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GENERALIZED VECTOR EQUILIBRIUM-LIKE PROBLEMS
WITH APPLICATIONS TO VECTOR OPTIMIZATION
PROBLEMS

LU-CHUAN CENG AND JEN-CHIH YAO*

ABSTRACT. In this paper, we studied several kinds of generalized vector equilibrium-
like problems. Relationships between the solutions of generalized Minty vector
equilibrium-like problem and an efficient solution of a vector optimization prob-
lem were established. A generalized Stampacchia vector equilibrium-like problem
was considered and its relation with generalized weak Minty vector equilibrium-
like problem was derived. Some existence results for solutions of generalized
vector equilibrium-like problems were established and applications to vector op-
timization problems were given.

1. INTRODUCTION AND PRELIMINARIES

Since the vector variational inequality in finite-dimensional Fuclidean spaces was
introduced by F. Giannessi in 1980 [19], various extensions, generalizations and
applications have been considered and studied. See, e.g., [1,3-9,11,17,18, 22, 28]
and the references therein. Further in 1998, Giannessi [20] used Minty type vector
variational inequality (MVVI) to establish the necessary and sufficient conditions
for a point to be an efficient solution of a vector optimization problem (VOP)
for differentiable and convex functions. The research work of F. Giannessi in [8]
influenced many researchers to do investigation in this direction. See, e.g, [4,12,13,
16,23,26,27] and the references therein.

Motivated and inspired by generalized vector equilibrium problems considered by
Zeng and Yao [8,28], the work of this manuscript is to further extend the results
in [4] to the setting of the generalized vector equilibrium-like problems (GVELPs).
The main purpose of this article is to give the solvability of the following GVELPs
and their applications to the VOPs. The argument and some notations of this paper
follow those in [4].
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Now, several forms of generalized Minty and generalized Stampacchia vector
equilibrium-like problems are stated as follows:

Problem (I). Generalized Minty vector equilibrium-like problem (GMVELP):
Find z € K such that for each x € K
®(w, 7, 7) £om)\{oy 0, for some w € A(z,T(z)),
which is equivalent to find z € K such that
O(A(z,T(z)),z,x) £ —C(z) \ {0}, forall xz € K.
Problem (II). Generalized weak Minty vector equilibrium-like problem
(GWMVELP): Find z € K such that for each x € K
®(w,7,7) Lintc@z) 0, for some w € A(Z,T(z)),
which is equivalent to find z € K such that
P(A(z,T(z)),z,x) £ —intC(z), forall z € K.
Problem (IIT). Generalized Stampacchia vector equilibrium-like problem
(GSVELP): Find z € K such that for each x € K
(w, 7, 7) £om)\{oy 0, for some w € A(z,T(z)),
which is equivalent to find z € K such that
O(A(z,T(z)),z,x) £ —C(z) \ {0}, forall xz € K.
Problem (IV). Generalized weak Stampacchia vector equilibrium-like prob-
lem (GWSVELP): Find z € K such that for each x € K
®(w, 7, 7) Lintcz) 0, for some w € A(Z,T(z)),
which is equivalent to find z € K such that
P(A(z,T(z)),z,x) £ —intC(z), for all z € K.

It can be easily seen that every solution of GMVELP (respectively, GSVELP) is
a solution of GWMVELP (respectively, GWSVELP). In particular, if A(z,u) = u
for each (z,u) € K x L(X,Y) and &(w,z,y) = (w,n(y,x)) for each (w,z,y) €
L(X,Y) x K x K, where n : K x K — X is a function, then Problems (I)-(IV)
reduce to corresponding forms of generalized Minty and generalized Stampacchia
vector variational-like inequality problems studied in [4].

Next, we recall some concepts and notations. A nonempty subset C of a vector
space Y is a convex cone if A\C C C for all A > 0 and C + C C C. A convex cone
C' is pointed if C N (=C) = {0}. A cone C is proper if it is properly contained in
Y. Note that C is a proper cone if and only if 0 ¢ intC, where intC' denotes the
interior of C'. A pointed convex cone C' induces a partial order <x on Y defined by
x <c y whenever y — x € C. In this case, (Y, <¢) is an ordered vector space with
an order relation <c. The weak order ;¢ on an ordered vector space (Y, <¢)
with intC # ) is defined by x €inc y whenever y — x & intC'.

Let X and Y be two topological spaces. We say that a multifunction ¢ : X — 2V
is closed, or has closed graph if its graph given by

G(p) ={(z,y) € X xY 1y € p(x)}
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is a closed subset of X x Y.

For any two Hausdorff topological vector spaces (t.v.s.) X and Y, let L(X,Y)
denote the family of all continuous linear operators from X into Y. When Y is the
set R of real numbers, £(X,Y") is the usual dual space X™* of X. For any x € X and
any u € L(X,Y), we shall write the value u(z) as (u,z). We suppose throughout
this paper that K is a nonempty closed convex subset of X, T : K — 2£(XY) ig o
set-valued mapping, @ : L(X,Y)xKxK - Y and A: KxL(X,Y) = L(X,Y) are
two functions, and {C(z) : x € K} is a family of closed, convex and pointed cones
of Y (i.e., C: K — 2Y is a cone mapping) such that intC(x) # 0 for all x € K.

Let U be the family of all bounded subsets of X whose union is total in X, i.e.,
the linear hull of (J{S : S € U} is dense in X. Let B be a neighborhood base of 0
in Y. When S runs through O and V through B, the family

M(S,V)={ue L(X,Y) : (u,x) € V,Vz € S}

is a neighborhood base of 0 in £(X,Y") for a unique translation-invariant topology,
called the topology of uniform convergence on the sets S € U, or briefly the 7-
topology; see [24]. Throughout this paper, we suppose that the space £(X,Y) is
equipped with the 7-topology.

Lemma 1.1 (see [10]). Let (Y, <¢) be an ordered topological vector space with a
closed, convex and pointed cone C with intC' # (). Then for each x,y € Y, one has
(1) y—z €intC and y ¢ intC = z & intC.
(2) y—ze€C andy ¢ intC = z & intC.
(B) y—z € —intC and y ¢ —intC = x ¢ —intC.
4)y—xe—-Candy ¢ —intC = x ¢ —intC.

We denote by F(X) the family of all nonempty finite subsets of X. Let F': Y —
2X be a set-valued mapping. Then F is said to be transfer closed-valued iff for each
(y,z) € Y x X with = ¢ F(y), there exists ¥ € Y such that z € clF(y/). f BCY
and A C X, then we call F : B — 24 transfer closed-valued iff the multi-valued
mapping y — F(y) N A is transfer closed-valued. When X =Y and A = B, we
call F' transfer closed-valued on A. Let K be a convex subset of a vector space X.
Then a mapping F : K — 2% is called a KKM mapping iff for each nonempty finite
subset A of K, convA C F(A), where convA denotes the convex hull of A, and
F(A)=U{F(x):z € A}.

Theorem 1.2 (see [17]). Let K be a nonempty and convex subset of a Hausdorff
t.v.s. X. Suppose that I, I': K — 25 are two set-valued mappings such that the
following conditions are satisfied:

(A1) I'(z) C I'(z), Yz € K;

(A2) I'is a KKM map;

(A3) for each A € F(K), I is transfer closed-valued on convA;

(Ad)

for each A € F(K), clk((Nycconva (7)) NconvA = ((ycconva (7)) N
convA;

(A5) there is a nonempty compact conver set B C K, such that cli((,ep I' (7))
18 compact.

Then, Nyex I'(x) # 0.
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Remark 1.3. Suppose that in addition to conditions (A1), (A2) and (A5), two
conditions (A3) and (A4) in Theorem 1.2 are replaced by the condition that for
each x € K, I'(x) is closed. In this case, it is easy to see that the conclusion is still
valid, i.e., (,cx I'(x) # 0; see [17] for more details.

2. EXISTENCE RESULTS FOR GVELPs

Let X and Y be two Hausdorff topological vector spaces (t.v.s.), and let £(X,Y)
be a t.v.s. equipped with the topology 7 of uniform convergence. Suppose that K
is a nonempty closed convex subset of X, T : K — 2£(5Y) ig a set-valued mapping,
Q: LX,)Y)x KXxK —-Y and A: K x L(X,Y) — L(X,Y) are two functions,
and {C(z) : € K} is a family of closed, convex and pointed cones of Y (i.e.,
C : K — 2Y is a cone mapping) such that intC(x) # () for all z € K. We introduce
the following monotonicity concepts.

Definition 2.1. For any y € K, a function @ : L(X,Y) x K x K — Y is said to be

(a) C(y)-pseudomonotone w.r.t. T"and A on K if for all z € K
(A(y, T(x)),z,y) S C)\{0} = DAy, T(y)),y, =) € —Cy) \ {0};
(b) C(y)-quasimonotone w.r.t. T"and A on K if for all x € K
(Aly, T(x)),z,y) CintC(y) = 2(A(y, T(y)),y,2) € =C(y) \ {0};
(c) C(y) -strictly quasimonotone w.r.t. T and A on K if for all x € K
(A(y, T(x)), x,y) CitCly) = 2(A(y,T(y)),y, =) € —intC(y);

(d) C(y)-properly quasimonotone w.r.t. 7" and A on K if for all {z1,z,...,z,}
C K and for all y € conv{z1,x2,...,z,}, there exists i € {1,2,...,n} such
that

P(A(y, T(y)),y, i) € C(y) \ {0};

(e) C(y)-weakly properly quasimonotone w.r.t. 7 and A on K if for all
{z1,22,..., 2y} C K and for all y € conv{xy,zs,...,x,}, there exists
i€{1,2,...,n} such that

P(A(y, T(y)),y,xi) £ —intC(y),
that is, @(w,y, zi) Linc(y) 0, for some w € A(y, T(y)).

Definition 2.2. ¢ : L(X,Y) x K x K — Y is called an equilibrium-like function
if &(u,z,y) + @(u,y,x) =0 for each (u,z,y) € L(X,Y) x K x K.

We obtain the following existence result for solutions of GSVELPs under
C(y)-proper quasimonotonicity and for solutions of GMVELPs under C(y)-
pseudomonotonicity.

Theorem 2.3. For any y € K, let the function & : L(X,Y) x K x K — Y be
C(y)-properly quasimonotone w.r.t. T and A. Assume that

(i) the set-valued map I’ : K — 25 defined by
I'(z)={y € K: &(w,y,z) Lo(y)\fo} 0 for some w € Ay, T(y))}

1s closed valued;
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(ii) there exist a nonempty compact set M C K and a nonempty compact convex
set B C K such that for each y € K \ M, there exists x € B such that

y & I'(x).
Then Problem (III) holds (i.e., the GSVELP has a solution). Furthermore, if ¢

is C(y)-pseudomonotone w.r.t. T and A and is an equilibrium-like function, then
Problem (1) also holds (i.e., the GMVELP also has a solution).

Proof. We claim that I' is a KKM mapping on K. Indeed, assume I" is not a KKM
map, then there exists {x1,z2,...,2,} C K, t; >0,i=1,2,...,nwith ) ;"  t; =1
such that y = > | t;x; & U, I'(x;). Thus for any w € A(y, T(y))

@(w, Y, 'CCZ) SC(y)\{O} 07 i = 17 27 sy T

that is, for any : =1,2,...,n

P(A(y, T(y)),y,zi) € —C(y) \ {0},

which contradicts the C(y)-proper quasimonotonicity of ¢ w.r.t. A and T on K.
Hence, I' is a KKM mapping on K.

By condition (ii), I'(z) is a closed subset of a compact set and hence compact.
Then by Theorem 1.2

() I'(@) #40,
rzeK
that is, there exists £ € K such that for each x € K

®(w, 7, x) Lo\ o} 0 for some w € A(z,T(Z)).

Hence the GSVELP has a solution.
Further, suppose that = is not a solution of the GMVELP. Then there exists
x € K such that

P(w,7,7) <c@)\oy 0, forallwe Az, T(x)).
Since @ is an equilibrium-like function, we have
0 <c@nfo} ®(w,z,7), forallwe A(z,T(z));

that is, ¢(A(z,T(z)),z,z) C C(z) \ {0}. By the C(z)-pseudomonotonicity of &
w.r.t. T and A, we have

P(A(z,T(z)), z,z) € —C(z) \ {0},
and thus, £ € K is not a solution of the GSVELP, a contradiction. U

Remark 2.4. In Theorem 2.3, if we put A(z,u) = u for each (z,u) € K x L(X,Y)
and @(w,z,y) = (w,n(y,z)) for each (w,z,y) € L(X,Y) x K x K, where 7 :
K x K — X is a function, then Theorem 2.3 reduces to Theorem 8 of [4]. In this
case, if 7 is affine in the first variable and n(x,z) = 0 for all x € K, then trivially
@ is C-properly quasimonotone w.r.t. 1" and A. Therefore, condition 4 in Theorem
2.3 in [29] is superfluous, since it can be easily deduced from condition 3 in this
theorem. Therefore, Theorem 2.3 also improves and generalizes Theorems 2.1 and
2.3 in [29] in the settings of t.v.s. and GVELPs.
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Simple examples can be easily constructed to show that the C'(x)-properly quasi-
monotonicity of @ w.r.t. T"and A does not imply that the affineness of @ in the third
variable. When X and Y are normed spaces, we establish the following existence
result for a solution of the GWMVELP.

Theorem 2.5. For ally € K, letT : K — 2LXY) be compact-valued, and
be C(y)-properly quasimonotone w.r.t. T and A, and C(y)-strictly quasimonotone
w.r.t. T and A. Assume that
(i) the set-valued mapping W : K — 2Y defined by W(x) = Y \ (intC(z)) is
closed;
(ii) for each z € K, &(-,2,-) : L(X,Y) x K — Y is continuous, and A is
continuous;

(iii) there exist a nonempty compact set M C K and a nonempty compact convex
set B C K such that for each x € K \ M, there exists y € B such that

y € I'(x):={y € K: ®(w,y,x) Linc(y) 0 for some w € Ay, T(y))}-
Then Problem (II) holds (i.e., the GWMVELP has a solution).

Proof. Repeating the same argument as the first part of the proof of Theorem 2.3,
we know that I' is a KKM mapping. R
We claim that the set-valued mapping I" defined by

I'z)={yeK:0 Linto(y) P(w,,y) for some w € A(y,T(x))}, Vo€ K,

is closed valued. .
Let {y,} be a sequence in I'(x) convergent to y € K. Then

0 LintC(yn) P(wn,z,yn) for some wy, € A(yn, T(z)),
and therefore, there exists u, € T'(x) such that w, = A(yn,u,) and
zn = P(A(Yn, un), x,yn) & intC(yy).
Then z, € W(y,), and hence, (yn, 2,) € Graph(W). Since T'(z) is compact, {u,}
has a convergent subsequence in T'(z). Let {u,,} be a subsequence of {u,} that

converges to ug € T'(z). By the continuity of A, {A(yn,,un, )} converges to A(y, uo).
Also, since (-, z,-) : L(X,Y) x K — Y is continuous, it follows that

k—o0 k—o0
Since Graph(W) is closed, we have (y, z9) € Graph(W), and hence,
0 ﬁintC(y) @(w) Z, y) with w = A(y7 uO) € A(y7 T(.T))
Thus, y € I'(z).

Since @ is C(z)-strictly quasimonotone w.r.t. T and A, we have I'(x) C I'(x) for
all x € K. Therefore, I' is also a KKM mapping. By Theorem 1.2,

rzeK
Therefore, there exists £ € K such that for each z € K

0 Zintc(z) P(w,z,z) for some w € A(Z,T(z)).
Hence the GWMVELP has a solution. O
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Remark 2.6. When K is compact, then the condition (iii) of Theorem 2.5 is
trivially satisfied.

3. AprpPLICATIONS OF GMVELPs To VOPs

Throughout this section, unless otherwise specified, we assume that K is a
nonempty subset of R™ and  : K x K — R" is a given map. The interior of
K is denoted by intK.

Let f = (f1,...,f) : R® — R’ be a vector-valued function. We consider the
following vector optimization problem (VOP):

Minimize f(z) = (fi(x),..., fi(x)) subject to z € K.
A point & € K is said to be an efficient (or Pareto) solution of the VOP if

f) £revoy F(2), Yy € K,

where Rﬂ is the nonnegative orthant of R’ and 0 is the zero vector of Rf. Tt is
equivalent to find £ € K such that

f) = @) = (fiy) = 1@), ..., foly) — fo()) € —RE\ {0},  forall y € K.

Definition 3.1 (see [15]). Let g : K — R be locally Lipschitz at a given point
x € K. The Clarke’s generalized directional derivative of g at x € K in the direction
of a vector v € K, denoted by ¢°(x;v), is defined by

¢°(z;v) = limsup 9(y +tv) — 9(y)
7 y—x,t]0 t

Definition 3.2 (see [15]). Let ¢ : K — R be locally Lipschitz at a given point
x € K. The Clarke’s generalized subdifferential of g at x € K, denoted by 9°g(z),
is defined by

g(x) ={£ € R" : g°(z;v) = (§,v), Vv € R%},
where (-, -) denotes the scalar product in R"™.

We note that 0°g(z) is a nonempty, convex and compact subset of R™ if g is
locally Lipschitz on K. Next, let f = (fi,...,f;) : K — R’ be a vector-valued
function. Let each component f; of f be locally Lipschitz on K for i € {1,2,...,¢}.
Then the Clarke’s generalized subdifferential of f at x € K is the set

8°f(x) = 0% fi(x) x 8°fa(x) x - x O fo(x).

Let ¢ : R x K x K — R be an equilibrium-like function, that is, ¢(u,x,y) +
d(u,y,z) =0 for all (u,z,y) € R* x K x K.

Definition 3.3. Let  and y be points in K C R™ and suppose that g : K — R is
locally Lipschitz on an open set containing the line segment [z,y|. Then g is said to
satisfy the Lebourg mean value condition with respect to ¢ if there exists a point
z € (x,y) such that

9(x) — g(y) € p(9°g(2), y, x),
where (z,y) denotes the line segment joining z and y excluding the end points z
and y.
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A mapping n: K x K — R"™ is said to be skew if for all z,y € K,

n(y,z) +n(z,y) = 0.

Definition 3.4. Let x be an arbitrary point of K. The set K is said to be invex
at x with respect to 7 if for all y € K,

x+itn(y,x) € K, foralltel0,1].

K is said to be invex with respect to n if K is invex at every point z € K with
respect to 7.

Condition C. Let K C R"™ be an invex set with respect to n : K x K — R™. Then
7 is said to satisfy Condition C with respect to ¢ if for all z,y € K and ¢t € [0, 1],
(a) 77(357 T+ t’?(?/y .T,')) = _tn(yv 33) and ¢(U,, T+ t77(3/7 .TJ), .%') = _t¢(u7 €, y)vvu €
R™;
(b) n(y,z+tn(y,x)) = (1 =t)n(y, z) and ¢(u, z +tn(y,x),y) = (1 —t)d(u, z,y),
Yu € R".

Obviously, if we put n(y,z) =y — x and ¢(u, z,y) = (u,n(y, x)) for all (u,z,y) €
R" x K x K, then 7 satisfies Condition C with respect to ¢, where (-,-) denotes the
scalar product in R™. In addition, the examples of the map 7 that satisfies Condition
C with respect to ¢ can be constructed according to [24,25]. Furthermore, we also
consider the following Condition CT.

Condition Cf. Let K C R™ be an invex set with respect to n : K x K — R™. We
say that the mapping 7 : K x K — R™ satisfies the Condition C* with respect to ¢
if for all z,y € K and t € [0, 1],
(a) n(z,z +tn(y,z)) = —a(t)n(y, =) and ¢(u,z +tn(y, ), z) = —a(t)d(u, z,y),
Yu € R™;
(b) n(y,z+tn(y, =) = B(t)n(y, ) and ¢(u, z+tn(y, x),y) = B(t)d(u, x,y), Yu €
R",
where «(t) > 0, B(t) > 0 for all t € (0,1).

Remark 3.5. We note that if n satisfies the Condition C with respect to ¢, then
it satisfies the Condition C' with respect to ¢. However, the converse is not true in
general. Simple examples can be constructed eaasily by using Examples in [18].

Definition 3.6. Let ¢ : R™ x K x K — R be an equilibrium-like function and
g : K — R is locally Lipschitz on K. Then g is said to be

(a) invex with respect to ¢ on K if ¢(§,x,y) < g(y) — g(x) for all x,y € K and
§ € 9%(x);

(b) pseudoinvex with respect to ¢ on K if ¢(&, x,y) > 0 = g(y) > g(x) for all
z,y € K and £ € 0°%(x);

(c) strictly pseudoinvex with respect to ¢ on K if ¢(&,z,y) > 0 = g(y) > g(z)
for all x,y € K with z # y and & € 9°g(x);

(d) quasiinvex with respect to ¢ on K if g(y) < g(x) = ¢(§,z,y) < 0 for all
z,y € K and £ € 0°%(x).
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Definition 3.7 (see [4]). Let K C R™ be an invex set with respect to . A function
g: K — R is said to be

(a) preinvex with respect to 7 if
g(z +in(y,z)) <tg(y) + (1 —t)g(z), forall z,y € K and t € [0,1];
(b) prequasiinvex with respect to n on K if for all z,y € K, 0 <t <1,

g(x +tn(y,z)) < max{g(x),g(y)};

(c) semi-strictly prequasiinvex with respect to n on K if for all z,y € K, 0 <
t < 1 with g(x) # g(v),

g(z +tn(y,x)) < max{g(x),g(y)}.

Definition 3.8. Let ¢ : R™ x K x K — R be an equilibrium-like function and
g: K CR" — R be locally Lipschitz on K. Then 9% is said to be quasimonotone
with respect to ¢ if for all z,y € K, £ € 9°g(x) and ¢ € 9°g(y), one has ¢(§, z,y) > 0
= ¢(¢,y,2) <0.

Let K be a nonempty subset of R™ and 1 : K x K — R™ be a given map. Let
f = (fi,for..., fo) : R® = R be a vector-valued function such that each f; is
locally Lipschitz on K, that is, f has the Clarke’s generalized subdifferential on
K. Let ¢ : L(R* RY) x K x K — R’ be an equilibrium-like function, that is,
®(u,z,y) + P(u,y,x) = 0 for all (u,z,y) € L(R®,RY) x K x K. We consider the
following generalized Minty vector equilibrium-like problems (GMVELPs):

(P1) GMVELP. Find # € K such that for each z € K, there exists ( =

(Cl? <27 s Cf) € acf(x) Satisfying
P(¢, 7, x) ﬁRﬂ\{o} 0.
(P2) GGMVELP. Find 7 € K such that for each z € K
b(C, 7, x) LRty 0, VC €D f(@),

where ¢ = (¢1,C2,...,C) € 0°f(x).
(P3) GWMVELP. Find z € K such that for each x € K, there exists {( =

(C1,C2y ..., Cp) € O°f () satistying
(¢, 7, ) fintRi 0.

In particular, if @(u,z,y) = (u,n(y,z)), for all (u,r,y) € LR* RY) x K x K,
then the above GMVELP, GGMVELP and GWMVELP reduce to the GMVVLIP,
GGMVVLIP and GWMVVLIP considered and studied in [4]. The GGMVVLIP
and GWMVVLIP are considered and studied in [19] with further applications to
the VOP. The relationship between a solution of the GMVVLIP and an efficient
solution of the VOP is established in [1] under the condition that each f; is preinvex.
The existence of solutions of the GGMVVLIP is studied in [2]. When n(y,z) =
y — x, then the GGMVVLIP reduces to the generalized Minty vector variational
inequality problem considered and studied in [4]. Of course, the GGMVVLIP is
more general than the GMVVLIP as every solution of the GGMVVLIP is a solution
of the GMVVLIP.
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Theorem 3.9. Let K C R" be a nonempty invex set with respect ton : KxK — R™
such that n is skew and satisfies Condition C with respect to each ¢;,1 =1,2,...,¢,

where ®(u,z,y) = (P1(ur,z,y), p2(u2, x,y),...,¢e(ug, z,y)) for all (u,x,y) €
LR™ RY) x K x K with v = (uy,us,...,us). For each i € {1,2,...,0}, let
fi + K — R be pseudoinver and quasiinvex with respect to ¢;, locally Lipschitz
on K. Suppose that fori=1,2,...,¢

(i) each f; is both prequasiinver and semi-strictly prequasiinver with respect to
n on K;
(ii) each f; satisfies the Lebourg mean value condition with respect to ¢;;
(iii) each O°f; is quasimonotone with respect to ¢;.

Then we have

(a) If z € K is a solution of the GGMVELP, then it is an efficient solution of
the VOP.

(b) If z € K is an efficient solution of the VOP, then it is a solution of the
GGMVELP.

Proof. (a) Let T be a solution of the GGMVELP but not an efficient solution of the
VOP. Then there exists o € K such that f(xo) <RC\{0} f(Z); that is,

(3.1) £(@) = flzo) = (f1(Z) — fi(x0), ..., fo(Z) — felzo)) € RL \ {0}

Since K is invex with respect to 7, we have z(t) := Z+tn(zo,z) € K for all ¢t € [0,1].
Note that each f; is both prequasiinvex and semi-strictly prequasiinvex with respect
to the same 1 on K for i = 1,2,...,n. Then by using prequasiinvexity, semi-strict
prequasiinvexity and (3.1), we get

f(@) — f(z(t)) e RE\{0}, forallt e (0,1),
that is,

(3.2) F(z(0)) — f(z(t)) € RL\ {0}, forall t € (0,1).

Since each f; satisfies the Lebourg mean value condition with respect to ¢; for
i=1,2,...,¢, there exist t; € (0,1) and & € 9°f;(x(t;)) for all i € {1,2,...,¢} such
that

fz(.%'(())) — fz(l‘(t)) = —t¢;(&, f,xo), for all 7 € {1, 2,... ,f}
By using (3.2), we obtain
(3.3) ¢0i(&,T,x0) <0, forallie{l,2,...,¢},

and one of which becomes a strict inequality. Note that each ¢; is an equilibrium-like
function for ¢ = 1,2,...,¢. So, from Condition C (a), we have

¢z(£z, z, x(tl)) = tiqﬁi(&,a_:,xg), for all 7 € {1, 2,... ,E}
and hence
i (&, T, x(t;)) <0, forallie{l,2,...,¢}

and one of which becomes a strict inequality. Therefore,

(3.4) (¢1(&1, 2, 2(t1)), - - -, e(&r, Z, 2(t0))) € —RS\ {0}
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Suppose that t1,t,...,t, are all equal. Then it follows from (3.4) that z € K is
not a solution of the GGMVELP, a contradiction to our supposition. Consider the
case where t1,1t9,...,t, are all not equal.

Case 1 (i). If t; > t9, and in (3.4) the inequality is strict for £ = 1, then

-ty

1(&1, (1), x(t2)) = 0 o1&, 2, 2(t1)) > 0.

Indeed, by Condition C, we have

P1(&r,x(th), 2(t2)) = d1(&, T + tin(zo, %), T + tan(wo, 7))
= qbl (51, T+ tz’r](ajo, :73) + (tl — tg)’l?(:vo, i‘), T + tgn(ﬁo, .CE))

= 61(61. T + tan(w0, ) + ——— (20, T + tan(w0, 7)), T

1—1ts
—|—t27’](.’L'0, 'i'))

to — 11

= T, M€ T+ tan(ao, 7). 20) = (t2 — 1)1 (1, 7, 20),

and
$1(€1,%,2(t)) = —01(&1, T + tin(wo, ), T) = t1d1 (€1, T, x0).
Combining the above relationships, we obtain the assertion.

Note that 0¢f; is quasimonotone with respect to ¢1. Thus by virtue of pseudoin-
vexity of fi with respect to ¢1, we have for all {; € 9°f1(x(t2)),

¢1(Cr (t2), x(t1)) < 0.
From Condition C, we deduce
(35) 61(G1.,0(t) = 1 da(Gralta), (1) <0
Therefore, from (3.4) and (3.5), for all (1 € 9°f1(z(t2)) and & € O0°fa(x(t2)), we

obtain

(3.6) ¢1(C1, T, 2(t2)) <0 and  ¢a(&2, 7, 2(t2)) < 0.

Case 1 (ii). If t; < to and in (3.4) the inequality is strict for £ = 1. From
Condition C, we have

t1 — 1
02(62, 2(t2), w(h)) = == (&2, 7, 2(t2) 2 0.
The pseudoinvexity of fo with respect to ¢o implies that fo(z(t1)) > fa(z(t2)).
Therefore, by the quasiinvexity of fa w.r.t. ¢2, we know that for any &] € 9°fa(x(t1)),
$2(&1, x(t1), 2(t2)) < 0.

Thus from (3.4) and the assumption that the strict inequality holds in (3.4) for
k =1, we have for all & € 0°f1(x(t1)) satisfies ¢1(&1,7,2(¢t1)) < 0. Therefore, for
all & € 0°f1(x(t1)) and & € 9°fa(x(t1)), we have

qbl(fl,i’,l'(tl)) <0 and qbg(&i,i’,l’(tl)) <0.
The above inequalities contradict the fact that Z is a solution of the GGMVELP.
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Case 2 (i). If t; < t3 and in (3.4) the inequality is strict for k& = 2, then from
Condition C, we have
ty — 1

b2(&2, (t2), x(t1)) = 5 P2 (&2, T, 2(t2)) > 0.

Note that 9¢fy is quasimonotone with respect to ¢o. Thus by virtue of the pseu-
doinvexity of fo with respect to ¢a, for all & € 9° fa(z(t1)), we have

da2(&1, x(t1), x(t2)) < 0.

From Condition C, we deduce that

(37) Ba(hat0), a(12)) = 2L a(h, 3,0 (10))

1
Therefore, from (3.4) and (3.7), for all & € 0°f1(x(t1)) and & € 0°fa(x(t1)) we
obtain
(3.8) qbl(fl,.f',l'(tl)) <0 and (bg(fi,.f’,&?(tl)) <0.

Case 2 (ii). If t; > to and in (3.4) the inequality is strict for k& = 2, by the similar
method to that in Case 1 (i), we reach a contradiction.

Hence for t; # to, let tgo = min{¢;,t2}. Then from (3.6) and (3.8), for v; €
0°fi(x(to)),i = 1,2 we have

oi(vi, T, w(tg)) <0, fori=1,2.

By continuing this process, we can find t* € (0,1) such that for 7; € 9°f;(x(t*)),i =
1,2,...,0

(ﬁi(Ti, z, x(t*)) <0.
This contradicts the fact that z € K is a solution of the GGMVELP.
(b) Let = be an efficient solution of the VOP but not a solution of the GMVELP.
Then there exists zg € K such that

é(C7 Z, ;UO) = (¢1(C1> Z, 390)7 ceey ng(Cfa z, .I'())) € _Rﬁ- \ {0}
for all ¢; € 0°fi(xo),i = 1,2,...,£. Since each ¢; is an equilibrium-like function for
1=1,2,...,¢, we have

(¢, 20, %) = (61(G1, 00, 2), -, de(Ge 20,3, ) € R\ {0}
for all ; € 0°fi(xg),i =1,2,...,¢. From the pseudoinvexity of each f; with respect
to ¢;, it follows that
F(@) = f(xo) € RE\ {0};
that is, f(xo) <R‘\{0} f(z), contradicting the fact that Z is an efficient solution of
the VOP. [l

Remark 3.10. Theorem 3.9 improves and generalizes Theorem 6 in [4] at a great
extent. In Theorem 3.9, we establish the conclusion that every efficient solution of
the VOP is a solution of the GMVELP for pseudoinvex functions with some extra
conditions while it is proven in [4] for pseudoinvex functions with the continuity
condition of 7 in the second variable. Also in the proof of part (b) of Theorem 3.9,
we assume that K is an invex set with some other condition while it is only assumed
to be invex in [4, Theorem 6.
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It is worth to mention that we use the simple mean value condition for invex
functions to establish the above Theorem 3.9; however, in the proof of Theorem 6
of [4], the authors used simple mean value theorem for Clarke’s generalized sub-
differentials. Therefore, the arguments of Theorem 3.9 and Theorem 6 in [4] are
different. In addition, Theorem 3.9 also improves and extends [1, Theorem 3.1] in

the settings of GGMVELPs and GMVELPs.

Let K CR*and n: K x K — R™ Let f = (f,fo,...,fr) : R® = Rl be a
vector-valued function such that each f; is locally Lipschitz on K, that is, f has
the Clarke’s generalized subdifferential on K. Let ¢ : L(R® Rf) x K x K — R!
be an equilibrium-like function, i.e., @(u,z,y) + @(u,y,z) = 0 for all (u,z,y) €
L(R™ RY) x K x K. Now we consider the perturbed form of generalized weak
Stampacchia vector equilibrium-like problem (PGWSVELP): find z € K for which
there exists tg € (0, 1) such that

(0°f(z + tn(z, 7)), 7,2) € —intRY, for all z € K and ¢ € (0, ).
It is equivalent to find # € K for which there exists ¢y € (0,1) such that for all
x € K and t € (0, tp], there exists & € 0°fi(T + tn(x,x)),i = 1,2,..., ¢, satisfying
¢(£7j7m) = (¢1(fl7fa :Z:)v v 7¢1(£€7j7$)) ¢ _intRﬁ-a

where ¢; : R® x K x K — R for each i = 1,2,... (. Inspired by Gang and Liu [18],
we introduce the following Condition C*.

Condition C*. Let ¢ : L(R® Rf) x K x K — R’. Let K C R™ be an invex set
with respect to n : K x K — R™. We say that n satisfies the Condition C* with
respect to @ if for all z,y € K and t € [0, 1],

(a) P(u,z+tn(y,z),2) = —a(t)d(u,z,y),Yu € LR®, RY);
(b) ®(u,z+tn(y,z),y) = B(t)d(u,z,y),Vu € LR® RF), where a(t) > 0, B(t) >
0 for all t € (0,1).

The following result provides the relationship between solutions of the PGWSVELP
and ones of the GWMVELP.

Theorem 3.11. Let K be an invexr set with respect to n : K x K — R™ such
that n is skew and satisfies Condition C* with respect to ®. Let 0°f is strictly
Rﬁ-quasimonotone with respect to @, that is,

G(0°f(z),2,y) CintRL = &(0°f(y),y,z) C —intR,

forall z,y € K. Then & € K is a solution of the PGWSVELP if and only if it is
a solution of the GWMVELP.

Proof. Let T be a solution of the PGWSVELP. Then there exists ¢y € (0, 1) such
that

Crl= = = . )4
(39) B(0° (5 + tn(2,7)),3,7) L —intR,
for all z € K and ¢ € (0,tp]. By the Condition C*, we have
(3.10) b (u, T + tn(z, ), 2) = B(t) ®(u, 2,7), Vue L(R™ R,



66 L.-C. CENG AND J.-C. YAO

where §(t) > 0 for all t € (0,1). It follows from (3.9) that
DO f( + tn(x, 7)), T + tn(z, 2),x) = B(t) D(O°f (2 + tn(w,T)),7,x) L —intRE,

forall z € K and t € (0,p]. By the strict Rﬁ—quasimonotonicity of 0°f with respect
to @, we have

(0°f(x), 2, % + tn(z, 7)) € intRY.
Note that @ : L(R®,Rf) x K x K — R' is an equilibrium-like function. Thus, by
(3.10) we obtain
B0 f(x),x,x) = B(0°f(x), &+ tn(z, ), v)
= —@(8cf(x)’ x,T + t77(513» z
¢ —intRY,

)

which immediately yields
(0°f(x),7,z) € —intRE;

that is, for each x € K, there exists ( = ((1,C2,...,() € O°f(z) satisfying
o(C,z,x) ginm& 0. Hence z € K is a solution of the GWMVELP.

Conversely, let T be a solution of the GWMVELP. Then, for each x € K, there
exists ¢ € 0°f(z) satistying &((, z, x) gintRﬁ 0; that is, for all z € K,
B(0°f(z),7,2) € —intRY,
which immediately implies that
(3.11) S(°f(7 + tn(x, 7)), Z + tn(z,7),7)  intRE,

for all x € K and t € (0, tp] because @ is an equilibrium-like function.
By Condition* (a), we have

(u, T+ tn(z,7),7) = —a(t) ®(u, z,x), Yue LR® R,

where a(t) > 0 for all ¢ € (0,1). It follows from (3.11) that for all x € K and
tc (O,to]

—a(t)B(0°f (T + tn(z, 7)), 7,2) = B(O°f(Z + tn(x,7)),Z + tn(z,T),7)  intRY.
Hence, for all x € K and ¢ € (0, to]
(0°f(z + tn(z, 7)), 7,2) € —intRY.
Thus, T is a solution of the PGWSVELP. O

Remark 3.12. Theorem 3.11 develops and improves Theorem 7 in [4] because we
generalize and extend the GWMVVLIP and PGWSVVLIP in [4, Theorem 7] to the
GWMVELP and PGWSVELP, respectively. Moreover, Theorem 3.11 generalizes
and extends Proposition 2 in [20] and Theorem 3.2 in [26] for nondifferentiable and
pseudoinvex functions.
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