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control function, specifically using the Caputo fractional derivative. There is a new
variation of fractional calculus called tempered fractional calculus, as a more flexible
alternative with considerable promise for practical applications. A fractional deriv-
ative is a convolution with a power law. A tempered fractional derivative multiplies
that power law kernel by an exponential factor.

However, to the best of our knowledge, there has been no research exploring
the controllability of nonlinear fractional dynamical systems with tempered Caputo
fractional derivatives. In this work, we aim to bridge this gap by analyzing the
controllability of such systems using the Gramian matrix and Schauder’s fixed-
point theorem. In the context of fractional calculus, several studies have explored
various integral equations and approximation methods, including the works [2–4,6–
8,15,17,18,26, 27,29].

Consider the nonlinear fractional differential equation with tempered Caputo
fractional derivatives:

(1.1){
CDÓ,ň

a x(ú) = Az(tú) +Bu(ú) + f(ú, z(ú), u(ú)), ú ∈ J = [a, b], 0 < Ó < 1, ň ≥ 0,

z(a) = za,

where CDÓ,ň
a (·) represents the tempered Caputo fractional derivative of order Ó.

In this equation, z ∈ Rn is the state variable, u ∈ Rm is the control function, A is
an n × n matrix, B is an n × m matrix, and f is a continuous function mapping
J × Rn × Rm into Rn.

In this section, we outline important definitions, lemmas, notations, and basic
information needed to establish our main findings.

Definition 1.1 ( [24]). Let z(ú) be a real-valued, piecewise continuous function
that is integrable over (a, b). For Ó > 0 and ň ≥ 0, the tempered Riemann-Liouville
(R-L) fractional integral of order Ó is expressed as:

IÓ;ň
a z(ú) = e−ňúIÓ

a (e
ňúz(ú)) =

1

Γ(Ó)

∫ ú

a
(ú − Ô)Ó−1e−ň(ú−Ô)z(Ô) dÔ,

where IÓ
a z(ú) represents the R-L fractional integral:

IÓ
a z(ú) =

1

Γ(Ó)

∫ ú

a
(ú − Ô)Ó−1w(Ô) dÔ.

Definition 1.2 ([24]). For n − 1 < Ó < n, where n ∈ N, and ň ≥ 0, the tempered
R-L fractional derivative (FD) of order Ó is defined as:

DÓ;ň
a z(ú) = e−ňtDÓ

a(e
ňúz(ú)) =

e−ňt

Γ(n− Ó)

dn

dtn

∫ ú

a
(ú − Ô)n−Ó−1eňtw(Ô) dÔ,

where DÓ
az(ú) denotes the R-L FD:

DÓ
a(e

ňúz(ú)) =
dn

dún

(
In−Ó
a (eňúz(ú))

)
=

1

Γ(n− Ó)

dn

dún

∫ ú

a
(ú − Ô)n−Ó−1eňúz(Ô) dÔ,

for z ∈ C[a, b].
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Definition 1.3. For n− 1 < Ó < n, where n ∈ N and ň ≥ 0, the tempered Caputo
or ň-tempered FD of order Ó is given by:

CDÓ;ň
a z(ú) = e−ňú CDÓ

a(e
ňúz(ú)) =

e−ňú

Γ(n− Ó)

∫ ú

a
(ú − Ô)n−Ó−1 dn

dsn
(eňtw(Ô)) dÔ,

where CDÓ
az(ú) denotes the Caputo FD:

CDÓ
a(e

ňúz(ú)) =
1

Γ(n− Ó)

∫ ú

a
(ú − Ô)n−Ó−1 dn

dsn
(eňúw(Ô)) dÔ,

for u ∈ Cn[a, b].

Remark 1.4. For ň = 0, the definition of the tempered Caputo FD reduces to the
well-known Caputo FD.

Definition 1.5. The Laplace transform (LT) of a real function g, defined for all
real numbers ň ≥ 0, is given by:

F (ú) = L{g(ú)} =

∫ ∞

0
e−ňúg(ú) dú, ú ∈ C.(1.2)

For the integral (1.2) to exist, the function f(ú) must be of exponential order q,
meaning there exist positive constants M and T such that e−qň|f(ú)| ≤ M for all
ň ≥ T .

Definition 1.6 ([28]). The convolution of two functions, g1(ú) and g2(ú), is defined
as:

g1(ú) ∗ g2(ú) =
∫ ú

0
g2(ú − Ô)g1(Ô) dÔ.

Definition 1.7 ([28]). If F (ú) and G(ú) are the Laplace transforms of the functions
g1(ú) and g2(ú), respectively, then:

L{g1 ∗ g2} = F (ú)G(ú).

Lemma 1.8 ([22]). For ú > 0 and ú > ň:

L{eňú}(ú) = eňa

ú − ň
.

Lemma 1.9 ([25]). The Laplace transform of the tempered Caputo FD is given by:

(1.3) L
{
CDÓ,ň

a z(ú)
}
(ú) = (ú + ň)ÓL[z(ú)](ú)− e−ňa

n−1∑
k=0

(ú + ň)Ó−k−1w
[k]
ň (a),

where k = 0, 1, 2, . . . , n− 1 and w
[n]
ň (ú) =

(
d
dú

)n (
eňúz(ú)

)
.

Definition 1.10 ([28]). The two-parameter Mittag-Leffler (M-L) function is defined
as:

(1.4) Eα,β(z) =

∞∑
n=0

zn

Γ(nα+ β)
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for all Re(α), Re(β) > 0 and z ∈ C. The M-L function for a matrix Am×m is given
by:

(1.5) Eα,β(A) =

∞∑
n=0

An

Γ(nα+ β)
.

Lemma 1.11 ([22]). Let Re(α) > 0 and
∣∣ κ

ňα

∣∣ < 1. Then:

L [Eα (κ(t− a)α)] =
ňα−1

ňα − κ
,

and:

L
[
(ú − a)β−1 Eα,β (κ(ú − a)α)

]
=

ňα−β

ňα − κ
.

2. Controllability of linear systems

Consider the linear fractional differential system with the tempered Caputo frac-
tional derivative (FD):

(2.1)

{
CDÓ,ň

a z(ú) = Az(ú) +Bu(ú), ú ∈ J, 0 < Ó < 1, ň ≥ 0,

z(a) = za,

where CDÓ,ň
a (·) represents the tempered Caputo FD of order Ó. Here, z ∈ Rn is the

state variable, u ∈ Rm is the control input, A is an n×n matrix, and B is an n×m
matrix.

Lemma 2.1. The solution to equation (2.1) is given by:

z(ú) = e−ňúEÓ,1

(
A(ú − a)Ó

)
za +

∫ ú

a
(ú − Ô)Ó−1e−ň(ú−Ô)EÓ,Ó

(
A(ú − Ô)Ó

)
Bu(Ô) dÔ.

(2.2)

Proof. Taking the Laplace transform (LT) of both sides of (2.1) and using Lemma
1.9 for n = 1, we get:

(ú + ň)ÓL[z(ú)](ú)− e−ňa(ú + ň)Ó−1za = AL[z(ú)] + BL[u(ú)].
Solving for L[z(ú)] gives:

L[z(ú)] = e−ňa(ú + ň)Ó−1

(ú + ň)ÓI −A
za +

B

(ú + ň)ÓI −A
L[u(ú)].

Taking the inverse LT and applying Lemmas 1.8 and 1.11, we get:

z(ú) = e−ňúEÓ,1

(
A(ú − a)Ó

)
xa + L−1

[
B

(ú + ň)ÓI −A

]
L−1[L[u(ú)]]

= e−ňúEÓ,1

(
A(ú − a)Ó

)
za +

∫ ú

a
(ú − Ô)Ó−1e−ň(ú−Ô)EÓ,Ó

(
A(ú − Ô)Ó

)
Bu(Ô) dÔ.

□
Definition 2.2. The system (2.1) is controllable on J if, for any za, zb ∈ Rn, there
exists a control u(·) ∈ L2(J,Rm) such that the solution of (2.1) satisfies z(a) = za
and z(b) = zb.
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Theorem 2.3. The system (2.1) is controllable on J if and only if the n×n Gram-
mian matrix

G =

∫ b

a
EÓ,Ó

(
A(b− Ô)Ó

)
BB∗EÓ,Ó

(
A∗(b− Ô)Ó

)
dÔ(2.3)

is positive definite.

Proof. Assume that G is positive definite. Then it is non-singular, and thus its
inverse exists. Define the control function:

u(Ô) =
[
(b− Ô)Ó−1e−ň(b−Ô)

]−1
B∗EÓ,Ó

(
A∗(b− Ô)Ó

)
(2.4)

×G−1
[
zb − e−ňbEÓ,1

(
A(b− a)Ó

)
za

]
.

Using (2.3) and (2.4) in (2.2) at t = b, we have:

z(b) = e−ňbEÓ,1

(
A(b− a)Ó

)
za +

∫ b

a
(b− Ô)Ó−1e−ň(b−Ô)EÓ,Ó

(
A(b− Ô)Ó

)
× B

[
(b− Ô)Ó−1e−ň(b−Ô)

]−1
B∗EÓ,Ó

(
A∗(b− Ô)Ó

)
×G−1

[
zb − e−ňbEÓ,1

(
A(b− a)Ó

)
za

]
dÔ

= e−ňbEÓ,1

(
A(b− a)Ó

)
za +

∫ b

a
EÓ,Ó

(
A(b− Ô)Ó

)
BB∗EÓ,Ó

(
A∗(b− Ô)Ó

)
dÔ

×G−1
[
zb − e−ňbEÓ,1

(
A(b− a)Ó

)
za

]
= e−ňbEÓ,1

(
A(b− a)Ó

)
za +GG−1

[
zb − e−ňbEÓ,1

(
A(b− a)Ó

)
za

]
= zb.

Thus, the system (2.1) is controllable on J.
On the other hand, if G is not positive definite, then there exists a z ̸= 0 such that:

z∗Gz = 0,

i.e.,

z∗
∫ b

a
EÓ,Ó

(
A(b− Ô)Ó

)
BB∗EÓ,Ó

(
A∗(b− Ô)Ó

)
dÔz = 0.

This implies that, for all Ô ∈ J:

z∗EÓ,Ó

(
A(b− Ô)Ó

)
B = 0.

Let za =
[
e−ňtEÓ,1

(
A(t− a)Ó

)]−1
z. Since the system (2.1) is controllable, there

exists a control u(Ô) such that z(a) = za and z(b) = 0. Then, from (2.2), we have:

z(b) = e−ňbEÓ,1

(
A(b− a)Ó

)
za +

∫ b

a
(b− Ô)Ó−1e−ň(b−Ô)EÓ,Ó

(
A(b− Ô)Ó

)
Bu(Ô) dÔ

0 = z +

∫ b

a
(b− Ô)Ó−1e−ň(b−Ô)z∗EÓ,Ó

(
A(b− Ô)Ó

)
Bu(Ô) dÔ,
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leading to z∗z = 0, which contradicts z ̸= 0. Therefore, G must be positive definite.
□

3. Controllability of nonlinear systems

Let Y = Cn(J)×Cm(J), where Cn(J) is the Banach space of continuous Rn-valued
functions on J. Hence, Y forms a Banach space with the norm ∥ (z, u) ∥=∥ z ∥ + ∥
u ∥, where ∥ z ∥= sup{z(ú) : ú ∈ J} and ∥ u ∥= sup{u(ú) : ú ∈ J}.

For any (y, v) ∈ Y, the system (1.1) becomes:

(3.1)

{
CDÓ,ň

a z(ú) = Az(ú) +Bu(ú) + f(ú, y(ú), v(ú)), ú ∈ J,

z(a) = za.

Lemma 3.1. For a given control u(ú) ∈ L2(J,Rm), the solution to system (3.1) is
given by:

z(ú) = e−ňúEÓ,1

(
A(ú − a)Ó

)
za +

∫ ú

a
(ú − Ô)Ó−1e−ň(ú−Ô)EÓ,Ó

(
A(ú − Ô)Ó

)
Bu(Ô) dÔ

+

∫ ú

a
(ú − Ô)Ó−1e−ň(ú−Ô)EÓ,Ó

(
A(ú − Ô)Ó

)
f(Ô, y(Ô), v(Ô)) dÔ.(3.2)

Proof. The proof follows similarly to Lemma 2.1. □
Theorem 3.2. The nonlinear system (1.1) is controllable on J if the function g

satisfies lim|p|→∞
|g(ú,p)|

|p| = 0 uniformly for ú ∈ J, where |p| = |y| + |v|, and if the

associated linear system (2.1) is controllable on J.

Proof. Define the operator L : Y → Y by L(y, v) = (z, u), where:

u(ú) =
[
(b− ú)Ó−1e−ň(b−ú)

]−1
B∗EÓ,Ó

(
A∗(b− ú)Ó

)
G−1

×
[
zb − e−ň(b)EÓ,1

(
A(b− a)Ó

)
za

−
∫ b

a
(b− Ô)Ó−1e−ň(b−Ô)EÓ,Ó

(
A(b− Ô)Ó

)
f(Ô, y(Ô), v(Ô)) dÔ

]
,

and

z(ú) = e−ňúEÓ,1

(
A(ú − a)Ó

)
za +

∫ ú

a
(ú − Ô)Ó−1e−ň(ú−Ô)EÓ,Ó

(
A(ú − Ô)Ó

)
Bu(Ô) dÔ

+

∫ ú

a
(ú − Ô)Ó−1e−ň(ú−Ô)EÓ,Ó

(
A(ú − Ô)Ó

)
f(Ô, y(Ô), v(Ô)) dÔ.

Now, choose constants:

â1 = ∥(b− Ô)Ó−1e−ň(b−Ô)∥, â2 = ∥EÓ,Ó

(
A(b− Ô)Ó

)
∥,

â = sup {1, â1â2∥B∗∥(b− a)} , b̂1 = ∥e−ňbEÓ,1

(
A(b− a)Ó

)
za∥,

ĉ1 = 4
[
â2

2∥B∗∥G−1(b− a)
]
, ĉ2 = 4 [â1â2(b− a)] , d̂ = max{d̂1, d̂2}.

Given |z(ú)| and |u(ú)|, one can now choose Ô̂ > 0 such that ∥ q ∥≤ Ô̂. Let

X(Ô̂) =
{
(z, u) :∥ z ∥≤ Ô̂

2 , ∥ u ∥≤ Ô̂
2

}
be a convex, closed, and bounded subset of Y.
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From the Arzelà-Ascoli theorem, L : X(Ô̂) → X(Ô̂) is compact and continuous. By
Schauder’s fixed point theorem, there exists a (y, v) ∈ X(Ô̂) such that L(y, v) =
(z, u). Hence, z(ú) is the solution to system (1.1), and:

z(b) = e−ňbEÓ,1

(
A(b− a)Ó

)
za +

∫ b

a
EÓ,Ó

(
A(b− Ô)Ó

)
B

×
[
(b− s)Ó−1e−ň(b−ú)

]−1
B∗EÓ,Ó

(
A∗(b− ú)Ó

)
×G−1

[
zb − e−ňbEÓ,1

(
A(b− a)Ó

)
za

]
dÔ

+

∫ b

a
(b− Ô)Ó−1e−ň(b−Ô)EÓ,Ó

(
A(b− Ô)Ó

)
f(Ô, y(Ô), v(Ô)) dÔ.

Thus, z(b) = zb, and system (1.1) is controllable on J. □

4. Numerical examples

Example 4.1. Consider the following nonlinear tempered Caputo fractional differ-
ential control system:
(4.1)

CD
1
2
,1

0+
z(ú) =

[
0 −1

−1 0

]
z(ú) +

[
1

1

]
u(ú) +

[ √
z21(ú) + 2

0

]
, ú ∈ [0, 2],

z(0) =

[
0

0

]
.

Comparing (4.1) with (1.1), we get Ó = 1
2 , ň = 1, A =

[
0 −1
−1 0

]
,

B =

[
1
1

]
, a = 0, b = 2, z0 =

[
0
0

]
f(ú, x(ú)) =

[ √
z21(ú) + 2

0

]
and z(ú) =[

z1(ú)
z2(ú)

]
. Let us take z(2) =

[
z1(2)
z2(2)

]
=

[
1
2

]
. The M-L matrix function for the

given matrix A is

E 1
2
, 1
2
(At) =

[
E 1

2
, 1
2
(−ú) 0

0 E 1
2
, 1
2
(ú)

]
.

The controllability Gramian matrix

G[0, 2] =

∫ 2

0
E 1

2
, 1
2

(
A(2− Ô)

1
2

)
BB∗E 1

2
, 1
2

(
A∗(2− Ô)

1
2

)
dÔ

=

∫ 2

0

 E2
1
2
, 1
2

(−(2− Ô)
1
2 ) E 1

2
, 1
2
((2− Ô)

1
2 )E 1

2
, 1
2
(−(2− Ô)

1
2 )

E 1
2
, 1
2
((2− Ô)

1
2 )E 1

2
, 1
2
(−(2− Ô)

1
2 ) E2

1
2
, 1
2

((2− Ô)
1
2 )

 dr

=

[
0.0665 1.7359
1.7359 168.1998

]
,

is positive definite. Therefore, the linear system corresponding to (4.1) is control-

lable on [0, 2]. Further, lim|(z,u)|→∞
|f(ú,z,u)|
|(z,u)| = 0 uniformly on [0, 1]. The system
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Time t
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
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on

tr
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 fu
nc

tio
n 

u(
t)

-2

0

2

4

6

8

10

12
The steering of the control function

u(t)

Figure 1. The trajectory of u(ú) of the system (4.1)on [0, 2]

(4.1) is controllable on [0, 2] by theorem 3.2. The controlled trajectories of the sys-

tem (4.1) steering from the initial state z(0) =

[
0
0

]
to a desired state z(2) =

[
1
2

]
during [0, 2] can be approximated from the following algorithm

un(ú) =
[
(2− ú)−0.50 e

1
2
(2−ú)

]
B∗E 1

2
, 1
2

(
A∗(2− ú)0.50

)
G−1[0, 2]

× [z(2)− e−1E0.50,1

(
A(2)0.50

)
z0 −

∫ 2

0
(2− Ô)−0.50 e−

1
2
(2−Ô)

E0.50,0.50

(
A(2− Ô)0.50

)
f(Ô, yn(Ô), v(Ô))dÔ]

zn+1(ú) = e
−s
2 E0.50,1

(
A(ú)0.50

)
w0

+

∫ ú

0
(ú − Ô)−0.50 e

−(ú−Ô)
2 E0.50,0.50

(
A(ú − Ô)0.50

)
(Bun(Ô) + f(Ô, yn(Ô), v(Ô))) dÔ

with y0(ú) = y0, where n ∈ N. Using MATLAB, the controlled trajectories and
steering control u(ú) are computed and are depicted in Fig.1 and Fig.2.

5. Conclusion

In this article, we studied the controllability of fractional dynamical system in-
volving tempered Caputo FD. This study of controllability of Caputo FD gives the
controllability results for many possible FDs, in particular Caputo FD. Here, we
have used controllability Grammian matrix and Schauder’s fixed point technique
to establish sufficient conditions for controllability of fractional dynamical system.
The numerical example is presented to illustrate the main results.
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Time t
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

S
ta

te
 x

(t
)

-10

0

10

20

30

40

50
The steering of the trajectories

x
1
(t)

x
2
(t)

Figure 2. The trajectory of the system (4.1) steers from [ 00 ] to the
final state [ 12 ] during the interval [0, 2].
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