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STRONG CONVERGENCE FOR A COMMON FIXED POINT OF
TWO DIFFERENT GENERALIZATIONS OF CUTTER
OPERATORS

YASUNORI KIMURA AND SATIT SAEJUNG*

ABSTRACT. We propose two iterative methods for finding a common fixed point
of two different generalizations of cutter mappings in Banach spaces. The results
obtained in this paper extend the recent results announced by Kimura et al.

1. INTRODUCTION

Let H be a real Hilbert space with inner product (-,-) and induced norm || - ||.
We say that T': H — H is a cutter operator if Fix(T) :={x € H: 2 =Tz} # &
and

(Twx — 2z,Tx —x) <0 forall z € H and z € Fix(T).

This type of operators was studied by Bauschke and Combettes [5] and Combettes
[9]. The term cutter operator was proposed by Cegielski and Censor [7]. These
operators play an important and interesting role in various nonlinear problems.
The purpose of this paper is to continue the study of these operators in Banach
space setting.

Let E be a real Banach space with the norm || - [|. We say that E is
e smooth if the limit lim; o w exists for all z,y € F with ||z| =
Iyl = 1;
e Fréchet smooth if the limit above does not only exists but is also attained
uniformly for all ||y|| = 1 whenever x is fixed and ||z|| = 1;

o uniformly smooth if the limit above does not only exists but is also attained
uniformly for all z,y € E with ||z] = |ly|| = 1.

For more details on the geometry of Banach spaces we refer the reader to [18].
Throughout the paper, we denote by E* the dual space of E and denote by (-, -)

the dual pairing acting from £ x E* into R, that is, whenever x € E and z* € E*,

(x,z*) denote the value of z* at x. We use the notions — and — for strong and
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weak convergences, respectively. For a bounded sequence {z,}, let
wp{zn} = {7z Hzp,} C {z,} such that z,, — z as k — oco}.
The duality mapping J : E — 2F" is the point-to-set mapping defined by
z Jr = {2* € B*: (x,2%) = ||z||* = ||=*|?}.
The following facts are known and referred in the paper.

e If F is smooth, then Jz is a singleton for all x € F, and hence we treat J
as a single-valued mapping from E into E*.

e If F is Fréchet smooth, then J : E — E* is norm-to-norm continuous.

e If F is uniformly smooth, then J : F — FE* is uniformly norm-to-norm
continuous on bounded subsets of E.

o If E* is Fréchet smooth and {z,} is a sequence in E such that x,, = = and
lxnl — ||z||, then =, — .

In a similar way, we consider the duality mapping J* : E* — 2" Tt is not hard to
see that if £ and E* are smooth and F is reflexive, then J : E — E* is bijective and
J* = J~1. We refer the readers to [8] and its review [21] for further information on
duality mappings.

Let C be a closed and convex subset of a smooth Banach space E. The follow-
ing mappings are two different generalizations of cutter operators in Banach space
setting. A mapping T : C' — F is said to be

o cutter mapping of type (P) if Fix(T) # @ and (T'v — 2z, J(Tx — z)) < 0 for
all z € C and z € Fix(T);
e cutter mapping of type (Q) if Fix(T) # @ and (Tx — z,JTz — Jx) < 0 for
all z € C and z € Fix(T).
The notations (P) and (Q) are from the recent paper of Aoyama et al. (see [3]). This
definition of mappings is a particular case of the quasi-Bregman firmly nonexpansive
mappings which was introduced first in 2003 by Bauschke, Borwein and Combettes
in [4]. This class and several more class of operators with respect to Bregman
distances were studied intensively during the last ten years (see, for instance, [4, 17,
24)).

We recall the concept of the distance-like function in a smooth Banach space E.

Let ¢ : E X E — R be defined by

o(z,y) = HxH2 —2(z, Jy) + HyH2 for all z,y € E.

It is clear that (||z|| — [|ly])? < ¢(z,y) < (|=|| + ||y||)? for all z,y € E. If E is a
Hilbert space, then ¢(x,y) = ||z —y]||?. It is also known that if F and E* are smooth
spaces, then

o(z,y) =0 <= z=y.

Due to this function ¢, Alber [1] introduced the following type of projection.
Suppose that E is a reflexive Banach space such that £ and E* are smooth, and
C' is a nonempty, closed and convex subset of F. It is known that for each z € E
there exists a unique element z in C', denoted by Ilcx, such that

e(llox,z) = inf{p(y,z) : y € C}.
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Moreover, the relation above can be characterized by the following inequalities: for
zeC,

z=Ilcx <= (y—2z,Jr—Jz) <0 foralyeC
— o(y,z) +o(z,z) < p(y,z) forallyeC.

It is not hard to see that IIo : E — C is a cutter mapping of type (Q).

In this paper, we also deal with the metric projection. For a closed and convex
subset C and for x € F, there exists a unique element z in C, denoted by Pox, such
that

|Pex — z|| = inf{|ly —z[ : y € C}.

It is also not hard to see that Po : E — C is a cutter mapping of type (P) (for
example, see [28]).

The following result shows a relation between convergences in the sense of ¢ and
of the norm.

Lemma 1.1 (Kamimura and Takahashi [12]). Suppose that E is a smooth Banach
space and E* is uniformly smooth. If {x,} and {y,} are sequences in E such that
one of them is bounded and p(zy,yn) — 0, then ||z, — yn| — 0.

We also need the following lemma proved by Maingé.

Lemma 1.2 ([16]). Let {v,} be a sequence of real numbers such that there exists
a subsequence {yn,;} of {yn} such that vn; < vn;41 for all j > 1. Then there exists
a nondecreasing sequence {my} of positive integers such that limy_, .o mg = 0o and
the following two inequalities:

Tmy < Vg +1 and Y < Tmy+1

hold for all (sufficiently large) numbers k. In fact, my is the largest number n in
the set {1,2,...,k} such that the condition v, < Yp4+1 holds.

2. MAIN RESULTS

2.1. Strong convergence via a new averaged projection method of Halpern
type. Recall that a mapping U : C — E is closed at zero if whenever {z,} is a
sequence in C' such that z, — p € C' and Uz, — 0 it follows that Up = 0.

Theorem 2.1. Suppose that E and E* are uniformly smooth spaces. Let C be a
closed and convex subset of EE. Suppose that S, T : C' — C are two mappings such
that the following properties are satisfied:

e S is a cutter mapping of type (P);
e T is a cutter mapping of type (Q);
o F:=Fix(S)NFix(T) # @;

o [ — S andI—T are closed at zero.
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Define an iterative sequence {x,} by the following way:
x1 =7 € C is arbitrarily chosen;
A, ={z€C:(Sxy —2,J(Szy —x,)) <0}

B,={z€C:{Txy—z,JTx, — Ja,) < 0};
C, = A, N By;

Yn =0 JT + (1 — ap) <Z BﬁJHCkmn> ;

k=1

—1
Tn+1 = HC’J y:;,;

where {a,} and {85}, are sequences in (0,1) such that

(1) limy oo otp =0 and >_07 | oy = 00;

(2) Y7, Bk =1 for all n;

(3) limy, 00 8% = B € (0,1) for all k and lim,, 00 S5, |8F — B¥| = 0.
Then the sequence {xy} converges to IIpZ.

Remark 2.2. It follows from the assumptions of the theorem that > 7, 8% = 1.
We split the proof of Theorem 2.1 into the following six lemmas.

Lemma 2.3. If the element x,, is defined, then C, is a closed and convex subset
containing F'.

Denote z := Iln= ¢,% and Uy, := J(3h, BRIIIe,).
Lemma 2.4. For each n > 1, the following inequalities hold:
02, Tni1) < an@(z,7) + (1 — an)@(z, Unzn)
n
< OénSO(zv 53\) + (1 - an) (SD(Za xn) - Z 5ﬁw(ﬂck$n, $n)>

k=1
< anp(z,7) + (1 — an)p(z, ).

In particular, the sequence {x,} is bounded.
Lemma 2.5. For each n > 1, the following inequality holds:
0(2,ny1) < (1= an)o(z, 2n) + 200 (J Yyt — 2, JZ — J2).
Proof. We first observe the following inequality
o(u, JH(yJo+(1=7)Jw)) < (1—=y)@(u, w)+2y(J (v Jo+(1 =) Jw) —u, Jv—Ju)

whenever u,v,w € F and v € (0,1). In fact, it follows from the subdifferential
inequality of || - ||> on E*. Consequently,

oz, T 1yk)

= (z, J! <anJ§+ (1—ay) (Zn: ﬁﬁjﬂckxn> ))
k=1
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<(1—ap)p <z, J! (Z ﬁSJUCkxn>) + 20, (J 7yt — 2, JZ — J2).

k=1
Note that z € (;—; Ck. Hence

90(27 HCkxn) < QO(Z, Hckaj‘n) + @(Hckxnv xn) < 90(27 l‘n)
It follows then that

@ <Z, J! <Z BZJUckxn>> <N Bre(z, o) < (2, 20).

k=1 k=1
Therefore, since z € C, we have

o(z,Tnt+1) < @(z, Jfly;;) < (1 —an)p(z,zn) + 2an<J*1y;‘L -z, Jr—Jz). O

The following result can be easily obtained by the recent result of Nilsrakoo and
Saejung [20].

Lemma 2.6. Suppose that

U=J" (i ﬁ’“JHCk>

k=1
and that {zm} is a bounded sequence in C. Then the following are equivalent:
® 2y — e, zm — 0 as m — oo for alln € N;
e 2, — Uz, — 0.
In particular, Fix(U) = (22, Cn. Moreover, JU, — JU uniformly on bounded
sets.

Proof. We prove only the last assertion. Let B be a bounded set and let M be
a number such that ||z|| < M for all 2 € B. It follows from z € (2, C} that
(U2l = 1 ey ll)? < (= Hoyw) < olz,2) < (21| + )2 < (2] + M)? for all z € B
and k € N. Hence |II¢, z|| < 2||z|| + M for all x € B and k € N. Consequently, for
x € B, we get

| TUpz — JUz| = ||> (8K = )Tz + > BATIg
k=1 k=n+1
< 18E = Bl o x| + D BF Tl
k=1 k=n+1
< (Z\Bﬁ—ﬁ’“H >, B’“) (21z]| + M).
k=1 k=n+1
It follows that lim,_,c sup{||JUpz — JUz| : © € B} = 0. O

Lemma 2.7. If there exists a subsequence {Tm,;} of {xn} such that

hm 1nf(<p(z, xmj“’l) - @(Za 'xm])) > 07
j—roo

then wy{rm; 152, C o2y Cn. Moreover, lim supjﬁoou_ly;knj —2z,Jx—Jz) <0.
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Proof. 1t follows from Lemma 2.4 and lim,, . s, = 0 that

lim Zﬁﬁzjso(ﬂckxmj’xmj) =0.
1

In particular, for each k, we have

This implies that xp,; — Ilc, om; — 0 as j — oo because E* is uniformly smooth.
Consequently, wy{2m,} C Cg. Since the last inclusion holds for all k € N, we have
wo{Tm; } C 2y Ck-
Finally, to prove the “Moreover” part, we claim that .J _1y;§1j —Tm,; — 0asj — oo.

If this is so, then it follows from wy{Z;}32; C Ny, Ck that

limsup(J 'y¥, — 2, JT — J2)

Jj—00 J
= limsup(zp, — lIn>  ¢,%,J7 — Jln> ¢,7) < 0.
j*}OO

To prove the last claim, let us note from the first part that ,,; — II¢, Tm; — 0 as
J —ooforall k=1,2,.... In virtue of Lemma 2.6, we have xy,; — Uzy,; — 0 as
J — oo and hence Jxy,;, — JUZy,; — 0 as j — co. Note that JU,, — JU uniformly
on bounded sets. It follows then that ST, — y;;j = Jxm; — JUn;xm; — 0 as

J — 00, that is, J_ly;‘nj — Zm,; — 0 as j — oo. U

The following lemma also plays an important role in this subsection. However,
its proof given there is not quite accurate.

Lemma 2.8 (Sacjung and Yotkaew [26]). Let {s,} be a sequence of nonnegative
real numbers, {an} be a sequence in (0,1) such that > o2 | oy = 00, and {t,} be a
sequence of real numbers. Suppose that

Sp+1 < (1 — ap)sp + anty,  for allm > 1.
If limsup;_, o tm; <0 for every subsequence {sm;} of {sn} satisfying

lim inf(sp; 11 — sm;) > 0,
J]—00

then lim,, o sy, = 0.

Proof. The proof is split into two cases.

Case 1: There exists an ng € N such that s, 11 < s, for all n > ng. It follows
then that lim,_,o s, = s for some s > 0. In particular, liminf,, o (Sp4+1 —
sp) = 0 and hence limsup,,_,, t, < 0. On the other hand, for n > ng, we
have

an(sn - tn) < sp — Sn+1-

Let € > 0 be given. Then there exists an integer ny > ng such that s, > s—¢
and t, < ¢ for all n > ny. For any n > ny, we have

an(s —2¢e) < ap(sn —tn) < Sp — Snt1-
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In particular,

oo
(s —2¢) Z an < Sp, — 5 < 00.
n=ni
It follows from > >, a;, = oo that s < 2e. Since € > 0 is arbitrary, we
conclude that s = 0.

Case 2: There exists a subsequence {s;;} of {s,} such that s, < s,,41 for
all j € N. In this case, we can apply Lemma 1.2 to find a nondecreas-
ing sequence {my} of positive integers such that limy_,, my = oo and the
following two inequalities:

Sy, S Smyg+1 and Sk S S +1

hold for all (sufficiently large) numbers k. Note that {sy,, } is not necessarily
a subsequence of {s,}. Let {p;} be the subsequence of {my} such that
{p;} is strictly increasing and each term in {my;} belongs to {p;}. Now
{sp;} is a subsequence of {s,}. It follows from the first inequality that
liminf; o0 (Sp;+1 — 8p;) > 0 and hence limsup,_, ., tp, < 0. Moreover, by
the first inequality again, we have
sp+1 < (L —ap)sp, +ap;tp, < (L —ap))sp1 + aptp,.

In particular, since each ap, > 0, we have sp, 11 < t,,. Finally, it follows
from the second inequality that

lim sup s, < limsup sy, 41 = lim sup sp;+1 < lim supty;, < 0.
k—o0 k—o00 Jj—00 j—o0

Hence limy_, . s = 0.
This completes the proof. O
We now give the proof of the main result.
Proof of Theorem 2.1. Denote s, := ¢(z,z,) and t, = 2(J ly* — 2, Jz — Jz). Tt
follows from Lemma 2.5 that
Snt1 < (1 — ap) sy + apty,  for alln > 1.
All prerequisites of Lemma 2.8 are satisfied. Then z,, — z.
We are going to make use of the closedness of I — S and I — T at zero. Since
z=1In> 7€ Nrey Ar C A, for all n and Sz, = P4, x,, we have
|Szy — xn|| < ||z — xn|| — 0.
It follows then that z = Sz. Similarly, since 2 = IIn~ ¢, 7 € (|, Bn C B, for all
n and Tz, = IIp, x,, we have
o(Txy,xn) < @(z,2,) — 0.
In particular, x,, — T'z,, — 0 by Lemma 1.1 and hence z = T'z.
Moreover, it follows from 2z = IIn= .7 and F' C (\,2; Cy that ¢(2,7) <
o(IIpz,x). Because z € F, so z = IIpx. The proof is finished. O

Using the same proof (with a slight modification) as the preceding result, we also
have the following:
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Theorem 2.9. Suppose that E and E* are uniformly smooth. Let C' be a closed
convex subset of E. Suppose that T : C — C and S : C — C are two mappings
such that the following properties are satisfied:

e S is a cutter mapping of type (P);

o T is relatively quasi-nonexpansive, that is, Fix(T) # @ and ¢(z,Tz) <

o(z,z) for allz € C and z € Fix(T');

o F:=Fix(S) NFix(T) # @;

o [ — S and I —"T are closed at zero.
Define an iterative sequence {x,} by the following way:
(21 =7 € C is arbitrarily chosen;
A, ={2€C:(Sxp —2,J(Stp —xy)) < 0};
B,={z€C:p(z,Txy) < p(z,z,)};
C, = A, N By;

Yn =0 JT + (1 — ap) (Z ﬁﬁJﬂck$n> ;

k=1

-1
( Zn1 = 1lcJ Yns

where {an,} and {BE}, x are sequences in (0,1) such that
(1) limy oo ctp =0 and > 07 | oy = 00;
(2) Y7, Bk =1 for all n;
(3) limy—e0 BE = B¥ € (0,1) for all k and lim, 00 >y, |8E — B¥| = 0.

Then the sequence {x,} converges to IIpZT.

Remark 2.10. Theorem 2.9 can be viewed as an extension of the recent result
of Kimura et al. [15]. It is worth mentioning that our assumption on the sequence
{B%},,  is strictly weaker than that of the aforementioned result. In fact, if {85}, is
a sequence in (0, 1) such that >_p_; Bk = 1 forallnand > 0%, S)_ |BF—BF 4| <
and limy, o, B8 = ¥ € (0,1) for all k, then lim, 00 > 1, |85 — BF| = 0.

Remark 2.11. Theorem 2.1 itself can be regarded as an extension of Kimura et
al. In fact, let 7" : C' — H be a quasi-nonexpansive mapping. It is easy to see that

{zeC:|z=Tz|<|z—2z2|}={2€C: Tz — 2,Tx — z) <0}
where T' = %(I +T"). Moreover, T is a cutter mapping.

2.2. Strong convergence via the shrinking projection method. In this sub-
section, we present another strong convergence theorem without assuming the uni-
form smoothness of £ and E*.

Let us recall the concept of Mosco convergence [19] for a sequence of closed and
convex sets in a Banach space. Suppose that E is a reflexive Banach space and
{C,} is a sequence of nonempty closed and convex subsets of E. We consider the
following two sets:

x € s-liminf,, C,, <= 3{x,} C F such that z,, — = and z,, € C,, for all n;
x € w-limsup,, ,., Cp, <= I{ni} C {n} IH{zr} C E such that zj, — x
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and zj, € Cy, for all k.

If there exists a subset Cy C E such that Cy = s-liminf,,_,., C), = w-limsup,,_,, Cp,
then we say that {C,} converges to Cy in the sense of Mosco and we write Cy =
M-lim,, o Cy,. The proof of the following main result makes use of the so-called
Tsukada’s Theorem.

Lemma 2.12 (Tsukada [30]). Suppose that E is a smooth Banach space and E* is
Fréchet smooth. If {C,} is a sequence of nonempty closed and convex subsets of E
such that Cy := M-limy,_,oc Cy, # &, then Po,x — Pox for all x € E.

We also need the following lemma.

Lemma 2.13. Suppose that E and E* are Fréchet smooth. If {x,} and {y,} are
two sequences in E such that ¢(xn,yn) — 0 and y, — z € E, then x, — z.

Proof. Note that {z,} and {y,} are bounded, ¢(y,,z) — 0, and Jy, — Jz. Con-
sequently,

o(Tn, 2) = @(Tn, Yn) + P(Yn, 2) + 2(Tn — Yn, JYn — Jz) = 0.
Next, we show that wy,{z,} = {z}. Suppose that z,, — 2’ for some {z,, } C {z}.

It follows then that

(7, 2) <lminf(||zn, ||? — 2(zn,, J2) + ||2]|?) = liminf (2, , 2) = 0.
k—o0 k—o0
In particular, 2’ = z. Hence, x,, — z. It follows from ||z, | — ||z|| that x,, — z. O

Theorem 2.14. Let E be a Banach space such that both E and its dual space
E* are Fréchet smooth. Let C be a closed and convex subset of E. Suppose that
S, T :C — C are two mappings such that the following properties are satisfied:

e S is a cutter mapping of type (P);

e T is a cutter mapping of type (Q);

o F:=Fix(S) NFix(T) # @;

o [ — S and I —"T are closed at zero.
Define an iterative sequence {x,} by the following way:
x1 =7 € C1 := C is arbitrarily chosen;
A, ={2€C:(Sxp —2,J(Stp —x4)) < 0};
B,={z€C:(Txy —2z,JTx;, — Jx,) < 0};
Cry1 = An N By N Cy;

L In+1 = LCpiq -

Then the sequence {xy} converges to PpZ.

Proof. It is clear from the assumption that F C A, N B, for all n and hence
F c N,2; Cy. In particular, each C,, is a nonempty closed and convex subset of E.
Thus {x,} is well-defined. Note that C;, D Cy,4; for all n. This implies that

Co == M-lim C,, = (Cn#2

n=1
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It follows from Lemma 2.12 that x,, — P,z =: /. It is clear from the iteration
that
Sxp = Pa,z, and Tz, =Ilp, x,.
As xp41 € Cpy1 C A, N By, we have
[S2n — znll < |Tnt1 —znll and  @(Trn, v4) < @(Tpt1, Tn).

We will prove that
(1) 2’ € Fix(S);
(2) 2’ € Fix(T).
To see (1), we will make use of the closedness of I — S at zero. It is clear that
Sz, — «’ and hence (1) holds.
To see (2), let us note from Lemma 2.13 and p(T'zy, z,) — 0 that Tx,, — 2. Tt
follows from the closedness of I —T' at zero that (2) holds.
Finally, it follows from F' C ()2, C,, and 2’ € F that 2’ = PpZ. O

Remark 2.15. This type of iterative scheme called the shrinking projection method
was first proposed by Takahashi et al. [29]. The technique of the proof using Mosco
convergence is due to Kimura and Takahashi [14]; see also [13].

The following result can be obtained with a slight modification of the preceding
proof so its proof is omitted.

Theorem 2.16. Let E be a Banach space such that both E and its dual space E* are
Fréchet smooth. Let C be a closed and convex subset of E. Suppose thatT : C — C
and S : C — C are two mappings such that the following properties are satisfied:

e S is a cutter mapping of type (P);
o T is relatively quasi-nonexpansive;
o F:=Fix(S)NFix(T) # @;
o [ —Sand I —"T are closed at zero.
Define an iterative sequence {x,} by the following way:
(11 =7 € C := (4 is arbitrarily chosen;
A, ={z€C:(Sxy — 2, J(Szy, —x,)) < 0};
B,={z€C:p(zTr,) < p(z,2n)};

Tnt+1 = Cn+1x’

Then the sequence {x,} converges to PpZx.

Remark 2.17. Let us note that the metric projection involved in our iterations
in the preceding two theorems can be replaced by Alber’s generalized projections.
To prove this, we just invoke the analogue of Tsukada’s Theorem for generalized
projections. In fact, in the same setting as Tsukada’s theorem, Ibaraki et al. [11]
proved that I, x — Ilc,x for all x € E.

Finally, we present a related result which is deduced from our Theorem 2.14
where T is the identity mapping.
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Theorem 2.18. Let E be a smooth Banach space such that E* is Fréchet smooth.
Let C be a closed and convex subset of E. Suppose that f : C' x C' — R satisfies the
following conditions:

o f(z,x) =0 forallx € C;

o f(z,y)+ fly,x) <0 forall z,y € C;

o f(xz,-) is conver and lower semicontinuous for all x € C;

o for every x € C' and x* € E* the following implication holds:

fz,2)+{(xr—2,2") <0 VzeC = f(z,y)+(y—z,2") >0 VyeC.
Define an iterative sequence {x,} by the following way:
x1 =2 € C =: C1 is arbitrarily chosen;
Cnt1={2€C:(F x,—z,J(F,xn —xy)) <0} NCy;
Tny1 = Po, 7,

where {r,} is a sequence of positive real numbers such that liminf, .y, > 0. If
EP(f) # @, then the sequence {x,} converges to Pgp(s)Z. Here for each x € E and
r > 0, the element F.x is a unique element in C such that

F(Frsy) + Sy — Foa, J(Fyr—2)) 20 Wy e C.

r
Remark 2.19. The preceding theorem is proved in [27, Theorem 3.2] under the
assumption that E* is uniformly smooth. It is noted that F is a cutter mapping
of type (P) and Fix(F,) = EP(f). Moreover, the proof of Theorem 2.14 does not
alter if we can replace a single mapping S with a sequence of mappings {5, } such
that (", Fix(S,) # @ and the following condition holds:

{zn} CC, 2z, = 2, Spzy 2 = z € ﬂ Fix(Sy).

n=1
3. CONCLUDING REMARKS

We propose a new alternative iterative scheme for approximation of a common
fixed point of two different types of generalizations of cutters mappings. This ap-
pears as the first theoretical framework dealing with two different types of mappings
in just only one scheme. Let us consider the convex feasibility problem, that is, the
problem of fining a common element in the intersection of two (or more) closed
and convex subsets of a certain Banach space. As already mentioned that there
are two types of projections for these two sets, we can choose the easier calculated
projection on each set. If these two projections are different, the schemes in this
paper will generates an appropriate sequence for the problem.

The calculation of the projection onto general closed and convex sets is a hard
task. However, if C' in our theorems is the whole space F, the closed and convex
set we are dealing with is a half space. To calculate such a projection, we refer to
a formula proposed by Butnariu and Resmerita (see [6, Theorem 4.7] with p = 2).

In the recent works of Reich and Sabach (see [22, 23, 24, 25, 17]), they considered
the classes of operators containing the cutter mappings of type (Q). It is very
interesting to extend our results to these classes.
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