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MAXIMALITY OF THE SUM OF THE SUBDIFFERENTIAL
OPERATOR AND A MAXIMALLY MONOTONE OPERATOR

LIANGJIN YAO

ABSTRACT. The most important open problem in Monotone Operator Theory
concerns the maximal monotonicity of the sum of two maximally monotone op-
erators provided that the classical Rockafellar’s constraint qualification holds,
which is called the “sum problem”.

In this paper, we establish the maximal monotonicity of A 4+ B provided that
A and B are maximally monotone operators such that dom A Nint dom B # &,
and A+ N5 is of type (FPV). This generalizes various current results and also
gives an affirmative answer to a problem posed by Borwein and Yao. Moreover,
we present an equivalent description of the sum problem.

1. INTRODUCTION

Throughout this paper, we assume that X is a real Banach space with norm
Il - ||, that X* is the continuous dual of X, and that X and X* are paired by (-, -).
Let A: X = X* be a set-valued operator (also known as point-to-set mapping or
multifunction) from X to X*, i.e., for every z € X, Az C X*, and let gra A :=
{(z,2*) € X x X* | z* € Az} be the graph of A, and dom A := {z € X | Az # &}
be the domain of A. Recall that A is monotone if

(z—y, 2" —y") =20, V(z,2")egraAdV(y,y’) € grad.

We say A is maximally monotone if A is monotone and A has no proper monotone
extension (in the sense of graph inclusion). Let A : X = X* be monotone and
(x,2*) € X x X*. We say (x,z*) is monotonically related to gra A if

(x —y, 2" —y*) >0, Y(y,y*) € gra A.
Let A : X = X* be maximally monotone. We say A is of type (FPV) [19,32] if for
every open convex set U C X such that U Ndom A # &, the implication
x € U and (z,z") is monotonically related to gra AN (U x X*) = (z,z2") € graA

holds.
Monotone operators have proven important in modern Optimization and Analy-
sis; see, e.g., the books [4,11,16,17,22,27,29,30,40-42] and the references therein.
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We adopt standard notation used in these books. Given a subset C' of X, int C is
the interior of C', C' is the norm closure of C', and conv C' is the convex hull of C.
The indicator function of C', written as v, is defined at x € X by

{0, ifx e C;

to(x) =
c(@) 400, otherwise.

IfC,DC X,weset C—D :={z—y |z € C,ye€ D}. Forevery x € X, the normal
cone operator of C at z is defined by N¢(z) := {z* € X* | sup.cc(c — z,2*) < 0},
if x € C; and No(z) := @, if x ¢ C. For xz,y € X, we set [z,y] := {te + (1 —t)y |
0<t<1}.

Given f: X — ]-oo,+00], we set domf := f~}R). We say f is
proper if dom f # &. Let f be proper. Then 0f: X = X*: z — {m* e X* |
(Vy € X) (y — z,2*) + f(x) < f(y)} is the subdifferential operator of f. Thus N¢ =
Ovc. We also set Px @ X x X* — X: (z,2%) — z. The open unit ball in X is
denoted by Ux := {w € X | ||lz|| <1}, the closed unit ball in X is denoted by
By :={z € X | |lz]| <1}, and N:={1,2,3,...}. We denote by —» and —+ the
norm convergence and weak* convergence of nets, respectively.

Let A and B be maximally monotone operators from X to X*. Clearly, the sum
operator A+ B: X =% X*: x — Az + Bz := {a* 4+ b* | a* € Az and b* € Bz} is
monotone. Rockafellar established the following significant result in 1970.

Theorem 1.1 (Rockafellar’s sum theorem (See [26, Theorem 1] or [11])). Suppose
that X is reflerive. Let A, B : X = X™* be maximally monotone. Assume that A
and B satisfy the classical constraint qualification:

dom ANintdom B # .
Then A + B is mazximally monotone.

The generalization of Rockafellar’s sum theorem in the setting of a reflexive space
can be found in [1,3,11,30,31].

The most famous open problem in Monotone Operator Theory concerns the max-
imal monotonicity of the sum of two maximally monotone operators satisfying Rock-
afellar’s constraint qualification in general Banach spaces; this is called the “sum
problem”. Some recent developments on the sum problem can be found in Simons’
monograph [30] and [5-9,11,13-15,20,34-39], and also see [2] for the subdifferential
operators.

In this paper, we focus on the case when A, B are maximally monotone with
dom A Nintdom B # @, and A + Nq—5 is of type (FPV) (see Theorem 3.2).

Corollary 3.4 provides an affirmative answer to the following problem posed by
Borwein and Yao in [14, Open problem 4.5].

Let f : X — ]—00,4+00] be a proper lower semicontinuous con-
vex function, and let B : X = X* be maximally monotone with
domdf Nintdom B # @. Is 0f + B necessarily maximally mono-
tone?

The remainder of this paper is organized as follows. In Section 2, we collect
auxiliary results for future reference and for the reader’s convenience. In Section 3,



SUM OF A SUBDIFFERENTIAL OPERATOR AND A MAXIMALLY MONOTONE OPERATOR 97

our main result (Theorem 3.2) is presented. We also show that Problem 3.8 is
equivalent to the sum problem.

2. AUXILIARY RESULTS

We first introduce the well known Banach-Alaoglu Theorem and the two of Rock-
afellar’s results.

Fact 2.1 (The Banach-Alaoglu Theorem). (See [28, Theorem 3.15] or [21, Theo-
rem 2.6.18].) The closed unit ball in X*, Bx+, is weakly* compact.

Fact 2.2 (Rockafellar). (See [23, Theorem 3/, [30, Theorem 18.1], or [40, Theo-
rem 2.8.7(iii)].) Let f,g : X — ]—00,+00]| be proper convex functions. Assume
that there exists a point xg € dom f Ndom g such that g is continuous at xg. Then

o(f+g)=0f +0g.

Fact 2.3 (Rockafellar). (See [25, Theorem 1] or [30, Theorem 27.1 and Theo-
rem 27.3].) Let A : X = X* be maximally monotone with intdom A # @. Then
int dom A = int dom A and int dom A and dom A are both convex.

The Fitzpatrick function defined below is an important tool in Monotone Oper-
ator Theory.

Fact 2.4 (Fitzpatrick). (See [18, Corollary 3.9].) Let A: X =% X* be monotone,
and set

Fp: X X X* — ]—00,+00] : (z,2%) —  sup ((x,a*> + (a,z*) — <a,a*)),
(a,a*)egra A

the Fitzpatrick function associated with A. Suppose also A is maximally monotone.
Then for every (x,z*) € X x X*, the inequality (x,2*) < Fa(z,x*) is true, and the
equality holds if and only if (x,2*) € gra A.

The next result is the key to our arguments.

Fact 2.5. (See [35, Theorem 3.4 and Corollary 5.6/, or [30, Theorem 24.1(b)].) Let
A, B : X = X* be maximally monotone operators. Assume (JyA[Px(dom Fy)—
Px(dom F)] is a closed subspace. If

FA+B > <'7 > on X X X*7
then A 4+ B is maximally monotone.

Applying Fact 2.6, we can avoid computing the domain of the Fitzpatrick func-
tions in Fact 2.5 (see Corollary 2.8 below).

Fact 2.6. (See [13, Theorem 3.6] or [14].) Let A : X == X* be a maximally
monotone operator. Then

conv [dom A| = Px [dom Fy].

Lemma 2.7. Let A,B: X = X* be mazimally monotone, and suppose that
Uxso A [dom A — dom B] is a closed convex subset of X. Then

U Aldom A — dom B] = U A [Px dom Fy — Px dom Fg].
A>0 A>0
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Proof. By Fact 2.4 and Fact 2.6, we have
U Aldom A — dom B| C U A [Px dom Fy — Px dom Fg]

A>0 A>0

C U A [convdom A — conv dom B
A>0

- U A [Conv dom A — conv dom BJ
A>0

= U A [conv [dom A — dom B]}
A>0

- U Aconv [dom A — dom B]
A>0

= U A[dom A —dom B]  (by the assumption).
A>0

Hence (Jy5¢ A [dom A — dom B] = (J,5¢ A [Px dom F4 — Px dom Fp]. O

Corollary 2.8. Let A,B : X = X* be maximally monotone operators. Assume
that | Jyso A[dom A — dom B] is a closed subspace. If

Farp>(,)on XxX*,

then A+ B is mazimally monotone.

Proof. Apply Fact 2.5 and Lemma 2.7 directly. g
Now we cite some results on operators of type (FPV).

Fact 2.9 (Fitzpatrick-Phelps and Verona-Verona). (See [19, Corollary 3.4], [33,
Theorem 3] or [30, Theorem 48.4(d)].) Let f:X — ]—o0,+oc] be proper, lower
semicontinuous and convex. Then 9f is of type (FPV).

Fact 2.10 (Simons). (See [30, Theorem 44.2].) Let A : X = X* be of type (FPV).
Then

dom A = conv (domA) = PX(domFA).

The following result presents a sufficient condition for a maximally monotone
operator to be of type (FPV).

Fact 2.11 (Simons and Verona-Verona). (See [30, Theorem 44.1], [33] or [8].) Let
A: X = X* be maximally monotone. Suppose that for every closed convex subset
C of X with dom ANint C' # &, the operator A+ N¢ is maximally monotone. Then
A is of type (FPV).

Fact 2.12 (Boundedness below). (See [12, Fact 4.1].) Let A : X == X* be
monotone and x € intdom A. Then there exist § > 0 and M > 0 such that
r+ 6By C dom A and sup,e, 55, [|Aall < M. Assume that (z,2*) is monotoni-
cally related to gra A. Then

(2 = 3,2) > o|*| = (2 — ]l + 6)M.
We need the following bunch of useful tools from [15].
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Fact 2.13. (See [15, Proposition 3.1].) Let A: X = X* be of type (FPV), and let
B : X = X* be maximally monotone. Suppose that dom A Nintdom B # &. Let
(z,2") € X x X* with z € dom B. Then

Faip(z,27) = (2,77).

Fact 2.14. (See [15, Lemma 2.10].) Let A : X =% X* be monotone, and let
B : X = X* be maximally monotone. Let (z,z*) € X x X*. Suppose zg € dom AN

int dom B and that there exists a sequence (ay,a})nen in graAn (domB X X*)
such that (a,)nen converges to a point in [zg, z[, and

(z — ap,ay) — +o0.
Then Fuip(z,2*) = 4o0.
Fact 2.15. (See [15, Lemma 2.12].) Let A: X = X* be of type (FPV). Suppose
xo € dom A but that z ¢ dom A. Then there exists a sequence (an, a’)nen in gra A
such that (a,)nen converges to a point in [xg, z[ and

(z — an,ay) — +o0.

The proof of Fact 2.16 and Fact 2.17 is mainly extracted from the part of the

proof of [15, Proposition 3.2].

Fact 2.16. Let A : X = X be maximally monotone and z € dom A\ dom A. Then
for every sequence (zp,)nen in dom A such that z, — z, we have lim,,_, o inf || A(z,)]]
= 400.

Proof. Suppose to the contrary that there exists a sequence z;, € A(zy,) and L > 0
such that supgey [z, || < L. By Fact 2.1, there exists a weak™ convergent subnet,
(25)pes of (2, Jken such that zj —x 25, € X*. [12, Fact 3.5] or [10, Section 2,
page 539] shows that (z, 2% ) € gra A, which contradicts our assumption that z ¢
dom A. Hence we have our result holds. O

Fact 2.17. Let A,B : X = X* be monotone. Let (z,z*) € X x X*. Suppose
that z¢p € dom ANintdom B and that there exist a sequence (ay, ) )nen in gra AN
(dom B x X*) and a sequence (K, )nen in R such that (ay,)nen converges to a point
in [z, z[, and that

(2.1) (z —ap,ay) > K.

Assume that there exists a sequence b’ € Ba,, such that % — 0 and ||b}]] —
+0o. Then Fayp(z, 2*) = +o0.

Proof. By the assumption, there exists 0 < § < 1 such that

(2.2) an — xo+ 0(z — ).

Suppose to the contrary that

(2.3) Faip(z,2") < 4o0.

b;
BT

K3

By Fact 2.1, there exists a weak™ convergent subnet, (

b
1671

| )ier of % such that

(24) 7w b:;o e X*.
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By (2.1), we have

K, + <z — an,b;> + <z*,an> <(z-— an,a;;> + <z - an,b;> + <z*,an>
< FA—}—B(Za Z*)

Thus
K, ; 1 Fayp(z,27)

b N
(2.5) m+<z—amm>+m<z ’“”> =T el

By the assumption that ”Ib(—*"” — 0 and ||b}|| — 400, (2.2), (2.3) and (2.4), we

take the limit along the subnet in (2.5) to obtain
<z —xo— (2 — xp), b’go> <0.
Since § < 1,

(2.6) <z 0, b;o> <0.

On the other hand, since xo € intdom B and (ay,, b)) € gra B, Fact 2.12 implies

that there exist n > 0 and M > 0 such that
(an — x0,b,) = 1|6y || = (lan — ol + 1) M.

Thus
by ) >0 — (llan = zol[ +n)M
1| 165 |
Since ||bf|| — 400, by (2.2) and (2.4), we take the limit along the subnet in the
above inequality to obtain

<xo +0(z — xy) — xo, b:;o> > .

<an — X0,

Hence
<Z_x07b;o> > g > 07
which contradicts (2.6). Hence Fayp(z,2*) = +oo. O

3. OUR MAIN RESULT

The following result is the key technical tool for our main result (: Theorem 3.2).
The proof of Proposition 3.1 follows in part that of [15, Proposition 3.2].

Proposition 3.1. Let A : X = X* be of type (FPV), and let B : X =% X* be
mazximally monotone. Suppose zg € dom A Nintdom B and (z,2*) € X x X*.
Assume that there exist a sequence (an)nen in dom AN [dom B\ dom B| and § €
[0,1] such that ap, — 0z + (1 — §)xg. Then Farp(z,2*) > (z,2%).

Proof. Suppose to the contrary that
(3.1) Fayp(z,2%) < (z,27).

By the assumption, we have 6z + (1 — §)zp € dom B. Since a,, ¢ dom B and
xo € intdom B, Fact 2.13 and (3.1) imply that

(3.2) 0<d0<1l and dz+ (1—0)zg# xo.
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We set

(3.3) Yo =0z + (1 — d)zo.
Since a, € dom A, we let

(3.4) (an,ay) € graA, Vn eN.

Since zp € dom A N int dom B, there exist (), y5 € X* such that (xo,zf)) € gra A
and (x0,y;) € graB. By zg € intdom B, there exists 0 < py < |lyo — zol| by (3.2)
such that

(3.5) zo + poUx C dom B.

Now we show that there exists § < ¢, € [1 - %, 1[ such that that
(3.6) H, C dom B and inf || B(H,)| > 4K§(||a|l + 1)n,
where

H, :=tya, + (1 — tn)xo + (1 - tn)poUX
1,2y — =2 .
87 Kor=max {3l + 2+ 3ol 3= 4 1) (g 1)),

For every s € ]0, 1], since a,, € dom B, (3.5) and Fact 2.3 imply that
san 4+ (1 —s)xo+ (1 — s)poUx = san + (1 — s) [xo + poUx] C dom B.

By Fact 2.3 again, sa, + (1 — s)xg + (1 — s)poUx C int dom B = int dom B.

It directly follows from Fact 2.16 and a,, € dom B\ dom B that the second part
of (3.6) holds.

Set

1
5(1—t
(3.8) Ty = 3 n)Po .
tnllyo — anll + (1 = tn)|lyo — ol
Since po < |lyo — wol|, we have 7, < % Now we show that
Up @ = TpYo + (1 — Tn) [tnan + (1 — tn)xo]

(3.9) =rpoz + (1 — rp)tpan + snxo € Hp,

where s, 1= [1 — t,, + 7 (tn, — 9)].
Indeed, we have

Up, — tpQy — (1 - tn)on = ||"nyo + (1 - Tn) [tnan + (1 - tn)x()] — tpap — (1 - tn)l’oH

TnYo — Tn [tnan + (1 — ty) o)

o 1 0 — i+ 11|

:’r‘n

tn(yo = an) + (1 = ta) (yo — o)

< 7 (tallyo = anll + (1 = t)llyo — o)

:%a_%m)wy@&»
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Hence v,, € H,, and thus (3.9) holds by (3.3).
Since a,, — yo and v, € Hy, by (3.9), v, — yo. Then we can and do suppose
that

(3.10) [on]l < llyoll +1 < llzll + flzoll + 1, Vn e N (by (3.3)).
Since a, — yo and |lyo — zo|| > 0 by (3.2), we can suppose that

190 = anll < llyo — zoll, Vn €N.
Then by (3.8),

L—to _ 2wl

(3.11) < Vn € N.
Tn Po
Since s, = [1 — tn, + 1 (tn, — 9)], by (3.11) and § < ¢, < 1, we have
1—t¢ 2 —
(3.12) Ll TR P k.| EPIR VAN
T'n T'n £0
Now we show there exists (an, a, " )nen in gra A N (H, x X*) such that
(3.13) 2=,y ) > —4KG(||aj ]| + 1).

We consider two cases.
Case 1: (vp, (2 —ty)a)) € gra A.
Set (an, an") := (vn, (2 — ty)al). Then we have

(z —an,an") = (2 — vn, (2 — tp)an")

> =2[|z — on|l - llag|
> =2(2]12]l + [lzoll + 1) - [|az ]
(3.14) > —4K2(|lak]| +1) (by (3.10) and (3.7)).

Hence (3.13) holds since v, € Hy, by (3.9).
Case 2: (vp, (2 —t,)a}) ¢ gra A.
By Fact 2.10 and the assumption that {an,yo,z0} C dom A, (3.9) shows that

vy, € dom A. Thus H,, Ndom A # @ by (3.9) again. Since (vn, (2—tn)a *) ¢ gra A,

vy, € Hy by (3.9), and A is of type (FPV), there exists (ay, a,") € gra AN (H, x X*)
such that

(vn = @y @n” = (2= ty)ay ) > 0.
Thus by (3.9), we have
<vn @A - (2 tn)a;> >0
< 202 4+ (1 — ) tnan + Snto — G @ — @’ — (1 — tn>a:> >0
+ (
n0z +

= (s
<

(315) > —(1 = to) (lell + lanl + ol + ) |

~ —~—x *
1 —rp)tnan + Spxo — an,an” — an>

(1 = rp)tnan + Snxo — an, (1 — tn)a2>
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Note that a,, = r,da, + (1 — ) tnan + Spayn. Thus (3.15) implies that
<rn5(z — @)+ (1= 1) tn(an — @) + sn(z0 — @), @n* — a;;>
~(1 = ta) (1121l + llanll + llzol| + @]l ) oz
— <rn5(z — @)+ sn(xo — @), @ — a;>
> (1 rn)tn<an —anal - a;>
— (1= ta) (1121l + Nlanll + ool + lanll) e |
(1= ta)(J12ll + llan]l + llzoll + @]l la; ]| (by the monotonicity of A)
— <rn5(z — @) + sn(xo — @), a;>
> <rn5(z — @)+ salzo — @), a;;>
= (1= ta) (N2l + Nanll + 2ol + Nan])
= rn5<z — EL;,EL;*> > sn<&; — 330,&;*>
+ <rn(5(z — @) + snlwo — an), a;;>
316) = (=t (12 + lan] + llzoll + @] ) o}

Since {(zo,z}), (an,an")} C gra A, we have (a, — xo,a," ) > (a, — zo,xf) by the
monotonicity of A. Thus, by (3.16),

rad(z =@ an") > sn<a; — 20, 338> + <Tn5(z — @) + snlzo — @), a:;>
— (1= ta) (1121l + llanl + llwoll + lanl!)llaz |
= —snllan — mol| - [|zgll = rallz = anll - lagll = snllzo — anl| - |lag|
— (1= ta) (el + llamll + llzoll + @) a5
Hence
—_ S 1 — s —
<wwm%§>—jw% woll Il = 3llz = @l - o = 2 flwo — @l - g

n
1-—

22 (1l + o + ol + )l
Then combining (3. 11) and (3.12), we have
— m% xw . S SR
2= 1)5l@ = ol - gl = 311z =@l - a3

2 1 a
(Hm 2ol 4 1) - @ e
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2llyo — ol Vs
= T (el + flanll + llzoll + ] ) |
> —Kolla — woll = Kollz = @ll - lai |l = Kollzo — x| - a7
(3.17) = Ko (0 + llan + 1zl + l@ll) las | (by (3.7))

Since a, € H,, t, — 1~ and a, — o,

(3.18) an — Yo-

Then we can and do suppose that

(3.19)  max {[|anl|, [lan]l} < [lyoll +1 < flzoll + ]Izl + 1, ¥neN. (by (3.3))
Then by (3.19), (3.17) and (3.7), we have

(3:20) (=) > —KF = Kllaj | - K3lla3 | - K3l > —4K3(a3 | +1).

Hence (3.13) holds.
Combining the above two cases, we have (3.13) holds.
Since a, € Hy, (3.6) implies that a, € dom B. Then combining (3.18), (3.2),
(3.6) and (3.13), Fact 2.17 implies that Fa4p(z, 2*) = 400, which contradicts (3.1).
Hence Faip(z,2%) > (z,2%). O

Now we come to our main result.

Theorem 3.2 (Main result). Let A,B : X = X* be mazimally monotone with
dom ANintdom B # @. Assume that A+ No 5 is of type (FPV). Then A+ B is

mazimally monotone.

Proof. After translating the graphs if necessary, we can and do assume that 0 €
dom A Nint dom B and that (0,0) € gra A N gra B. By Corollary 2.8, it suffices to
show that

(3.21) Faip(z,2") > (2,2%), V(z,2") € X x X*.
Take (z,2*) € X x X*. Suppose to the contrary that
(3.22) Faip(z,2%) < (z,27).

Since B is maximally monotone, B = B + Nq;5. Thus
(3.23) A+B=A+B+ Nymp5=(A+ Ny + B

Since A+ Ny is of type (FPV) and 0 € dom [A 4+ Ny—5| Nint dom B, Fact 2.13
and (3.22) 1mply that

(3.24) z¢ domB and then z ¢ dom [A+ Ny—5]

Then by Fact 2.15, there exist a sequence (an,a;)nen in gra(A + Ny—5) and J €
[0, 1] such that

(3.25) anp — 6z and (2 — ap,a,) — +00.
Thus a, € dom [A—i— o mB] Ndom B, Vn € N.

Now we consider two cases.
Case 1: There exists a subsequence of (a,)pen in dom B.



SUM OF A SUBDIFFERENTIAL OPERATOR AND A MAXIMALLY MONOTONE OPERATOR 105

We can and do suppose that a, € dom B for every n € N. Thus (a,)pen is in
dom [A 4+ Niz—5] Ndom B.
Combining Fact 2.14 and (3.25),

Faip(2,2") = FayN—+8B(2,2") = +00,

which contradicts (3.22).

Case 2: There exists N1 € N such that a, ¢ dom B, Vn > Nj.

Then we can and do suppose that a, ¢ dom B for every n € N. Thus, a, €
dom [A + Niz=5] N [dom B\ dom B]. By Proposition 3.1 and (3.25),

Fayp(z,2") = Fayn_—

dom
which contradicts (3.22).
Combing all the above cases, we have Faip(z,2%) > (z,2%) for all (z,2%) €
X X X*. Hence A + B is maximally monotone. O

B+B(Z z ) > <ZvZ*>v

Remark 3.3. Theorem 3.2 generalizes the main result in [37] (see [37, Theo-
rem 3.4]).

Corollary 3.4. Let f : X — ]—00,+00] be a proper lower semicontinuous convex
function, and let B : X = X* be maximally monotone with dom dfNint dom B # &.
Then Of + B is mazimally monotone.

Proof. By Fact 2.3 and Fact 2.2 (or [2, Theorem 1.1]), 0f 4+ Nqoog = O(f + tqom ) -
Then Fact 2.9 shows that 0f + No—5 is of type (FPV). Applying Theorem 3.2, we
have f + B is maximally monotone. d

Remark 3.5. Corollary 3.4 provides an affirmative answer to a problem posed by
Borwein and Yao in [14, Open problem 4.5].

Given a set-valued operator A : X = X*, we say A is a linear relation if gra A is
a linear subspace.

Corollary 3.6 (Linear relation (See [14, Theorem 3.1] or [15, Corollary 4.5]). Let
A X = X* be a maximally monotone linear relation, and let B : X = X*
be mazimally monotone. Suppose that dom A Nintdom B # &. Then A+ B is
mazimally monotone.

Proof. Apply Fact 2.3, [38, Corollary 3.3] and Theorem 3.2 directly. O

Corollary 3.7 (Convex domain (See [15, Corollary 4.3]). Let A: X = X* be of
type (FPV) with conver domain, and let B : X = X* be mazimally monotone.
Suppose that dom A Nintdom B # &. Then A+ B is mazimally monotone.

Proof. Apply Fact 2.3, [37, Corollary 2.10] and Theorem 3.2 directly. O

Applying Fact 2.11 and Theorem 3.2, we can obtain that the sum problem is
equivalent to the following problem:

Open Problem 3.8. Let A : X = X* be maximally monotone, and C be a
nonempty closed and convex subset of X. Assume that dom A NintC # @. Is
A + N¢ necessarily maximally monotone?
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Clearly, Problem 3.8 is a special case of the sum problem. However, if we would
have an affirmative answer to Problem 3.8 for every maximally monotone operator
A and every nonempty closed and convex set C satisfying Rockafellar’s constraint
qualification: dom A Nint C' # &, then Fact 2.11 implies that every maximally
monotone operator is of type (FPV), and thus A + N¢ is of type (FPV) (since
A+ N¢ is maximally monotone by the assumption). Thus applying Theorem 3.2,
we have an affirmative answer to the sum problem.
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