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ON NONSMOOTH OPTIMALITY THEOREMS FOR ROBUST
MULTIOBJECTIVE OPTIMIZATION PROBLEMS*
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Dedicated to Prof. Wataru Takahashi on his 70th birthday

ABSTRACT. In this paper, we consider a nonsmooth multiobjective problem
(UMP) with more than two locally Lipschitz objective functions and locally Lips-
chitz constraint functions in the face of data uncertainty, which is called a robust
multiobjective optimization problem, and then associate (UMP) with its robust
counterpart (RMP) by the worst case approach and define three kinds of solu-
tions for (RMP), that is, robust efficient solution, weakly robust efficient solution
and properly robust efficient solution, which can be regarded as ones for (UMP)
defined by the worst case approach. We prove nonsmooth optimality theorems
for weakly robust efficient solutions and properly robust efficient solutions for
(UMP).

1. INTRODUCTION

Let X be a Banach space, and let functions f;,g;: X — R, 7 =1,...,p, j =
1,...,m be given. Consider the following multiobjective optimization problem with
inequality constraints:

(MP) Minimize (filz),..., folx))
subject to gj(x) <0, j=1,...,m.

This problem in the face of data uncertainty in the constraints can be written by
the following multiobjective optimization problem:

(UMP) Minimize (filz,ur), ..., (fplz,up))
subject to gj(z,v;) <0, j=1,...,m,

where u; and v; are uncertain parameters, and u; € U;, v; € V; for some sequentially
compact topological spaces U; and Vj, i =1,...,p,j=1,...,mand f;: XxU; = R,
gi: X xV; =R, i=1,...,p, 7 =1,...,m are functions.

In this paper, we treat the robust approach for (UMP), which is the worst case
approach for (UMP). Now we associate with (UMP) its robust counterpart:

(RMP) Minimize ( max fi(x,uy),..., max fp(a:,up)>
u1 €U UPEUP
subject to gj(z,v;) <0, Vo, €Vy, j=1,...,m,
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where the uncertain objective functions and constraints are enforced for every pos-
sible value of the parameters within their prescribed uncertainty sets U;, i = 1,...,p
and V;, j = 1,...,m. The problem (RMP) can be understood as the robust case
(the worst case) of (UMP). So, optimizing (UMP) with (RMP) can be regarded as
the robust approach (worst approach) for (UMP).

When p = 1, the problem (MP) involves one objective function and so it turns
to the following scalar optimization problem:

(P) min{fi(x) | gi(x) <0, i=1,...,m}.
When (P) is in the face of data uncertainty, it can be captured by the problem
(UP) min{fi(z,w1) | gi(z,v;) <0, i=1,...,m},

which has been intensively studied in [2]-[7], [15]-[18], [23, 24]. The robust counter-
part of (UP) is as follows [2, 4, 17]:

(RP) min{ max filz,ur) | gi(z,v) <0, Yo, €V, i = 1,...,m}.
u1 €U

Recently, to find robust solutions which are less sensitive to small perturba-
tions in variables, Deb and Gupta [13, 14] defined two kinds of robust solutions for
multiobjective optimization problems; the emphasis of their robust multiobjective
approaches is to find a robust frontier, instead of the Pareto frontier in the problems.

In this paper, using (RMP), we define three kind robust solutions for the prob-
lems, which are different from the ones of Deb and Gupta [13, 14], as follows: let
us define the set of robust feasible solutions as follows:

C:={reX|gjx,v) <0, Vo€V, j=1,...,m}.

z € C is said to be a robust efficient solution of (UMP) if there does not exist a
robust feasible solution = of (UMP) such that
lrb?gg{ifl(l"uz) :i?gz,){ifl(x’ul)’ i=1,...,p,
) < T,u), f k.
tglgb){i fre(z,ug) urzleazick fre(Z,ug), for some
z € C is called a weakly robust efficient solution of (UMP) if there does not exist
a robust feasible solution = of (UMP) such that

max fi(z,u;) < max fi(Z,u;), i=1,...,p.
i u; EU;

u €U; T

Z € C is said to be a properly robust efficient solution of (UMP) if it is an
efficient robust solution of (UMP) and there is a number M > 0 such that for all i €

{1,...,p} and z € C satisfying maxy, ey, fi(z, ;i) < maxy,ey; fi(Z,u;), there exists
an index k € {1,...,p} such that max fx(Z,ux) < max f;(x,ux) and moreover
u EU, u EU,

maxuieui fl(ja ul) - maXuieLa fl(xa uz)
maXy, ey, fk(xv uk) — MaXy, ey, fk(ja uk)

<M.

Jeyakumar, Li and Lee [18] proved a KKT optimality theorem for (UP) when
involved functions in (RP) are continuously differentiable. Kuroiwa and Lee [19, 20]
studied scalarizations and optimality theorems for (UMP) when involved functions
are convex. Lee and Son [23] obtained a KKT optimality theorem for (RP) when
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involved functions in (UP) are locally Lipschitz. The aim of this paper is to ex-
tend the KKT optimality theorem in [23] to a robust multiobjective optimization
problem. We prove nonsmooth optimality theorems for weakly robust efficient so-
lutions and properly robust efficient solutions for (UMP) when involved functions
are locally Lipschitz.

2. PRELIMINARIES

In this section, we fix notation and give preliminary results for next sections. Let
a function f: X — R be given. We shall suppose that f is locally Lipschitz, that
is, for each x € X, there exist an open neighborhood U and a constant L > 0 such
that for all y and z in U,

[f(y) = f(2)] < Llly — =].

Definition 2.1. For each d € X, the generalized directional derivative of f at z in
the direction d, denoted f°(x;d), is given by
flx+h+td) — f(x+h)

f(x;d) = limsup .
h—0, t—0-+ t

We also denote the usual one-sided directional derivative of f at x by f'(x;d).
Thus

whenever this limit exists.

In the sequel, X* denotes the (continuous) dual space of X and (-, ) is the duality
pairing between X and X*. The norm of an element £ of X*, denoted ||£]*, is given
by

1€]]* := sup{{¢,d) | d € X, [|d|| < 1}.
However, all statements involving a topology on X* are with respect to the weak*
topology, unless otherwise stated.

Definition 2.2. The generalized gradient of f at x, denoted by 9f(z), is the
(nonempty) set of all £ in X™* satisfying the following condition:

f(x;d) > (,d) forall deX.
We summarize some fundamental results in the calculus of generalized gradients
(for more details, see [8]-[11], [21]):

(1) df(z) is a nonempty, convex, weak®* compact subset of X*
(2) The function d — f°(z;d) is convex.
(3) For every d in X, one has

f(@;d) = max{(¢,d) | £ € Of (x)}.

Let V be a sequentially compact topological space and let g: X XV — R be a
given function. Now, we will assume that the following conditions hold:

(C1) g(x,v) is upper semicontinuous in (x,v).



2042 G. M. LEE AND J. H. LEE

(C2) g is locally Lipschitz in z, uniformly for v in V), that is, for each x € X, there
exist an open neighborhood U of x and a constant L > 0 such that for all y
and zin U, and v € V,
\g(y,v) - g(z,v)| < LHy - ZH

(C3) go(x,v;-) = gl (x,v;-), the derivatives being with respect to x.
(C4) the generalized gradient d,¢g(x,v) with respect to x is weak* upper semicon-
tinuous in (z,v).

Remark 2.3. In a suitable setting, conditions (C2), (C3), and (C4) will follow if
the function ¢ is convex in x and continuous in v. These conditions on the function
g also hold when the derivative V,g(x,v) with respect to x exists and is continuous
in (z,v).

We define a function ¢: X — R via

Y(z) := max{g(z,v) | v € V},

and we observe that our conditions (C1)-(C2) imply that v is defined and finite
(with the maximum defining 1) attained) on X.

V(z) :={veV|glrv) =)}

It is easy to see that V() is nonempty and closed for each x in X.
The following lemma, which is a nonsmooth version of Danskin’s theorem [12]
for max-functions, makes connection between the functions ¢/(z; d) and g3 (x,v;d).

Lemma 2.4. Under the conditions (C1)-(C4), the usual one-sided directional de-
rivative V' (x; d) exists, and satisfies
Y(ayd) = ¢°(2;d) = max{gg(w,v;d) | v e V(2)}
= max{({,d) | { € g(x,v), v € V(2)}.
Proof. See [10, Theorem 2] (see also [8, Theorem 2.1], [12]). O

The following result will be useful in our later analysis.

Lemma 2.5 ([23]). In addition to the basic conditions (C1)-(C4), suppose that V
is convex, and that g(x,-) is concave on V, for each x € U. Then the following
statements hold:

(i) The set V(x) is convex and sequentially compact.
(ii) The set

0x9(z,V(x)) :=={& | v € V(x) such that & € 0zg9(x,v)}

1s conver and weak® compact.

(iii) OY(x) ={& | Jv € V(x) such that & € Opg(x,v)}.
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3. NECESSARY OPTIMALITY THEOREMS

Let X be a Banach space. Recall the robust counterpart (RMP) of (UMP):
(RMP) Minimize ( max fi(x,u1),..., max fy(z, up))
u1 €EUL Up EUp
subject to gj(z,v5) <0, Vo €V, j=1,...,m.
We assume that f;: X xU; — R, ¢ = 1,...,p are locally Lipschitz functions,
and g;j: X xV; — R, j = 1,...,m are locally Lipschitz functions, and that /4,

t=1,...,pand V;, j =1,...,m are sequentially compact topological spaces.
We recall the set of robust feasible solutions of (UMP):
C:={reX|gjx,v) <0, Vv €V, j=1,...,m}.

Define ¢i(x) := maxyey fi(z,u;) for each i = 1,...,p and ¥;(z) =
maxy,ey; gj(@,v;) for each j = 1,...,m. Then if f; and g; satisfy the conditions
(C1) and (C2), ¢4,9j: X = R, i=1,...,pand j =1,...,m, are locally Lipschitz
functions.

Let 2 € C and let us decompose J := {1,...,m} into two index sets J = Jy(x) U
Jo(x), where Ji(x) = {j € J | ¢j(x) = 0} and Jo(x) = J \ Ji(x). We put for each
1=1,....p,

Ui(x) = {us € Us | fi(w,ui) = di(x)},
and for each j € Jy(z),

Vi(x) :={v; € V; | gj(x,v5) = i)}

Now we give a necessary optimality theorem for weakly robust efficient solutions
for (UMP):

Theorem 3.1. Assume that f;, 1 =1,...,p and g;, 3 = 1,...,m satisfy the condi-
tions (C1) and (C2). If x* € C is a weakly robust efficient solution of (UMP), then
there exist pi; 20, i=1,...,p, \; 20, j € Ji(z*), not all zero, such that

p
S wigd(ad)+ Y AyS(aid) 2 0 for all d € X.
=1 JeJ(x*)

Proof. Suppose that there exists d € X such that
{ ¢S (z*;d) <0, i=1,...,p,
Y (" d) <0, j € Ji(z™).
Then we have for alli=1,...,p,

¢i(x* + td) — ¢i(x") ¢i(x* +td) — ¢i(x")

lim sup = inf sup
t—0+ t (5i>00<t<5i t
(" + h+td) — ¢di(x* + h
< inf sup Pila” + bt td) = il + h)
0 JInli<e ¢
i 0<t<d;

. (bi(x*—i-h-i-td) —¢i(az*+h)
= limsup
h—0 t—0+ t
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= ¢7(z";d) <O0.
So, we have
lim sup ¢i(a” + td) — di(a”) — inf sup ¢i(z* +td) — ¢i(x™)
=0+ t 0i>00<t<§; 13

< 0.

Hence, there exist §F > 0, i = 1,...,p such that for all t € (0,6), ¢;(z* + td) <
On the other hand, let j € J;(z*) be any fixed. Then, we have

lim sup ?ﬁj(l‘ + td) - wj(x ) jnf sup 1%(1‘ + td) — ¢]($ = h)

t—0+ t 5;>00<t<5, t

inf sup ¢]($ +h+td)—¢j(ﬂi ‘l—h)
0 ]| <e t
9;>0 0<t<d;
_ lim sup 1/Jj (1‘ + h + td) - %’ (l‘ )

h—0 t—0+ 13
= 9j(z%d) <O0.

A

So, we have
lim sup vya” 4 td) — 5(27) = inf sup Yy(@” 4 td) — ¢5(27)

t—0+ t 6]' >0 O<t<Sj t

< 0.

Hence, there exist SJ* > 0, j € Ji(x*) such that for all ¢t € (0,5;-‘), pi(a* 4+ td) <
Moreover, since ¢;(z*) < 0, j € Ja(z*) and v; is continuous at z*, there exist
0% > 0, j € Jo(z*) such that for all ¢t € (0,0%), v;(2* + td) < 0. Let 6* :=

min{g*,g*,g*}, where 6* := min &7, 6* := min 5;“ and 6* := min 5; Then
je{1,...,p} i€J1(z*) i€Ja(z*)
for all ¢t € (0,0%), z* + td € C and ¢;(x* + td) < ¢;(x*), i = 1,...,p. This is a

contradiction since z* is a weakly robust efficient solution of (UMP). Hence
¢2(x*;d) <0, i=1,...,p,
Vi (z*;d) <0, Vje Ji(z")

has no solution d € X. Since the functions d — ¢$(z;d), ¢ = 1,...,p and d —
w;-’(x;d), j =1,...,m are convex, it follows from Gordan alternative theorem in
[25] that there exist p; =2 0,7=1,...,p, \j 20, j € Ji(z¥), not all zero, such that

p
S pidt(atid)+ Y AuS(a*id) 2 0 for all d € X.
=1 jedi(z*)

0

Definition 3.2. We define an FExtended Nonsmooth Mangasarian-Fromovitz con-
straint qualification (ENMFCQ) at x € C as follows:

3d € X such that g5, (z,v5;d) <0, Yv; € Vj(x), Vj € Ji(z),
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where g7, (x,vj;d) denotes the generalized directional derivative of g; with respect
to .

The following result is a robust KKT necessary optimality theorem for (UMP),
which is a multiobjective version of Theorem 3.3 in [23] and a multiobjective and
nondiffferentiable version of Theorem 3.1 in [18].

Theorem 3.3. Assume that f;, 1 =1,...,p and gj, 3 =1,...,m satisfy the condi-
tions (C1)-(C4). Suppose that for each x € X, fi(x,-), i =1,...,p, are concave on
Ui, i=1,...,p and gj(z,-) are concave on V;, j =1,...,m. Let * € C be a weakly
robust efficient solution of (UMP). Then there exist p1; =2 0, 1 = 1,...,p, A\; 2 0,
Jj=1...,m, not all zero, and u; € U;(z*), i =1,...,p, v; € V;(z*),j=1,....,m
such that

p m
0 mbafilw®,uf) + Y \jOugj(a*,v}),
i=1 j=1
0= )‘jgj(x*vvj)7 J = 17"'7m>

where Oy fi(x*,u;) and Oyg;(x*,v}) are subdifferentials of the convex functions
fi(,u)) at z* and g;(-, Uj) at x*. Moreover, if we further assume that the Extended
Nonsmooth Mangasarian-Fromovitz constraint qualification (ENMFCQ) holds, then
there exist p; 20, ¢ =1,...,p, not all zero, and u; € Us(z*), i =1,...,p, A; 20
and vj € Vi(z*), j=1,...,m such that

P m
0e Zmﬁxfi(a:*,uf) + Z)\jaxgj(fﬂ*w;),
i=1 j=1
O:)\jgj(x*7v;)’ ]:1’7m

Proof. Let z* € C be a weakly robust efficient solution of (RMP). Then by Theorem
3.1, there exist p; 20,i=1,...,p, A\; 20, j € Ji(z*), not all zero, such that

p
> g (ztid)+ Y Aeps(a*id) Z 0 for all d € X.
=1 JEJ1(z*)

Since ¢;(z*;d) = max{(§,d) : & € 0¢i(z*)}, i = 1,...,p and ¢7(z%;d) =
max{((j,d) : (j € O;(x*)}, j =1,...,m, we have for all d € R",

> max{(&,d): & € 0¢i(x)} + Y max{(¢,d) : ¢ € O;(x)} 2 0.
=1

jeJ1(z*)

Hence for all d € R”,

p
fomax <Z;,Uifi+ Z )‘jCjad> 2 0.

€0 (x*) jE€S1(z")
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This is equivalent to

dlenﬂgngeg};sax <ZN’€’ Z AiG: >§

(€0 (x ) )

Since the sets d¢;(x*) and 0v;(z*) are convex and weak® compact, by “lop-sided”
minimax theorem [1],

fleg};bax*) dlerjlgn<ZMz€1 Z s Cj, > g

Cjeawj(m ) JEJ1 (")

So, there exist & € 0¢;(z*), i =1,...,p and (; € 0Y;(z*), j € Ji(x*) such that for
all d € R,

(Yue+ X ngd)zo
i=1

Jj€J1(z*)

P
Hence Zuiﬁi + Z Aj¢j = 0, and we have
i=1 )

p
0e Z,uz&;ﬁz(x*) + Z )\jal/Jj(x*

i=1 jeJi(x*)
Thus, by letting A; = 0 for all j € Jo(z*), we have

P m
0€e Zuia@(l’*) + ZAjawj(x*)y

i=1 j=1
0=Xj¢p;(z"), 5=1,...,m.
On the other hand, it follows from Lemma 2.5 (iii) that
0¢i(z*) = {& | Fui € U;(x™) such that & € O, fi(z™,w)}, i=1,...,p,
Oi(x*) ={¢ | Jv; € Vj(x*) such that (; € O,g(z",vj)}, j=1,...,m

Therefore there are uj € U;(z*) and v} € V;(2*) satisfying the following conditions

P m
0 € > pldufile®,uf) + ) A\jdug;(z”
i=1 j=1

0 = )\jgj(x*,v;), jzl,...,m.

We now assume that the extended Nonsmooth Mangasarian-Fromovitz constraint
qualification (ENMFCQ) at z* holds. Then fi;, ¢ = 1,...,p, are not all zero. In
fact, if it is not true, then A\; 2 0, j € Ji(z*), not all zero, and

0e > Mgt ) =0 3 Ngiu)) @),

jeJi(z*) Jj€J1(z*)
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) ]’
which contradicts (ENMFCQ). Hence there exist y; = 0, = 1,...,p, not all zero,
and uf €U, i=1,...,p, A §Oandv; €Vj, j=1,...,m such that

(The equality is induced by (C3)) So, 3¢ (+) Aigj. (", vj;d) 2 0 for all d € R"

D m
0€ Z/’%axfl(m*?u;k) + Z)‘jaxgj(x*’v;)’
i=1 g=1
O:A]g](x*7v‘;k)’ j:L...,m.

O

From the proof of Theorem 3.3, we can obtain the following theorem for a convex
multiobjective optimization problem:

Theorem 3.4. Assume that fi(-,-), i = 1,...,p and g;(-,-), j = 1,...,m are

continuous, and fi(-,u;), i = 1,...,p and g;(-,v;), j =1,...,m are convex on X.
Suppose that for each x € X, fi(z,-), i =1,...,p, are concave on U;, i = 1,...,p
and g;(z,-) are concave on Vj, j =1,...,m. Let x* € C be a weakly robust efficient

solution of (UMP). If the robust Slater condition holds, that is, there exists & € X
such that g;(&,v;) < 0, for any v; € Vj, j = 1,...,m, then there exist p; = 0,
i=1,...,p, not all zero, and uf € U;(z*), i =1,...,p, A\; 2 0 and v € Vi(z*),
7 =1,....,m such that

P m
0¢e Z piOy fi(x™ ul) + Z AjOzg;(z™,v7),
i=1 J=1

O:Ajgj(x*vv;)> j: 17"'7m>

where Oy fi(x*,uf) and Oyg;(x*,v}) are subdifferentials of the convex functions
fi(hyuf) at 2 and g;(-,v}) at z*.

By Theorem 2.6 in [22], we can get the following lemma for properly robust

efficient solutions of (UMP) :

Lemma 3.5. [22] Let X = R". & € C is a properly robust efficient solution of
(UMP) if and only if there exist M > 0 and fi; >0, i =1,...,p such that

in f(z) = f(z) =0,
glelgf(x) f(z)
R p
where () = s mae (e, us) — e f(7, )
Z:l 3 1 k3 3
iE{l,...,p} u; EU; u; €U;

+ M(Ep:ﬂi) max [max filx,u;) — max fi(Z,ui)].
i=1

Using Lemma 3.5, we can obtain a necessary optimality theorem for a properly
robust efficient solution of (UMP):
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Theorem 3.6. Let X = R". Assume that f;,i=1,...,p and g;, j =1,...,m sat-
isfy the conditions (C1)-(C4). Suppose that for each x € X, fi(z,-),i=1,...,p, are
concave on Uy, i =1,...,p and g;(x,-) are concave on V;, j=1,...,m. Let * € C
be a properly robust efficient solution of (UMP). Assume that the extended Non-
smooth Mangasarian-Fromovitz constraint qualification (ENMFCQ) holds. Then,
there exist yu; > 0, uj € Ui(z*) i=1,...,p, and \j 2 0, vj € V;(z*), j=1,...,m
such that

P m
0e Z/Lzaxfl(x*au;k) + ZAjaxgj(l‘*’v;)
i=1 Jj=1

and )‘jgj(x*’v;) =0,5=1L...,m

Proof. Let x* € C be a properly robust efficient solution of (UMP). Then by Theo-
rem 3.1, there exist M > 0 and fi; > 0, ¢ =1,...,p such that

min fla) = fa*) =0,
where f Z M [ maX fz(x uz) mgff fz(:l:*a ul)

a($50) g, Lo e - v

ZG 1 Uzeu Uzeuz
Here f is a locally Lipchitz function. Let Yj(x) = max,, ey, gj(z,v;). Then, by
Remark 6.1.2 in [11], there exist A\g = 0 and \; 20, j =1,...,m, not all zero, such
that
0 € Ndf(z +Z)\ Ovi(z*), Ai(a*) =0, j=1,...,m

By Lemma 2.5 (iii), there ex1st )\0 20, A; 2 0, not all zero, vi €Vi(z*),j=1,....m
such that

0 € \Of (z +Z)\ Bug;(*,v7), Ajgj(z*,03) =0, j=1,...,m.
Assume to the contrary that Ao = 0. Then

m
0€ ) Ajdag; (2™, 7).
j=1
So, there exist (; € 8xgj(:v*,v;f), j=1,...,m such that

= Z Aj C_J
=1

J
Since for any d € X,, g;(v,v};d) = max{((;,d) | ¢; € Ozgj(z,v})}, j = 1,...,m,
then for any d € X,

m m
ZA] Cja éz ]g].’I,',’Uj,d
J=1 J=1
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which contradict (ENMFCQ). So, Ag can not be 0. Hence we may assume without
loss of generality that \g = 1. Thus, there exist A\; = 0 and CHES Vi(z*),j=1,...,m
such that

Oe@f +Z)\awg] ) ]

Let ¢;(x) := maxy, ey, fi(z,u;) — maxuieui fi(z*,u;), i =1,...,p. Then ¢;(z*) =0,
i=1,...,p. So, we have

Z:p: fripi(z (

Hence, there exist \; = 0, v; € Vj(z*), j = 1,...,m such that

M@

) max  ¢;(x).

P ie{l,....,p}

0 €df(x +Z)\ Dy (x

o3 <i ) sy o60) + S

i€{1,...,p}

CZM@@ (Z )CO{8¢1 )| - 7""p}+z)‘a’ng ’])

7=1
Thus, there exist 5; 20,7 =1,...,p, A; = 0 and vi € Vj(x*), j = 1,...,m such
that

p p p
0e Zﬂia@(fﬂ*) + M(ZM) Zﬁz@@( Z)\ Ougj (™, v5)
=1 =1 =1

Since 9¢;(x*), i = 1,...,p are convex, there exist p; > 0, i=1,...,p, and A\; 20,
vl € Vi(z*), j =1,...,m such that

p
0€e Eﬂza¢z + Z)\ 819] ) ]

i=1
By Lemma 2.5 (iii), there exist p; > 0, uf € U;(z*), ¢ = 1,...,p, A\; = 0 and
vi € Vj(z*), j =1,...,m such that

p m
0€ 3 it file ut) + 3 Aty
=1

i=1

Thus there exist u; > 0, ufEUiizl,...,p,)\jgOandv;EVj,jzl,...,msuch

that )

0> pidpfila®,ul) + Y Njdugj(x
i=1 j=1

and )\jgj(az*,vj) =0, j=1,...,m. So the theorem holds. O

From the proof of Theorem 3.6, we can obtain the following theorem for a convex
multiobjective optimization problem:
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Theorem 3.7. Let X = R". Assume that fi(-,-), i = 1,...,p and g;(-,-), i =
1,...,m are continuous, and f;(-,u;), i = 1,...,p and g;(-,v;), i = 1,...,m are
convex on X . Suppose that for each x € X, fi(x,-), i =1,...,p are concave on U,
i=1,...,p and g;j(z,-) are concave on Vj, j =1,...,m. Let z* € C be a properly
robust efficient solution of (UMP). If the robust Slater condition holds, that is, there
exists & € X such that g;(&,v;) <0, for any v; €V, j =1,...,m, then there exist
pi >0,1=1,...,p, not all zero, uj € Uy(z*), i =1,...,p, \;j 2 0 and vj € V;(z"),
j=1,...,m such that

P m
0e Z wiOy fi (2™, ul) + Z AjOrgj(x*,v7),
i=1 j=1

0= )\jgj(x*vv;)) J=1...,m,
where Oy fi(x*,u;) and Oyg;(x*,v}) are subdifferentials of the convex functions
fi(sup) at 2 and g;(-,v}) at z*.

Example 3.8. Let x := (71,72) € R% (ui,u) € Uy x Us := [0,1] x [0,1] and
vi= (v1,v2) € V= {v € R? | v? + v3 < 1}. Consider the functions

(fi(zr, o, ut, u2), fa(w1, 22, u1,u2)) = (w121, upas),
g(x1,29,v1,v2) = x101 + 22U — L.
Let
C = {(z1,22) € R* | P(1,22) <0},
where
bla) = max_g(er,wavr,v) = max_((en,@0), (vr,0)) — 1= /o2 +a3 - 1.

(v1,v2)€EV (v1,v2)€EV

Now, we consider the following multiobjective problem with uncertainty data:

(UMP) min (fi(x1, 22, u1,u2), fo(x1, T2, u1,u2))
st. g1, 22,v1,v2) <0, V(vi,v2) €V,

its robust counterpart:
(RMP) min ( max fi(zy, xo,ut, uz), max fg(:cl,xg,ul,ug))
(u1,u2) €U XUs (u1,u2) €U XUz
s.t. g(:cl,xg,vl,vg) <0, V(Ul,UQ) eV.

Then the set of properly robust efficient solutions of (UMP) is {(z1,72) | 22 +
23 <1, 1 £ 0, 29 £ 0}. Moreover, the set of weakly robust efficient solutions
of the problem is {(z1,72) | 22 + 23 < 1, 21 £ 0 or 22 < 0}. So, it is clear
that (z7,23) = (1,0) € C is a weakly robust efficient solution of (UMP). We have
Ui (27, x5) x U (27, 25) = {(1,u3) | uy € Up} and V(z7,25) = {(1,0)}. Moreover, it
is easy to check that (ENMFCQ) holds at (z7,z%) and if we let p; = 0, ua = 1,
A1 =0, (u,ul) = (1,0) and (v}, vi) = (1,0), then we have

:u’lvl’fl(aﬁ? :E;,UT,U;) + NQme2($T7x§a uTa US) + Alvxg(xi 553”1:”;) = 07
)\19(«’1}'?,33;,11;,1);) =0.

Moreover, (Z1,%3) = (—%, —%) € C is a properly robust efficient solution of

(UMP). We have Uy (Z1, Z2) X Uz(T1,Z2) = {(0,0)} and V(Z1,Z2) = {(_%’ _\%)}
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Moreover, it is easy to check that (ENMFCQ) holds at (Z1,Z2) and if we let puq =

o =1, A1 =0, (’Ul,’ag) = (0,0) and (1_)1,’(_)2) = (* %, *%), then we have

Mlvxfl(j;lijvﬂlvﬂQ) + ,UQVIfQ(jl, f251117@2)) + )\lvxg(jl)j?)@l?ria) = 07
)\19(@1,1%2,17}1,17}2) = 0.

Thus, Theorem 3.3 and 3.6 hold.

Moreover, (&1, 42) = (0,0) € C is a properly robust efficient solution of the prob-
lem (3.1). We have ul(i'l,:i'g) X UQ(.@l,i'Q) = u1 X UQ and V(i‘l,i'g) =). But
(ENMFCQ) does not holds at (Z1,&2). On the other hand, the Slater’s condi-
tion holds at (Z1,&2), that is, g(Z1, &2, v1,v2) < 0, for all (vy1,v2) € V. Moreover,
fi(ur,u), fa(s,ui,u2) and g(-,vi,v2) are convex. If we let ug = po =1, Ay = 0,
(t1,702) = (0,0) and (01,02) = (1,0), then we have

p1 Vs f1(&1, &2, U1, U2) + p2Va fo(E1, To, U1, G2) + M Veg(Z1, T2, 01, 02) = 0,
Mg(Z1,T2,01,02) = 0.

Thus, Theorem 3.7 holds.
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