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FIXED POINT THEOREMS FOR GENERALIZED HYBRID
DEMICONTINUOUS MAPPINGS IN HILBERT SPACES

TOSHIHARU KAWASAKI AND WATARU TAKAHASHI

ABSTRACT. In this paper we show fixed point theorems for widely more general-
ized hybrid demicontinuous self and non-self mappings in Hilbert spaces. Using
these fixed point theorems, we can directly show a fixed point theorem for demi-
continuous pseudocontractive mappings in Hilbert spaces which was proved by
Moloney and Weng [20].

1. INTRODUCTION

Let H be a real Hilbert space and let C be a non-empty subset of H. Kocourek,
Takahashi and Yao [17] defined a class of nonlinear mappings in a Hilbert space.
A mapping T from C into H is said to be generalized hybrid if there exist real
numbers « and S such that

alTe = Tyl? + (1 = a)llz = Ty|* < BTz — y|* + (1 = Bz — y|?

for any z,y € C. We call such a mapping («, 3)-generalized hybrid. We observe that
the class of the mappings covers the classes of well-known mappings. For example,
an (o, B)-generalized hybrid mapping is nonexpansive [23] for & = 1 and 5 = 0, that
is, | Tz—Ty| < ||z—y] for any z,y € C. It is nonspreading [19] for a = 2 and 8 = 1,
that is, 2||Tz — Ty||?> < |Tx — y||? + | Ty — z||? for any x,y € C. It is also hybrid
[24] for = 3 and B = 3, that is, 3||Tz — Ty||* < |z —y|? + [Tz — y[|* + | Ty — z|?
for any x,y € C. They showed fixed point theorems for such mappings; see also
Kohsaka and Takahashi [18] and Iemoto and Takahashi [9]. Moreover they showed
mean convergence theorems of Baillon’s type. Furthermore they defined a more
broad class of nonlinear mappings than the class of generalized hybrid mappings.
A mapping T from C' into H is said to be super hybrid if there exist real numbers
a, 8 and v such that

a|Te = Ty|? + (1 — a+7y)llz = Tyl
<B+B-aTz—y[*+ (1 -B8—(B—a—1))llz -yl
+a = Bnllz — Tz|* +lly — Tyl
2010 Mathematics Subject Classification. 47TH10.
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for any z,y € C. A generalized hybrid mapping with a fixed point is quasi-
nonexpansive. However a super hybrid mapping is not quasi-nonexpansive gen-
erally even if it has a fixed point. Very recently, the authors [14] also defined a
class of nonlinear mappings in a Hilbert space which covers contractive mappings
and generalized hybrid mappings. A mapping T from C into H is said to be widely
generalized hybrid if there exist real numbers «, 3,7, d, € and ¢ such that

al Tz = Ty|* + Blla = Tyl* +4I|Tz — y|* + dl|z — y||*
+max{ella — Tz|, ly — Ty[*} < 0

for any z,y € C. Furthermore the authors [15] defined a class of nonlinear mappings
in a Hilbert space which covers super hybrid mappings and widely generalized hybrid
mappings. A mapping T from C into H is said to be widely more generalized hybrid
if there exist real numbers «, 5,7, d, e, and 1 such that

al| Tz = Ty|? + Blla — Tyl* + | Tz — yl* + 6]z — y||?
+ellz = Tal® + Clly — Tyl +nll(z — Tz) — (y = Ty)|* < 0

for any x,y € C'. Then we show fixed point theorems for such new mappings in a
Hilbert space. Furthermore we show mean convergence theorems of Baillon’s type
in a Hilbert space. It seems that the results are new and useful. For example, using
our fixed point theorems, we can directly show Browder and Petryshyn’s fixed point
theorem [5] for strictly pseudocontractive mappings and Kocourek, Takahashi and
Yao’s fixed point theorem [17] for super hybrid mappings.

Hojo, Takahashi and Yao [8] defined a more broad class of nonlinear mappings
than the class of generalized hybrid mappings. A mapping T" from C into H is said
to be extended hybrid if there exist real numbers «, 5 and « such that

a(l+ )Tz = Ty|* + 1 - a1 +7))llz - Tyl
< (B+aN|Tz =yl + (1~ (B +av))llz — y|?
—(a = B)yllz = Tx||* —lly — Tyl

for any z,y € C. Furthermore they showed a fixed point theorem for generalized
hybrid non-self mappings by using the extended hybrid mapping. Moreover the
authors [13, 11, 12] showed fixed point theorems for widely more generalized hy-
brid non-self mappings in Hilbert spaces. Furthermore the authors showed mean
convergence theorems of Baillon’s type for widely more generalized hybrid non-self
mappings in a Hilbert space.

On the other hand, Browder and Petryshyn [5] showed that any Lipschitz con-

tinuous pseudocontractive mapping has a fixed point in a closed ball of a Hilbert
space. A mapping T from C into H is said to be pseudocontractive if

1Tz = Tyl* < |lo = ylI* + (@ = Tz) - (y = Ty)||*

for any x,y € C. Moreover Moloney and Weng [20] showed a fixed point theorem
for demicontinuous pseudocontractive mappings in a Hilbert space.

In this paper we show fixed point theorems for widely more generalized hybrid
demicontinuous self and non-self mappings in Hilbert spaces. Such theorems are
more general and useful than fixed point theorems for pseudcontractive mappings.
Using these fixed point theorems, we can directly show Moloney and Weng’s fixed
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point theorem [20] for demicontinuous pseudocontractive mappings in a Hilbert
space.

2. PRELIMINARIES

Let H be an infinite dimensional real Hilbert space and let C' be a non-empty
bounded close convex subset of H. A mapping T from C into H is demicontinuous
if, a sequence {T'z,} is convergent to Tx weakly whenever a sequence {z,} in C
is convergent to x. A mapping T from C into H is hemicontinuous if the mapping
t — T((1 —t)x + ty) is continuous from [0, 1] into H with its weak topology for
any x,y € C. Note that, if a mapping is demicontinuous, then it is hemicontinuous.
Then in [20] Moloney and Weng showed that any demicontinuous pseudocontractive
mapping has a fixed point.

Theorem 2.1 ([20]). Let H be a real Hilbert space, let C' be a non-empty bounded
closed convex subset of H and let T be a demicontinuous pseudocontractive mapping
from C' into itself. Then T has a fixed point.

To show the theorem above, they used the following lemmas.

Lemma 2.2 ([20]). Let H be a real Hilbert space, let B be a non-empty closed ball
in H and let T be a demicontinuous mapping from B into B. Then there exists a
sequence {z,} in B such that

(i) {Tzp, — zn} is convergent to 0 weakly;

(ii))  (Tzm — 2m,2n) =0 if m > n;

(iil)  (Tzm — 2m,T2n — 2n) =0 if m # n.

Remark 2.1. In [20] (ii) is different and the following is used:

(i)  (Tzp — zn,2n) = 0.

However by the proof of Lemma, see [20, Lemma 1], the Lemma above is correct.
In addition, the proof of Theorem 2.1 uses the fact above. Moreover we should note
how to create the sequence {z,}. If T has a fixed point z, then we can put z, = z
for any n. If not, then {z,} is created as follows. Let M; be a 1-dimension subspace
of H and let II; be the orthogonal projection of H onto M;. Then we consider
that 1I;7T is a mapping from M; N B into My N B. Since II;T is continuous and
Mi N B is compact and convex, by Brouwer’s fixed point theorem II;7T" has a fixed
point z;. Moreover, since I11(Tz; — z1) = 1Tz — yzy = 11Tz — 21 = 0, we
obtain T'z; — z; € Mj-. Recursively, when an n-dimension subspace M, of H, the
orthogonal projection II,, of H onto M,, and z, € M,, N B with Tz, — z, € Mnl are
given, let My,11 = M, ® {a(Tz, — z,) | a € R} be the (n + 1)-dimension subspace
of H and let 11,41 be the orthogonal projection of H onto M, +1. Then we consider
that II,,117T is a mapping from M, 1N B into M, 1N B. Since Il,,; 17 is continuous
and M, 1N B is compact and convex, by Brouwer’s fixed point theorem II,,1 17 has a
fixed point z,41. Moreover, since I1,,11(T2n+1 — 2n+1) = Upt1T 2041 — Upt12n41 =
41T 2041 — 2ne1 = 0, we obtain Tz,41 — 2p41 € Mf;ﬂ.

Lemma 2.3 ([20]). Let H be a real Hilbert space, let C be a non-empty convex
subset of H and let T be a hemicontinuous pseudocontractive mapping from C into
itself. Suppose that there exists a sequence {xy,} in C' such that
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(i) {Txy — x,} is convergent to 0 weakly;
(i)  (Txp — Tp,xy) is convergent to 0;
(iii) {zn} is convergent to v € C' weakly.

Then x is a fixed point of T.
The following is Ramsey’s Theorem:

Ramsey’s Theorem. Let V be the set of all ordered pairs (m,n) € N x N with
m > n and let ¢ be a mapping from V into {0,1}. Then there exists a countable
infinite subset A of N such that ¢(V N (A x A)) is a singleton.

Using this theorem, Moloney and Weng [20] obtained the following lemma.
Lemma 2.4 ([20]). Let H be a real Hilbert space and let W be an infinite countable

subset of H. Then for any positive number § there exists an infinite countable subset
V of W such that
lz =yl < (1 +8) ([l + [lyl*)

for any x,y € V.
Remark 2.2. In Lemma 2.4, if W is bounded, then for any positive number ¢ there
exists an infinite countable subset V' of W such that

lz = yl* < ll=[* + [lyl|* +
for any z,y € V.

3. FIXED POINT THEOREMS FOR SELF MAPPINGS

In this section we consider fixed point theorems for widely more generalized
hybrid demicontinuous self mappings. We provide the following lemma instead
of Lemma 2.3.

Lemma 3.1. Let H be a real Hilbert space, let C' be a non-empty convex subset of
H and let T be an («a, 3,7,0,¢,(,n)-widely more generalized hybrid hemicontinuous
mapping from C into itself which satisfies the following conditions (1), (2) and (3):
(1) a+p+~v+6>0;

(2) 2a+p+v+e+(+2n>0.

(3) 2a+p+vy>0.

Suppose that there exists a sequence {x,} in C such that

(i) {Txy, — x,} is convergent to 0 weakly;

(i)  (Txy — Tp,xy) is convergent to 0;

(iii)  {zn} is convergent to x € C weakly.

Then x is a fixed point of T.

Proof. Since T' is an («, 3,7, 6, €, (,n)-widely more generalized hybrid mapping, we
obtain that

a|Tz - Ty|* + Blle — Tyl* + | Tz — yl* + 8|z — y||?
+elle — T + ¢lly — Tyl +nll(z — Tz) — (y = Ty)|* < 0
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for any z,y € C. Replacing the variables  and y, we obtain that
a| Tz = Ty|* +yllz — Tyl* + Bl| Tz — y||* + dlla — y|®
+¢lle = Tz|* +elly — Ty|* +nll(z — Tax) — (y = Ty)|* <0
for any z,y € C. Therefore we obtain
20Tz — Ty||* + (8 +7)llz — Tyl + (B + N Tz — y||* + 20|z — y|*
+e+ Olle = Ta|® + (e + Qlly = Tyl + 2nl|(z = Tz) — (y = Ty)|* < 0

for any x,y € C and hence T is a (2«, 8+, 5+ 7,2d,e + (, € + ¢, 2n)-widely more
generalized hybrid mapping. Let z(t) = (1 — t)x + tTx, where ¢ € [0, 1]. Since C' is
convex, z(t) € C. Since T is hemicontinuous, there exists ¢y € (0, 1) such that

1
(Tz(tg) — z(tg), Tx — ) > §HT$ —z|%

By (i), (ii) and (iii), for any positive number p there exists natural number n such
that

(Tzn — an, T2(to) — 2(to))| < »p,
|(Tzn — xp, 20 — 2(t0))| < p,
[(an — @, Tz(to) — 2(t0))| < p.
Since 2n > —(2a+S+v+e+(), a+F+~v+J >0 and 2a+ 5+ > 0, we obtain
0 > 2a[|T=(to) — Twal® + (8 +7)|2(to) — Tnll?
+H(B 4+ Tz(to) — al® + 20]|2(t0) — @nl|?
+(e + Oll=(to) = T=(to)|I* + (¢ + )l|xn — T
+21(2(to) = T=(to)) — (w0 — Tan) |
20| Tz (to) — Tn|® + (8 4+ 7)|2(to) — Ta|?
+(B +)IT=(to) — nl* + 26| 12(to) — znll?
+(e+ Ollz(to) = T=(to)lI” + (e + Ollwn — Tl
—(20+ B+ + e+ Q)l(2(to) — T=(to)) — (w0 — Txn)|
= 2a([[T=(to) — 2(to)I* + l|2(t0) — zal® + [l2n — Tzs|?
+2(T'z(to) — z(to), 2(to) — zn)
+2(z(to) — xn, Tn — Txy)
+2(xy, — Tap, Tz(to) — z(t0)))
+(B+7)(I2(t0) = zall* + &g — Tn|?
+2(2(tg) — xn, xy — Txy))
+(B + (I T=(to) — 2(to) I* + [|2(t0) — za®
+2(T'2(to) — =(to), z(to) — xn))
120 2(to) — zn|*
— (20 + B+ 7)l|z(to) — Tz(to)||”
—Qa+ B+ ) |zn — Tzn|?
+22a+ B+ v+ e+ ()(z(to) — Tz(to), zn — Txy)

Y
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= 2(a+B+7+0)|2(to) — znl?
+2(2a + B+ ) (Tz(to) — z(to), 2(to) — zn)
+22a+ B+ ) {(z(tg) — Tn,xn — Tay)
=284+~ +¢e+ ) {(xp — Txp, T2(ty) — 2(to))
2(2a + B+ 7)(Tz(to) — 2(to), 2(to) — x)
=220+ B+ 7)[(wn — x, T2(to) — 2(t0))]
—22a + B+ 7)(Trn — Tn, 20 — 2(t0))]
2B+ 7+ e+ (|[{Ten — 20, Tz(to) — 2(t0))]
> (a+B+Yt||Tz —z||* —2(22a + B+7) + |8+~ +e+|)p.

Y

Since p is arbitrary and (2« + 8+ 7)tg > 0, we obtain |7z — z|| = 0 and hence z is
a fixed point of T O

Theorem 3.2. Let H be a real Hilbert space, let C be a non-empty bounded closed
convez subset of H and let T be an («, 8,7, 0, ¢,(,n)-widely more generalized hybrid
demicontinuous mapping from C' into itself which satisfies the following conditions
(1), (2) and (3):

(1) a+B+74+6>0;
(2) 20+ B +v+e+(+2n>0;
(3) B+y+e+(=>0and B+~v+2(+(+n) <0, or

B+~y+e+(<0and —B—~v+2n<0.

Then T has a fized point. In particular, a fived point of T is unique in the case of
a+B+v+6>0.

Proof. Since T is an (a, 3,7, 9, ¢, (,n)-widely more generalized hybrid mapping,
a|Tz = Tyl* + Blla = Ty|l* + Tz — y||* + 6]z — y||?
+ellz — T +Clly = Tyll” +nll(z — Tz) — (y = Ty)|> <0
for any z,y € C. Replacing the variables = and y, we obtain
a|Tz = Ty|* + yllz = Tyl* + Bl| Tz — y||* + ol — y|®
(e = Tz|* +elly — Ty|* +nll(z — Tx) — (y = Ty)|* <0
for any x,y € C. Therefore we obtain

2a||Ta — Tyl + (B +7)llz — Tyll* + (8 + NI Tz — y||* + 28]z — y|®
+e+ Ol = Tzl* + (e + ¢)lly — Tyll* + 2nll(z — Tz) — (y = Ty)|I* < 0

for any x,y € C and hence T is a (2«, 5+, 5+ 7,29, + (, € + ¢, 2n)-widely more
generalized hybrid mapping. By (3), if 8+vy+ec+( > 0and f+~v+2(e+(+n) <0,
then

—B=—y+2p=—-B+r+e+)F+e+{+2p< Ay +2(e+(+n) <O0;
ifB+~v+e+(<0and —f —~v+2n <0, then
BHy+2(e+(+n) < —-(B+y+e+)+e+(+2n=-B—-7+2n<0.
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Therefore we obtain —3 — v +2n < 0 and 8+ v+ 2(e + ( +n) < 0. Moreover, if
B+y+e+(¢>0and S+v+2(c+(+n) <0, then

e+(+2n< —B+v+e+() <0;
ifB+~v+e+(<0and —f —~+2n <0, then
e+(+2m<B+y+e+(<0.

Therefore we obtain € 4+ ¢ + 27 < 0. Moreover, by (2) and € + ¢ + 21 < 0 we obtain
2a+ S+ > 0. Since C' is weakly sequentially compact, to show that 7" has a fixed
point, by Lemma 3.1 we show that there exists a sequence {z,} in C such that

(i) {T'z,, — x,} is convergent to 0 weakly;

(i)  (Twp — oy, xy,) is convergent to 0.

Let B be a closed ball containing C' and let P be a metric projection of H onto C.
Since T'P is a demicontinuous mapping from B into B, there exists a sequence {z,}
in B satisfying the conditions (i), (ii) and (iii) in Lemma 2.2. Put z,, = Pz,. Note
that {z,} C C and

Tr, —x, = TPz,—z,+ 2z, — Pz,
(Txp — xp,xn) = (TPzy, — 2zn,2n) + (TPzy — 2n, Pz — 2p)
+<Zn - szzn> - HPZR - ZnH2'

Since {T Pz, — z,} is convergent to 0 weakly, (T'Pz, — zp, z,) = 0 and, | TPz, — z,||
and ||z, || are bounded, if lim inf,,_,~ || Pz, —2y| = 0, then there exists a subsequence
of {z,} satisfying (i) and (ii). Assume that there exists a positive number w such
that ||Pz, — z,|| > w for any n. Since ||Pz, — T Pz,|| is bounded, by Remark 2.2
there exists an infinite subset {Pz,(;) — T'Pz,;} of {Pzn, — TPz} such that

H(Pzn(z) - TPZn(z)) - (Pzn(j) - TPzn(j))”2
<N Pzu@y = TP2naylI” + | P2ngyy — TPz lI* + o
for any ¢ and for any j. Note that
[Pz — Pyl <[z -yl
for any =,y € H and
|z — Py|l* + | Py — y||* < ||z — yl|®
for any x € C' and for any y € H. Furthermore, note that, for any x,y,w,z € H,
|l —y = (w=2)* = |z =yl + [lw - 2|* = 2(z — y,w - 2)
= [lz — ylI* + [lw — 2||?
— =207 = ly — wl? + [z — w|* + [ly — 2|1*.

Since = —v+2n<0,e+(+2n<0,8+v+2(+(+n) <0,2a+ 5+ >0,
a+B+~v+0 >0, 2a+8+~v+e+(+2n > 0, and by Lemma 2.2 (T Pz, — 2, 2n) = 0
it m>n and (T'Pzy, — zm, TPz, — z,) = 0 if m # n, we obtain

0 > 2al|TPz,u) — TPz I* + (B + 1) Pznw) — TPznjl?
+(B + V)HTPZn(i) - PZn(j)”2 + 25‘|Pzn(z) - })Zn(j)H2
+(e+ OIP2ygiy — TPzpw)lI” + (e + Ol P2ngy) — TPzl
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+211[[(Pn(i) = TP2n(s)) — (Pzn(j) — TPz ()l
(200 + B+ )T Pzp(iy — TPzl
+(B+7 +26)[| P2y — Pangy)?
+(B 47+ e+ OlPzni) — TPzngy) |12
+(B+7+ e+ OllPzaj) — TPzyI?
(=B =7+ 2)|(Pzngy = TP2n)) = (Pzngg) = TP2a(y)II”
> (204 B+ )T P2y — TPz
+H(B 47+ 20)| P2y — Pongy |12
+(B8+7 + € + OllPzugs) — TPz 5|1
+(B+7 + &+ OlPznggy — TPz
+(=B =7+ 20)(1P2n(i) = TP2a(q)I” + [1P2n() — TPy |* + w?)
(20 + B+ YT Pzn(iy — TPz |12
+(B+7 +26)[| P2y — Pangy)?
+e + ¢+ 20 Pangy — TPz |
+(e + ¢+ 20| Pzgg) — TPz |1
(=8 =+ 2)w’
> (2a+ B+ N(ITP2ni) = Za@)* + P2y — Pzagy|? + 1T Pzng) — 2n( I
—2|<TPzn(Z~) — Zn(i)s #n(i) — Zn(j)”
~2(TP2n() = Zn(j) Zn(i) = Zn(3))|
—2(TPzniy = zniys TP2n() = 2n(i)))
+(B+7 +28)[| Pz — Pz
+(e + ¢+ 20)(ITPzniy — 2 1* = 1P2niy — 20 )
+(e + ¢+ 20 (ITPang) — 20 I = P20y — 20 I?)
(=B =7 + 2w’
> 20+ B+7+e+C+20)|TPzus) — Zn)lI?
+2(a + B+ 7+ 0)[|Pzn(iy — Pzny |12
+(2a+ B+ + e+ ¢+ 20| TPz — 2ngy |
—2(20+ B+ V)T Pzn(i) = Zn(i)s Zn(s) — Zn())]
—(B+7+2(c+ ¢+ n)w?
> =2(2a + B+ VT Pzugi) = 2n(i)s 2n(i) — 2n))| = (B 47+ 2(e + ¢ + 1)

for any 4 and for any j with ¢ < j. Therefore we obtain

2(200+ B + V)T Pzpiiy — 2ngiy: Znti) — Zni))| = —(B+7 +2(e + ¢ +n))w”
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for any i and for any j with i < j. Let {2,,;)} be a subsequence of {z,:;} and let
z be the weak limit of {z,,(;}. Then we obtain

(TPzm(s) = 2m(i)» Zm(i) = %m(j))
= (T P2y = Zm(i)s Zm() — 2) T (T P2y = Zm(i)s 2 = Zm(j))-

Since by Lemma 2.2 (T'Pzy,;) = Zm(i)> 2m(i)) = 0 and {T'Pz, — z,} is convergent to
0 weakly, we obtain [(T' Pz, iy — 2Zm(i)> Zm(i) — 2)| = (T Pzm (i) — Zm(i)> )| is as small
as necessary for sufficiently large m(7). Since z is the weak limit of {z(,,(;}, there
exists m(j) such that m(i) < m(j) and (T Pzy;) — Zm(i)s 2 — Zm(j))| 15 as small as
necessary for any m(i). Therefore we obtain

0> —(B+7+2+2¢+2n)w?

and it is a contradiction, that is, liminf, _,~ || Pz, — 25| = 0 holds.
Next suppose that a4+ 34+ v+ d > 0. Let p; and ps be fixed points of T. Then

0 > a|Tpr —Tp2|® + Bllpr — Tpal* + || Tp1 — pal* + 6|lp1 — pal?
+ellp1 — Tp1|* + Cllp2 — Tp2||* + nll(p1 — Tp1) — (p2 — Tp2)|?
= (a+B+7+0)|p1— pol

and hence p; = po. Therefore a fixed point of T' is unique. O

Remark 3.1. Let H be a real Hilbert space, let C' be a non-empty bounded closed
convex subset of H and let T" be an («, 3,7, 0, &, (,n)-widely more generalized hybrid
mapping from C into itself which satisfies the following conditions (1), (2) and (3):

1) a+B+v+6=>0;

(2) 2a+4+B+v+e+(+2n>0;

3) e+C+27>0

Then by [12, Theorem 3.1] T has a fixed point. In particular, a fixed point of T
is unique in the case of a« + 6+ v+ 0 > 0. Note that T" does not have to be
demicontinuous.

Since any pseudocontractive mapping is a (1,0,0,—1,0,0, —1)-widely more gen-
eralized hybrid mapping, it satisfies (1), (2) and (3) of Theorem 3.2. Therefore by
Theorem 3.2 we can directly show Theorem 2.1.

Theorem 3.3. Let H be a real Hilbert space, let C' be a non-empty bounded closed
convex subset of H and let T be an («, 3,7, 0,¢,(,n)-widely more generalized hybrid
demicontinuous mapping from C' into itself which satisfies the following conditions

(1), (2) and (3):

(1) a+B+y+6>0;
(2)  20+4B47+e+C+2n>0;
(3)  there exists A € [0,1) such that

B+y+e+(>0and B+v+2(e+C+n)+ 2a+B+9)A<O0, or
B+v+e+(<0and —B—v+2n+ 2a++v)A<0.
Then T has a fized point. In particular, a fixed point of T is unique in the case of
a+pB+v+6>0.
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Proof. Since T is an («, 3,7, 0, &, (,n)-widely more generalized hybrid mapping, it is
a (2a, B+, 8+7,2d,e+(, e+ (,2n)-widely more generalized hybrid mapping. Let
S:Ufkﬂ4ALTMnSBa<M By B 22 (o 4 B+ ) + 26, O

Toxr ToAr 1o ToA a-n2
E+C(Ir_(§;;7)’\, iqtic)“g\)—widely more generalized hybrid mapping and F(S) = F(T).

Moreover we obtain

2a B+vy  B+~v 2\
T WA WL e W W
=2a+pB+7v+6) >0,

da Bty B+y e+ (+HBHNA | e+ (+ (BN | An+dar

(a+ﬁ+’y)+25>

[ W WL B W Ay FR Y 1— N2 (1I— )2
_ 220+ BtytetCH2)
(1=2)? -
5+7+ﬁ+7 e+(+B+MA e+ (+(B+7)A
1—X 1= (1 —=X)2 (1—=X)2
2B+ +e+0Q)
(=22 7
5+7+ﬁ+7+2<5—|—§“+(5+7))\ e+ C+(B+7)A 217+2a)\>
1—X 1-X\ (1 —X)2 (1—X)2 (1 —X)2
2Bty +2(e+CHn)+ Ra+B+7)N)
(1—=A)? ’

B+ BHy | Antdal
1-X2 1-X  (1-X)?
C2(=B—=v+2n+ 2a+ B+ 7)N)
(1—A)? '
Therefore by Theorem 3.2 we obtain the desired result. U

Remark 3.2. Let H be a real Hilbert space, let C be a non-empty bounded closed
convex subset of H and let T" be an («, 3,7, 0, , ¢, n)-widely more generalized hybrid
mapping from C into itself which satisfies the following conditions (1), (2) and (3):
(1) a+B+v+6=>0;

(2) 2a+4+B+v+e+(+2n>0;

(3)  there exists A € [0,1) such that e + {4+ 2n+ 2a+ S+ )\ > 0.

Then by [12, Theorem 3.3] 7" has a fixed point. In particular, a fixed point of T
is unique in the case of « + 8+ v+ > 0. Note that T" does not have to be
demicontinuous.

4. FIXED POINT THEOREMS FOR NON-SELF MAPPINGS

In this section we consider fixed point theorems for widely more generalized hybrid
demicontinuous non-self mappings.

Theorem 4.1. Let H be a real Hilbert space, let C be a non-empty bounded closed
convex subset of H and let T be an («, 3,7, 0,¢,(,n)-widely more generalized hybrid
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demicontinuous mapping from C into H which satisfies the following conditions (1),
(2) and (3):

(1) a+p+7v+6>0;

(2) 2a+p+v+ec+(+2n>0;

(3)  there exists A € R such that A # 1 and,
B+y+e+(¢>0and f+v+2(e+(+n)+ 2a+L+v)A<O0, or
B+y+e+(<0and —f—v+2n+ 2a+p+v)A<0.

Suppose that for any x € C there exist m € R and y € C such that0 < (1-A\)m <1
and Tz = x+m(y —x). Then T has a fized point. In particular, a fized point of T
is unique in the case of a + 3 +~v+ 9 > 0.

Proof. Since T is an («a, 3,7, 96,¢€,(,n)-widely more generalized hybrid mapping, it
isa (2a,8+7,8+ 7,20, + ¢, e + (,2n)-widely more generalized hybrid mapping.
Let S = (1 —X)T + AI. Since

Sr = (1-NTzx+ Mz
IT=XN(z+m(y—=x))+ I\
= 1-0Q=-XAm)z+(1-XNmyeC

for any z € C, S is a mapping from C into itself. Since A # 1, we obtain that
F(S) = F(T). Therefore by Theorem 3.3 we obtain the desired result. O

Remark 4.1. Let H be a real Hilbert space, let C' be a non-empty bounded closed
convex subset of H and let T" be an («, 3,7, 0, &, (,n)-widely more generalized hybrid
mapping from C into H which satisfies the following conditions (1), (2) and (3):

(1) a+B+v+062>0;
(2) 2a+B+7y+e+(+2n>0;
(3)  there exists A € R such that A # 1 and e + ¢ +2n + (2a + 8+ 7))\ > 0.

Suppose that for any z € C' there exist m € Rand y € C' such that 0 < (1-A\)m <1
and Tz = x+m(y—=x). Then by [12, Theorem 4.1] T" has a fixed point. In particular,
a fixed point of T" is unique in the case of a + 5+ v+ > 0. Note that 7" does not
have to be demicontinuous.

Theorem 4.2. Let H be a real Hilbert space, let C' be a non-empty bounded closed
convex subset of H and let T be an («, 3,7, 0,¢,(,n)-widely more generalized hybrid
demicontinuous mapping from C into H which satisfies the following conditions (1),

(2) and (3):

(1) a+B+v+35>0;

(2) 20+B8+y+e+(+2n>0;

(3)  there exists A € R such that \ # 1 and,
B+y+e+(>0and f+~v+2(e+(+n)+ 2a++v)A<O0, or
B+y+e+(<0and —f—v+2n+ a+p+7)A<0.
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Suppose that there exists t € R with t > 0 such that for any x € C there exist
m € M(t) and y € C such that Tx = z + m(y — x), where

[ﬁ,o} if2a+B+v<0and\>1,

[0, t] if2aa+0+v<0 and X <1,
M(t) =< [0,t] or [-t,0] if2a+B+~v=0,

[—t,0] if 2a+ B +v>0 and A > 1,

[O,ﬁ} if20+ B+~ >0 and A < 1.

Then T has a fized point. In particular, a fixed point of T is unique in the case of
a+B+v+6>0.

Proof. Suppose that there exists t € R with ¢ > 0 such that for any x € C there exist
m € M(t) and y € C such that Tx = x+m(y—x). We show that there exists A\; € R
such that Ay # 1 and, B+~vy+e+( > 0and B+vy+2(e+(+n)+ (2a+5+v)\ <0,
or B+y+e+¢<0and —f—v+2n+2a+L+)A <0,and 0 < (1 —-A)m < 1
for any m € M(t). Then by Theorem 4.1 we obtain the desired result. In the case
of 2a+ B+ < 0and A > 1 we obtain for Ay = A that A\ Z#1 and, B+~vy+e+( >
Oand B+~v+2e+C+n)+2a+B+9)N <0,0or +v+e+ (¢ < 0 and
—B—v+2n+ 2a+B+v)A <0,and 0 < (1 —A)m < 1 for any m € {ﬁ,O].
In the case of 2ae+ 5+ v > 0 and A < 1 we obtain for A\; = A that A\; # 1 and,
B+~v+e+(¢ >0and B+v+2(e+(+n)+(2a+B+v)A <0, 0r B+~v+e+(¢ < 0 and
—B—v+2n+2a+L+v)A <0,and 0 < (1 —XA;)m < 1 for any m € [O, ﬁ} In
the case of 2a++7v < 0and A < 1let A\; € Rsatisfy A < A\; < land (1—-X\)t <1.
Then we obtain for A\; that A\ # 1 and, f+v+e+(>0and B+~v+2(e+(+
n)+ a+F+y)A\ <0,or f+y+e+(<0and —f—v+2n+ 2a++7)\ <0,
and 0 < (1 —A1)m <1 for any m € [0,¢]. In the case of 2a+ 3+ > 0and A > 1
let Ay € Rsatisfy 1 < Ay < XA and —(1 — A1)t < 1. Then we obtain for A; that
M#FLland, f+v+e+(¢>0and B+v+2(e+(+n)+ 2a+F+v)A <0, or
B+y+e+(<0and -f—v+2n+ 2a+ L+ <0,and 0 < (1 —A)m <1
for any m € [—t,0]. In the case of 2a + f+ v = 0, let A\; € R satisfy A\; < 1 and
(1=t <1,or,1 < A;and —(1—XA;)t < 1. Then we obtain for A; that A\; # 1 and,
B+y+e+(>0and B+v+2(e+(+n)+Ra+F+v)AM <0,0or B+v+e+( <0
and =3 —v+2n+ 2a+8+v)A1 <0,and 0 < (1 — A;)m < 1 for any m € [0,t] or
for any m € [—t, 0], respectively. d

Remark 4.2. Let H be a real Hilbert space, let C' be a non-empty bounded closed
convex subset of H and let 7" be an («, 3,7, 0, &, (,n)-widely more generalized hybrid
demicontinuous mapping from C into H which satisfies the following conditions (1),
(2) and (3):

(1) a+B+~v+6>0;
(2) 2a+4+B+v+e+(+2n>0;
(3)  there exists A € R such that A # 1 and e + {+2n+ (2a+ 8+ )\ > 0.
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Suppose that there exists ¢t € R with ¢ > 0 such that for any x € C there exist
m € M(t) and y € C such that Tz = x + m(y — z), where

[ﬁao} if 2a+0+v>0and A > 1,

[0, 1] if 20+ 8+~ >0and A < 1,
M(t) =< [0,t] or [—t,0] if2a+p+~v=0,

[—t,0] if 2a+p+~v<0and A >1,

[O,ﬁ} if 2+ B+~ <0and A < 1.

Then by [12, Theorem 4.2] T has a fixed point. In particular, a fixed point of T
is unique in the case of a« + 6+ v+ 0 > 0. Note that 7" does not have to be
demicontinuous and M (t) is different.
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