Lemma 3.3. Let H be a real Hilbert space. Suppose K is a closed, convex, nonempty
subset of H. Assume that T : K — CB(K) is Lipschitz pseudocontractive multi-
valued mapping. Then I — T s demiclosed at zero.

Proof. Let {z,} C K be such that =, — p and suppose D({z,},Tz,) — 0. We
want to show that 0 € (I —T)p, i.e., p € Tp. Let y, € Tz, be such that

(3.1) 0 — il < D({z}, Tan) = 0.
Now, define f : H — [0,00) by f(x) := limsup ||z, — z||*>. Then, by Lemma 2.2 we
n—oo
get that
f(a) = limsup ||z, — p[|* + [lp — |?, V& € H.
which implies that
(3.2) f@)=fp)+p-=|? veeH.

In particular, for S as in Lemma 3.2 we get that

(3.3) F(S() = f(p) +11S(p) — pl*.
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From the definition of S, we have that S(x,) = (1 — A\p)xn + Apuy, for some u, €
T(S(zy)). But then, by Lemma 2.7 there exists vy, € Tz, such that ||u, — yn|| <
2D(T(Szy), Txy). Thus, we have
lzn — S(@n)ll = Allwn — unll
MZTn = Yn + Yn — unl|
AMlzn = ynll + Allyn — uall
M| Zn, — Ynl| + 2AD(Txp, T(S(zy,))
M@n = ynll + 2AL||1zn — S(zn)||
M@n = ynll + allzn — S(zn)|,

(VAN VAN VAN VAN

for a = ﬁ This gives that (1 — a)||z, — S(xn)|| < Al|xn — ynl|, which implies,
A

(3-4) [n = S(an)ll <

A
— aHxn —yn|| < ED({SE”},T:E”) — 0,

as n — o0o. Also, using (3.4), and the fact that S is nonexpansive, from Lemma 3.2,
F(5@) = limsup z, — S|

limsup ||z, — S(zn) + S(zn) — S)|?

limsup(||z, — S(zn)|| + ||S(zn) — S(p)||)?

limsup(||zy — S(x)|| + [[2n — pl])?

(3.5) limsup ||z, — pl|* = f(p)-

Now, from (3.3) and (3.5), we get ||S(p) — p||*> = 0 which implies p = S(p), i. e.,
p € F(S). It is easy to see that F(S) = F(T), so, we get that p € T'p. Therefore,
I — T is demiclosed at zero. ]

ININ A

Theorem 3.4. Let H be a real Hilbert space and K be a non-empty, closed and
conver subset of H. Let T : K — CB(K) be a Lipschitz pseudocontractive multi-
valued mapping with Lipschitz constant L. Assume that F(T) is non-empty. Let
{zn} be the sequence generated from an arbitrary x1 = w € K by

Yn = (1 - Bn)xn + 5nuna
(3'6> Zn = YnWp + (1 - 'Yn)xna
Tpt1 = apw + (1 —ap)zp, n > 1,

where Uy, € Txp, wy, € Ty, such that ||u, — wy|| < 2D(Txy, Tyy), and {an}, {On},
{1} C (0,1) satisfy the following conditions:
o0
(i) 0<ap, <c<1, Yn>1 such that lim a, =0 and > o, = oo,
n—o00 n=1

(i) 0< o<y <Ba<B<

1
—_—, ¥
N VAL?Z +1+1

Then, {x,} converges strongly to some point p € F(T') nearest to w.

n>1

Proof. Let p = Pp(r)(w). Now, using Lemma 2.1 we get that

[Znt1 — 2> = [lan(w —p) + (1 — an)(z, — p)|?

< apllw _pH2 + (1 — an)llzn _pH2
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(1 = an)l[m(wn —p) + (L = v) (@0 — p)HQ

= anfw _pH2 + (1 — an)ynllwn — p”2 + (1= an)(l =)

X ||z — p||2 — (1= )y (1 = ) [wn — 20
anllw = pl* + (1 = an) (1 =) [lzn = p|* + (1 = @)
[lyn = pl* + llyn = p = (wa = p)II]
—(1 = o)y (1 — o) lwy — xNHZ
= agflw=p|?+ (1 = )1 = )llzn —p|* + (1 - an)m

[Hyn - p”2 + llyn — wnHz] — (1 = an) (1 = yn) lwn — an2

= agllw—p|*+

IN

Thus,
B.7) Nzt =2l < anllw = pl* + (1 = an) (1 = ) |20 — plI* + (1 — an)

X Ynllyn — p||2 + (1 = an)¥nllyn — wn||2 — (1 = an) (1 = vn) lwn — anZ

On the other hand, using (3.6), the fact that ||u, — wy,| < 2D(Tz,,Ty,), Lemma
2.1 and T is Lipschitz,

|yn — wn||2 = (1 = Bp)(zn — wp) + Bnlun — wn)”2
= (1= Bp)llzn — wn||2 + Bnllun — wn||2 — Bn(1 = Bn)l|zn — UnH2
< (1-Bu)llzn - wn”2 + BndD(T'xy, Tyn)2 = Bn(1 = Bo)l|lzn — un||2
< (1= Ba)llzn = wnll® + BudL?|wn — yall* = Ba(1 = Bo) 2 — unl)*
= (1= Bu)llzn — wal? + 483 L2 |0 — un||* = Bu(1 = B)l|2n — unll*.
Hence,
(3-8) [yn — wnH2 (1= Bu)llzn — wn||2 — Bn(1 = Bn — 4L251%)H$n - Un”2
Again, using the assumption that 7' is pseudocontractive,
lyn — pH2 = [|[(1 = Bn)xn + Baun _p)H2
= (1 = Bn)(zn —p) + Bnlun — p)H2
= (1= Bp)llzn _pH2 + Bnllun _pH2 — Bn(1 = Bn)l|zn — unH2
< (1= Bo)llzn = I + Ba [0 = pII* + 20 — un?]
—Bn(1 = Bn)llzn — unH2
= |lzn _pH2 + BZ”xn - un||2
Thus,
(3.9) lyn = pII* < llzn =PI + Billan — ual®.

Now, substituting (3.8), (3.9) into (3.7),

[zni1 —plI* < amllw—pl* + (1= an)(1 = va) 20 — pl* + (1 — an)ynllzn — pl|®
+(1 - O‘n)')’n/@g”mn - unH2 + (1 = an)yn(1 = Bo)llzn — wnH2
—Bn(1 = an) (1 — Bn — 4L2ﬁ2)||un - wnHZ
—(1 = an) (1 = va)[Jwn — xn||2,

which reduces to
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(3.10) lwnt1 = pl* < anflw —p|* + (1 = an) e — pl* = Bu(1 — an)

X (1 = 2B — 4L%B2)lun — zal* + (1 = an)m (¥ — Bn)l|zn — wal?
From the hypothesis (ii) in (3.6) we have that
(3.11) 1—283, —4L?B%2 > 1 - 28 —4L*p3?
(3.12) Yn < Bn-
Using (3.11) and (3.12) in (3.10) we get that
(3.13) |n+1 = pl* < (1 = an)llan = pl* + anllw — pl|.
Thus, by induction

lzn+1 = pl|* < max{||lzy — p||?, [lw — p[*}, ¥n > 1.

This implies that {z,}, {y,} and {z,} are all bounded.

Furthermore, from (3.6), Lemma 2.6 and (3.10) we get that

041 = pII”

(1 = an) (Ynwn + (1 = vn)zn) + anw — p)
(1 = an) (mwn + (1 = yn)Tn) — p) + an(w — p)
(1 = an) lvnwn + (1 = n)zn _pH2 + 20 (W — P, Tnt1 — P)

(1= an) [rallwn = pl* + (1 = )|z = pI? = 30 (1 = ) |20 — wal?]
+200 (W — p, Tpt1 — p)

(1= an) [ lllyn = 212 + lyn = wall*) + (1 = va) |25 — pl|?

~ (1 = yn)l|Zn — wnHQ] + 2an (W = p,Tnt1 — p)

(1 —an)ynllyn — p”2 + (1 = an)ynllyn — wn||2 + (1 = an)(1 =)
x||@y, _pH2 — (1= an)yn(l = )llzn — wn||2 + 2an(w = p, Tpt1 — p)
(1 — an)vnllzn _PH2 +(1 - an)’YnB?len - “n”2 + (1 = an)m

X [(1 = B)lTn — wn”2 — Bn(1 = Bn — 4L25721)Hwn - unHZ]

+(1 = ) (1 = y)llzn =2l = (1 = @)y (1 = ) lwn — 4
+2an(w — p,Tpy1 — D)

(1= an)llzn = plI* = (1 = an)ynBa(l = 28, — 4L°87) [l2n — uall?
+20n(w — p, Tnt1 — p) + (1 — an)¥n(n — Bu)ll2n — wnH2-

This implies that,

lznsr =PI < (1= am)llzn —pl* = (1 — an)ymBn(1 — 28, — 4L%5;)
(3.14) X||Zn — un||* + 200 (w — p, Tyt — D),

I

I?

IN

IN

IN

IN

IN

and hence by (i) and (ii) we have

lonst —pI? < (1= an)llan — pl2 = (1= )a>(1 — 28 — AL2B2)]jp — uy
(3.15) +2a,(w — P, Tpy1 — D).
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Now we consider the following two cases:

Case 1. Suppose that there exists ng € N such that {||z,, — p||} is non-increasing,
Vn > ng. Then, we get that {||x,, — p||} is convergent. So, from (3.15) we have that

(1—c)a®(1 =28 —4L*B%)|an — un|® < (1= an)llzn — pl? = 201 — pl?
+204n<w — D, Tn+1 _p>'

Thus, from the fact that a,, — 0, we get li_>m ||xn — un|| = 0 which implies that
n—oo

(3.16) d(xp, Ty) < ||Tn — unl| = 0 as n — oo.
Now, from (3.6)
Yn — Tn = /Bn(un - xn) — O’

and hence we get that

[2n —2nll = Wllwn — zull = Wllwn — tn + tn — 20|
< Yllwn = unll + vnllun — an|
< 29 D(Tyn, Txp) + Ynllun — n|
(3.17) < 29 Lllyn — 2all + lltn — znl| — 0.
Thus, from (3.6), (3.17), the fact that ||w — 2,]| is bounded and «,, — 0, we obtain
[Znt1 — 2nll = |[Tn+1 — 20 + 20 — 24|
< l@ntr — zall + 120 — 24|

(3.18) = apllw =zl + [[2n — 2|l = 0.

Now, since {[|z, — pl||} is bounded there exists a subsequence {zy;11} of {Zn11}
such that

hmsup<w —DPsTn+1 — p> = hm (’LU D Tnj+1 — p)a
n—00 J—0

and xp;11 — 2, for some z € K. Now, from (3.18) we get x,,, — 2. Hence, from
(3.16) and the fact that I — T is demiclosed by Lemma 3.3, we get that z € F(T)).
Therefore, by Lemma 2.3 we obtain that

limsup(w — p,zn41 —p) = lim (W —p,Tp;41 —p)
n—o00 Jj—o0 !
(3.19) = (w—p,z—p) <0

Now, from (3.15) we have that

(3.20) |zn41 = plI? < (1 = an)llzn = plI* + 200w — p, 2p41 — p).
It then follows from (3.20), (3.19) and Lemma 2.4 that ||z, — p|| — 0 i.e., z, — p.

Case 2. Suppose there exists a subsequence {n;} of {n} such that
Hxnk _pH < HxnkJrl —p||, Vk € N.

Thus, by Lemma 2.5, there is a nondecreasing sequence {my} C N such that my —
00, [|#my, = pll < [|#my1 = pll and ||z = pl| < |2m;41 = pll, VE € N. Now, from
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(3.15) and the fact that a,, — 0 we get that z,,, — um, — 0, when w,,, € Ty, .
Hence as in Case 1, Ty, +1 — m, — 0 and that

(3.21) lim sup(w — p, Zm,+1 —p) < 0.

k—o00

From (3.15) we have that

(3.22) mesr = pI* < (1= am)ll@m, = pl* + 200, (w = p, 2,41 = p)

and since ||z, — p|| < |Zm,+1 — pll, (3.22) implies that

A

|, =PI = l2m41 = pI® + 20, (w = p, Ty 41— P)

Wy [Ty, — DI <
< 2amk <w — D Tmy+1 _p>7

which implies
mek _pH2 < 2<w P Tmyp+1 — p>'
So, from (3.21) we get that ||, —p|| — 0 < 0 and hence this with (3.22) give that

| Zm,+1 —pl| = 0. But, ||z —pl| < ||[zm,+1 —pl|, Yk € N. Thus, z — p. Therefore,
{x,,} converges strongly to some point p € F(T') nearest to w. O

Remark 3.5. We note that, since every Lipschitz k-strongly pseudocontractive
multi-valued mapping is Lipschitz pseudocontractive multi-valued mapping the
above theorem holds for a Lipschitz k-strongly pseudocontractive multi-valued map-

ping.

If, in Theorem 3.4 we assume that Pr is Lipschitz pseudocontractive multi-valued
mapping, then we get the following corollary.

Corollary 3.6. Let H be a real Hilbert space and K be a mon-empty, closed and
convex subset of H. Let T : K — CB(K) be a multi-valued mapping. Let Pp
be a Lipschitz pseudocontractive mapping with Lipschitz constant L. Suppose also
that F(T) is non-empty. Let {x,} be the sequence generated from an arbitrary
r1=wé€ K by

Yn = (1 - Bn)xn + Bnum
(3.23) Zn = YnWn + (1 — )Ty,
Tyl = + (1 —ap)zp, n>1

where u, € Prxy,,w, € Pry, such that ||u, — wy,|| < 2D(Prxy, Pry,), and {a,},
{Bn}, {7} C (0,1) satisfy the following conditions:

o
i. 0<a,<c<1,Vn>1suchthat lim o, =0 and > o, = 0,
n—o0

n=1

i 0<a<y <p, <8< Vn > 1.

1
VAL +1+41]
Then, {x,} converges strongly to some point p € F(T) nearest to w.

If, in Theorem 3.4 we assume that Pp : K — CBC(K) is Lipschitz pseudocon-
tractive mapping, then Pr(x) is singleton and hence the following corollary follows.
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Corollary 3.7. Let H be a real Hilbert space and K be a mon-empty, closed and
convex subset of H. Let T : K — CBC(K), be a multi-valued mapping. Let Pp
be a Lipschitz pseudocontractive mappings with Lipschitz constant L. Suppose also
that F(T) is non-empty. Let {x,} be the sequence generated from an arbitrary
r1=w € K by

Yn = (1 - ﬁn)xn + BnPTfL'na
(3'24) Zn = YnPryn + (1 - Vn)xna
Tnt1 = + (1 —ap)zp, n>1

where {an}, {Bn}, {7} C (0,1) satisfy the following conditions:

[o¢]
i 0<a,<c<l1, ¥n>1 such that lim o, =0 and > o, = oo,
n—o0

n=1

1
B
VAL2+1+1

Then, {xn} converges strongly to some point p € F(T') nearest to w.
Next we state and prove a convergence theorem for a zero of a monotone mapping.

Theorem 3.8. Let H be a real Hilbert space. Let A: H — CB(H) be a Lipschitz
monotone mapping with Lipschitz constant L. Assume N(A) # 0. Let {z,} be the
sequence generated from an arbitrary x1 = w € H by

Yn = Tn — By,
(3'25) Zn = Tn — YnWn,
Tnt1 = aqw + (1 —ap)zy, n>1

where uy, € Ay, wy, € Ayy, such that ||u, —wy|| < 2D(Axy,, Ayn) + ||2n — ynll, and
{an}, {Bn}, {7} C (0,1) satisfy the following conditions:

o0
. 0<a,<c<1,Vn>1 such that li_>m an =0 and Y oy = oo,
n oo

n=1

il.0<a<y <G, <B8< ,Vn>1for L' :=1+ L.

1
VAL? +1+41

Then, {x,} converges strongly to a zero point of A nearest to w.

Proof. Let Tz := (I — A)xz. Then T is Lipschitz pseudocontractive mapping with
Lipschitz constant L' := (1 + L) and F(T) = N(A) # 0. Now replacing A with
(I = T) in (3.25) we get Scheme (3.6). Hence the result follows from Theorem
3.4. O

Remark 3.9. Our work improves Theorem 1 and Theorem 2 of Song and Wang [28]
and Theorem 2.7 of Shahzad and Zegeye [26] and extends the work of Daman
and Zegeye [5] for the multi-valued case. In all our results the assumption that
T(p) = {p},Vp € F(T) is not required.




(1]

2l

3]

(4]

(5]

(6]

(7l

(8]

(9]
[10]
(11]
(12]
(13]
(14]
(15]
[16]
(17]
(18]
[19]

[20]
21]

[22]
(23]

24]

(25]

STRONG CONVERGENCE THEOREMS 99

REFERENCES

Y. I. Alber, Metric and generalized projection operators in Banach spaces: properties and
applications, Theory and Applications of Nonlinear Operators of Accretive and Monotone
Type, vol.178, Lecture Notes in Pure and Applied Mathematics, Marcel Dekker, New York,
NY, USA, 1996, pp. 15-50.

L. E. J. Brouwer; Uber Abbildung von Mannigfaltigkeiten, Mathematische, Annalen 71 (1912),
598.

P. Cholamjiak, W. Cholamjiak, Y. J. Cho and S. Suantai, Weak and strong convergence to
common fixed points of a countable family of multi-valued mappings in Banach spaces, Thai
J. Mathematics, 9 (2011), 505-520.

P. Z. Daffer and H. Kaneko, Fized points of generalized contractive multi-valued mappings, J.
Math. Anal. Appl. 192 (1995), 655-666.

O. A. Daman and H. Zegeye, Strong convergence theorems for a common fixed point of a finite
family of pseudocontractive mappings, Inter. J. Math. Math. Sci. 2012, Article ID 405315, 17
pages.

D. Downing and W. A. Kirk, Fized point theorems for set-valued mappings in metric and
Banach spaces, Math. Japon 22 (1977), 99-112.

S. Fitzpatrick, Metric projections and the differentiability of distance functions, Bull. Austral
Math. Soc. 22 (1980), 291-312.

J. Geanakoplos, Nash and Walras equilibrium via Brouwer, Economic Theory 21 (2003), 585—
603.

L. Gorniewicz, Topological Fized Point Theory of Multi-Valued Mappings, Klumer Academic
Pub., Dordrecht, Netherland, 1999.

F. O. Isiogugu, Demiclosedness principle and approximation theorems for certain classes of
multi-valued mappings in Hilbert spaces, Fixed Point Theory and Applications 2013 (2013):61.
J. S. Jung and C. H. Morales, The Mann process for perturbed m-accretive operators in Banach
spaces, Nonlinear Anal. 46 (2001), 231— 243.

S. Kakutani, A generalization of Brouwer’s fized point theorem, Duke Math. J. 8 (1941), 457—
459.

S. H. Khan, I Yildirim and B. E. Rhoades, A one-step iterative scheme for two multi-valued
nonexpansive mappings in Banach spaces, Comput. Math. Appl. 61 (2011), 3172-3178.

D. Landers and L. Rogge, Martingale representation in uniformly convexr Banach spaces, Proc.
Amer. Math. Soc. 75 (1979),108-110.

T. C. Lim, A fized point theorem for multi-valued nonexpansive mappings in a uniformly convex
banach space, Bull. Am. Math. Soc. 80 (1974), 1123-1126.

P. E. Mainge, Strong convergence of projected subgradient methods for nonsmooth and non-
strictly convex minimization, Set-Valued Anal. 16 (2008), 899-912.

J. T. Markin, Continuous dependence of fized point sets, Proc. Amer. Math. Soc. 38 (1973),
545-547.

C. H. Morales, Multi-valued pseudocontractive mappings defined on unbounded sets in Banach
spaces, Commentationes Mathematicae Universitatis Carolinae, .33 (1992), 625-630.

C. H. Morales, Variational inequalities for PE-pseudo-contractive mappings, Nonlinear Anal.
75 (2012), 477-484.

S. B. Nadler, Multi-valued contracting mappings, Pacific J. Math. 30 (1969), 475-488.

J. F. Nash, FEquilibrium points in n-person games, PNAS, Proc. Natl. Acad. Sci. USA 36
(1950), 48-49.

J. F. Nash, Non-coperative games, Ann. Math. 54 (1951), 286—295.

E. U. Ofoedu and H. Zegeye, Iterative algorithm for multi-valued pseudocontractive mappings
in Banach spaces, J. Math. Anal. Appl. 372 (2010), 68-76.

B. Panyanak, Mann and Ishikawa iteration processes for multi-valued mappings in Banach
Spaces, Comput. Math. Appl. 54 (2007), 872-877.

K. P. R. Sastry and G.V.R. Babu, Convergence of Ishikawa iterates for a multi-valued mapping
with a fized point, Czechoslovak Math. J. 55 (2005), 817-826.



100

S. T. WOLDEAMANUEL, M. G. SANGAGO, AND H. ZEGEYE

[26] N. Shahzad and H. Zegeye, On Mann and Ishikawa iteration schemes for multi-valued maps

in Banach spaces, Nonlinear Anal. 71 (2009), 838-844.

[27] Y. Song and Y. J. Cho, Some notes on Ishikawa iteration for multi-valued mappings, Bull.

Korean Math. Soc. 48 (2011), 575-584.

[28] Y. Song and H. Wang, Erratum to “Mann and Ishikawa iterative processes for multi-valued

mappings in Banach Spaces” [Comput. Math. Appl.54 (2007), 872-877], Comput. Math. Appl.
55 (2008), 2999-3002.

[29] W. Takahashi, [terative methods for approzimation of fized points and their applications, Jour-

nal of the operations research society of Japan, 43 (2000), 87-108.

[30] S. T. Woldeamanuel, M. G. Sangago and H. Zegeye, Strong convergence theorems for a common

fized point of a finite family of lipschitz hemicontractive-type multivaled mappings, Adv. Fixed
Point Theory 5 (2015), 228-253.

[31] H. K. Xu, Another control condition in an iterative method for nonexpansive mappings, Bull.

Austral. Math. Soc. 65 (2002), 109-113.

[32] E. Zeidler, Nonlinear Functional Analysis and its Applications pt. 3., Springer- Verlag, New

York Inc., 1985.

Manuscript received 28 August 2015
revised 20 June 2016

SEBSIBE TEFERI WOLDEAMANUEL
Department of Mathematics, College of Natural Sciences, Addis Ababa University, P.O. Box 1176,
Addis Ababa, Ethiopia

E-mail address: sebsibe.teferi@gmail.com

MENGISTU GOA SANGAGO
Department of Mathematics, College of Natural Sciences, Addis Ababa University,P.O. Box 1176,

Ad

dis Ababa, Ethiopia, P.O. Box 1176
E-mail address: mgoa2009@gmail.com

HABTU ZEGEYE
Department of Mathematics, Faculty of Science, University of Botswana, Private Bag 00704,
Botswana

E-mail address: habtuzh@yahoo.com



