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COMMUTATIVE SEMIGROUP OPERATIONS ON R?
COMPATIBLE WITH THE ORDINARY ADDITIVE OPERATION

SEIJI ANBE, SIN-EI TAKAHASI, MAKOTO TSUKADA, AND TAKESHI MIURA

ABSTRACT. We give a commutative semigroup operation *, on the 2 dimensional
Euclid space R? associated with a bijection ¢ from R to R, the set of all
positive numbers. We show that (A x, B) + C = (A + C) *, (B + C) holds for
all A, B,C € R? if and only if ¢(z)p(y) = »(0)p(x + y) holds for all z,y € R.

1. INTRODUCTION

Semigroup operations on the real numbers R have a long history (cf. [1, 2, 3]).
However, the history of semigroup operations on the 2 dimensional Euclid space R?
is not the case. In this note, we reveal a certain commutative semigroup operation
on R? from the standpoint of distribution law.

Denote by + the ordinary additive operation on R? defined by

(a,b) + (¢,d) = (a+ ¢, b+ d)

for each a, b, c,d € R. Then there are several commutative semigroup operations x
on R? satisfying the following distribution law :

(1.1) (A+B)xC=AxC+BxC (A B,C¢cR?.
Of course we can consider its converse distribution law :
(1.2) (AxB)+C=(A+C)x(B+C) (A B,CecR?.

The distribution law (1.1) is incompatible with (1.2). Actually, assume that both
(1.1) and (1.2) hold. Taking A =B = C =0 in (1.1), we have 0 x 0 = 0. Then,
taking A = B = 0 in (1.2), we have C = C x C. Therefore, taking A = B = C in
(1.2), we have 2C = (2C) x (2C) = 4C. So we obtain that C = 0 for all C € R?, a
contradiction.

Therefore it is raised a natural question whether there exists a commutative
semigroup operation on R? which is compatible with the ordinary additive operation
+ on R?.
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The purpose of this note is to give a commutative semigroup operation *, on R?
associated with a bijection ¢ from R to R, the set of all positive numbers and to
characterize a bijection ¢ satisfying the distribution law :

(1.3) (A%, B)+C=(A+C)x, (B+0C) (A,B,C€R?).

Indeed, such a ¢ can be characterized as a bijection such that ¢(x)p(y) = p(0)e(x+
y) for all z,y € R. In particular if ¢ is continuous, then ¢(x) = fa® (z € R) for
some positive numbers o and .

2. MAIN RESULTS

For each A = (a,b) € R?, we put

a+b a—2b

AT = d A =
an 5

Then it is obvious that
A= (AT 4+ A7 AT - A7)
holds.
Throughout the remainder of the note, let ¢ be a bijection from R to R,. For
each A, B € R?, take an element C' € R? such that
P(AT)A™ +(BF)B~
(A7) + ¢(BY)

CF =7 (p(AT) + o(B)) and C~ =

Such an element C' is unique and is denoted by A x, B. In this case we have the
following

Theorem 2.1. The binary operation *, is a commutative semigroup operation on
R2.

Moreover we have the following interesting characterization.

Theorem 2.2. The following three conditions are equivalent:

(i) The distribution law (1.3) holds.
(ii) (A*, B)+C)~ = ((A+C) x, (B +C))~ holds for all A,B,C € R?.
(ili) e(x)e(y) = ¢(0)p(z +y) holds for all z,y € R.

Remark 2.3. There are many bijections ¢ from R to R such that ¢(x)y(y) =
Y (0)Y(z+y) for all z,y € R. In fact, put ¥(x) = logv(x)—b for each z € R, where
b =log(0). Then V¥ is a real-valued function on R such that ¥(x+y) = ¥ (z)+V(y)
for all z,y € R. Such a function ¥ can be constructed by using Hamel bases (see
[3, Theorem 10 in 2.2]). Hence there exist infinitely many function 1 by defining
P(x) = ee?®) for each z € R. If, in addition, a bijection v is continuous, then so
is ¥. Therefore ¥ (z) = cx (z € R) for some ¢ € R, and hence (z) = Sa” (z € R)
for some «a, 5 € R.



COMMUTATIVE SEMIGROUP OPERATIONS ON R? 91

3. PROOFS OF MAIN RESULTS

Proof of Theorem 2.1. By definition, it is obvious that *, is a commutative binary
operation on R2. Take A, B,C € R? arbitrarily. Then

((Axy B) %, )T =07 (p((Axyp B)) + 9(CT))
= o @(AT) + o(BY) + o(C™))

holds. Therefore ((A*, B) %, C)" = ((A" %, B’) %, C')* holds for any permutation
A'B'C’" of {ABC'}, and hence we have

(3.1) ((Axp B)*yp C)F = ((C % B) %, A)F
= (A, (Cxp B))T = (A% (B ¥y, O))T.
Also we have
_ Ax, B)T)(Ax, B)” +p(CHC™
(s By 0 = B
_ $(AD)A” +(BT)B” +o(CT)C™
AN +eBY) +e(Ch)
Then ((A*, B) %, C)~ = ((A" x4, B’) %, C")~ holds for any permutation A'B’'C’ of
{ABC'Y}, and hence we have
(3:2) ((Asp B) % C)7 = ((Cxp B) %y A)~
= (Ax, (Cxp B))™ = (Axy (B, 0))".

Therefore we have from (3.1) and (3.2) that *, is associative. Consequently, *,, is
a commutative semigroup operation on R2. Il

We need the following lemma to show Theorem 2.2.
Lemma 3.1. Suppose that o(z)p(y) = ¢(0)p(z +y) holds for all x,y € R. Then
e pla+c)+ob+c) =9 (pla) + (b)) +c
holds for all a,b,c € R.

Proof. Put A = ﬁ. Then we have from hypothesis that

(3.3) z+y=¢ 'Ap(@)ey))

for all z,y € R. Take a,b,c € R arbitrarily. Then we have from hypothesis and
(3.3), applied to z = ¢~ (p(a) + ¢(b)) and y = c that

p (pla+c)+ob+c) = ¢ (Mpla)e(c) + Ap(b)p(c))

o (A(p(a) + @(b)p(c))

e (el (p(a) + ¢(b)))p(c))
¢~ (p(a) + ¢ (b)) + ¢,

which implies the desired equation. O
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Proof of Theorem 2.2. The implication (i) = (ii) follows from definition.
(ii) = (iii). Suppose that
(Axp B)+C)" = ((A+C) 5, (B+C))”
holds for all A, B,C € R2. Take z,y € R arbitrarily and put
A=(zx+1,2z—-1), B=(0,0) and C = (y,y).

Then
(3.4) At =2 BT =0,Ct=y, A~ =1,B  =0and C~ =
By hypothesis, we have

(A%, B)"+C = ((A*B)+C) = ((A+C)x, (B+C))",
and hence
P(AT)A™ + o(BF)B~

B9 A+ eB7)

+C™

(AT +CH) (A~ +C )+ p(BT+CH) (B +C7)
P(AT +C*) 4+ (BT +CT) '
Then we have from (3.4) and (3.5) that
ple) _ plety)
p(@) +0(0)  el@+y)+ely)
By deforming (3.6), we obtain that ¢(z)p(y) = ¢(0)p(z + y).

(iii) = (i). Suppose that p(z)p(y) = ¢(0)p(z + y) holds for all z,y € R. Take
A, B,C € R? arbitrarily. Then we have

(3.7) (Axp B) +O) = (Axp, BT +C7 = o7 (p(AT) + 9(BT)) + CF

and

(3.6)

P(AT)A™ + (BT)B~
P(A+) 4+ (BY)

(3.8) (Ax, B)+C)" =(A%,B)” +C™ = +C.

Also we have from Lemma 3.1 that
(A+C)xp (B+O)T = ¢ (p(AT +CF) +o(BY +C))
= ¢ H(p(AT) +o(BY)) + CF,
and hence we obtain from (3.7) that
(3.9) (A%, B)+C)" = ((A+C) %, (B+O))".
Put A = ﬁ. Then we have from hypothesis that
_ AT+ CH(AT+CT) + (BT +CH)(BT+CT)
Y(AT +CT)+ (Bt 4+ CH)
Ap(AN)p(CT)(A™ + C7) + Ap(BF)p(CT) (B~ +C7)
Ap(AT)p(CF) + Ap(BT)p(CT)
P(AT)(A”+CT)+¢(BT)(B~+C7)
P(AT) + ¢(BT)

(A4+C)*, (B+0C))~
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_ p(AT)A” 4+ o(BT)B~

+C~
S(AF) + (BT
and hence we obtain from (3.8) that
(3.10) (A%, B)+C)" =(A+C)*, (B+O))".
By (3.9) and (3.10), we have (A%, B) +C = (A+C) x, (B+ C). Thus we see that
the distribution law (1.3) holds. O

Remark 3.2. One of the reviewers of this paper obtained a simple proof of the
implication (iii) = (i) in Theorem 2.2 by using the transform V¥ (z) = log (z) —
log 1 (0) introduced in Remark 2.3.
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