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A NOTE ON THE IMPLICIT MIDPOINT RULE FOR
NONEXPANSIVE MAPPINGS

HONG-KUN XU

ABSTRACT. The implicit midpoint rule is used to approximate fixed points of
nonexpansive mappings via a semi-implicit way. We prove a weak convergence
result of this method by relaxing the conditions imposed upon the sequence of
parameters that define the method.

1. INTRODUCTION

It has long been an interesting topic of finding fixed points of nonexpansive map-
pings in both Hilbert and Banach spaces. Several iterative methods have there-
fore been invented. Two particular and most well known such methods are the
Krasnoselskii-Mann (KM) method [8, 14] and the Halpern method [7]. These two
methods generate a sequence {z,,} via the recursive procedures:

(1.1) Tpe1 = (L —tp)xn +t,Tapn, n>0
and, respectively,
(1.2) Tpy1 = (1 —tp)u+t,Tx,, n>0,

where {t,} is a sequence of real positive numbers (usually assumed in the interval
[0,1]) and T is a nonexpansive mapping (i.e., [|[Tz — Ty|| < ||z — y|| for all z,y in
the domain of T').

Both algorithms (1.1) and (1.2) have extensively been investigated; see [9, 13,
10, 11, 16, 18, 19, 12, 20]) and the references therein. The feature is that the KM
method can have only weak convergence (in general) and Halpern’s method can
always have strong convergence in the Hilbert space setting. We list the following
two fundamental convergence theorems (the Banach space versions can be found in
Reich [15, 16]).

Theorem 1.1. Let H be a Hilbert space and C a nonempty closed convex subset
of H. Suppose T : C — C is a nonexpansive mapping with a fixed point. Suppose
{tn} is a sequence in [0, 1] such that

(1.3) itn(l —ty) = 0.
n=0
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Then the sequence {x,} generated by the KM method (1.1) converges weakly to a
fized point of T.

Theorem 1.2. Let H be a Hilbert space and C' a nonempty closed convex subset
of H. Suppose T : C — C' is a nonexpansive mapping with a fixed point. Suppose
{tn} is a sequence in [0, 1] such that

(i) limy 00t =0,
(i) >nzotn = 00,
(iii) either Y o2 o [tn — tng1| < 00 or limy oo (tn /tns1) = 1.
Then the sequence {x,} generated by the Halpern method (1.2) converges strongly
to a fized point of T which is closest to u from the set of fixed points of T .

The development of inventing new iterative methods for finding fixed points of
nonexpansive mappings has always been going on. For instance, Halpern’s method
(1.2) has been adapted [20] to a finite family of nonexpansive mappings. More
recently, the KM algorithm (1.1) has been adapted to the implicit midpoint rule [1]
motivated by the implicit midpoint rule for differential equations [2, 3, 4, 5, 17].

The implicit midpoint rule (IMR) for nonexpansive mappings [1] generates a
sequence {x,} by the following semi-implicit iteration recursion:

Implicit Midpoint Rule (IMR) :
Initialize o € C arbitrarily and iterate

(1.4) Tng1 = (1= tp)xp + t,T (Lgnﬂ) . n>0,

where ¢, € (0,1) for all n.

Notice that IMR (1.4) is well defined, due to the fact that the map, for each fixed
ue Candte(0,1),

a:»—>(1—t)u+tT<UJ2r$>, reC

is a contraction of C and thus has a unique fixed point in C.
A convergence result on IMR (1.4) is provided in [1] as follows.

Theorem 1.3. Let C' be a closed convex subset of a Hilbert space H and let T :
C — C be a nonexpansive mapping with fived points. Then the sequence {x,}
generated by IMR (1.4) converge weakly to a fized point of T' provided the sequence
{tn} satisfies the two conditions:

(C1) ti+1 < aty, for alln >0 and some a > 0,

(C2) liminf,,_, t, > 0.

[Remark: The condition (C1) is redundant as it is implied by the condition (C2).]
The ergodicity of IMR (1.4) has recently been discussed in [21].
In this note we shall provide an alternative by proving a weak convergence result
using the condition (1.3). Namely, we will prove the following result.

Theorem 1.4. Let C be a closed convex subset of a Hilbert space H and letT : C' —
C' be a nonexpansive mapping with fived points. Then the sequence {x,} generated
by IMR (1.4) converge weakly to a fized point of T' provided > o o tn(1 —t,) = c0.
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2. PROOF OF MAIN RESULT

The main result of this note is Theorem 1.4. To prove it, we shall first establish
certain properties of IMR (1.4). We begin by recalling the notion of nonexpansive
mappings.

Let H is a real Hilbert space and let C' be a nonempty closed convex subset of
H. Recall that a mapping T : C' — C is said to be nonexpansive if

[Tz =Tyl <[z —yl, zyeC.

We shall use Fiiz(T') to denote the set of fixed points of T'. Namely, Fiz(T) = {z €
C : Tz = z}. We always assume that Fiz(T) # (. [Note that if C is in addition
bounded, then Fiz(T) # 0.]

2.1. Properties of IMR (1.4). First we quote the following lemma.
Lemma 2.1. [1] Let {z,,} be the sequence generated by IMR (1.4). Then

(i) [|zn+1 — pll < ||zn — p|| for alln >0 and p € Fix(T).
(i) 3oy tallzn — znga|? < oo,

(i) D202 tn(1 — 1)

Lemma 2.2. Let {x,} be the sequence generated by IMR (1.4). Then {||x, —T x|}
is decreasing; hence, limy, o0 ||y — Txy|| exists.

Tn+T 2
xn—T<"f”+1)H < 0.

Proof. As a matter of fact, we have

Tn + Tp41
Hilfn+1 — Txn+1|| = ’ (]. — tn)xn + tnT <n2n+> — T$n+1
Tn + Tnyl
< (1 - tn)”xn - Tmn—&-l” + iy || T # —Txpi

t
< (U =to)lln = Tonia |l + 5 l2n = 2nsa |

t
< (A =tp)(|lzn — Tpl| + [|[Trn — Topga|]) + Eonn — Tpt1]|
t
< (T =to)(lzn — T + |20 — 2nga|l) + Eonn — Znt1|

1
(2.1) = A =ta)llen = Tzal + (1 = Stn)ll2n — Tntal.

However, by definition of IMR (1.4), we have

or ()

e, -1 (72 ) )
(=5=)])

o\ T

”xn — Tpy1|| = tn

<t, (||xn —Txy| + ’

<t, (Hxn — Tz, +
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1
~tu I = Taull + 3l -

It turns out that

xwﬂ)-

t
(2.2) |lzn — Tyt < 7711"%1 — Tzy||.
1—35t,
2
Substituting (2.2) into (2.1) yields
(2.3) [#n1 = Tapgr|| < [[on — Tan|.

Lemma 2.3. There holds the relation

3
(2.4) X — Tyl < 3

Proof. We have
|20 — Ty
<z — 2pgall + 17041 — Tl

<t |z, —T (xn +2xn+1> ‘

S tn 2

It follows that

|zn — Tl <

2

= (1+ Stn)

2

+ (1 - tn)Hxn - Txn” +tn

- (l‘n +21‘n+1> H ‘

T <$n +21'n+1> — Tz,

Tp + 1
I <nn+1) H + (1= t)ln = Tl + Stallzn — Zasa]

Tp + Tpa 1
) R e

oy —T (fb‘n +233n+1> H

)|

Combining Lemma 2.1(iii) and Lemma 2.3 immediately yields

Lemma 2.4. Let {z,} be generated by IMR (1.4). Then

o0
(2.5) D tn(1 = ty)Jzn — Ta|® < oo.
n=0

2.2. Proof of Theorem 1.4. We need the demiclosedness principle for nonexpan-

sive mappings in order to prove Theorem 1.4.

Lemma 2.5. [6] Let C' be a nonempty closed convex subset of a Hilbert space H
and let V : C — H be a nonexpansive mapping with a fixed point. Assume {z,}
is a sequence in C such that z, — z weakly and (I —V)z, — 0 strongly. Then

(I -T)z=0;ie., z€ Fiz(T).
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We use the notation wy,(z,) to denote the set of all weak cluster points of the
sequence {z,}.
The following result is easily proved (see [10]).

Lemma 2.6. Let K be a nonempty closed convex subset of a Hilbert space H and
let {z,} be a bounded sequence in H. Assume

(1) limy—yo0 ||2n — p|| exists for allp € K,

(ii) wy(zn) C K.
Then {z,} weakly converges to a point in K.

We are now in a position to prove Theorem 1.4, the main result of this paper.

Proof of Theorem 1.4. Since Y 2 ;tn(1 —t,) = 0o, we derive from Lemma 2.4 that

liminf, , ||zn — Tzy| = 0 which together with Lemma 2.2 implies that
(2.6) lim ||z, — Tzy| = 0.
n—oo

Now Lemma 2.5 ensures that wy,(x,) C Fiz(T). By virtue of Lemma 2.1(i), we can
apply Lemma 2.6 with K := Fiz(T) to conclude that {x,} must converge weakly
to a point in Fiz(T). O

3. CONCLUDING REMARKS

IMR (1.4) is a semi-implicit iterative method for nonexpansive mappings. We
raise the following questions for further investigations:

(1) Can IMR (1.4) be strongly convergent? As a semi-implicit method, strong
convergence would be hoped. However, this is unclear yet.

(2) How IMR (1.4) is comparable with the KM method (1.1)? Again as a semi-
implicit method, faster convergence of IMR than KM would be expected.
Numerical experiments would help to convince it.

(3) What is the Banach space version of Theorem 1.47 Such a version for
Theorem 1.3 is partially obtained in [22].

(4) In IMR (1.4), the midpoint between z,, and z,11 is used (hence the name
of implicit midpoint rule). One may wonder whether or not the midpoint
can be replaced with any convex combination of x,, and x,11, that is, if we

define
Tyt := (L —tp)xy +t,T Ay + (1 — N)xpg1), n>0,

with A € (0,1). What is then the convergence of the sequence {x}?
(5) Develop IMR (1.4) to accommodate the case of finding a common fixed point
of a finite family of nonexpansive mappings.
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