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THE SPLIT COMMON FIXED POINT PROBLEM AND
THE HYBRID METHOD IN BANACH SPACES

MAYUMI HOJO AND WATARU TAKAHASHI

ABSTRACT. In this paper, we consider the split common fixed point problem
in Banach spaces. Using the hybrid method in mathematical programming, we
prove a strong convergence theorem for finding a solution of the split common
fixed point problem in Banach spaces. Using this result, we get well-known and
new results which are connected with the split feasibility problem and the split
common null point problem in Banach spaces.

1. INTRODUCTION

Let Hy; and Hy be two real Hilbert spaces. Let D and Q be nonempty, closed
and convex subsets of Hy and Hs, respectively. Let A : Hy — Hy be a bounded
linear operator. Then the split feasibility problem [6] is to find z € Hj such that
z € DN A7'Q. Byrne, Censor, Gibali and Reich [5] also considered the following
problem: Given set-valued mappings A; : H; — 21, 1 < i < m, and Bj : Hy —
2H2 1 < j < n, respectively, and bounded linear operators T;:Hy— Hy, 1<5<
n, the split common null point problem [5] is to find a point z € H; such that

z € (ﬁ Ai10> N <ﬁ le(leo)),
i=1 j=1

where A;IO and B;l() are null point sets of A; and Bj, respectively. Defining
U = A*(I — Pg)A in the split feasibility problem, we have that U : H; — H; is an
inverse strongly monotone operator [1], where A* is the adjoint operator of A and
Py is the metric projection of Hs onto Q. Furthermore, if D N A~1Q is nonempty,
then z € DN A~1Q is equivalent to

(1.1) z=Pp(I —NA*(I — Pg)A)z,

where A > 0 and Pp is the metric projection of Hy onto D. Using such results
regarding nonlinear operators and fixed points, many authors have studied the split
feasibility problem and the split common null point problem in Hilbert spaces; see,
for instance, [1,5,7,10,11,22].
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Recently, by using the ideas of [12,13,15], Takahashi [20] obtained the following
result for the split common null point problem in Banach spaces; see also [19].

Theorem 1.1 ([20]). Let E and F be uniformly convex and smooth Banach spaces
and let Jg and Jp be the duality mappings on E and F, respectively. Let A and B
be mazimal monotone operators of E into 2F" and F into 2" such that A=10 #
and B710 # 0, respectively. Let Q, be the metric resolvent of B for u > 0. Let
T:E — F be a bounded linear operator such that T # 0 and let T be the adjoint
operator of T. Suppose that A=10NT~1(B710) # 0. Let x1 € E and let {z,} be a
sequence generated by

Zn = Ty — ,unngT*JF(Tmn - Qu, Txy),
Cpn={2€ A7'0: (2, — 2, Jg(xy — 2,)) > 0},
Qn=1{2€A710: (x, — 2z, Jp(x1 — x,)) > 0},
Tni1 = Peo,ng,r1, Vn €N,

where {p,} C (0,00) satisfies that for some a,b € R,

O<a<pu, <b< Vn € N.

1
[ERIES
Then the sequence {xy,} converges strongly to a point zg € A~*0NT~1(B710), where
zZ0 — PAfl()ﬁTfl(Bfl())wl-

In this paper, we consider the split common fixed point problem in Banach spaces.
Using the hybrid method in mathematical programming, we prove a strong conver-
gence theorem for finding a solution of the split common fixed point problem in
Banach spaces. Using this result, we get well-known and new results which are con-

nected with the split feasibility problem and the split common null point problem
in Banach spaces.

2. PRELIMINARIES

Throughout this paper, we denote by N the set of positive integers and by R the
set of real numbers. Let H be a real Hilbert space with inner product (-, -) and

norm || ||, respectively. For z,y € H and XA € R, we have from [18] that
(2.1) lz +yl* < [l + 2(y, = + y);
(2.2) Az + (1= Nyll* = Mlz]* + (1 = )lyl* = A1 = Nz -yl

Furthermore we have that for x,y,u,v € H,
(2.3) 2(z —y,u—v) = lz =0 + lly —ul® — [l —ul* — [ly — v]*.

Let C be a nonempty, closed and convex subset of a Hilbert space H. The nearest
point projection of H onto C' is denoted by Pg, that is, ||x — Poz|| < ||x — y|| for
all z € H and y € C. Such Pg is called the metric projection of H onto C'. We
know that the metric projection Py is firmly nonexpansive, i.e.,

(2.4) |Pca — Peyl|” < (Pox — Poy,z — y)

for all ,y € H. Furthermore (z — Pox,y— Pcx) < 0 holds for all z € H and y € C;
see [16].



THE SPLIT COMMON FIXED POINT PROBLEM IN BANACH SPACES 307

Let E be a real Banach space with norm || - || and let E* be the dual space of
E. We denote the value of y* € E* at x € E by (z,y*). When {z,} is a sequence
in E, we denote the strong convergence of {z,,} to x € F by z,, — x and the weak
convergence by x, — x. The modulus § of convexity of F is defined by

3(e) = inf {1 iy ;r yl

for every € with 0 < € < 2. A Banach space F is said to be uniformly convex if
d(e) > 0 for every € > 0. It is known that a Banach space E is uniformly convex if
and only if for any two sequences {z,,} and {y,} in E such that

el < Loyl < L e - yll }

lim ||z,| = lim [jy,]| =1 and lim ||z, + y,| = 2,
n—oo n—o0 n—o0
limy, 00 || Zn, — yn|| = 0 holds. A uniformly convex Banach space is strictly convex

and reflexive. We also know that a uniformly convex Banach space has the Kadec-
Klee property, that is, x,, = u and ||z,| — ||lu|| imply =, — u; see [8,14].
The duality mapping J from E into 2F" is defined by

Ju={2" € B : (z,a") = ||z|* = [|2"|*}

for every x € E. Let U = {z € E : ||z|| = 1}. The norm of E is said to be Gateaux
differentiable if for each x,y € U, the limit

t—0 t

exists. In the case, F is called smooth. We know that E is smooth if and only
if J is a single-valued mapping of E into E*. We also know that F is reflexive if
and only if J is surjective, and F is strictly convex if and only if J is one-to-one.
Therefore, if E is a smooth, strictly convex and reflexive Banach space, then J is
a single-valued bijection and in this case, the inverse mapping J~! coincides with
the duality mapping J, on E*. For more details, see [16] and [17]. We know the
following result:

Lemma 2.1. Let E be a smooth Banach space and let J be the duality mapping on
E. Then, (x —y,Jx— Jy) > 0 for all x,y € E. Furthermore, if E is strictly convex
and (x —y, Jx — Jy) =0, then z = y.

Let C' be a nonempty, closed and convex subset of a strictly convex and reflexive
Banach space E. Then we know that for any x € E, there exists a unique element
z € C such that ||z — z|| < ||lx — yl| for all y € C. Putting 2 = Pox, we call Po the
metric projection of E onto C.

Lemma 2.2 ([16]). Let E be a smooth, strictly convex and reflexive Banach space.
Let C be a nonempty, closed and convex subset of E and let x1 € F and z € C.
Then, the following conditions are equivalent

(1) z = Poxy;

(2) (2 =9, J(m1—2)) >0, WyeC.

Let E be a Banach space and let A be a mapping of F into 2F". The effective
domain of A is denoted by dom(A), that is, dom(A) = {z € E : Az # 0}. A
multi-valued mapping A on F is said to be monotone if (x — y, u* — v*) > 0 for all
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x,y € dom(A), u* € Ax, and v* € Ay. A monotone operator A on E is said to be
maximal if its graph is not properly contained in the graph of any other monotone
operator on E. The following theorem is due to Browder [3]; see also [17, Theorem
3.5.4].

Theorem 2.3 ([3]). Let E be a uniformly convex and smooth Banach space and let
J be the duality mapping of E into E*. Let A be a monotone operator of E into
2E"  Then A is maximal if and only if for any r > 0,

R(J+rA)=FE",
where R(J + rA) is the range of J +rA.

Let E be a uniformly convex Banach space with a Gateaux differentiable norm
and let A be a maximal monotone operator of E into 2F". For all € E and r > 0,
we consider the following equation

0€ J(z, —x) +rAz,.

This equation has a unique solution x,.. We define J, by =, = J.2. Such J.,r > 0
are called the metric resolvents of A. The set of null points of A is defined by
A710={z€ F:0 € Az}. We know that A0 is closed and convex; see [17].

Let F be a smooth, strictly convex and reflexive Banach space and let 7 be a real
number with 7 € (—o0,1). Then a mapping U : E — E with F(U) # 0 is called
n-demimetric [21] if, for any « € F and ¢ € F(U),

1 _
(¢ —q.J(@ = Ux)) > —"|x = Ual ",

where F(U) is the set of fixed points of U.

Examples. We know examples of n-demimetric mappings from [21].

(1) Let H be a Hilbert space and let k be a real number with 0 < k < 1. Let
U be a strict pseud-contraction [4] of H into itself such that F(U) # (). Then U is
k-demimetric.

(2) Let E be a strictly convex, reflexive and smooth Banach space and let C' be
a nonempty, closed and convex subset of E. Let Po be the metric projection of E
onto C. Then Pr is (—1)-demimetric.

(3) Let E be a uniformly convex and smooth Banach space and let B be a
maximal monotone operator with B=10 # (). Let A > 0. Then the metric resolvent
Jy is (—1)-demimetric.

Furthermore, we know an important result for demimetric mappings in a smooth,
strictly convex and reflexive Banach space.

Lemma 2.4 ([21]). Let E be a smooth, strictly convex and reflexive Banach space
and let ) be a real number with n € (—oo,1). Let U be an n-demimetric mapping of
E into itself. Then F(U) is closed and convez.
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3. MAIN RESULT

Let E be a Banach space and let C' be a nonempty, closed and convex subset of
E. A mapping U : C' — FE is called demiclosed if, for a sequence {z,} in C such
that , — pand x, —Uz, — 0, p = Up holds. In this section, using the demimetric
operators, we prove a strong convergence theorem for finding a solution of the split
common fixed point problem in Banach spaces.

Theorem 3.1. Let H be a Hilbert space and let F' be a smooth, strictly convex
and reflexive Banach space. Let Jp be the duality mapping on F and let n be a
real number with n € (—oo,1). Let T : H — H be a nonexpansive mapping and
let U : F — F be an n-demimetric and demiclosed mapping with F(U) # (0. Let
A: H — F be a bounded linear operator such that A # 0 and let A* be the adjoint
operator of A. Suppose that F(T) N A *F(U) # (0. Let x1 € H and let {z,} be a
sequence generated by

Zp = T(acn — MA* Jp(Ax, — UAacn)),

Yn = QnTpn + (1 — an)2n,

Cn=A{z€H:|lyn— 2| < |zn — 2|},

D, ={z€ H: (ry,—zx1 —x,) >0},

(Tnt+1 = Po,np,71, Vn €N,

where {an} C [0,1] and {\,} C (0,00) satisfy the conditions such that
0<ap<a<l, and 0<b<\|AP<c<(1-1)

for some a,b,c € R. Then {x,} converges strongly to a point zy € F(T)NA-1F(U),
where 20 = PF(T)HAle(U)xl'

Proof. Since
lyn = 21* < ll#n — 2
=yl = lzall? = 2(yn — 20, 2) <0,

it follows that C, is closed and convex for all n € N. It is obvious that D,, is closed
and convex. Then C, N D,, is closed and convex for all n € N. Let us show that
F(T)NAT'F(U) C Cy foralln € N. Let z € F(T)N A 'F(U). Then z = Tz and
Az = UAz. Since T is nonexpansive, we have that for 2 € F(T) N A1 F(U),

20 = 212 = IT (0 = AuA*Tp(Azy — UAzy)) = T2

< ||zn — MA* Jp(Az, — UAzxy,) — z||?

=||zn — 2 — \MA Jp(Ax,, — UAl‘n)HQ

= |lzn — 2||? = 2(xy — 2, M A* Jp(Az,, — UAz,))

(3.1) + [[MA* Tp(Azy, — UAz,)|?
< lan — 2||* = 22 (Az,, — Az, Jp(Az, — UAx,))
+ AL ANP T (Azn — U Az,) |12
< llan = 2l = An(1 = )| Azy — UAzy|®
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+ XAl Az, — U Azn||?
= llzn = 217 + Aa(AallAI* = (1 = )| Azy — U Az,
< lzn — 27
and hence
lyn — 2|l = l[an@n + (1 — an)zn — 2|
< apllzn — 2[| + (1 — an)llzn — 2|
< apllzn — 2| + (1 — an)llzn — 2|
< [lzn = 2|
Then we have that F(T) N A~*F(U) C C, for all n € N. We show that F(T) N
A=YF(U) c D, for all n € N. It is obvious that F(T) N A~'F(U) C D;. Suppose
that F(T)N A~YF(U) C Dy, for some k € N. Then F(T)N A~'F(U) C Cj, N Dy,
From zp4+1 = Poynp,*1, we have that
<xk+1 —2,r1 — $k+1> >0, VzeCrNDy
and hence
(Tpa1 — 2,21 — ) >0, Vze F(T)NALF(U).
Then, F(T)N A LF(U) C Dy,1. By mathematical induction, we have that F(T) N
A7YF(U) C @, for all n € N. Thus, we have that F(T)NA~'F(U)) C C,, N D,, for
all n € N. This implies that {z,} is well defined.
Since F(T)NA~YF(U) is a nonempty, closed and convex subset of H, there exists
2 € F(T) N A7'F(U) such that 2o = Ppiryna-1p@nz1. From z,41 = Po,np, 1,
we have that
21 = Znpa || < lzr =y
for all y € C,, N D,,. Since 29 € F(T)N A~LF(U) C C,, N D,,, we have that

(3:2) 21 — Zpia |l < [lz1 — 20]|-
This means that {z,} is bounded.
Next we show that lim,, o |2, — Zn41]| = 0. From the definition of D,,, we have

that z, = Pp,z1. From xn4+1 = Pco,np,x1 we have x,41 € D,,. Thus
[2n — 21]| < |lZn1 — 21|

for all n € N. This implies that {||z1 — z,||} is bounded and nondecreasing. Then
there exists the limit of {|lz; — z,||}. From z,,11 € D,, we have that

(Ty, — Tpt1,21 — Tp) > 0.
This implies from (2.3) that
0 < |lans = @1l® = llzn — 21]® = 241 — 2nll?

and hence
2041 = 2l < l2nsr = 21lf* = 20 — 2%
Since there exists the limit of {||x; — ||}, we have that

(3.3) lim ||z, — zpt1]] = 0.

n—oo
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We have from x, 41 € C, and the definition of C,, that

lyn — Tny1ll < |0 — zpga |-

From lim, o0 ||y, — Zp+1|| = 0 we have that lim, o ||yn — Zn+1]| = 0. Using this,
we have that

(3-4) 1Yn = 2nll < llyn = ngall + l2n41 — znll = 0.
We have from (3.1) that for any z € F(T) N A~1F(U),

lyn — Z||2 = [Janmn + (1 — an)zn — Z||2
< ay [|r, — Z||2 + (1 —an) llzn — Z||2
< ay ||z, — Z||2 + (1 —ap)||zn — Z||2

+ (1 = an)An(An HAH2 — (1 =n))[|Az, — UA:EnHQ
< lan — Z||2 + (1 = an)An(An HAH2 — (1 =n)l|Az, — UAxnuz-
Thus we have that
(1= @)A1 = =2 [|AI1*) | Az — U Az | < |20 = 2|° = [lym — 2]
= ([len = 2l + llyn = 2l ([l2n = 2l = llyn — 2])
< (lzn = 2l + llyn = 2l) [|n — ynl| -

From ||y, — zn|| = 0, 0 <, <a < land 0 <b< A\ ||A|? < e < (1-n), we have
that

(3.5) |Az, — UAz,|?* = 0.

lim
n—oo
We also have that ||y, —zp| = ||anxn + (1 — an)zn — n|| = (1 —an)||2n — 2nl|. From
lyn — xn]] = 0 and 0 < a;, < a < 1, we have that

(3.6) nlg& |xrn, — 20| = 0.

Since {x,} is bounded, there exists a subsequence {z,,} of {z,} converging weakly
to w. Since A is bounded and linear, we also have that {Az,,} converges weakly

to Aw. Since lim, o [|[Azy, — UAz,[|?> = 0 and U is demiclosed, we have that
Aw € F(U). We also have that

|xn — Txy|| = ||xn — 2n + 20 — Ty ||
= ||zp — 20 + T(mn — MA TR (Ax, — UAxn)> — Tz
< |l — znll + |20 — AMA Jp(Azy, — UAzy,) — x|
= ||zn — 20| + M\||A" T (A, — UAzy,)|| — 0.

Since z,, — w and a nonexpansive mapping 7" is demiclosed [18], we have w = T'w.
This implies that w € F(T) N A~LF(U).
From zy = Pp(ryna-1p@y®1 and w € F(T) N A7 F(U), we have from (3.2) that

lz1 = 2oll < [lz1 — w] <liminf [lz) — 2y, |
1—00

< limsup |21 — 2, || < [lz1 — 20].-
1—00
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Then we get that
lim |21 — @[] = |21 — w]| = [Jo1 — 2.
1— 00
Since H satisfies the Kadec-Klee property, we have that z; — x,, = 1 — w and
hence
Ty, — W = 2.

Therefore, we have x,, — w = z3. This completes the proof. O

4. APPLICATIONS

In this section, using Theorem 3.1, we get well-known and new strong convergence
theorems which are connected with the split common fixed point problems in Banach
spaces. We know the following result obtained by Marino and Xu [9]; see also [23].

Lemma 4.1 ([9]). Let H be a Hilbert space and let C' be a nonempty, closed and
conver subset of H. Let k be a real number with 0 < k <1 andU : C — H be a
k-strict pseudo-contraction. If x,, — z and x,, — Ux,, — 0, then z € F(U).

Theorem 4.2. Let Hy and Hs be Hilbert spaces. Let k be a real number with
k € 0,1). Let T : Hi — Hp be a nonexpansive mapping and let U : Hy — Hy be
a k-strict pseud-contraction such that F(U) # (. Let A : Hy — Hy be a bounded
linear operator such that A # 0 and let A* be the adjoint operator of A. Suppose
that F(T)NAYF(U) # 0. Let x1 € H and let {x,} be a sequence generated by

Zp = T(azn — M A (Ax, — UAzn))7
Yn = nTn + (1 — an)zp,

Cn={2€ H: |lyn — 2|| < [lzn — 2|},
D,={z€ H: (x, —z,x1 —xp) > 0},
Tptl = Pcannl'l, Vn € N,

where {an} C [0,1] and {\,} C (0,00) satisfy the conditions such that
0<apn<a<l, and 0<b<\|A|?<c<(1-k)

for some a,b,c € R. Then {x,} converges strongly to a point zy € F(T)NA-1F(U),
where zZ0 — PF(T)ﬂA—lF(U)J:l-

Proof. Since U be a k-strict pseud-contraction of Hs into itself such that F(U) # 0,
from (1) in Examples, U is k-demimetric. Furthermore, from Lemma 4.1, U is
demiclosed. Therefore, we have the desired result from Theorem 3.1. O

Theorem 4.3. Let H be a Hilbert space and let F' be a smooth, strictly convex
and reflexive Banach space. Let Jp be the duality mapping on F. Let C and D be
nonempty, closed and convexr subsets of H and F', respectively. Let Po and Pp be
the metric projections of H onto C' and F onto D, respectively. LetT : H - H
be a nonexpansive mapping, let A: H — F be a bounded linear operator such that
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A # 0 and let A* be the adjoint operator of A. Suppose that C N A™'D # (. Let
x1 € H and let {x,} be a sequence generated by

;

%:R%%—Mmhm%—ﬁﬁ%»
Yn = nTn + (1 — ap)zp,

Cn={2€ H: |lyn — 2[| < [lzn — 2|},

D, ={z€ H: (z, —z,x1 —x,) > 0},
Tn+1 = Pc,np,r1, Vn €N,

where {an} C [0,1] and {\,} C (0,00) satisfy the conditions such that
0<ap,<a<l, and 0<b<\|A|*<c<?2

for some a,b,c € R. Then the sequence {x,} converges strongly to a point zy €
CNA'D, where 29 = Popa-1pT1.

Proof. Since P¢ is the metric projection of H onto C, P¢ is nonexpansive. Further-
more, since Pp is the metric projection of F' onto D, from (2) in Examples, Pp is
(—1)-demimetric. We also have that if {z,} is a sequence in F' such that x,, — p and
T, — Ppx, — 0, then p = Ppp. In fact, assume that x,, — p and x,, — Ppx, — 0.
It is clear that Ppx, — p and ||Jp(z, — Ppxy)|| = ||xn — Ppxys|| — 0. Since Pp is
the metric projection of F' onto D, we have that

(Ppxyn — Ppp, Jp(zy, — Ppxy) — Jp(p — Ppp)) > 0.

Therefore, —|p — Ppp||*> = (p — Ppp, —Jr(p — Ppp)) > 0 and hence p = Ppp.
Therefore, we have the desired result from Theorem 3.1. Il

Theorem 4.4. Let H be a Hilbert space and let F' be a uniformly convexr and
smooth Banach space. Let Jr be the duality mapping on F. Let A and B be
mazximal monotone operators of H into H and F into F*, respectively. Let Jy be
the resolvent of A for A\ > 0 and let Q, be the metric resolvent of B for p > 0,
respectively. Let T : H — F be a bounded linear operator such that T # 0 and let
T* be the adjoint operator of T. Suppose that A~'0NT~Y(B~10) #0. Let x1 € H
and let {x,} be a sequence generated by

zmdw%—MWh@%—%ﬂm»
Yn = QpTp + (1 - an)zn,
Cn={2€H:|yn — 2| < |lzn — 2|l},
D, ={z€ H:(xy,—z,x1 —xy,) > 0},
ZTny1 = Po,np,21, Vn €N,

where {an} C [0,1] and {\,} C (0,00) satisfy the conditions such that
0<ap,<a<l, and 0<b§/\nHTH2§c<2

for some a,b,c € R. Then the sequence {x,} converges strongly to a point zy €
ATtoNnT~Y(B710), where zg = Pa-1onr-1(B-10)T1-
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Proof. Since J) is the resolvent of A on H, .Jy is nonexpansive. Furthemore, since
Q. is the metric resolvent of B on F', from (3) in Examples, @, is (—1)-demimetric.
We also have that if {z,} is a sequence in F such that z,, — p and z, — Qux, — 0,
then p = @ p. In fact, assume that z,, — p and =, — Q,z, — 0. It is clear that
Qurn — p and [|[Jp(zp — Quan)|| = ||on — Quan| — 0. Since @, is the metric
resolvent of B, we have from [2] that

<Qu$n - Q,upa JF(xn - Qu$n) - JF(p - Q;m)) > 0.

Therefore, —[lp — Qupll> = (p — Qup, —Jr(p — Qup)) > 0 and hence p = Q,p.
Therefore, we have the desired result from Theorem 3.1. O
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