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we say f is concave if −f is convex. The subdifferential of f at x ∈ Rn is defined
by

∂f(x) =

{
{x∗ ∈ Rn | ⟨x∗, y − x⟩ ≤ f(y)− f(x), ∀y ∈ Rn}, if x ∈ domf,
∅, otherwise.

More generally, for any ϵ ≥ 0, the ϵ-subdifferential of f at x ∈ Rn is defined by

∂ϵf(x) =

{
{x∗ ∈ Rn | ⟨x∗, y − x⟩ ≤ f(y)− f(x) + ϵ, ∀y ∈ Rn}, if x ∈ domf,
∅, otherwise.

For any proper convex function f on Rn, its conjugate function f∗ : Rn → R∪{+∞}
is defined by f∗(x∗) = sup

x∈Rn
{⟨x∗, x⟩ − f(x)} for all x∗ ∈ Rn. For details of conjugate

function, see [17]. Clearly, f∗ is a proper lower semicontinuous convex function and
λepif∗ = epi(λf)∗ for any λ > 0. If one of the convex functions f1, f2 is continuous,
then we have

(1.1) epi(f1 + f2)
∗ = epif∗

1 + epif∗
2 .

For details see [16].

Lemma 1.1 (cf. [9]). Let I be an arbitrary index set and let fi, i ∈ I, be proper
lower semicontinuous convex functions on Rn. Suppose that there exists x0 ∈ Rn

such that sup
i∈I

fi(x0) < ∞. Then

epi(sup
i∈I

fi)
∗ = cl

(
co

∪
i∈I

epif∗
i

)
,

where sup
i∈I

fi : Rn → R ∪ {+∞} is defined by (sup
i∈I

fi)(x) = sup
i∈I

fi(x) for all x ∈ Rn.

We recall a version of the Brondsted-Rockafellar theorem which was established
in [18].

Proposition 1.1 (Brondsted-Rockafellar Theorem [6,18]). Let f : Rn → R∪{+∞}
be a proper lower semi-continuous convex function. Then for any real number ϵ > 0
and any x∗ ∈ ∂ϵf(x̄) there exist xϵ ∈ Rn and x∗ϵ ∈ ∂f(xϵ) such that

∥xϵ − x̄∥ ≤
√
ϵ, ∥x∗ϵ − x∗∥ ≤

√
ϵ and |f(xϵ)− x∗ϵ (xϵ − x̄)− f(x̄)| ≤ 2ϵ.

A standard form of multiobjective optimization problem is as follows:

(MP) min (f1(x), . . . , fl(x))

s.t. gj(x) ≤ 0, j = 1, . . . ,m,

where fi : Rn → R, i = 1, . . . , l, and gj : Rn → R, j = 1, . . . ,m, are functions.
A multiobjective optimization problem (MP) in the face of data uncertainty both

in the objective and constraints can be captured by the problem

(UMP) min (f1(x, u1), . . . , fl(x, ul))

s.t. gj(x, vj) ≤ 0, j = 1, . . . ,m,

where fi : Rn × Rq1 → R, i = 1, . . . , l, and gj : Rn × Rq2 → R, j = 1, . . . ,m, are
functions, Ui, i = 1, . . . , l, are nonempty subsets in Rq1 and ui ∈ Ui, i = 1, . . . , l,
and Vj , j = 1, . . . ,m, are nonempty subsets in Rq2 and vj ∈ Vj , j = 1, . . . ,m.
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Here we suppose that we do not know the exact values of ui, i = 1, . . . , l and vj ,
j = 1, . . . ,m, but we know that ui, i = 1, . . . , l, belongs to some uncertainty sets Ui,
i = 1, . . . , l and, vj , j = 1, . . . ,m, belongs to some uncertainty sets Vj , j = 1, . . . ,m.
For the worst case of (UMP), the robust counterpart of (UMP) is given as follows
(see [2]):

(RUMP) min
(
max
u1∈U1

f1(x, u1), . . . ,max
ul∈Ul

fl(x, ul)
)

s.t. gj(x, vj) ≤ 0, ∀vj ∈ Vj , j = 1, . . . ,m.

Let the robust feasible set of (RUMP) defined by

F := {x ∈ Rn | gj(x, vj) ≤ 0, ∀vj ∈ Vj , j = 1, . . . ,m}.
Then x̄ ∈ F is said to be a robust efficient solution of (RUMP) if there does not
exist a robust feasible solution x of (RUMP) such that

max
ui∈Ui

fi(x, ui) ≤ max
ui∈Ui

fi(x̄, ui), i = 1, . . . , l,

max
uk∈Uk

fk(x, uk) < max
uk∈Uk

fk(x̄, uk), for some k.

Also, x̄ ∈ F is called a weakly robust efficient solution of (RUMP) if there does not
exist a robust feasible solution x of (RUMP) such that

max
ui∈Ui

fi(x, ui) < max
ui∈Ui

fi(x̄, ui), i = 1, . . . , l.

Also, x̄ ∈ F is said to be a properly robust efficient solution of (RUMP) if it is an
efficient robust solution of (RUMP) and there is a number M > 0 such that for all
i ∈ {1, . . . , l} and x ∈ F satisfying max

ui∈Ui

fi(x, ui) < max
ui∈Ui

fi(x̄, ui), there exists an

index k ∈ {1, . . . , l} such that max
uk∈Uk

fk(x̄, uk) < max
uk∈Uk

fi(x, uk) and moreover

max
ui∈Ui

fi(x̄, ui)− max
ui∈Ui

fi(x, ui)

max
uk∈Uk

fk(x, uk)− max
uk∈Uk

fk(x̄, uk)
≤ M.

Convex programs that are affected by data uncertainty ([2–5, 12, 15]) have been
intensively studied. Recently, the duality theory for convex programs under uncer-
tainty via robust approach(worst-case approach) have been studied ([2, 12, 15]). It
was shown that primal worst equals dual best ([2, 12]).

On the other hand, recently, new sequential Lagrange multiplier conditions char-
acterizing optimality without any constraint qualification for convex programs are
presented in terms of the convex subdifferentials and the ϵ-subdifferentials ([9, 10,
13,14]). It was also shown how the sequential conditions are related to the standard
Lagrange multiplier condition ([9, 14]).

In this paper, we present sequential optimality conditions for (weakly, properly)
robust efficient solutions for (RUMP) which hold without any constraint quali-
fication, which are expressed in terms of sequences with subdifferentials and ϵ-
subdifferentials for convex functions. The interesting feature of the Lagrange opti-
mality conditions is that the number of the Lagrangian multipliers coincides with
the number of constraint functions. We give a sufficient condition that a robust
efficient solution of (RUMP) can be a properly robust efficient solution of (RUMP).
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Furthermore, we introduce a constraint qualification for (RUMP) and give Lagrange
optimality conditions for (weakly, properly) robust efficient solutions for (RUMP)
which hold under the constraint qualification. We present examples illustrating our
results.

2. Sequential optimality conditions I

The following proposition, which describes the relationship between the epigraph
of a conjugate function and the ϵ-subdifferential and which plays a key role in
deriving the main results, was recently given in [8].

Proposition 2.1. Let h : Rn → R ∪ {+∞} be a proper, lower semicontinuous and
convex function and let a ∈ domf. Then

epih∗ =
∪
ϵ≥0

{(
v, vTa+ ϵ− h(a)

)
: v ∈ ∂ϵh(a)

}
.

The following theorem, which is the robust version of an alternative theorem,
can be obtained from Proposition 2.3 and Theorem 2.4 in [12]. For the sake of
completeness, we give a short proof here.

Theorem 2.1 (Robust Theorem of the Alternative). Let fi : Rn × Rq1 → R,
i = 1, . . . , l, be continuous functions such that fi(·, ui) is a convex function for each
ui ∈ Rq1 and let gj : Rn×Rq2 → R, j = 1, . . . ,m, be continuous functions such that
gj(·, vj) is a convex function for each vj ∈ Rq2. Let Ui be a nonempty convex and
compact subset of Rq1, i = 1, . . . , l, and let Vj be a nonempty convex and compact
subset of Rq2, j = 1, . . . ,m. Let F := {x ∈ Rn | gj(x, vj) ≤ 0, ∀vj ∈ Vj , j =
1, . . . ,m} ̸= ∅. Suppose that for each x ∈ Rn, gj(x, ·) is a concave function. Then
exact one of the following two statements holds:

(i) (∃x ∈ Rn)

l∑
i=1

max
ui∈Ui

fi(x, ui) < 0, gj(x, vj) ≤ 0, ∀vj ∈ Vj , j = 1, . . . ,m;

(ii) (0, 0) ∈ epi

( l∑
i=1

max
ui∈Ui

fi(·, ui)
)∗

+ cl

( ∪
vj∈Vj

λj≥0

epi

( m∑
j=1

λjgj(·, vj)
)∗)

.

Proof. Suppose that (i) does not hold. Then for any x ∈ F,

max
vj∈Vj

gj(x, vj) ≤ 0, j = 1, . . . ,m ⇒
l∑

i=1

max
ui∈Ui

fi(x, ui) ≥ 0.

So, we have infx∈Rn{
∑l

i=1maxui∈Ui fi(x, ui) + δF (x)} ≥ 0. By assumptions,∑l
i=1maxui∈Ui fi(x, ui) is continuous. So, (0, 0) ∈ epi(

∑l
i=1maxui∈Ui fi(·, ui) +

δF )
∗ = epi(

∑l
i=1maxui∈Ui fi(·, ui))∗+epiδ∗F . Since δF (x) = supvj∈Vj

λj≥0

∑m
j=1 λjgj(x, vj),

it follows from Lemma 1.1 that

epiδ∗F = epi

(
sup
vj∈Vj

λj≥0

m∑
j=1

λjgj(·, vj)
)∗



ON SEQUENTIAL OPTIMALITY CONDITIONS 225

= cl

(
co

( ∪
vj∈Vj

λj≥0

epi

( m∑
j=1

λjgj(·, vj)
)∗)

Moreover, we can check that the concavity assumption on the functions gj(x, ·) im-
plies the convexity of the set

∪
vj∈Vj

λj≥0

epi(
∑m

j=1 λjgj(·, vj))∗ (see the proof of Propo-

sition 2.3 in [12]). Thus (ii) holds.

Conversely, suppose that (ii) holds. Then (0, 0) ∈ epi(
∑l

i=1maxui∈Ui fi(·, ui) +
δF )

∗ and hence infx∈Rn{
∑l

i=1maxui∈Ui fi(x, ui) + δF (x)} ≥ 0. Thus for any x ∈ F,∑l
i=1maxui∈Ui fi(x, ui) ≥ 0. Hence (i) does not hold. □
By using Proposition 2.1 and Theorem 2.1, we can obtain the following sequential

optimality theorems:

Theorem 2.2. Let Ui be a nonempty convex and compact subset of Rq1, i = 1, . . . , l,
and let Vj be a nonempty convex and compact subset of Rq2, j = 1, . . . ,m. Let
fi : Rn ×Rq1 → R, i = 1, . . . , l, be functions such that for each ui ∈ Ui, fi(·, ui) is a
convex function on Rn and for each x ∈ Rn, fi(x, ·) is a concave function on Rq1.
Let gj : Rn×Rq2 → R, j = 1, . . . ,m, be functions such that for each vj ∈ Vj, gj(·, vj)
is a convex function on Rn and for each x ∈ Rn, gj(x, ·) is a concave function on
Rq2. Let F := {x ∈ Rn | gj(x, vj) ≤ 0, ∀vj ∈ Vj , j = 1, . . . ,m} ≠ ∅. Let x̄ ∈ F .
Then the following statements are equivalent:

(i) the point x̄ is a robust efficient solution of (RUMP);

(ii) (
0,−

l∑
i=1

max
ui∈Ui

fi(x̄, ui)

)
∈ epi

( l∑
i=1

max
ui∈Ui

fi(·, ui)
)∗

+cl

[ ∪
ui∈Ui
µi≥0

(
epi

( l∑
i=1

µifi(·, ui)
)∗

+

(
0,

l∑
i=1

µi max
ui∈Ui

fi(x̄, ui)

))

+
∪

vj∈Vj

λj≥0

epi

( m∑
j=1

λjgj(·, vj)
)∗]

;

(iii) there exist ūi ∈ Ui, νi ∈ ∂fi(·, ūi)(x̄), µn
i ≥ 0, uni ∈ Ui, i = 1, . . . , l, δn ≥ 0,

ξn ∈ ∂δn(
∑l

i=1 µ
n
i fi(·, uni ))(x̄), vnj ∈ Vj, λ

n
j ≥ 0, j = 1, . . . ,m, γn ≥ 0 and

ζn ∈ ∂γn(
∑m

j=1 λ
n
j gj(·, vnj ))(x̄) such that

max
ui∈Ui

fi(x̄, ui) = fi(x̄, ūi), i = 1, . . . , l,

0 =

l∑
i=1

νi + lim
n→∞

(ξn + ζn), lim
n→∞

δn = 0, lim
n→∞

γn = 0,

lim
n→∞

[µn
i fi(x̄, u

n
i )− µn

i fi(x̄, ūi)] = 0, i = 1, . . . , l and lim
n→∞

m∑
j=1

λn
j gj(x̄, v

n
j ) = 0.
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Proof. Notice that x̄ is a robust efficient solution of (RUMP) if and only if x̄ is a
solution of the following problem:

minimize

l∑
i=1

max
ui∈Ui

fi(x, ui)

subject to max
ui∈Ui

fi(x, ui)− max
ui∈Ui

fi(x̄, ui) ≤ 0, i = 1, . . . , l,

max
vj∈Vj

gj(x, vj) ≤ 0, j = 1, . . . ,m.

Let x̄ be a robust efficient solution of (RUMP). Let F̃ := {x ∈ Rn | maxui∈Ui fi(x, ui)−
maxui∈Ui fi(x̄, ui) ≤ 0, i = 1, . . . , l, maxvj∈Vj gj(x, vj) ≤ 0, j = 1, . . . ,m}. Then,

for any x ∈ F ,
∑l

i=1maxui∈Ui fi(x, ui) −
∑l

i=1maxui∈Ui fi(x̄, ui) ≥ 0. So, from
Theorem 2.1,(

0,−
l∑

i=1

max
ui∈Ui

fi(x̄, ui)

)
∈ epi

( l∑
i=1

max
ui∈Ui

fi(·, ui)
)∗

+cl

[ ∪
ui∈Ui,vj∈Vj

µi≥0,λj≥0

(
epi

( l∑
i=1

µi(fi(·, ui)− max
ui∈Ui

fi(x̄, ui)

)
+

m∑
j=1

λjgj(·, vj))∗
)]

.

Hence, from (1.1), we have(
0,−

l∑
i=1

max
ui∈Ui

fi(x̄, ui)

)
∈ epi

( l∑
i=1

max
ui∈Ui

fi(·, ui)
)∗

+cl

[ ∪
ui∈Ui
µi≥0

(
epi

( l∑
i=1

µifi(·, ui)−
l∑

i=1

µi max
ui∈Ui

fi(x̄, ui)

)∗)

+
∪

vj∈Vj

λj≥0

epi

( m∑
j=1

λjgj(·, vj)
)∗]

.

So, by the definition of epigraph, we have(
0,−

l∑
i=1

max
ui∈Ui

fi(x̄, ui)

)
∈ epi

( l∑
i=1

max
ui∈Ui

fi(·, ui)
)∗

+cl[
∪

ui∈Ui
µi≥0

(
epi

( l∑
i=1

µifi(·, ui)
)∗

+

(
0,

l∑
i=1

µi max
ui∈Ui

fi(x̄, ui)

))

+
∪

vj∈Vj

λj≥0

epi

( m∑
j=1

λjgj(·, vj)
)∗]

,
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and so, by Proposition 2.1, we have(
0,−

l∑
i=1

max
ui∈Ui

fi(x̄, ui)

)

=
∪
ϵ≥0

{(
ν, νT x̄+ ϵ−

l∑
i=1

max
ui∈Ui

fi(x̄, ui)

) ∣∣∣∣ ν ∈ ∂ϵ

( l∑
i=1

max
ui∈Ui

fi(·, ui)
)
(x̄)

}

+cl

[ ∪
ui∈Ui
µi≥0

( ∪
δ≥0

{(
ξ, ξT x̄+ δ −

l∑
i=1

µifi(x̄, ui)

) ∣∣∣∣ ξ ∈ ∂δ

( l∑
i=1

µifi(·, ui)
)
(x̄)

})

+

(
0,

l∑
i=1

µi max
ui∈Ui

fi(x̄, ui)

)

+
∪

vj∈Vj

λj≥0

( ∪
γ≥0

{(
ζ, ζT x̄+ γ −

m∑
j=1

λjgj(x̄, vj)

) ∣∣∣∣ ζ ∈ ∂γ

( m∑
j=1

λlgj(·, vj)
)
(x̄)

})]
.

Hence, there exist ϵ ≥ 0, ν ∈ ∂ϵ(
∑l

i=1maxui∈Ui fi(·, ui))(x̄), uni ∈ Ui, µn
i ≥ 0,

i = 1, . . . , l, δn ≥ 0, ξn ∈ ∂δn(
∑l

i=1 µifi(·, uni ))(x̄), vnj ∈ Vj , λ
n
j ≥ 0, j = 1, . . . ,m,

γn ≥ 0 and ζn ∈ ∂γn(
∑m

j=1 λ
n
j gj(·, vnj ))(x̄) such that(

0,−
l∑

i=1

max
ui∈Ui

fi(x̄, ui)

)

=

(
ν, νT x̄+ ϵ−

l∑
i=1

max
ui∈Ui

fi(x̄, ui)

)
+ lim

n→∞

[(
ξn, ξ

T
n x̄+ δn −

l∑
i=1

µn
i fi(x̄, u

n
i )

)

+

(
0,

l∑
i=1

µn
i max
ui∈Ui

fi(x̄, ui)

)
+

(
ζn, ζ

T
n x̄+ γn −

m∑
j=1

λn
j gj(x̄, v

n
j )

)]
.

Thus, there exist ϵ ≥ 0, ν ∈ ∂ϵ(
∑l

i=1maxui∈Ui fi(·, ui))(x̄), uni ∈ Ui, µn
i ≥ 0,

i = 1, . . . , l, δn ≥ 0, ξn ∈ ∂δn(
∑l

i=1 µifi(·, uni ))(x̄), vnj ∈ Vj , λ
n
j ≥ 0, j = 1, . . . ,m,

γn ≥ 0 and ζn ∈ ∂γn(
∑m

j=1 λ
n
j gj(·, vnj ))(x̄) such that

ν + lim
n→∞

(ξn + ζn)

and

ϵ+ lim
n→∞

[
δn + γn −

l∑
i=1

µn
i fi(x̄, u

n
i ) +

l∑
i=1

µn
i max
ui∈Ui

fi(x̄, ui)−
m∑
j=1

λn
j gj(x̄, v

n
j )

]
.

Since ϵ ≥ 0, δn ≥ 0, γn ≥ 0, −µn
i fi(x̄, u

n
i ) + µn

i maxui∈Ui fi(x̄, ui) ≥ 0, i =
1, . . . , l, and λn

j gi(x̄, v
n
j ) ≤ 0, j = 1, . . . ,m, we have ϵ = 0, limn→∞ δn = 0,

limn→∞ γn = 0, limn→∞[µn
i fi(x̄, u

n
i ) − µn

i maxui∈Ui fi(x̄, ui)] = 0, i = 1, . . . , l, and
limn→∞

∑m
j=1 λ

n
j gj(x̄, v

n
j ) = 0. Notice that for each i = 1, . . . , l, by Lemma 2.1
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in [11],

(2.2) ∂
(
max
ui∈Ui

fi(·, ui)
)
(x̄) =

∪
ūi∈Ui

{
∂(fi(·, ūi))(x̄) | max

ui∈Ui

fi(x̄, ui) = fi(x̄, ūi)
}
.

Thus, there exist ūi ∈ Ui, νi ∈ ∂(fi(·, ūi))(x̄), µn
i ≥ 0, i = 1, . . . , l, δn ≥ 0,

ξn ∈ ∂δn(
∑l

i=1 µ
n
i fi(·, uni ))(x̄), vnj ∈ Vj , λn

j ≥ 0, j = 1, . . . ,m, γn ≥ 0 and

ζn ∈ ∂γn(
∑m

j=1 λ
n
j gj(·, vnj ))(x̄) such that

max
ui∈Ui

fi(x̄, ui) = fi(x̄, ūi), i = 1, . . . , l,

0 =

l∑
i=1

νi + lim
n→∞

(ξn + ζn), lim
n→∞

δn = 0, lim
n→∞

γn = 0,

lim
n→∞

[µn
i fi(x̄, u

n
i )− µn

i fi(x̄, ūi)] = 0, i = 1, . . . , l and lim
n→∞

m∑
j=1

λn
j gj(x̄, v

n
j ) = 0.

So, (i) ⇒ (ii) ⇒ (iii).
Now we will prove that (iii) ⇒ (i). Suppose that if the sequential condition holds.

Then, from (2.2), for any x ∈ F̃ ,

l∑
i=1

max
ui∈Ui

fi(x, ui)−
l∑

i=1

max
ui∈Ui

fi(x̄, ui)

≥
⟨ l∑

i=1

νi, x− x̄

⟩
= − lim

n→∞
⟨ξn + ζn, x− x̄⟩

≥ − lim sup
n→∞

[ l∑
i=1

µn
i fi(x, u

n
i )−

l∑
i=1

µn
i fi(x̄, u

n
i ) + δn

+

m∑
j=1

λn
j gj(x, v

n
j )−

m∑
j=1

λn
j gj(x̄, v

n
j ) + γn

]

≥ lim inf
n→∞

[ l∑
i=1

µn
i fi(x̄, u

n
i )−

l∑
i=1

µn
i fi(x, u

n
i )

]

+ lim inf
n→∞

(−δn) + lim inf
n→∞

(
−

m∑
j=1

λn
j gj(x, v

n
j )

)

+ lim inf
n→∞

( m∑
j=1

λn
j gj(x̄, v

n
j )

)
+ lim inf

n→∞
(−γn)

≥ lim inf
n→∞

[ l∑
i=1

µn
i fi(x̄, u

n
i )−

l∑
i=1

µn
i fi(x, u

n
i )

]

≥ lim inf
n→∞

[ l∑
i=1

µn
i fi(x̄, u

n
i )−

l∑
i=1

µn
i max
ui∈Ui

fi(x, ui)

]
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≥ lim inf
n→∞

[ l∑
i=1

µn
i fi(x̄, u

n
i )−

l∑
i=1

µn
i max
ui∈Ui

fi(x̄, ui)

]

= lim inf
n→∞

[ l∑
i=1

µn
i fi(x̄, u

n
i )−

l∑
i=1

µn
i fi(x̄, ūi)

]
= 0.

Hence, for any x ∈ F̃ ,
∑l

i=1maxui∈Ui fi(x, ui) ≥
∑l

i=1maxui∈Ui fi(x̄, ui). So, x̄ is a
robust efficient solution of (RUMP). □
Remark 2.1. Following the semi-infinite program approach, we can obtain the
above type sequential optimality conditions with finite multipliers λj, but we can not
fix the number of the multipliers as the constant m in the above Theorem 2.2 (see
Theorem 5.2 in [9]).

Theorem 2.3. Let x̄ ∈ F . Under the assumptions of Theorem 2.2, the following
statements are equivalent:

(i) the point x̄ is a weakly robust efficient solution of (RUMP);
(ii) there exist µi ≥ 0, i = 1, . . . , l, not all zero, such that(

0,−
l∑

i=1

µi max
ui∈Ui

fi(x̄, ui)

)
∈ epi

( l∑
i=1

µi max
ui∈Ui

fi(·, ui)
)∗

+cl

( ∪
vj∈Vj

λj≥0

epi

( m∑
j=1

λjgj(·, vj)
)∗)

;

(iii) there exist µi ≥ 0, not all zero, ūi ∈ Ui, νi ∈ ∂fi(·, ūi)(x̄), i = 1, . . . , l,
vnj ∈ Vj, λ

n
j ≥ 0, j = 1, . . . ,m, γn ≥ 0 and ζn ∈ ∂γn(

∑m
j=1 λ

n
j gj(·, vnj ))(x̄)

such that

max
ui∈Ui

fi(x̄, ui) = fi(x̄, ūi), i = 1, . . . , l,

0 =

l∑
i=1

µiνi + lim
n→∞

ζn, lim
n→∞

γn = 0 and lim
n→∞

m∑
j=1

λn
j gj(x̄, v

n
j ) = 0.

Proof. Suppose that x̄ ∈ F is a weakly robust efficient solution of (RUMP). Equiv-
alently, there exist µi ≥ 0, i = 1, . . . , l, not all zero, such that x̄ ∈ F is a solution of
the following problem:

minimize

l∑
i=1

µi max
ui∈Ui

fi(x, ui)

subject to gj(x, vj) ≤ 0, ∀vj ∈ Vj , j = 1, . . . ,m.

By approaches similar to the proof of Theorem 2.2, we can obtain the desired
results. □
Theorem 2.4. Let x̄ ∈ F . Under the assumptions of Theorem 2.2, the following
statements are equivalent:
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(i) the point x̄ is a properly robust efficient solution of (RUMP);
(ii) there exist µi > 0, i = 1, . . . , l, such that(

0,−
l∑

i=1

µi max
ui∈Ui

fi(x̄, ui)

)
∈ epi

( l∑
i=1

µi max
ui∈Ui

fi(·, ui)
)∗

+cl

( ∪
vj∈Vj

λj≥0

epi

( m∑
j=1

λjgj(·, vj)
)∗)

;

(iii) there exist µi > 0, ūi ∈ Ui, νi ∈ ∂fi(·, ūi)(x̄), i = 1, . . . , l, vnj ∈ Vj, λ
n
j ≥ 0,

j = 1, . . . ,m, γn ≥ 0 and ζn ∈ ∂γn(
∑m

j=1 λ
n
j gj(·, vnj ))(x̄) such that

max
ui∈Ui

fi(x̄, ui) = fi(x̄, ūi), i = 1, . . . , l,

0 =

l∑
i=1

µiνi + lim
n→∞

ζn, lim
n→∞

γn = 0 and lim
n→∞

m∑
j=1

λn
j gj(x̄, v

n
j ) = 0.

Proof. Suppose that x̄ ∈ F is a properly robust efficient solution of (RUMP). Equiv-
alently, there exist µi > 0, i = 1, . . . , l, not all zero, such that x̄ ∈ F is a solution of
the following problem:

minimize

l∑
i=1

µi max
ui∈Ui

fi(x, ui)

subject to gj(x, vj) ≤ 0, ∀vj ∈ Vj , j = 1, . . . ,m.

By approaches similar to the proof of Theorem 2.2, we can obtain the desired
results. □

Now, we give an example illustrating Theorem 2.2 and Theorem 2.4:

Example 2.1. Let U1 = [−2,−1], U2 = [0, 1], V1 = [0, 1], f1(x, u1) = u1x and
f2(x, u2) = u2x

2. For any v1 ∈ V1, we define g1(x, v1) = 0 if x ≥ 0 and g1(x, v1) =
v1x

2 if x < 0. Then for each v1 ∈ V1, g1(·, v1) is convex and for each x ∈ R, g1(x, ·)
is affine. Moreover, for each λ1 ≥ 0 and v1 ∈ V1,

(λ1g1(·, v1))∗ =
{

a2

4λ1v1
, if a ≤ 0,

+∞, elsewhere.

So, we see that∪
v1∈V1
λ1≥0

epi(λ1g1(·, v1))∗ = {(a, r) ∈ R2 | a < 0, r > 0}
∪

{0} × [0,+∞)

is not closed.
Consider the following multiobjective optimization problem with uncertainty

(UMP):

(UMP) min (f1(x, u1), f2(x, u2))

s.t. g1(x, v1) ≤ 0,
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where u1 ∈ U1, u2 ∈ U2 and v1 ∈ V1. Its robust counterpart (RUMP) of (UMP):

(RUMP) min
(
max
u1∈U1

f1(x, u1), max
u2∈U2

f2(x, u2)
)

s.t. g1(x, v1) ≤ 0, ∀v1 ∈ V1.

Then the robust feasible set of (RUMP) is [0,+∞). So, we can easily see that the set
of the robust efficient solutions and the set of the weakly robust efficient solutions
of (RUMP) are the same set [0,+∞), and the set of the properly robust efficient
solutions of (RUMP) is (0,+∞).

Let x̄ = 0. Then x̄ is a robust efficient solution for (RUMP). Let ū1 =

−1 and ū2 = 1. Then
∑2

i=1maxui∈Ui fi(x̄, ui) = 0. Now, we will check

epi(
∑2

i=1maxui∈Ui fi(·, ui))∗. Since for all x ∈ R,
∑2

i=1maxui∈Ui fi(x, ui) =
maxu1∈U1 u1x+maxu2∈U2 u2x

2,

2∑
i=1

max
ui∈Ui

fi(x, ui) =

{
−x+ x2, if x ≥ 0,
−2x+ x2, if x < 0.

So, we see that for each ui ∈ Ui, i = 1, 2,

( 2∑
i=1

max
ui∈Ui

fi(·, ui)
)∗

(a) =


(a+1)2

4 , a < −1,
0, −2 ≤ a ≤ −1,
(a+2)2

4 , a > −2

and

epi

( 2∑
i=1

max
ui∈Ui

fi(·, ui)
)∗

=
{
(a, r) | a < −2,

(a+ 2)2

4
≤ r

}
∪

{(a, r) | − 2 ≤ a ≤ −1, 0 ≤ r}
∪{

(a, r) | a > −1,
(a+ 1)2

4
≤ r

}
.(2.3)

Now we will calculate
∪

ui∈Ui
µi≥0

(epi(
∑2

i=1 µifi(·, ui))∗+(0,
∑2

i=1 µimaxui∈Ui fi(x̄, ui))).

Since maxui∈Ui fi(x̄, ui) = 0, i = 1, 2, we see that (0,
∑2

i=1 µimaxui∈Ui fi(x̄, ui)) =
(0, 0) and

∪
ui∈Ui
µi≥0

(
epi

( 2∑
i=1

µifi(·, ui)
)∗

+

(
0,

2∑
i=1

µi max
ui∈Ui

fi(x̄, ui)

))

=
∪

ui∈Ui
µi≥0

(
epi

( 2∑
i=1

µifi(·, ui)
)∗)

.

Moreover, we see that( 2∑
i=1

µifi(·, ui)
)∗

=

 if µ2 ̸= 0 and u2 ̸= 0, (a−µ1u1)2

4µ2u2
,

if µ2 = 0 or u2 = 0,

{
0, a = µ1u1,
+∞, a ̸= µ1u1.
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and ∪
ui∈Ui
µi≥0

epi

( 2∑
i=1

µifi(·, ui)
)∗

=
∪

ui∈Ui
µi≥0

({
(a, r)

∣∣∣∣ (a− µ1u1)
2

4µ2u2
≤ r, µ2 ̸= 0, u2 ̸= 0

}
∪

{(a, r) | a = µ1u1, 0 ≤ r, µ2 = 0 or u2 = 0}
)

=

{
(a, r) | a ≤ 0, r ≥ 0}

∪
{(a, r) | a > 0, r > 0

}
.

So, we have

∪
ui∈Ui
µi≥0

epi

( 2∑
i=1

µifi(·, ui))∗ +
∪

v1∈V1
λ1≥0

epi(λ1g1(·, v1)
)∗

=

{
(a, r) | a ≤ 0, r ≥ 0}

∪
{(a, r) | a > 0, r > 0

}
,

which is not closed. Since cl(
∪

ui∈Ui
µi≥0

epi(
∑2

i=1 µifi(·, ui))∗+
∪

v1∈V1
λ1≥0

epi(λ1g1(·, v1))∗) =

R× R+, from (2.3), we see that

(0, 0) = (0−
2∑

i=1

max
ui∈Ui

fi(x̄, ui))

∈ epi

( 2∑
i=1

max
ui∈Ui

fi(·, ui)
)∗

+cl

[ ∪
ui∈Ui
µi≥0

(
epi

( 2∑
i=1

µifi(·, ui)
)∗

+

(
0,

2∑
i=1

µi max
ui∈Ui

fi(x̄, ui)

))

+
∪

v1∈V1
λ1≥0

epi(λ1g1(·, v1))∗
]

= R× R+.

Now, we calculate ∂fi(·, ūi)(x̄), i = 1, 2, ∂δn(
∑2

i=1 µ
n
i fi(·, uni ))(x̄) and

∂γn(λ
n
1g1(·, vn1 ))(x̄). We can easily calculate that ∂f1(·, ū1)(x̄) = {−1} and

∂f2(·, ū2)(x̄) = {0}. Moreover, we can easily check that

∂δn

( 2∑
i=1

µn
i fi(·, uni )

)
(x̂)

= {ξ ∈ R | µn
1u

n
1 − 2

√
δnµn

2u
n
2 ≤ ξ ≤ µn

1u
n
1 + 2

√
δnµn

2u
n
2}



ON SEQUENTIAL OPTIMALITY CONDITIONS 233

and

∂γn(λ
n
1g1(·, vn1 ))(x̄) = {ζ ∈ R | − 2

√
λn
1v

n
1 γn ≤ ζ ≤ 0}.

Let µ̄n
1 = 1

n , µ̄
n
2 = n, ūn1 = −1 − 1

n , ū
n
2 = 1 − 1

n , δ̄n = 1
4n , v̄

n
1 = 1

n , λ̄
n
1 = n and

γ̄n = 1
4n2 . Then we have

∂δ̄n

( 2∑
i=1

µ̄n
i fi(·, ūni )

)
(x̄)

=

{
ξ ∈ R | − 1

n − 1
n2 −

√
1− 1

n ≤ ξ ≤ − 1
n − 1

n2 +
√

1− 1
n

}
and

∂γ̄n(λ̄
n
1g1(·, v̄n1 ))(x̄) = {ζ ∈ R | − 1

n ≤ ζ ≤ 0}.

Let ν1 = −1, ν2 = 0, ξn = − 1
n − 1

n2 +
√

1− 1
n and ζn = − 1

n . Then, we have

max
u1∈U1

f1(x̄, u1) = 0 = ū1x̄ = f1(x̄, ū1),

max
u2∈U2

f2(x̄, u2) = 0 = ū2x̄
2 = f2(x̄, ū2),

ν1 + ν2 + lim
n→∞

(ξn + ζn) = 0, lim
n→∞

δn = 0, lim
n→∞

γn = 0,

lim
n→∞

[µn
1f1(x̄, u

n
1 )− µn

1f1(x̄, ū1)] = 0,

lim
n→∞

[µn
2f2(x̄, u

n
2 )− µn

2f2(x̄, ū2)] = 0 and lim
n→∞

λn
1g1(x̄, v

n
1 ) = 0.

So, Theorem 2.2 holds.
Let x̂ = 1. Then x̂ is a properly robust efficient solution for (RUMP). Let

û1 = −1, û2 = 1, µ̂1 = 2 and µ̂2 = 1. Then
∑2

i=1 µ̂imaxui∈Ui fi(x̂, ui) =

−1. Now, we will check epi(
∑2

i=1 µ̂imaxui∈Ui fi(·, ui))∗. Since for all x ∈ R,∑2
i=1 µ̂imaxui∈Ui fi(x, ui) = 2maxu1∈U1 u1x+maxu2∈U2 u2x

2,

2∑
i=1

µ̂i max
ui∈Ui

fi(x, ui) =

{
−2x+ x2, if x ≥ 0,
−4x+ x2, if x < 0.

So, we see that for each ui ∈ Ui, i = 1, 2,

( 2∑
i=1

µ̂i max
ui∈Ui

fi(·, ui)
)∗

(a) =


(a+2)2

4 , a > −2,
0, −4 ≤ a ≤ −2,
(a+4)2

4 , a < −4.

and

epi

( 2∑
i=1

µ̂i max
ui∈Ui

fi(·, ui)
)∗

=

{
(a, r) | a < −4,

(a+ 4)2

4
≤ r

}
∪

{(a, r) | − 4 ≤ a ≤ −2, 0 ≤ r}
∪{

(a, r) | a > −2,
(a+ 2)2

4
≤ r

}
.
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Since cl(
∪

v1∈V1
λ1≥0

epi(λ1g1(·, v1))∗) = −R+ × R+, we have

(0, 1) =

(
0,−

2∑
i=1

µ̂i max
ui∈Ui

fi(x̂, ui)

)

∈ epi

( 2∑
i=1

µ̂i max
ui∈Ui

fi(·, ui)
)∗

+ cl

( ∪
v1∈V1
λ1≥0

epi(λ1g1(·, v1))∗
)

= {(a, r) | a ≤ −2, 0 ≤ r}
∪{

(a, r)

∣∣∣∣ a > −2,
(a+ 2)2

4
≤ r

}
.

Now, we calculate ∂fi(·, ûi)(x̂), i = 1, 2 and ∂γn(λ
n
1g1(·, vn1 ))(x̂). We can easily

calculate that ∂f1(·, û1)(x̂) = {−1} and ∂f2(·, û2)(x̂) = {2}. Moreover, we can

easily check that ∂γn(λ
n
1g1(·, vn1 ))(x̂) = {0}. Let v̂n1 = 1

n , λ̂n
1 = n and γ̂n = 1

n ,
ν̂1 = −1, ν̂2 = 2 and ζn = 0. Then, we have

max
u1∈U1

f1(x̂, u1) = max
u1∈U1

u1 = −1 = û1 = û1x̂ = f1(x̂, û1),

max
u2∈U2

f2(x̂, u2) = max
u2∈U2

u2 = 1 = û2 = û2x̂
2 = f2(x̂, û2),

µ̂1ν1 + µ̂2ν2 + lim
n→∞

ζn = 0, lim γn = 0 and lim
n→∞

λn
1g1(x̂, v

n
1 ) = 0.

So, Theorem 2.4 holds.

The following proposition, which is a generalization of the Isermann’s result(
[7, 14]), gives a sufficient condition that a robust efficient solution of (RUMP) can
be a properly robust efficient solution of (RUMP).

Proposition 2.2. Let x̄ ∈ F . Suppose that the assumptions of Theorem 2.2 hold.
Assume that ∪

ui∈Ui
µi≥0

(
epi

( l∑
i=1

µifi(·, ui)
)∗

+

(
0,

l∑
i=1

µi max
ui∈Ui

fi(x̄, ui)

))

+
∪

vj∈Vj

λj≥0

epi

( m∑
j=1

λjgj(·, vj)
)∗

is closed. Then if x̄ is a robust efficient solution of (RUMP), then x̄ is a properly
robust efficient solution of (RUMP).

Proof. Let x̄ be a robust efficient solution of (RUMP). Then, by Theorem 2.2,(
0,−

l∑
i=1

max
ui∈Ui

fi(x̄, ui)

)
∈ epi

( l∑
i=1

max
ui∈Ui

fi(·, ui)
)∗

+
∪

ui∈Ui
µi≥0

(
epi

( l∑
i=1

µifi(·, ui)
)∗

+

(
0,

l∑
i=1

µi max
ui∈Ui

fi(x̄, ui)

))
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+
∪

vj∈Vj

λj≥0

epi

( m∑
j=1

λjgj(·, vj)
)∗

.

By Proposition 2.1, there exist ūi ∈ Ui, µi ≥ 0, i = 1, . . . , l, v̄j ∈ Vj , λj ≥ 0,

j = 1, . . . ,m, ϵ1 ≥ 0, ϵ2 ≥ 0, ϵ3 ≥ 0, ν̄ ∈ ∂ϵ1(
∑l

i=1maxui∈Ui fi(·, ui))(x̄), ξ̄ ∈
∂ϵ2(

∑l
i=1 µifi(·, ūi))(x̄) and ζ̄ ∈ ∂ϵ3(

∑m
j=1 λjgj(·, v̄j))(x̄) such that(

0,−
l∑

i=1

max
ui∈Ui

fi(x̄, ui)

)

=

(
ν̄, ν̄T x̄+ ϵ1 −

l∑
i=1

max
ui∈Ui

fi(x̄, ui)

)
+

(
ξ̄, ξ̄T x̄+ ϵ2 −

l∑
i=1

µifi(x̄, ūi)

)

+

(
0,

l∑
i=1

µi max
ui∈Ui

fi(x̄, ui)

)
+

(
ζ̄, ζ̄T x̄+ ϵ3 −

m∑
j=1

λjgj(x̄, v̄j)

)
.

Since ϵ1 ≥ 0, ϵ2 ≥ 0, ϵ3 ≥ 0, µi(fi(x̄, ui) − fi(x̄, ūi)) ≥ 0, i = 1, . . . , l, and
−
∑m

j=1 λjgj(x̄, v̄j) ≥ 0, we have ϵ1 = 0, ϵ2 = 0, ϵ3 = 0, µi(fi(x̄, ui)− fi(x̄, ūi)) = 0,

i = 1, . . . , l, and −
∑m

j=1 λjgj(x̄, v̄j) = 0.

Notice that if µi ̸= 0, maxui∈Ui fi(x̄, ui) = fi(x̄, ūi). So, there exist ūi ∈ Ui,

µi ≥ 0, i = 1, . . . , l, v̄j ∈ Vj , λj ≥ 0, j = 1, . . . ,m, ν̄ ∈ ∂(
∑l

i=1maxui∈Ui fi(·, ui))(x̄),
ξ̄ ∈ ∂(

∑l
i=1 µifi(·, ūi))(x̄) and ζ̄ ∈ ∂(

∑m
j=1 λjgj(·, v̄j))(x̄) such that

max
ui∈Ui

fi(x̄, ui) = fi(x̄, ūi) (if µi ̸= 0),

0 = ν̄ + ξ̄ + ζ̄, and

m∑
j=1

λjgj(x̄, v̄j) = 0.

Notice that for each i = 1, . . . , l, by Lemma 2.1 in [11],

∂(max
ui∈Ui

fi(·, ui))(x̄) =
∪

ūi∈Ui

{∂(fi(·, ūi))(x̄) | max
ui∈Ui

fi(x̄, ui) = fi(x̄, ūi)}.

So, there exist µi ≥ 0, i = 1, . . . , l, v̄j ∈ Vj , λj ≥ 0, j = 1, . . . ,m, ν̄ ∈ Rn, ξ̄ ∈ Rn and

ζ̄ ∈ ∂(
∑m

j=1 λjgj(·, v̄j))(x̄) such that ν̄ + ξ̄ ∈ ∂(
∑l

i=1(1 + µi)maxui∈Ui fi(·, ui))(x̄),
ν̄ + ξ̄ + ζ̄ = 0 and

∑m
j=1 λjgj(x̄, v̄j) = 0. Thus, for any x ∈ F ,

0 ≥
m∑
j=1

λjgj(x, v̄j)−
m∑
j=1

λjgj(x̄, v̄j)

≥ ζ̄T (x− x̄)

= −(ν̄ − ξ̄)T (x− x̄)

≥
l∑

i=1

(1 + µi) max
ui∈Ui

fi(x̄, ui)−
l∑

i=1

(1 + µi) max
ui∈Ui

fi(x, ui).
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So, for any x ∈ F ,
∑l

i=1(1+µi)maxui∈Ui fi(x, ui) ≥
∑l

i=1(1+µi)maxui∈Ui fi(x̄, ui).
Hence x̄ is a properly robust efficient solution of (RUMP). □

The following example illustrates that Proposition 2.2 holds.

Example 2.2. Let U1 = [−2,−1], U2 = [0, 1], V1 = [0, 1], f1(x, u1) = u1x and
f2(x, u2) = u2x

2. For any v1 ∈ V1, we define g1(x, v1) = 0 if x ≥ 0 and g1(x, v1) =
v1x

2 if x < 0. Then for each v1 ∈ V1, g1(·, v1) is convex and for each x ∈ R, g1(x, ·)
is affine. Moreover we already checked that∪

v1∈V1
λ1≥0

epi(λ1g1(·, v1))∗ = {(a, r) ∈ R2 | a < 0, r > 0}
∪

{0} × [0,∞)

is not closed in Example 2.1.
Consider the following multiobjective optimization problem with uncertainty

(UMP):

(UMP) min (f1(x, u1), f2(x, u2))

s.t. g1(x, v1) ≤ 0,

where u1 ∈ U1, u2 ∈ U2 and v1 ∈ V1. Its robust counterpart (RUMP) of (UMP):

(RUMP) min (max
u1∈U1

f1(x, u1), max
u2∈U2

f2(x, u2))

s.t. g1(x, v1) ≤ 0, ∀v1 ∈ V1.

Then the robust feasible set of (RUMP) is [0,+∞). So, we can easily see that
the set of robust efficient solution of (RUMP) are [0,+∞), and the set of properly
robust efficient solution of (RUMP) is (0,+∞).

Let x̂ = 1. Then x̂ is a robust efficient solution for (RUMP). Moreover x̂ is a
properly robust efficient solution for (RUMP). Now we will calculate∪

ui∈Ui
µi≥0

(
epi

( 2∑
i=1

µifi(·, ui)
)∗

+

(
0,

2∑
i=1

µi max
ui∈Ui

fi(x̂, ui)

))
+

∪
v1∈V1
λ1≥0

epi(λ1g1(·, v1))∗.

In Example 2.1, we already calculated

epi

( 2∑
i=1

µifi(·, ui)
)∗

=

{
(a, r)

∣∣∣∣ (a− µ1u1)
2

4µ2u2
≤ r, µ2 ̸= 0, u2 ̸= 0

}
∪

{(a, r) | a = µ1u1, 0 ≤ r, µ2 = 0 or u2 = 0}.

Moreover, we can easily see that (0,
∑2

i=1 µimaxui∈Ui fi(x̂, ui)) = (0, µ2 − µ1). So,

epi

( 2∑
i=1

µifi(·, ui)
)∗

+

(
0,

2∑
i=1

µi max
ui∈Ui

fi(x̂, ui)

)
=

{
(a, r)

∣∣∣∣ (a− µ1u1)
2

4µ2u2
+ µ2 − µ1 ≤ r, µ2 ̸= 0, u2 ̸= 0

}
∪

{(a, r) | a = µ1u1, −µ1 ≤ r, µ2 = 0 or u2 = 0}.
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Since µ1 ≥ 0 and u1 ∈ [−2,−1],

(2.4)
∪

ui∈Ui
µi≥0

{(a, r) | a = µ1u1, −µ1 ≤ r, µ2 = 0 or u2 = 0} = {(a, r) | a ≤ 0, a ≤ r}.

Now we will calculate∪
ui∈Ui
µi≥0

{
(a, r)

∣∣∣∣ (a− µ1u1)
2

4µ2u2
+ µ2 − µ1 ≤ r, µ2 ̸= 0, u2 ̸= 0

}
.

Define ϕ(a) = (a−µ1u1)2

4µ2u2
+ µ2 − µ1, where µ1 ≥ 0, µ2 > 0, u1 ∈ [−2,−1] and

u2 ∈ (0, 1]. Let L = {(a, y) ∈ R×R | y = ϕ(a0)+ϕ′(a0)(a−a0)}. Then, by Theorem
3.2.5 in [1], the line L supports epiϕ at (a0, ϕ(a0)). Moreover, since u1 ∈ [−2,−1]
and u2 ∈ (0, 1], we see that the ϕ(a)-intercept is

ϕ(0) =
(µ1u1)

2

4µ2u2
+ µ2 − µ1 ≥

µ2
1

4µ2
+ µ2 − µ1 =

1

4µ2
(µ1 − 2µ2)

2 ≥ 0.

In particular, ϕ(0) = 0 as u1 = −1, u2 = 1 and µ1 = 2µ2. So, we see that (0, 0)
belongs to the line L. Hence we have

0 = ϕ(a0) + ϕ′(0)(0− a0) =
(a0 − µ1u1)

2

4µ2u2
+ µ2 − µ1 −

2(a0 − µ1u1)

4µ2u2
a0,

and so, we have a0 = ±
√

(µ1u1)2 − 4µ1µ2u2 + 4µ2
2u2. Thus, we have

y =
±
√

(µ1u1)2 − 4µ1µ2u2 + 4µ2
2u2 − µ1u1

2µ2u2
a.

First, we consider y =

√
(µ1u1)2−4µ1µ2u2+4µ2

2u2−µ1u1

2µ2u2
a, i.e., a0 =√

(µ1u1)2 − 4µ1µ2u2 + 4µ2
2u2. Then, we have

y =

√
(µ1u1)2 − 4µ1µ2u2 + 4µ2

2u2 − µ1u1
2µ2u2

a

=

(√(
µ1u1
2µ2u2

)2

− µ1

µ2u2
+

1

u2
− µ1u1

2µ2u2

)
a.

Let ρ = µ1

µ2
. Then y = (

√
( u1
2u2

ρ)2 − 1
u2
ρ+ 1

u2
− u1

2u2
ρ)a. So, we see that the slope of

y is
√

1
u2

as ρ → 0 and the slope of y is +∞ as ρ → +∞. Since 1 ≤
√

1
u2

< +∞, the

infimum of the slope of y is 1. It means that the line L1 = {(a, y) ∈ R×R | y = a}
supports epiϕ at all (a0, ϕ(a0)), where a0 =

√
(µ1u1)2 − 4µ1µ2u2 + 4µ2

2u2. Secondly,
we consider y = − µ1u1

2µ2u2
a, i.e., a0 = 0, that is, u1 = −1, u2 = 1 and µ1 = 2µ2. So,

we have y = a. It means that the line L1 = {(a, y) ∈ R × R | y = a} supports

epiϕ at (0, 0). Finally, we consider y =
−
√

(µ1u1)2−4µ1µ2u2+4µ2
2u2−µ1u1

2µ2u2
a, i.e., a0 =

−
√

(µ1u1)2 − 4µ1µ2u2 + 4µ2
2u2. Then, we have

y =
−
√

(µ1u1)2 − 4µ1µ2u2 + 4µ2
2u2 − µ1u1

2µ2u2
a
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=
2µ1 − 2µ2√

(µ1u1)2 − 4µ1µ2u2 + 4µ2
2u2 − µ1u1

a

=
2− 2µ2

µ1√
(u1)2 − 4

(
µ2

µ1

)
u2 + 4

(
µ2

µ1

)2
u2 − u1

a.

So, we can easily see that the slope of y is 0 as µ1 = µ2 and the slope of y is small
than 0 as µ1 < µ2. Now, we consider the slope of y as µ1 > µ2. Let σ = u2

u1
. Then

0 < σ < 1 and y = 2−2σ√
u2
1−4σu2+4σ2u2−u1

a. So, we see that the slope of y is 0 as σ → 1

and the slope of y is − 1
u1

as σ → 0. Since 1
2 ≤ − 1

u1
≤ 1, the supremum of the slope

of y is 1. It means that the line L1 = {(a, y) ∈ R× R | y = a} supports epiϕ at all

(a0, ϕ(a0)), where a0 = −
√

(µ1u1)2 − 4µ1µ2u2 + 4µ2
2u2. Hence, we see that

(2.5)
∪

ui∈Ui
µi≥0

{
(a, r)

∣∣∣∣ (a− µ1u1)
2

4µ2u2
+µ2−µ1 ≤ r, µ2 ̸= 0, u2 ̸= 0

}
⊂ {(a, r) | a ≤ r}.

Let (a0, y0) = (2µ2 − µ1, 2µ2 − µ1) ∈ L1 be any fixed. Let u1 = −1 and u2 = 1.
Then ϕ(a0) = a0. So,

(a0, y0) ∈
{
(a, r)

∣∣∣∣ (a+ µ1)
2

4µ2
+ µ2 − µ1 ≤ r, µ2 ̸= 0, u2 ̸= 0

}
⊂

∪
ui∈Ui
µi≥0

{
(a, r)

∣∣∣∣ (a− µ1u1)
2

4µ2u2
+ µ2 − µ1 ≤ r, µ2 ̸= 0, u2 ̸= 0

}
.

Hence, we see that

(2.6) {(a, r) | a ≤ r} ⊂
∪

ui∈Ui
µi≥0

{(a, r) | (a−µ1u1)2

4µ2u2
+ µ2 − µ1 ≤ r, µ2 ̸= 0, u2 ̸= 0}.

So, from (2.5) and (2.6),

(2.7)
∪

ui∈Ui
µi≥0

{
(a, r)

∣∣∣∣ (a− µ1u1)
2

4µ2u2
+µ2−µ1 ≤ r, µ2 ̸= 0, u2 ̸= 0

}
= {(a, r) | a ≤ r}.

Thus, from (2.4) and (2.7),

∪
ui∈Ui
µi≥0

(
epi

( 2∑
i=1

µifi(·, ui)
)∗

+

(
0,

2∑
i=1

µi max
ui∈Ui

fi(x̂, ui)

))
= {(a, r) | a ≤ r}.

Consequently, we see that∪
ui∈Ui
µi≥0

(
epi

( 2∑
i=1

µifi(·, ui)
)∗

+

(
0,

2∑
i=1

µi max
ui∈Ui

fi(x̄, ui)

))
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+
∪

v1∈V1
λ1≥0

epi(λ1g1(·, v1))∗ = {(a, r) | a ≤ r}

is closed, and so, Proposition 2.2 holds.

Now we consider the closed cone constraint qualification which requires that the
cone, ∪

vj∈Vj

λj≥0

epi

( m∑
j=1

λjgj(·, vj)
)∗

,

is closed.

Remark 2.2. Let gj : Rn × Rq2 → R, j = 1, . . . ,m, be continuous functions
such that for all vj ∈ Rq2, gj(·, vj) is a convex function. Suppose that each Vj,
j = 1, . . . ,m, is compact and convex, and the Slater type condition holds, that is,
there exists x0 ∈ Rn such that gj(x0, vj) < 0, ∀vj ∈ Vj, j = 1, . . . ,m. Then∪

vj∈Vj

λj≥0

epi(
∑m

j=1λjgj(·, vj))∗ is closed ([12]).

Following the proof in [13], we can obtain the following Kuhn-Tucker theorems
for (RUMP) under the closed cone constraint qualification:

Theorem 2.5. Let x̄ ∈ F . Assume that the closed cone constraint qualification
holds. Under assumptions of Theorem 2.2, the following statements are equivalent:

(i) the point x̄ is a weakly robust efficient solution of (RUMP);
(ii) there exist µi ≥ 0, not all zero, ūi ∈ Ui, i = 1, . . . , l, λj ≥ 0 and v̄j ∈ Vj,

j = 1, . . . ,m, such that

0 ∈
l∑

i=1

µi∂fi(·, ūi)(x̄) +
m∑
j=1

λj∂gj(·, v̄j)(x̄),

max
ui∈Ui

fi(x̄, ui) = fi(x̄, ūi), i = 1, . . . , l, and
m∑
j=1

λjgj(x̄, v̄j) = 0.

Theorem 2.6. Let x̄ ∈ F . Assume that the closed cone constraint qualification
holds. Under assumptions of Theorem 2.2, the following statements are equivalent:

(i) the point x̄ is a properly robust efficient solution of (RUMP);
(ii) there exist µi > 0, ūi ∈ Ui, i = 1, . . . , l, λj ≥ 0 and v̄j ∈ Vj, j = 1, . . . ,m,

such that

0 ∈
l∑

i=1

µi∂fi(·, ūi)(x̄) +
m∑
j=1

λj∂gj(·, v̄j)(x̄),

max
ui∈Ui

fi(x̄, ui) = fi(x̄, ūi), i = 1, . . . , l, and
m∑
j=1

λjgj(x̄, v̄j) = 0.

The following example illustrates that Theorem 2.5 and Theorem 2.6 holds.
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Example 2.3. Consider the following multiobjective optimization problem problem
with uncertainty (UMP):

(UMP) min (u1x1, u2x2)

s.t. v1x1 + v2x2 − 1 ≤ 0,

where u1 ∈ U1 = [0, 1], u2 ∈ U2 = [0, 1] and (v1, v2) ∈ V := {(v1, v2) ∈ R2 | v21+v22 ≤
1}. Its robust counterpart (RUMP) of (UMP):

(RUMP) min
(

max
u1∈[0,1]

u1x1, max
u2∈[0,1]

u2x2

)
s.t. v1x1 + v2x2 − 1 ≤ 0, ∀(v1, v2) ∈ V .

Then the robust feasible set of (RUMP) is {(x1, x2) |
√

x21 + x22 ≤ 1}. We can easily
see that the set of robust efficient solutions (RUMP) is{

(x1, x2)
∣∣∣ √x21 + x22 ≤ 1, x1 ≤ 0, x2 ≤ 0

}
,

the set of robust weakly efficient solutions of (RUMP) is{
(x1, x2)

∣∣∣ √x21 + x22 ≤ 1, x1 ≤ 0
}∪{

(x1, x2)
∣∣∣ √x21 + x22 ≤ 1, x2 ≤ 0

}
and the set of properly robust efficient solutions of (RUMP) is{

(x1, x2)
∣∣∣ √x21 + x22 ≤ 1, x1 ≤ 0, x2 ≤ 0

}
.

Let f1(x, u1) = u1x1, f2(x, u2) = u2x2 and g1(x, v1, v2) = v1x1 + v2x2 − 1. Then we
can easily find points which hold the Slater condition. Since for each (v1, v2) ∈ V,
g1(·, v1, v2) is convex and V is compact,

∪
v∈V,λ1≥0 epi(λ1g1(·, v))∗ is closed. In fact,

for each v ∈ V and each λ1 ≥ 0,

(λ1g1(·, v))∗(a1, a2) = sup
(x1,x2)∈R2

{a1x1 + a2x2 − λ1v1x1 − λ1v2x2 + λ1}

=

{
λ1, if a1 = λ1v1, a2 = λ1v2,
+∞, elsewhere.

So, we see that∪
v∈V
λ1≥0

epi(λ1g1(·, v))∗ =
∪
v∈V
λ1>0

epi(λ1g1(·, v))∗
∪

({0} × {0} × [0,∞))

=
∪

(v1,v2)∈V
λ1>0

{(a1, a2, r) | a1 = λ1v1, a2 = λ1v2, λ1 ≤ r}

∪
({0} × {0} × [0,∞))

=
{
(a1, a2, r)

∣∣∣ √a21 + a22 ≤ r
}

is closed.
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Let (x̂1, x̂2) = (1, 0). Then (x̂1, x̂2) is a weakly efficient solution for (RUMP).

Let û1 = 1, û2 = 0, µ̂1 = 0, µ̂2 = 1, (v̂1, v̂2) = (1, 0), λ̂1 = 0. Then we have

max
u1∈U1

f1(x̂, u1) = max
u1∈U1

u1x̂1 = 1 = û1 = û1x̂1 = f1(x̂1, û1) and

max
u2∈U2

f2(x̂, u2) = max
u2∈U2

u2x̂2 = 0 = û2 = û2x̂2 = f2(x̂2, û2).

Moreover, we can easily calculate ∂f1(·, û1)(x̂) = {(1, 0)}, ∂f2(·, û2)(x̂) = {(0, 0)}
and ∂g1(·, v̂)(x̂) = {(1, 0)}. So, we have

(0, 0) ∈ µ̂1∂f1(·, û1)(x̂) + µ̂2∂f2(·, û2)(x̂) + λ̂1∂g1(·, v̂)(x̂) and λ̂1g1(x̂, v̂) = 0.

So, Theorem 2.5 holds.
Let (x̃1, x̃2) = (− 1√

2
,− 1√

2
). Then (x̃1, x̃2) is a properly robust efficient solution

for (RUMP). Let ũ1 = 0, ũ2 = 0, µ̃1 = 1, µ̃2 = 1, (ṽ1, ṽ2) = (− 1√
2
,− 1√

2
), λ̃1 = 0.

Then we have

max
u1∈U1

f1(x̃, u1) = max
u1∈U1

u1x̃1 = 0 = ũ1 = ũ1x̃1 = f1(x̃1, ũ1) and

max
u2∈U2

f2(x̃, u2) = max
u2∈U2

u2x̃2 = 0 = ũ2 = ũ2x̃2 = f2(x̃2, ũ2).

Moreover, we can easily see that ∂f1(·, ũ1)(x̃) = {(0, 0)}, ∂f2(·, ũ2)(x̃) = {(0, 0)}
and ∂g1(·, ṽ)(x̃) = {(− 1√

2
,− 1√

2
)}. So, we have

(0, 0) ∈ µ̃1∂f1(·, ũ1)(x̃) + µ̃2∂f2(·, ũ2)(x̃) + λ̃1∂g1(·, ṽ)(x̃) and λ̃1g1(x̃, ṽ) = 0.

So, Theorem 2.6 holds.

3. Sequential Optimality Conditions II

By using Bronsted-Rockafellar theorem (Proposition 1.1), we can obtain the fol-
lowing sequential optimality theorems for (weakly, properly) robust efficient solu-
tions of (RUMP):

Theorem 3.1. Let x̄ ∈ F . Under assumptions of Theorem 2.2, the following
statements are equivalent:

(i) the point x̄ is a robust efficient solution of (RUMP);
(ii) there exist ūi ∈ Ui, νi ∈ ∂fi(·, ūi)(x̄), xn ∈ Rn, µn

i ≥ 0, uni ∈ Ui, i = 1, . . . , l,

ξ̃n ∈ ∂(
∑l

i=1 µ
n
i fi(·, uni ))(xn), vnj ∈ Vj, λn

j ≥ 0, j = 1, . . . ,m and ζ̃n ∈
∂(
∑m

j=1 λ
n
j gj(·, vnj ))(xn) such that

lim
n→∞

xn = x̄, max
ui∈Ui

fi(x̄, ui) = fi(x̄, ūi), i = 1, . . . , l,

0 =

l∑
i=1

νi + lim
n→∞

(ξ̃n + ζ̃n) and

lim
n→∞

[ l∑
i=1

µn
i fi(xn, u

n
i )−

l∑
i=1

µn
i fi(x̄, ūi) +

m∑
j=1

λn
j gj(xn, v

n
j )

]
= 0.
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Proof. Suppose that (i) holds. Then, from Theorem 2.2, there exist ūi ∈ Ui, νi ∈
∂fi(·, ūi)(x̄), µn

i ≥ 0, uni ∈ Ui, i = 1, . . . , l, δn ≥ 0, ξn ∈ ∂δn(
∑l

i=1 µ
n
i fi(·, uni ))(x̄),

vnj ∈ Vj , λ
n
j ≥ 0, j = 1, . . . ,m, γn ≥ 0 and ζn ∈ ∂γn(

∑m
j=1 λ

n
j gj(·, vnj ))(x̄) such that

max
ui∈Ui

fi(x̄, ui) = fi(x̄, ūi), i = 1, . . . , l,

0 =

l∑
i=1

νi + lim
n→∞

(ξn + ζn), lim
n→∞

δn = 0, lim
n→∞

γn = 0,

lim
n→∞

[µn
i fi(x̄, u

n
i )− µn

i fi(x̄, ūi)] = 0, i = 1, . . . , l, and lim
n→∞

m∑
j=1

λn
j gj(x̄, v

n
j ) = 0.

Notice that

ξn + ζn ∈ ∂δn

( l∑
i=1

µn
i fi(·, uni )

)
(x̄) + ∂γn

( m∑
j=1

λn
j gj(·, vnj )

)
(x̄)

⊂ ∂δn+γn

( l∑
i=1

µn
i fi(·, uni ) +

m∑
j=1

λn
j gj(·, vnj )

)
(x̄).

So, by Proposition 1.1, there exist xn ∈ Rn, ξ̃n ∈ ∂δn(
∑l

i=1 µ
n
i fi(·, uni ))(x̄), vnj ∈ Vj ,

λn
j ≥ 0, j = 1, . . . ,m, and ζ̃n ∈ ∂γn(

∑m
j=1 λ

n
j gj(·, vnj ))(x̄) such that

∥xn − x̄∥ ≤
√

δn + γn, ∥ξn − ξ̃n + ζn − ζ̃n∥ ≤
√
δn + γn and∣∣∣∣ l∑

i=1

µn
i fi(xn, u

n
i ) +

m∑
j=1

λn
j gj(xn, v

n
j )− ⟨ξ̃n + ζ̃n, xn − x̄⟩

−
l∑

i=1

µn
i fi(x̄, u

n
i )−

m∑
j=1

λn
j gj(x̄, v

n
j )

∣∣∣∣ ≤ 2(δn + γn).

Since δn + γn → 0 as n → ∞, ∥xn − x̄∥ → 0 as n → ∞ and ∥ξn − ξ̃n + ζn − ζ̃n∥ → 0
as n → ∞. Thus we have

0 =

l∑
i=1

νi + lim
n→∞

(ξ̃n + ζ̃n)

and

lim
n→∞

[
µn
i fi(x̄, u

n
i )− µn

i fi(x̄, ūi)−
m∑
j=1

λn
j gj(x̄, v

n
j )

]
= 0.

Since limn→∞[µn
i fi(x̄, u

n
i )−µn

i fi(x̄, ūi)]=0, i=1, ..., l, and limn→∞
∑m

j=1 λ
n
j gj(x̄, v

n
j )

= 0, we have limn→∞[µn
i fi(x̄, u

n
i )−µn

i fi(x̄, ūi)+
∑m

j=1 λ
n
j gj(x̄, v

n
j )] = 0, i = 1, . . . , l.

Now we suppose that there exist ūi ∈ Ui, νi ∈ ∂fi(·, ūi)(x̄), x ∈ Rn, µn
i ≥ 0,

uni ∈ Ui, i = 1, . . . , l, ξ̃n ∈ ∂δn(
∑l

i=1 µ
n
i fi(·, uni ))(x̄), vnj ∈ Vj , λ

n
j ≥ 0, j = 1, . . . ,m,



ON SEQUENTIAL OPTIMALITY CONDITIONS 243

and ζ̃n ∈ ∂γn(
∑m

j=1 λ
n
j gj(·, vnj ))(x̄) such that

lim
n→∞

xn = x̄, max
ui∈Ui

fi(x̄, ui) = fi(x̄, ūi), i = 1, . . . , l,

0 =

l∑
i=1

νi + lim
n→∞

(ξ̃n + ζ̃n) and

lim
n→∞

[ l∑
i=1

µn
i fi(x̄, u

n
i )−

l∑
i=1

µn
i fi(x̄, ūi) +

m∑
j=1

λn
j gj(x̄, v

n
j )

]
= 0.

Then, since νi ∈ ∂fi(·, ūi)(x̄) and maxui∈Ui fi(x̄, ui) = fi(x̄, ūi), i = 1, . . . , l, we have

νi ∈ ∂(maxui∈Ui fi(·, ui))(x̄), i = 1, . . . , l. So, for any x ∈ F̃ ,

l∑
i=1

max
ui∈Ui

fi(x, ui)−
l∑

i=1

max
ui∈Ui

fi(x̄, ui) ≥
⟨ l∑

i=1

νi, x− x̄

⟩
= − lim

n→∞
⟨ξ̃n + ζ̃n, x− x̄⟩.

Since limn→∞(ξ̃n + ζ̃n) = −
∑l

i=1 νi and limn→∞ xn = x̄, we have

− lim
n→∞

⟨ξ̃n + ζ̃n, x− x̄⟩

= − lim
n→∞

⟨ξ̃n + ζ̃n, x− xn + xn − x̄⟩

= − lim
n→∞

⟨ξ̃n + ζ̃n, x− xn⟩

≥ − lim sup
n→∞

( l∑
i=1

µn
i fi(x, u

n
i )−

l∑
i=1

µn
i fi(xn, u

n
i )

+

m∑
j=1

λn
j gj(x, v

n
j )−

m∑
j=1

λn
j gj(xn, v

n
j )

)

≥ lim inf
n→∞

( l∑
i=1

µn
i fi(xn, u

n
i )−

l∑
i=1

µn
i fi(x, u

n
i ) +

m∑
j=1

λn
j gj(xn, v

n
j )

)

≥ lim inf
n→∞

( l∑
i=1

µn
i fi(xn, u

n
i )−

l∑
i=1

µn
i fi(x, u

n
i ) +

l∑
i=1

max
ui∈Ui

fi(x, ui)

−
l∑

i=1

max
ui∈Ui

fi(x̄, u
n
i ) +

m∑
j=1

λn
j gj(xn, v

n
j )

)

≥ lim inf
n→∞

( l∑
i=1

µn
i fi(xn, u

n
i )−

l∑
i=1

µn
i fi(x̄, u

n
i ) +

m∑
j=1

λn
j gj(xn, v

n
j )

)
= 0.

The last inequality holds since
∑l

i=1 µ
n
i maxui∈Ui fi(x, ui) −

∑l
i=1 µ

n
i fi(x, u

n
i ) ≥ 0

and maxui∈Ui fi(x̄, ūi) = fi(x̄, ūi), i = 1, . . . , l. Hence, for any x ∈ F̃ ,
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i=1maxui∈Ui fi(x, ui) ≥

∑l
i=1 µ

n
i fi(x, u

n
i ). So, x̄ is a robust efficient solution

of (RUMP). □

Theorem 3.2. Let x̄ ∈ F . Under assumptions of Theorem 2.2, the following
statements are equivalent:

(i) the point x̄ is a weakly robust efficient solution of (RUMP);
(ii) there exist µi ≥ 0, not all zero, ūi ∈ Ui, νi ∈ ∂fi(·, ūi)(x̄), i = 1, . . . , l,

xn ∈ Rn, vnj ∈ Vj, λ
n
j ≥ 0, j = 1, . . . ,m, and ζ̃n ∈ ∂(

∑m
j=1 λ

n
j gj(·, vnj ))(x̄)

such that

lim
n→∞

xn = x̄, max
ui∈Ui

fi(x̄, ui) = fi(x̄, ūi), i = 1, . . . , l,

0 =

l∑
i=1

µiνi + lim
n→∞

ζ̃n and lim
n→∞

m∑
j=1

λn
j gj(xn, v

n
j ) = 0.

Proof. Suppose that (i) holds. Then, from Theorem 2.3, there exist µn
i ≥ 0, not all

zero, ūi ∈ Ui, νi ∈ ∂fi(·, ūi)(x̄), i = 1, . . . , l, vnj ∈ Vj , λ
n
j ≥ 0, j = 1, . . . ,m, γn ≥ 0

and ζn ∈ ∂γn(
∑m

j=1 λ
n
j gj(·, vnj ))(x̄) such that

max
ui∈Ui

fi(x̄, ui) = fi(x̄, ūi), i = 1, . . . , l,

0 =

l∑
i=1

µiνi + lim
n→∞

ζn, lim
n→∞

γn = 0 and

lim
n→∞

m∑
j=1

λn
j gj(x̄, v

n
j ) = 0.

Since ζn ∈ ∂γn(
∑m

j=1 λ
n
j gj(·, vnj ))(x̄), from Proposition 1.1, there exist xn ∈ Rn and

ζ̃n ∈ ∂(
∑m

j=1 λ
n
j gj(·, vnj ))(xn) such that

∥xn − x̄∥ ≤ √
γn, ∥ζ̃n − ζn∥ ≤ √

γn and∣∣∣∣ m∑
j=1

λn
j gj(xn, v

n
j )− ⟨ζ̃n, xn − x̄⟩ −

m∑
j=1

λn
j gj(x̄, v

n
j )

∣∣∣∣ ≤ 2γn.

Since limn→∞ γn = 0, we have limn→∞ xn = x̄, limn→∞(ζ̃n − ζn) = 0 and

limn→∞[
∑m

j=1 λ
n
j gj(xn, v

n
j ) − ⟨ζ̃n, xn − x̄⟩ −

∑m
j=1 λ

n
j gj(x̄, v

n
j )] = 0. Since

limn→∞
∑l

i=1 µiνi + limn→∞ ζn = 0 and limn→∞(ζ̃n − ζn) = 0, limn→∞
∑l

i=1 µiνi +

limn→∞ ζ̃n = 0, and hence limn→∞[
∑m

j=1 λ
n
j gj(xn, v

n
j ) −

∑m
j=1 λ

n
j gj(x̄, v

n
j )] = 0.

Since
∑m

j=1 λ
n
j gj(x̄, v

n
j ) = 0, limn→∞

∑m
j=1 λ

n
j gj(xn, v

n
j ) = 0. Thus

lim
n→∞

xn = x̄,
l∑

i=1

µiνi + lim
n→∞

ζ̃n = 0 and

lim
n→∞

m∑
j=1

λn
j gj(xn, v

n
j ) = 0.
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Now we suppose that (ii) holds. Then for any x ∈ F ,

l∑
i=1

µi max
ui∈Ui

fi(x, ui)−
l∑

i=1

µi max
ui∈Ui

fi(x̄, ui)

≥
⟨ l∑

i=1

µiνi, x− x̄

⟩
= − lim

n→∞
⟨ζ̃n, x− x̄⟩ = − lim

n→∞
⟨ζ̃n, x− xn + xn − x̄⟩

= − lim
n→∞

⟨ζ̃n, x− xn⟩ ≥ − lim sup
n→∞

( m∑
j=1

λn
j gj(x, v

n
j )−

m∑
j=1

λn
j gj(xn, v

n
j )

)

≥ lim inf
n→∞

( m∑
j=1

λn
j gj(xn, v

n
j )

)

= 0.

Hence, for any x ∈ F̃ ,
∑l

i=1 µimaxui∈Ui fi(x, ui) ≥
∑l

i=1 µimaxui∈Ui fi(x̄, ui).
Thus, x̄ is a weakly robust efficient solution of (RUMP). □

By using approaches similar to the proof of Theorem 3.2, we can obtain the
following sequential optimality theorem for a properly robust efficient solution of
(RUMP).

Theorem 3.3. Let x̄ ∈ F . Under assumptions of Theorem 2.2, the following
statements are equivalent:

(i) the point x̄ is a properly robust efficient solution of (RUMP);
(ii) there exist µi > 0, ūi ∈ Ui, νi ∈ ∂fi(·, ūi)(x̄), i = 1, . . . , l, xn ∈ Rn, vnj ∈ Vj,

λn
j ≥ 0, j = 1, . . . ,m, and ζ̃n ∈ ∂γn(

∑m
j=1 λ

n
j gj(·, vnj ))(x̄) such that

lim
n→∞

xn = x̄, max
ui∈Ui

fi(x̄, ui) = fi(x̄, ūi), i = 1, . . . , l,

0 =
l∑

i=1

µiνi + lim
n→∞

ζ̃n and lim
n→∞

m∑
j=1

λn
j gj(xn, v

n
j ) = 0.

References

[1] M. S. Bazaraa, H. D. Sherali and C. M. Shetty, Nonlinear Programming Theory and Algo-
rithms, Second edition, John Wiley Sons, Inc., New York, 2006.

[2] A. Beck and A. Ben-Tal, Duality in robust optimization: primal worst equals dual best, Oper.
Res. Lett., 22 (1947), 189–121.

[3] A. Ben-Tal and A. Nemirovski, Robust optimization—methodology and applications, Math.
Program., Ser B, 92 (2002), 453–480.

[4] A. Ben-Tal, L. E. Ghaoui and A. Nemirovski, Robust Optimization, Princeton Series in Applied
Mathematics, Princeton University Press, Princeton, 2009.

[5] A. Ben-Tal and A. Nemirovski, A selected topics in robust convex optimization, Math. Pro-
gram., Ser B, 112 (2008), 125–158.

[6] A. Brondsted and R. T. Rockafellar, On the subdifferential of convex functions, Proceedings
of the American Mathematical Society, 16 (1965), 605–611.

[7] H. Isermann, Proper efficiency and the linear vector maximum problem, Oper. Res. Lett. 22
(1974), 189–121.



246 J. H. LEE AND G. M. LEE

[8] V. Jeyakumar, Asymptotic dual conditions characterizing optimality for convex programs, J.
Optim. Th. Appl. 93 (1997), 153–165.

[9] V. Jeyakumar, G. M. Lee and N. Dinh, New sequential Lagrange multiplier conditions charac-
terizing optimality without constraint qualification for convex programs, SIAM J. Optim. 14
(2003), 534–547.

[10] V. Jeyakumar, Z. Y. Wu, G. M. Lee and N. Dinh, Liberating the subgradient optimality con-
ditions from constraint qualifications, J. Global Optim. 36 (2006), 127–137.

[11] V. Jeyakumar, G. M. Lee and G. Li, Characterizing robust solutions sets of convex programs
under data uncertainty, J. Optim. Th. Appl. 64 (2015), 407–435.

[12] V. Jeyakumar and G. Li, Strong duality in Robust convex programming: complete characteri-
zations, SIAM J. Optim. 20 (2010), 3384–3407.

[13] V. Jeyakumar and A. Zaffaroni, Asymtotic condtions for weak and proper optiality in infinite
dimensional convex vector optimization, Numer. Funct. Anal. Optim. 20 (2010), 3384–3407.

[14] G. M. Lee and K. B. Lee, On optimality conditions for abstract convex vector optimization
problems, J. Korean Math. Soc. 44 (2007), 971–985.

[15] J. H. Lee and G. M. Lee, On ϵ-solutions for convex optimization problems with uncertainty
data, Positivity 16 (2012), 509–526.

[16] G. Y. Li, and K. F. Ng, On extension of Fenchel duality and its application, SIAM J. Optim.
19 (2008), 1489–1509.

[17] R. T. Rockafellar, Convex Analysis, Princeton Univ. Press, Princeton, N. J., 1970.
[18] L. Thibault, Sequential convex subdifferential calculus and sequential Lagrange multipliers,

SIAM. J. Control Optim. 35 (1997), 1434–1444.

Manuscript received 24 August 2015

revised 15 December 2015

Jae Hyoung Lee
Department of Applied Mathematics, Pukyong National University, Busan 48513, Korea

E-mail address: mc7558@naver.com

Gue Myung Lee
Department of Applied Mathematics, Pukyong National University, Busan 48513, Korea

E-mail address: gmlee@pknu.ac.kr


