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SEMISMOOTH NEWTON METHODS FOR THE CONE
SPECTRUM OF LINEAR TRANSFORMATIONS RELATIVE TO
LORENTZ CONES

JEIN-SHAN CHEN* AND SHAOHUA PANT

ABSTRACT. We propose two semismooth Newton methods for seeking the eigen-
values of a linear transformation relative to Lorentz cones, by the natural equation
reformulation and the normal equation reformulation, respectively, and establish
their local quadratic convergence results under suitable conditions. The conver-
gence analysis shows that the method based on the natural equation formulation
is not influenced by the asymmetry of linear transformations, but the one based
on the normal equation formulation suffers from this easily. Numerical exper-
iments indicate that the method based on the normal equation formulation is
very effective for the Lorentz eigenvalue problem of Z-transformations, and the
method based on the natural equation formulation is very promising for those
Lorentz eigenvalue problems of general linear asymmetric transformations with
dimension less than 200, if one aims at finding at least one Lorentz eigenvalue.

1. INTRODUCTION

Let K be a closed convex cone in a real Hilbert space (X, (-,-)), and K* be the
positive dual cone of K. For a given continuous linear transformation A4 : X — X,
a real number A is called K-eigenvalue of A if there is a nonzero vector x € X such
that

(1.1) reK, A(x)— A eK* and (z, A(x)— Ax)=0.

This class of problems first appears with a slightly different formulation in the works
of Riddel [24] about nonlinear variational inequalities on a cone, Kucera [19, 20]
and Quittner [23] on bifurcation analysis of eigenvalues relative to a cone. Recently,
due to the applications arising from contact problems in mechanics [5, 12], there
are active interests (see, e.g., [1, 17, 18, 26, 28]) in problem (1.1) with K being
the nonnegative orthant cone R’ in the Euclidean space R", which is known as
the Pareto eigenvalue problem, and some efficient algorithms are designed such as
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the spectral projected gradient algorithm [18], the power iteration method [4], and
the nonsmooth algorithm [1]. However, to the best of our knowledge, there are
very few numerical methods proposed for seeking the eigenvalues of A relative to a
nonpolyhedral cone except for [4] where the spectral projected gradient algorithm
[18] is applied for the circular eigenvalue problem.

In this paper, we are concerned with numerical algorithms for the problem of
seeking the eigenvalues of a linear transformation on R” relative to Lorentz cones.
This problem, called the Lorentz eigenvalue problem, is to find a A € R and a nonzero
x € R” such that

(1.2) reK, Alx) - re K, (z,A(z)—Ix) =0,

where A is a given linear transformation from R" to R™, and K is the Cartesian
product of Lorentz cones or second-order cones (SOCs). In other words, K can be
expressed as

(1.3) K=K"xK"™x---x K",
where r,ny,...,n, > 1, n1+---+n, =n, and K™ is the Lorentz cone in R™ defined
by

K" .= {(:z:,-l,acig) e R x Rniil |a:i1 > ||IL’ZQH} .

It is known that (1.2) has a nonempty solution set, see [27, Corollary 2.1] or [26,
Theorem 2.5]. Moreover, Seeger and Torki [26] presented a characterization for its
cone spectrum

o(A,K):={X € R | (A z) solves (1.2) for some x # 0} .

Recently, for a class of special linear transformations, i.e., Z-transformation, Zhou
and Gowda [33] established the finiteness of the general symmetric cone spectrum.

Although seeking the solution to problem (1.2) is equivalent to finding a zero of
a nonlinear second-order cone complementarity system (see Sec. 3), the existing
methods such as the merit function method [7] and the smoothing Newton meth-
ods [9, 8, 10] developed for general nonlinear second-order cone complementarity
problems, are not suitable for finding the solution of (1.2), since their global con-
vergence conditions and stationary point conditions are typically not satisfied by
the nonlinear mapping F(z,\) = A(z) — Az. Motivated by the efficiency of non-
smooth algorithms for the Pareto eigenvalue problem [1], in this paper we propose
two semismooth Newton methods via the natural equation reformulation and the
normal equation reformulation of (1.2), respectively, and establish their local qua-
dratic convergence under suitable conditions. The convergence analysis results show
that the method based on the natural equation formulation may avoid the influence
of the asymmetry of A well, whereas the method based on the normal equation
formulation suffers from it easily. This is also verified by numerical experiments.

Our numerical results show that the method based on the normal equation for-
mulation is very effective for the Lorentz eigenvalue problem of Z-transformations
such as the Lyapunov transformation and the Stein transformation, and the method
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based on the natural equation formulation is very promising for those Lorentz eigen-
value problems of general linear asymmetric transformations whose dimensions are
within 200, whenever one aims at finding at least one Lorentz eigenvalue.

This paper is organized as follows. Section 2 recalls some background materials
about the Jordan product associated with K™ and the results that will be used in
the subsequent sections. Section 3 gives two nonsmooth system reformulations of
(1.2) and the semismooth Newton methods based on them. Section 4 focuses on
the local convergence analysis of the two semismooth Newton methods. Section 5
reports the computational experience and numerical results with the two methods
solving Lorentz eigenvalue problems of several classes of linear transformations.
Finally, we conclude this paper with some remarks.

Throughout this paper, I denotes an identity matrix of appropriate dimension,
R™ denotes the space of n-dimensional real column vectors endowed with the inner
product (-,-) and the induced norm || - ||, and R™ X --- x R"™ is identified with
R™*+0r - For any given linear transformation A on R", we denote o(A) the
spectrum of A, and ¢(A, K) the spectrum of A consisting of the eigenvalues whose
eigenvectors belong to K. An n xn real (not necessarily symmetric) matrix B is said
to be positive semidefinite if (x, Bx) > 0 for all x € R™. A linear transformation .4
on X is said to have the Z-property [33] or the cross-negativity property [29] with
respect to K if the following implication holds:

(1.4) rekK, yeK" and (z,y) =0= (A(x),y) <0,

and we call A a Z-transformation w.r.t. (an acronym for “with respect to”) K.

2. PRELIMINARIES

We first recall from [11] the definition of Jordan product. The Jordan product of
any two vectors * = (1, 22),y = (y1,y2) € R x R*71 is defined as

zoy = ((z,y), 2192 + y172),

and write 2 := 2 o 2. The Jordan product, unlike the matrix multiplication,
is not associative in general. The identity element under this product is e, :=
(1,0,...,0) € R", i.e., epox = x for any € R". For any a € R", we denote L, and
Sy by the Lyapunov transformation and the Stein transformation on R™ associated
with a, respectively, given by

Lo(x):=aox VreR"

and

Su(z):=x+a*ox—2a0(aox) VzecR"
The two linear transformations are symmetric with respect to the inner product (-, -).
It is trivial to verify that £, is a Z-transformation w.r.t. the cone K". Observing
that S,(z) = v — Qu(x) where Q, = 2(L,)? — L,2 is the quadratic representation
associated with a, and Q,(K"™) C K™, we also have that S, is a Z-transformation
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w.r.t. K".

We also recall from [11] that each 2 = (z1,22) € R x R*~! has a spectral factor-
ization

T = Al(a:)ug(t,l) —i—)\g(x)ug(f),

where \;(z) for ¢ = 1,2 are the spectral values of x, and ugf) for 1 = 1,2 are the
associated spectral vectors, respectively, defined by

o1 -

Ai() =+ (Dol =5 (1 (-1)'72),
with Zy = HgH if x5 # 0 and otherwise Zo being an arbitrary vector in R"~! with
|Z2|| = 1. If 3 # 0, the factorization is unique. The trace of x is defined as

tr(z) := A1(x) + Aa(z). The spectral values of x and the eigenvalues of £, have the
following relationship.

Lemma 2.1 ([9]). For any given x € R™, let A\i(x), \a(z) be the spectral values

of x, and ug ),ué) be the associated spectral vectors. Then, L, has the eigenvalue

decomposition

L, =U(x) diag (No(2), 21, 21, M (2)) Uz)T

where

( ) \[u (3) u{(pn),\/iu:(vl)} c R™X7
is an orthogonal matriz, and u for i = 3,...,n have the form of (0,4.) with
ul,...,u" being any unit vectors in R"~! that span the linear subspace orthogonal
to xo.

With the spectral factorization of z, for any given real-valued function f: R — R,
we may define a vector-valued function f%°¢: R” — R" by

Few) = FOa@)ul? + FOa(a)u?.
For example, letting f(¢) = max{0,t}, f*°°(x) is the metric projection of x onto
K™, written as IIgn(x) or (z)4+. The following lemma recalls the B-subdifferential
of IIxn(-) at a general point. For the definition of the B-subdifferential, the reader
may refer to [6].

Lemma 2.2 ([21, 22]). Given a general point z = (21, z2) € RxR"™! each element
V € Opllgn(z) has the following representation:

(a): If z1 # £||22]|, then Ign(2) is continuously differentiable at z with

0 if 21 < —”ZQH,
Vel ={ a Tf 21> 2|l;
5|5 7| i -l <a<ial
where

_ ) = 21
Zg = ——, Z:= +1)1— ZoZd
27 Iz Qmu ) HﬂzQ



SEMISMOOTH METHODS FOR LORENTZ CONE SPECTRUM PROBLEM 17

(b): If z9 # 0 and z, = ||22||, then

1] 1 2T _ 29 = _
VG{I, 3 [ % % ]}, where zp := ool and Z := 21 — %73 .

(c): If z2 # 0 and z1 = —||22]|, then

1[1 2 _ ) > _
Vedld -| 2 2 , where Zy ;= —— and Z := 2. .
{ 2[22 Z” N P 2

(d): If z =0, then either V. =0, V. =1, or V belongs to the set

1 7 -
{ [ 1 2 } ‘ Z = (20 + 1)I — 29Z273 for some |z9| < 1 and ||Z|| = 1}.
2 zZ92 A

To close this section, we present some properties regarding the cone spectrum

o(A, K™).

Lemma 2.3. Let A be a linear transformation on R™. Then, the following results
hold.
(a): If A has the Z-property w.r.t. K", then o(A, K") =6(A, K™) C o(A).
(b): If A is symmetric, then o(A, K™) contains at most 3n — 2 elements.
(c): If A is asymmetric and o(A, K™) is finite, then o(A, K" has at most
6n — 5 elements.

Proof. (a) By the definitions of (A, K") and o(A, K"), clearly, (A, K") C
(A, K™). Conversely, the proof of [33, Theorem 9] implies that o(A, K™) C
(A, K™). Thus, we have (A, K") = (A, K"). By the definition, it is clear
that 6(A, K™) C o(A).

(b) For a general linear transformation A, o(A, K") = 0int(A, K™) U opa(A, K™),
where oy (A, K™) consists of those eigenvalues whose eigenvectors belong to the
interior of K™, and so oint(A, K™) C 0(A), and op,q(A, K™) consists of those eigen-
values whose eigenvectors are on the boundary of K™. Note that ojy (A, K™) con-
tains at most one element when A is symmetric since the eigenvectors associated
with different eigenvalues are orthogonal. By [26, Corollary 4.5], we know that
opd(A, K™) has a finite number of elements. Since A is symmetric, the cardinality
of opq(A, K™) equals the total number of solutions of systems S;-Syy in [26, Theorem
4.2], which is at most 3n — 3 by the analysis of [26, Corollary 4.4]. Thus, (A, K™)
contains at most 3n — 2 elements.

(c) In this case, o (A, K™) contains at most n elements, and the cardinality of
opd(A, K™) equals the total number of solutions to systems S-Syyy in [26, Theorem
4.2], which is at most 5n —5 by the analysis of [26, Corollary 4.4]. Then, the desired
result follows by the same arguments as in part (b). O

3. SEMISMOOTH NEWTON METHODS

For convenience, in the rest of this paper, a linear transformation A : R™” — R"
will be identified with an n x n real matrix A. We assume K = K" throughout this
section, and all analysis can be carried over to the case where K has a structure as
in (1.3).
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Note that problem (1.2) is equivalent to finding a zero (\*,z*) of the following
system

(3.1) { xe K" Ax— Xz e K", (z,Ax — \z) =0,

QD(LU) =1,
where p: K™ — R is a normalizing function for the Lorentz cone K™. A normalizing
function for a closed convex cone K is a continuous function ¢: K — R satisfying

e ¢(x) > 0 for all nonzero vector z € K,

o p(tx) =te(z) for all t > 0 and z € K,

o K, :={z €K: ¢(z) =1} is compact.
For the cone K", both ¢1(z) = tr(z) and @2(x) = ||z|| are normalizing functions.
Recall that a mapping ¢ : R™ x R” — R" is said to be an SOC-complementarity
function associated with the cone K" if it satisfies the following equivalence

(3.2) ¢(z,y) =0 <= ze€ K", ye K", (z,y)=0.

With such a complementarity function ¢, we can rewrite (3.1) as a system of equa-
tions

¢(z,y) =0,
(3.3) Ax — \x —y =0,
o(r) —1=0.

Two popular choices for ¢ are the natural residual (NR) SOC-complementarity
function and the Fischer-Burmeister SOC-complementarity function respectively
defined by

(3'4) ¢NR(x7y) =T (-T - y)+ Vr,y € R"
and
(3.5) G (,y) = (@ +y)?—(x+y) Vr,yeR",

where /2 with € K™ is the unique square root of z, i.e., z1/202'/2 = 2. The two
functions were proved in [25] to have similar favorable properties such as the globally
Lipschitz continuity and the strong semismoothness. For the Pareto eigenvalue
problem, the computational experience in [1] indicates that the nonsmooth Newton
method based on ¢, has better numerical performance than the one based on ¢ .
However, for the nonpolyhedral K™, we can not expect this result since the B-
subdifferential of ¢, does not enjoy all good properties of that of ¢ ; for example,
every element in dpdy, (z,y) has the form of [I —V V] with V being an n x n
symmetric matrix, but every element in dp¢.,(x,y) has the form of [U V] with
U,V € R"™™ being asymmetric. In view of this, we in this paper concentrate on
the equation formulation involving the NR function ¢ ;. In addition, due to the
linearity of ¢1, we always choose ¢ as ¢ instead of ¢s. In other words, we focus
on the following nonsmooth system

(3.6) O(w) =P(x,y,\) = Az—dx—y | =0.
tr(z) —1
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Proposition 3.1. Let : R" x R” x R — R x R™ x R be given by (3.6). Then ®
is strongly semismooth and its B-subdifferential at any point w = (xz,y, \) satisfies

U, U, 0
P (w) C A=XN —I —x | : [Uy Uyl € Opdyg(z,y)
2¢L 0 0

n

Also, ® is Lipschitz continuous on S x R™ x J if S CR"™ and J C R are bounded.

Proof. Since the mapping F(z,y,\) = Az — A\x — y is twice continuously differ-
entiable in R™ x R™ x R, it is strongly semismooth. Together with the strong
semismoothness of ¢, and tr(z) — 1, it follows from [13, Theorem 19] that & is
strongly semismooth. The representation for the B-subdifferential of ® at w is di-
rect by using [6, Prop. 2.6.2(e)] and noting that tr(z) = 2(e,, z) for x € R™. Using
the global Lipschitz continuity of ¢, it is not hard to verify the last part. O

Note that the system (3.6) has a compact solution set which by Prop. 3.1 implies
that the operator ® is always Lipschitz continuous on the set of its roots.

With the NR SOC complementarity function ¢, we may present an alternative
nonsmooth equation formulation of (1.2), which is based on the following lemma.
Since this lemma is a special case of [14, Prop. 1.5.9], we omit its proof.

Lemma 3.2. The vector (A\,z) € R x R™ is a solution of (1.2) if and only if there
exists a vector z € R™ such that v = z4 #0 and Azy — (1 4+ N)z4 + 2 =0.

Lemma 3.2 means that the solution of (1.2) can be obtained by solving the non-
smooth system

(3.7) B(w) = U(z,A) = ( Azy _tf(lzj Al ) ~0

in the sense that if (A*,2*) is a root point of (3.7), then (\*,2}) is a solution to
(1.2), whereas if (A\*, z*) is a solution to (1.2), then (A\*, (1 4+ A*)z* — Az*) is a root
of (3.7). The equation tr(z) = 1 in (3.7) is used to guarantee that z is a nonzero
vector. The system (3.7) has an advantage over (3.6) that its dimension is same as
that of the original problem.

Proposition 3.3. Let U: R" xR — R™ xR be defined by (3.7). Then ¥ is strongly
semismooth and its B-subdifferential at any point w = (2, \) satisfies

00 (w) C {[ (I=Vv) EG%A_”)V Tl ve 6BHK(2)}.

Also, ¥ is Lipschitz continuous in S X J if S CR" and J C R are bounded.

Proof. Note that Azy — (14 \)z4 is strongly semismooth by [13, Theorem 19] since
it is a composition of the twice continuously differentiable function Az — (1 + Az
and the strongly semismooth function IIx(z). The first part then follows by [13,
Theorem 19]. The second part is direct by the expression of ¥ and [6, Prop. 2.6.2(e)],
and the last part can be easily verified by using the global Lipschitz continuity of
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It is not difficult to verify that the system (3.7) has a compact solution set. Hence,
from Prop. 3.3, ¥ is always Lipschitz continuous on the set of its roots.

In view of Props. 3.1 and 3.3, we may apply the nonsmooth Newton method
[30, 31, 32] for the strongly semismooth systems (3.6) and (3.7), which have the
following iterations:

(3.8) Wt =k - W e(W), Wy € 050 (w), k=0,1,2,...,
and
(3.9) Wt = WP — MR, My, € 9T (WF), k=0,1,2,....

In the next section, we show that the two methods are quadratically convergent
under suitable conditions if the starting points w® and w® are chosen to be suffi-
ciently close to (z*,y*, \*) and ((1 + A\*)x* — Az*, \*), respectively, where (\*, )
is a solution of (1.2).

4. CONVERGENCE RESULTS

To obtain the local convergence results of the methods (3.8)-(3.9), the key is to
establish the nonsingularity of the B-subdifferential of ® and W at their respective
zeros. In general, there are two ways to achieve this goal. One is to exploit the
algebraic technique such as in [21], and the other is to use the perturbation analysis
technique such as in [3, 34]. In this section, we make use of the algebraic technique
as in [21] to prove the nonsingularity of dp®(w*) and dp¥(w*) under suitable
conditions, where w* and w* are the solution of (3.6) and (3.7), respectively. Since
the nonsmooth systems (3.6) and (3.7) are different from the one studied in [21],
the results of this section cannot be obtained directly from [21].

Let (\*,2*) € R x R™ be an arbitrary solution of (1.2) and y* = Az* — \*z*.
Write z* = (27,...,2}) and y* = (y],...,y}) with o}, yf € R™. We first study the
nonsingularity of the B-subdifferential 0p®(w*) with w* = («*,y*, \*). For this
purpose, we partition the index set {1,2,...,r} into J;yU Jg U JyU Jpo U Jop U Joo
with

Jr o= {ie{l,...,r} | z; €intK™, y; =0},
Jp = {ie{l,...,r} |z € bdK™, y; € bdK"},
(4.1) Jo = {ie{l,...;r} |z =0, yf €intK"},
Jpo = {ie{l,....r} |z} ebd"K™, y; =0},
Jop = {ie{l,...;r} |z} =0, y; ebdT K"},
Joo = {ie{l,....,r}|z; =0, yi =0},

where int K™ and bdK™ denote the interior and the boundary of K™ respec-
tively, and bd* K™ = bdK"\{0}. From Lemma 2.2 and [21], we readily have
the following result, where “x” denotes a real number from the interval (0,1),
Qi = (¢:,Qi,¢)) € R™*™ is an orthogonal matrix, Q; = (Qi,q/) € Rm*(~1)
and Qz = (qi, QZ) e Rrix(ni=1),
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Lemma 4.1. Let U; € Opllgni (xf —y}) fori=1,...,r. Then the following results
hold.

(a): Ifi € Jp, then U; = I; if i € Jy, then U; = 0;

(b): If i € Jp, then U; = Q;D;QT with D; = diag(0,%,...,%,1) and Q; =

(Qlthqz%

(c): Ifi €Jpo, then Uy = I, or U;= Q:D;QF with D; = diag(0,1,...,1) and
Qi = (qi,Qi);

(d): Ifi € Jop, then U; =0, or U;= Q;D;QT with D; = diag(0,...,0,1) and
Qi = (Qi7qZ,‘)f'

(e): Ifi € Joo, thenU; =1, orU; =0, or U; = QzDzQZT with D; and Q; given
by D; = diag(0, %, ...,%,1) and Q; = (qi, Qi, q}), or by D; = diag(0,1,...,1)
and Q; = (¢i, Qi), or by D; = diag(0,...,0,1) and Q; = (Qi,q.).

Based on Lemma 4.1(c)—(e), we further partition the index sets Jpo, Jor, Joo
into Jpo = Jho U J3g, Jop = Jig U J3g, and Joo = Jd U J3) U J U J5 U J5o,
respectively, with

Jpo = {i | Ui =1}, Jio=Jpo\Jpo: Jop={i|Ui=0}, Jip = Jos\Jop;

Joo = {i | Ui =1}, Jgo={i | Ui =0},

Jio = {l | U; = Q:D;QF with D; = diag(0, x,...,%,1) and Q; = (Qi,Qi,qg)} ;
(4.2) I3y == {i | U; = Q; D;Q} with D; = diag(0,1,...,1) and Q; = (¢;,Q;)} ,
JS’O = {7, | U; = QleQ;‘F with D; = diag(0,...,0,1) and Q; = (Qz,q;)} )

Proposition 4.2. Let B € R™" and u,v € R™. Suppose that U*,U® € R"*" qre
two symmetric positive semidefinite matrices such that their sum U®+U? is positive
definite and U®, U have a common basis of eigenvectors, so that there exist an
orthogonal matriz Q € R™ ™ and diagonal matrices D* = diag(ay,...,ay), D’ =
diag(by,...,b,) satisfying U* = QD*QT, U* = QDQT and a; > 0,b; > 0,a; +
bj > 0 for all j = 1,2,...,n. Let the index set {1,2,...,n} be partitioned as
{1,2,...,n} =aUpB U~y with

a:={j|a;>0,bj=0}, B:={j|a; >0,b; >0}, y:={j|a; =0,b; >0},

and let Qq, Qg and Q- denote the submatrices of Q) consisting of the columns from
Q corresponding to the index sets , B and -y, respectively. Denote

Bgs = Q5BQs, Bay = QFBQy, By = Q7BQy, By = Q1BQg,
and
ug = qu, Uy = Qzu, g = ng, Uy = sz
Assume that the following two conditions hold:
(a): The matrix EW is nonsingular and Egg — Egvé%lgw s positive semi-
definite; o o
(b): ﬂ/gé;ﬁ% # 0 and the matriz (55 ”BV_"}%_;@ [ By B3] is positive

TR 15
~ By 0y

semidefinite.
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ve U o0
Then the matriz W = B —I —v | is nonsingular.
2T 0 0

Proof. By the expression of W, it is easy to verify that W is nonsingular if and only
if
- D* Db 0
W=|QT"BQ —-I —-Q™v
20TQ 0 0
is nonsingular. Let Aw = (Ax, Ay, AX) € R" x R™ x R satisfy WAw = 0. Then,

(4.3) DAz 4 DAy = 0,

(4.4) (QTBQ)AT — Ay — (QTv) AN =0,

(4.5) (uT Q) Az = 0.

From equation (4.3) and the definitions of D® and D?, it is not hard to obtain
(4.6) Azo =0, Ay, =0, DiAzg+ DiAysz =0,

where Az = (Axq, Axg, Azy) and Ay = (Aya, Ays, Ay,). We next argue that
the given assumptions (a) and (b) imply Azg = 0, and Ayg = 0 then follows from
the third equality of (4.6). Assume that Azg # 0. Then, on the one hand, since
D and Dg are diagonal and positive definite, the third equality of (4.6) implies
(4.7) (Awg, Ayg) = — Ak (DY) ' DAxzs < 0.
On the other hand, by Az, =0 and Ay, = 0, equation (4.4) can be written as

QLBQs x5 + QL BQ Az — Ays — (QLv)AN =0,
(4.8) Q5BQplrs + Q5 BQyAxy — Ayg — (Q5v)AN =0,

QT BQs xs + QT BQ Ay — (QTv) AN =0.

From the second equality in (4.8) and the notations in the proposition, it follows
that
(Awg, Ayg) = AxkBggAag + Axh By Axy — AxfigAN.

Since Ew = Q?;BQV is nonsingular, from the third equation of (4.8), we have

(4.9) B BygAxg + Awy — B, AN = 0.
Combining the last two equations gives

(Awg, Ays) = Axp [Eﬁﬁ ~ By, B3 évﬁ] Axg
(4.10) + 005 [Boy By — ) A0

In addition, from equation (4.9) and (v’ Q)Az = &%Axg + &zAxW =0, we obtain
W' B0, AN =l BB g Awg — uh Awg,
which together with &Jg E;}'ﬁv = 0 yields

~ —1 ~ ~
(4.11) o= (@B, [ B By - | dap.
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Substituting this into equation (4.10) and using assumptions (a) and (b) lead to
(Azg, Ayg) = Amg [Egﬁ - EMB B’Yﬁ} A

<u7 va ) A:L'g [Bﬁ’YBW_’YlH'Y 5} [UW BWW B ag Axﬁ
> 0.

This clearly contradicts inequality (4.7). Thus, we prove Azg = 0 and Ayg = 0,
and A\ = 0 then follows from (4.11). Together with (4.8), we readily get Az, =0
and Ay, = 0. Consequently, Aw = (Az, Ay, AX) = 0. The proof is complete. [

v Py
0, the assumptions (a) and (b) in Prop. 4.2 can be replaced by (a) and u’ ul B0, # 0.
When B is symmetric, by [16, Corollary 6.3.4], the assumptions (a) and (b) can be
replaced by

Remark 4.3. When the vectors u and v satisfy (a2 B2, ng—ﬁ%ﬂ)(émﬁ;}%—%) =

(c): The matrix EW is nonsingular, u! B 10, # 0 and

’Y’Y’Y

~ B B U —||laT BB, — W%
o (B - B 1B ) » 1B BT~ BN BBy ~ )
| B’W Uy |
In fact, if B is symmetric positive definite, the assumption (a) automatically holds.

Now applying Lemma 4.1 and Prop. 4.2, we establish the nonsingularity of
Ip®(w*).

Theorem 4.4. Let (\*,z*) be a solution of (1.2), B=A—X"I ande = (e1,...,¢€r).
Let the (block) index sets Jr, Jp, Jo, Jpo, Jos, Joo be given by (4.1). Suppose that for
any partitioning Jgg = JéOUJJ%O, Jop = J&BUJSB, and Jyo = J&OUJSOUJSOUJéongO
given as in (4.2), the two conditions in Proposition 4.2 hold with
Bss = QFBQp, By = QFBQy, Byy = Q7BQy, Bys = Q7 BQy,
aﬁngea a7:Q§€7 'U,B:Qﬁxy WZQ;C *a
and Qg = (Ql(z € JpU Jgo)). Then, all matrices W € 0p®(w*) are nonsingular.

Proof. Choose W € 0p®(w*) arbitrarily. Then, by Prop. 3.1 and the expression of
(Z)NR?

I-U U 0
W = B -1 —z*
2eT 0 0

for a suitable block diagonal matrix U = diag(Us, ..., U,) with U; € 0gllgn; (z] —
y¥). By Lemma 4.1, clearly, I — U and U are symmetric positive semidefinite and
their sum equals I. Thus, to apply Prop. 4.2, it suffices to identity the index sets
B and «. From Lemma 4.1 and the partitions of Jpgg, Jop and Jyg, we see that the
following indices j belong to the index set § in Prop. 4.2:

e All middle indices belonging to a block index i € JgUJ3,, with Q; consisting
of the middle n; — 2 columns of the corresponding orthogonal matrix @Q);;
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and the following indices j belong to the index set v in Prop. 4.2:

e All indices j belonging to one of the block indices ¢ € Jy U J};,O U Jgy. The
corresponding orthogonal matrix is @; = I.

e The last index of each block index i € Jp U JZz U Jiy U J3, with ¢} being
the last column of the corresponding orthogonal matrix Q;;

e The last n; — 1 indices j belonging to a block index i € J%;o U Jéo, with Q;
consisting of the last n; — 1 columns of the corresponding orthogonal matrix
Qi.

Using these identifications and Prop. 4.2, the desired result readily follows. Il

Next, we study the nonsingularity of B-subdifferential 0p ¥ (w*) with w* = (2*, \*),
where z* = (1 + \*)z* — Ax™ and (\*,2*) be an arbitrary solution of (1.2). Let
y* = Axz* — Nz*. Then, by noting that z* = (27, ..., 2}) with 2z} € R™,

»r

2¥=a" — (Az® = N'2*) =2 —y" and (") = 2" = [2¥ — (Az™ — N*2¥)]4,

it is not difficult to deduce from the definition of index sets in (4.1) that

Ji = {i|z €intK™},
Jo = {i| 2z €int(—K™)},
(4.12) Jp = {i|z & K™ U(—K™)},

Jgo = {i]|z €ebd"K"},
Jop = {z | 2 € bd+(—K"i)},
Joo = {il]z =0}.
The following proposition plays a key role in establishing the nonsingularity of

Op¥(w*).

Proposition 4.5. Let B € R™ ™ and u,v € R™. Suppose that V¢, VP € R™*" qre
two symmetric positive semidefinite matrices such that their sum V*+V? is positive
definite and V', V° have a common basis of eigenvectors, so that there exist an
orthogonal matriz Q € R™ " and diagonal matrices D* = diag(ay,...,a,), D’ =
diag(by, ..., b,) satisfying V® = QD*QT, Vb = QD*°QT and a; > 0,b; > 0,a; +
bj > 0 for all j = 1,2,...,n. Let the index set {1,2,...,n} be partitioned as
{1,2,...,n} =aUB U~y with
a:={j|a;>0,bj=0}, B:={j|a; >0,b; >0}, v:={j|a; =0,b; >0},
and let Qq,Qp and Q denote the submatrices of Q) consisting of the columns from
Q corresponding to the index sets o, B and -y, respectively. Then, the matrix
Ve4+ BV —v
2u” 0
is nonsingular under the following conditions (a) and (b), or the conditions (a’) and
(b).
(a): The matrices (D -l—églng) and [EW— EWD/%(D%-I— Eﬁng)_lélg,y] are
nonsingular.
(a’): The matrices By, and [Dg + (Bgg — BBVB;A}B%B)D%] are nonsingular.

|
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(b): w7(D* + QTBQDY) % #£ 0.
Here, §57,§75,§55,§W are defined as in Proposition 4.2, and © = QTu,v =
QTv. When B is symmetric, M is nonsingular under (b) and one of the following
conditions:

(c): 355 is positive semidefinite and [EW - évﬁDg(Dg, + EﬁﬁDg)—légv is
nonsingular.
(c’): The matriz B, is nonsingular and [ng - EME%IEW} is positive semi-
definite.
Proof. By the expression of M, it is easy to verify that M is nonsingular if and only
if
- [ D*+QTBQD® —QTv }

20T Q 0
is nonsingular. Let Aw = (Az, AX) € R” x R be such that MAw = 0. Then,
(4.13) (D*+QTBQD") Az - (QTv)AN =0,
(4.14) (T Q)Az = 0.

We first argue that under assumption (a) or (a’), the matrix (D% + QT BQD?) is
nonsingular. Indeed, let (D®+QTBQDP)¢ = 0 and write & = (£4,&5,&,). Then, by
the definitions of D and D?, the equation (D* + QT BQD®)¢ = 0 can be rewritten
as

DiA&, + QL BQsDi s + QL BQ, DY AE, = 0,
(4.15) D§AEs + QEBQs Dy AEs + QF BQy DAL, =0,

QYBQgD)AEs + QT BQ, DAL, = 0.

If assumption (a) holds, then from the nonsingularity of Dg+§55Dg and the second
equation of (4.14), it follows that

~ -1 -
(4.16) Nes = [Dg+ BogDh|  Bay DY,
Substituting it into the third equation of (4.14) yields that
[Bw - B'YBD%(DEI + BBBD,%)ABB’V} Dgﬁfv =0.

By assumption (a) and the nonsingularity of Dﬁ’y, we then get AL, =0, and Afg =0
then follows from (4.15). Since D¢ is symmetric positive definite, we have A&, =0
from the first equation of (4.14). Thus, we prove that (D*+QT BQD?) is nonsingular
under assumption (a). If assumption (a’) holds, then from the third equation of
(4.14),

(4.17) A&, = —(DY)'B!B,sDjAgs.

Substituting into the second equation of (4.14) and using assumption (a’) yields that
A&z =0, and then A, = 0 follows from (4.16), and A&, = 0 follows from the first
equality of (4.14). Thus, (D® + QT BQD") is also nonsingular under assumption
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(a’). Now, from equation (4.12) it follows that Az = (D® + QT BQD®)~15AN.
Together with (4.13) and assumption (b), we get A\ = 0, and so Az = 0 follows.
Consequently, M is nonsingular. N L

When B is symmetric, clearly, Bgg and (Bgg — BBVB%IB%B) are symmetric. If
555 is positive semidefinite, then by using [16, Theorem 7.6.3] and noting that Dg
and Dg are positive definite diagonals, we have that I + E[gﬁDg(Dg)*l is nonsin-
gular, and so is (Dj +§55Dg). This shows that under this case, condition (c)
implies condition (a). Similarly, if (éﬁg - éﬁvé%léw) is positive semidefinite,
then (Dj + (Eﬁﬁ - Eﬁvév_wlévﬁ)Dg’) is nonsingular, that is, condition (c’) implies
condition (a’). The proof is completed. O
Theorem 4.6. Let (\*,z*) be a solution of (1.2), B =A — \I, z* = (I — B)z*
and e = (e1,...,e.). Let the (block) index sets Jr, Jo, JB, JB0, JoB, Joo be given by
(4.12). Suppose that for any partitioning Jgo = Jpo U J5g, Jop = Jig U Jig, and
Joo = Jiy U JE U IS U g U JG, given as in (4.2), the conditions (a)-(b) or (a’)-(b)
i Prop. 4.5 hold with
Bss = Q4 BQs, By = QEBQy, Byy=QYBQ,, By =QYBQs, u=e¢, v=2a",
where Q = (I(i € J; U Jpo U Jgy) qi(i € JpU JEg U IS U J5) Qili € JgoU J))
and Qp = (Qz(z € JpU Jgo)). Then, all matrices M € 0V (w*) are nonsingular.
If A is symmetric, the conditions (a) and (a’) can be replaced by the conditions (c)
and (¢’), respectively, of Prop. 4.5 with the above matrices and vectors.

Proof. Choose M € 0pW(w*) arbitrarily. From Prop. 3.3, it follows that

(I-V)+BV —(z);
2¢eT 0

for a suitable block diagonal matrix V' = diag(V1,...,V;) with V; € Opllgn: (2]) =

Opllgni (xf — yf). By Lemma 4.1, clearly, I — V and V are symmetric positive

semidefinite and their sum equals I. To apply Prop. 4.5 with v = e and v =

(z*)4+ = z*, it suffices to identity the index sets 8 and . This is same as the proof
of Theorem 4.4. O

|

Remark 4.7. Comparing Prop. 4.5 with Prop. 4.2, we see that when A is symmet-
ric, the condition (c¢’) of Prop. 4.5 is same as the condition (a) of Prop. 4.2. This
means that the nonsingularity of dpW¥(w*) requires a stronger condition than that
of Op®(w*). Furthermore, the asymmetry of A has a remarkable influence on the
nonsingularity of OpW¥(w*), and so the successful convergence of the method (3.9),
but it does not give an influence on the nonsingularity of dp®(w™).

Now applying Theorems 4.4-4.6 and [31], we immediately obtain the following
result.

Theorem 4.8. Let (\*,x*) be an arbitrary solution of (1.2). Let z* = (1+ \*)z* —
Az* and y* = Ax* — XN*z*. If the conditions (a)-(b) in Theorem 4.4 hold for the
partitions in (4.2), then the method (3.8) applied to ®(w) = 0 is locally quadrati-
cally convergent; if the conditions (a)-(b) or (a’)-(b) in Theorem 4.6 hold for the
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partitions in (4.2), then the method (3.9) applied to ¥(w) = 0 is locally quadratically
convergent.

5. NUMERICAL EXPERIMENTS

In this section, we apply the semismooth Newton methods (3.8) and (3.9), ab-
breviated as the SNM1 and the SNM2, respectively, for solving Lorentz eigenvalue
problems. During the testing, we do not adopt any globalization strategy for the two
semismooth Newton methods, taking into account that Lorentz eigenvalue problems
generally have many solutions and the aim is to seek as many solutions as possible.
All numerical experiments were carried out on a PC with a Processor 2.80 GHz
Intel Pentium(R) 4 and 512(Mb) memory, and the codes were all written in Matlab
6.5. The two methods were stopped if

(5.1) @) (1%@M)]) <107° or & > kpaa,

where k4 denotes the maximum number of iterations allowed for the methods. We
tested the Lorentz eigenvalue problems for three classes of linear transformations.

5.1. Testing on Z-transformations. The experiment tests the numerical perfor-
mance of the SNM1 and the SNM2 for solving the Lorentz eigenvalue problems of
Z-transformations, more specifically, the Lyapunov transformation £, and the Stein
transformation S,. During the tests, corresponding to the Cartesian structure of
K, we generated L, and S, in the following way:

£a :diag(ﬁal,ﬁm,--- 7£ar>> Sa :diag(salaSCLQv"' 7Sar)7

where each a; € R™ was generated randomly such that their elements are uniformly
distributed in the interval [—1, 1]. From Lemma 2.3(a), we have that

0(La;, K") =6(Ly;, K™) and o(S,,;, K™) = 6(Sq,;, K™), i=1,2,...,r.

Suppose that a; € R™ has the spectral decomposition a; = a;1¢;1 + a;2¢;2, where
{¢i1, cia} is the corresponding Jordan frame. From Lemma 2.1, it is easy to see that

6 (La;, K™) ={ai1,ai2} and 6(S,,, K™) = {1 117 — a?Q}.

This means that the spectrums o(L,, K) and 0(S,, K) have at most 2r eigenvalues.

Given the transformation £, or S,;, we applied the SNM1 for solving system
(3.6) with a starting point w® = (z°,¢°, \?), where 2° = (29,...,27) was generated
randomly such that the entries of each subvector 2 are uniformly distributed in

the interval [—1, 1], and

0 .0
o _ (A2°,a") 0_ 4,0 0,.0.
while we used the SNM2 to solve system (3.7) with a starting point (2%, \?), where
20 = (29,...,2) was generated randomly so that the entries of each subvector ZZQ

are uniformly distributed in the interval [—1,1], and A was given by the following
formula

A 0 0

((2%)+, (29)+)
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The maximum number of iterations k4, in (5.1) was chosen as 100 for this exper-
iment.

TABLE 1. The percentage of convergence for Lorentz eigenvalue
problems of £,

Dimension SNM1 SNM2 Dimension SNM1 SNM2

r ny, % Aiter % Aiter | r ny, % Aiter %  Aiter

1 100 974 74 100 104 | 5 40 | 100 9.1 100 10.6
1 200 (975 75 100 11.8 | 10 30 |100 9.6 100 10.7
1 300 (971 75 999 127 | 10 10 |100 9.1 100 8.2
1 500 (974 7.6 100 14.2 | 50 6 |100 87 100 8.7
) 80 100 95 100 11.3 (100 3 |100 6.7 100 6.5

Table 1 reports the percentage of convergence of the SNM1 and the SNM2 es-
timated by using a sample of 103 random pairs (£,,2°) and (Lq, 2°), respectively;
and Table 2 reports the percentage of convergence of the two methods estimated
by using a sample of 10 random pairs (S, 2°) and (S,, 2°), respectively. In these
tables, r and n, denotes the number of Lorentz cones and the dimension of each
Lorentz cone, respectively, % column gives the percentage of convergence for 103
randomly generated pairs, and Aiter column lists the average iteration required by
those problems with successful convergence.

TABLE 2. The percentage of convergence for Lorentz eigenvalue
problems of S,

Dimension SNM1 SNM2 Dimension SNM1 SNM2

r ny %  Aiter % Aiter | r ny % Aiter % Aiter

1 100 719 85 100 7.8 ) 40 199.9 10.7 100 9.2
1 200 70.5 85 100 80 |10 30 | 100 11.3 100 9.8
1 300 |68.1 &85 100 &1 | 10 10 | 100 9.7 100 8.2
1 500 74.7 87 100 83 | 50 6 [99.7 89 100 8.2

5 80 100 11.2 100 9.2 100 3 100 58 100 6.6
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From Table 1, we see that for the Lorentz eigenvalue problems involving the Lya-
punov transformation, the SNM2 can solve almost all test problems, and the SNM1
has at least 97% successful convergence. From Table 2, for the Lorentz eigenvalue
problems involving the Stein transformation, the SNM2 solves all test problems
successfully, whereas the SNM1 can solve successfully those problems with n, < 80,
and for the problems with n, > 100, it has about 70% successful convergence. This
indicates that the SNM2 has much more desirable numerical performance than the
SNM1 for the Lorentz problems involving a Z-transformation, in terms of the per-
centage of successful convergence and the average number of iterations. Particularly,
from these two tables, it seems that the successful convergence of the two methods
for this class of Lorentz eigenvalue problems is not influenced by the dimension of
problems, and the average number of iterations does not have a remarkable increase
with the dimension of Lorentz cones.

5.2. Testing on general symmetric transformations. This subsection includes
two experiments where the first one tests whether the SNM1 and the SNM2 can seek
effectively the eigenvalues of a general linear symmetric transformation relative to
K = K™ withn € {3,4,5,6,7,8,9}, and the second one tests the percentage of suc-
cessful convergence with the two methods solving the Lorentz eigenvalue problems
involving general linear symmetric transformations.

In the first experiment, corresponding to each K", we used a sample of 10°
matrices A = (A + AT)/2, where each A was generated randomly such that its
elements are uniformly distributed in [—1,1]. For each random A, we considered
100 random starting points (2, 4%, A°) for the SNM1 and 100 random starting points
(29, \%) for the SNM2, respectively, where the entries of 2° and z° are uniformly
distributed in [~100,100], and A\° and y° for the SNM1 are given by (5.2), and \°
for the SNM2 is given by

(5.4) A0 = (A2°,20)/(2°, 20).

Since (2°); may equal zero under this case, we do not employ (5.3) to determine
A for the SNM2. The two methods were terminated once one of the conditions
in (5.1) was satisfied with k4, = 100. The numerical results are summarized in
Table 3, where Nsol column denotes the number of eigenvalues, the numbers in each
column give the number of problems which were tested to have the corresponding
number of eigenvalues from 100 initial points, the numbers in the bracket of each
column represent the results for SNM2, % row gives the percentage of successful
convergence for 10? randomly generated pairs, AN, row gives the average number
of eigenvalues found relative to K", calculated by (taking n = 3 for example)
0.399 + 2 x 0.002 4+ 3 x 0.453 +4 x 0.001 + 5 x 0.145, and ANy row lists the average
number of eigenvalues for which the eigenvectors found belong to the boundary of
K™. Specifically, a eigenvector z* = (x},2%) € R x R"™! corresponding to \* is said
to be on the boundary of K™ if |\ (2*)| = |z} — |lz3]|| < 1078.

From Table 3, it is easy to see that the SNM1 finds successfully at least one
eigenvalue for all test problems corresponding to each K™ from 100 initial points,
whereas the SNM2 fails to find a eigenvalue for some test problems when n > 5
from 100 initial points. The numbers in AN, row show that the average number



30 J.-S. CHEN AND S. PAN

TABLE 3. The number of eigenvalues involving general linear symmetric

transformations
Nsol Dimension (n)
3 4 5 6 7 8 9

1| 399(399)  400(403) 417(421) 457(465) 506(510)  600(576)  659(573)
2 2(8) 6(48) 5(54) 3(61) 1(63) 4(56) - (42)

3| 453(454)  432(397)  400(360)  369(318)  354(201)  283(224)  241(188)
4 1(6) 2(26) 4(27) 6(23) 3(22) 4(22) 3(12)
5 | 145(133)  140(112)  130(113)  129(100)  103(71)  78(60) 69(47)
6 - ) 2(7) 5(7) 5(5) 2(7) - ) - @)

7 ) 18(7) 32(15) 28(17) 25(12) 27(13) 19(10)
I T R (¢ N B & B¢ B

9 -0) - ) 3(1) 3(2) 5(1) 4() 6()
w0 -0 -0 -0 10 -0 -0
I O T = TR N B & B ()
N T = R & Y & R & B & B
% | 100(100)  100(100)  100(99.9) 100(99.1) 100(97.6) 100(95.5) 100(87.7)
AN, | 249(247) 2.55(2.45) 2.61(2.47) 2.49(2.30) 2.34(2.09) 2.09(1.86) 1.94(1.61)
AN, | 64.3(64.4) 72.0(73.5) 77.9(80.0) 82.3(83.8) 85.8(86.9) 87.9(88.0) 91.4(91.2)

Note: the notation “—” means that solving 10% problems from 100 initial points can not
yield such amount of eigenvalues.

of eigenvalues found by the two methods decreases when n becomes large, which
means that the gap between the number of Lorentz eigenvalues found in practice
and the estimated upper bound 3n — 2 becomes larger and larger with n increasing.
The numbers in AN row indicate that the average number of eigenvectors on the
boundary of K" increases with n becoming large, and the SNM2 can find more
eigenvectors on the boundary of K™ than the SNM1.

In the second experiment, we generated the symmetric matrix A in the following
way

1
A = diag (A1, Ag,--- ,A,;) with Aizi(Hi+HiT),

where each H; € R™*" was generated randomly such that its elements are uni-
formly distributed in [—1,1]. By Lemma 2.3(b), 0(4, K) has at most > _,_, (3n; —2)
elements. Given a transformation A(x) = Az with A generated as above, we ap-
plied the SNM1 for solving (3.6) with a starting point w® = (2% y°, \"), where
20 = (29,...,20) was generated randomly in the same way as in Subsection 5.1,



SEMISMOOTH METHODS FOR LORENTZ CONE SPECTRUM PROBLEM 31

TABLE 4. The percentage of convergence for general linear symmet-
ric transformations

Dimension SNM1 SNM2 | Dimension SNM1 SNM2

r . %  Aiter % Aiter | r n, % Aiter %  Aiter
1 50 93 812 - - 5 40 914 766 1.2 25
1 100 75 116.7 — - 10 30 |91.8 703 5.0 23.7
1 150 |57.8 1246 - - 10 10 [84.2 33.6 744 20.1
1 200 |42.2 1348 - - 50 6 |88.8 249 836 18.1
5 80 80.6 109.4 — - 100 4 ]91.6 153 928 13.1

“_»

Note: the notation means that the corresponding method fails for all test problems.

and \° and " were given by (5.2); and we used the SNM2 to solve (3.7) with a
0 0 Y) was generated in the same way as

starting point (2%, A\%), where 20 = (29,..., 20

in Subsection 5.1, and A\ was given by (5.3). During the tests, we chose ke as
300. Table 4 reports the percentage of convergence estimated with a sample of 500
random (A, 2°) and (4, 2°) for the SNM1 and the SNM2, respectively.

180

160 [~ Relation between the average iterations and kmax ,*// —

140 - e -

100 |-

80

Relation between the percentage of successful convergence and kmax
60

I L L I I
500 600 700 800 900
The value of kmax

I I I
200 300 400 1000

FIGURE 1. The percentage of convergence and the average iteration v.s.
kmaz for SNMI.

From Table 4, we see that the SNM1 has 75% successful convergence for those
test problems with n, < 100, whereas the SNM2 has an acceptable successful con-
vergence only for those problems with n, < 10. In addition, the average iterations
required by the SNM1 and the SNM2 increase with the value of n,. This means
that their percentage of successful convergence may be improved by setting kp,qz to
be a larger value. Figure 1 depicts the relation between the percentage of successful
convergence of the SNM1 and kj,qz, as well as the relation between the average
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number of iterations and ky,qz, for the Lorentz eigenvalue problems relative to K100
with A generated as above. From Figure 1, we see that the percentage of successful
convergence is indeed improved by increasing the value of k4, but the improving
ratio is lower than the increasing speed of the average number of iterations. This
implies that the performance of the SNM1 for the Lorentz eigenvalue problems of
general linear symmetric transformations, in terms of the percentage of successful
convergence and the number of iterations, becomes worse when the dimension of
problems increases. This phenomenon also appears in the spectral gradient method
and the power iteration method for the Pareto eigenvalue problems [4].

5.3. Testing on asymmetric transformations. Similar to Subsection 5.2, this
subsection includes two experiments where the first one tests whether the SNM1
and the SNM2 can seek effectively the eigenvalues of a general linear asymmetric
transformation relative to K = K™ with n € {3,4,5,6,7,8,9}, and the second one
tests the percentage of successful convergence with the two methods solving the
Lorentz eigenvalue problems involving a general linear asymmetric transformation.

TABLE 5. The number of eigenvalues involving linear asymmetric transformations

Nsol Dimension
3 4 5 6 7 8 9

1 681(605)  756(599)  765(544)  791(490)  865(487)  910(441)  916(377)
2 - (69) ~(67) 1(74) 1(75) —(63) —(38) - (39)
3 281(210)  211(141)  210(134) 185(95) 115(38) 79(30) 5(29)
s a8 - (17 11y 1 ()
5 38(23) 29(13) 23(11) 20(4) 18(7) 9(3) 79 (-)
6 | -0 1(1) 1(1) () 10 -0 )

(N IS B (- 30 () 10)

(

—

(1 (=

) ) ()
% | 100(92.2) 100 (83.9) 100(77.3) 100(67.6) 100 (60.6) 100(51.9) 100 (45.0)
AN, | 1.71(1.55) 1.56(1.30) 1.53(1.19) 1.47(0.99) 1.31(0.81) 1.20(0.65) 1.33(0.5
AN, | 72.0(69.1) 80.1(77.1) 85.2(82.0) 88.6 (85.5) 92.0(88.6) 95.8(92.3) 85.3(

Note: the notation “—” has the same meaning as in Table 3.

In the first experiment, corresponding to each K™, we used a sample of 10? ma-
trices A with each A being generated randomly so that its elements are uniformly
distributed in [—1, 1]. For each random A, we considered 100 random initial points
(2°,9°,X%) for the SNM1, with the entries of 2° being uniformly distributed in
[~100, 100] and the corresponding (A°, 3°) being given by (5.2); while we considered
100 random initial points (2%, A?) for the SNM2, with the entries of 20 being uni-
formly distributed in [~100, 100] and the corresponding A” being given by (5.4). In
this experiment, the maximum number of iterations k., was chosen as 100. The
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numerical results are reported in Table 5.

33

From the % row of Table 5, we see that the SNMI1 finds successfully at least
one eigenvalue for all test problems from 100 initial points, but the SNM2 always
fails to finding an eigenvalue for some problems from 100 initial points. The AN,
row and AN, row show that the average number of eigenvalues found by the two
methods decreases when n, becomes large, whereas the number of corresponding
eigenvectors on the boundary of K™ increases. Comparing Table 5 with Table 3,
we conclude that the two methods find fewer solutions for the Lorentz eigenvalue
problems of a general linear asymmetric transformation, although the estimated

upper bound for them is larger than that of the former.

In the second experiment, we consider the test problems with A = diag (Ay, ..., 4,),
where each A; € R™"*™ was randomly generated such that its elements are uni-
formly distributed in the interval [—1,1]. By Lemma 2.3(c), if the cone spectrum
o(A;i, K™) is finite, then the maximal cardinality of o (A, K)is > ;_,(6n;—5). Given
a transformation A(x) = Az with A generated as above, we applied the SNM1 for

solving (3.6) with a starting point w® = (2%, 5%, \"), where x

U=

0

xy,. ..

,20) was

generated randomly in the same way as in Subsection 5.1, and \° and 3° were de-
termined by (5.2); and we applied the SNM2 for solving (3.7) with a starting point
) was generated in the same way as in Subsection
5.1, and A\° was given by (5.3). In this experiment, we chose ke as 300. Table 6
reports the percentage of convergence estimated by using a sample of 500 random
pairs (A, 2°) and (4, 2°) for the SNM1 and the SNM2, respectively.

(29, A\9), where 20 = (2{,..

0
2y

TABLE 6. The percentage of convergence for general linear asym-
metric transformations

Dimension SNM1 SNM2 | Dimension SNM1 SNM?2
r T, % Aiter % Aiter | r T, % Aiter % Aiter
1 50 98.2 370 - — 5) 40 | 98.2 34.8 - -
1 100 97 51.0 - - 10 50 | 98.0 389 - —
1 150 94.2 683 - — 10 10 [93.2 208 - —
1 200 89.4 T76.7 - — 50 8 95.2 199 - —
) 80 97.8 455 - — 100 4 96.4 12.5 - —

The notation

“_»

means that the corresponding method fails for all test problems.

From Table 6, the SNM1 has about 90% successful convergence for all test prob-
lems with n, < 200, whereas the SNM2 fails for all these problems.
performance of the SNM2 can not be improved even if we increase kq: to 500.

Also, the
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Comparing with Table 4, we conclude that the SNM1 has better numerical perfor-
mance for the Lorentz eigenvalue problems of a general linear asymmetric trans-
formation than those involving a general linear symmetric transformation, though
the percentage of successful convergence also decreases and the average iteration
increases when n, becomes large.

To sum up the numerical experience of last three subsections, we have the con-
clusions:

e For the Lorentz eigenvalue problems of Lyapunov transformations and Stein
transformations, the SNM2 has better numerical performance than the SNM1
by the percentage of successful convergence and the average number of it-
erations.

e For the Lorentz eigenvalue problems of general linear symmetric transfor-
mations, the SNM1 has much better performance than the SNM2 in terms
of the percentage of successful convergence, though their successful conver-
gence depends on the maximum number of iterations allowed. Since the
improving ratio of the percentage of successful convergence is lower than
the increasing speed of the average number of iterations, the two methods
are only suitable for this class of small-scaled problems

e For the Lorentz eigenvalue problems of general linear asymmetric transfor-
mations, the SNM1 has much better performance than the SNM2 in terms
of the percentage of successful convergence and the average number of iter-
ations. Also, it seems a little strange that the SNM1 has better percentage
of successful convergence for the Lorentz eigenvalue problems of general
linear asymmetric transformations than those of general linear symmetric
transformations.

6. CONCLUSIONS

We proposed two semismooth Newton methods for seeking the cone spectrum of
a linear transformation relative to Lorentz cones, via the natural equation refor-
mulation and the normal equation reformulation of (1.2), respectively. The local
quadratic convergence results were established under suitable conditions. Although
the local convergence conditions are not easy to verify, the computational experi-
ence shows that the two local semismooth methods are very effective for the Lorentz
problems of Z-transformations, if we do not aim at identifying all Lorentz eigen-
values, and particularly the method based on the normal equation reformulation
successfully solves almost all test problems. For the Lorentz eigenvalue problems
with a general linear asymmetric transformation (or symmetric transformation), the
method based on the natural equation reformulation is promising if the dimension
of test problems is within 200 (or 100).

From the numerical results in Tables 3 and 5, we see that there is a big gap
between the existing theoretical estimation for the number of Lorentz eigenvalues of
a linear symmetric or asymmetric transformations and that obtained from numerical
computations. Therefore, the improved theoretical estimation for the number of
Lorentz eigenvalues and more effective numerical algorithms are still worthwhile to
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explore in the future.

Finally, we want to point out that the two semismooth Newton methods can
be easily extended to seek the eigenvalues of a linear transformation relative to
a symmetric cone associated with a general Euclidean Jordan algebra, and it is
also interesting to study the corresponding semismooth methods for seeking the
eigenvalues of a linear transformation relative to positive semidefinite cones.
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