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THE FINITE ELEMENT METHOD BASED ON ORTHOGONAL
STEP FUNCTION GROUPS

JICHAO SUN, SHUYING CHEN, AND XTAOKUN YANG*

ABSTRACT. In the conventional finite element method, a polynomial function,
which uses the coordinate values of each node in the element as parameters,
serves as an interpolation function to approximate the field function piecewise.
When solving large and complex engineering problems in this manner, the oper-
ator equation is transformed into a system of linear algebraic equations, with the
number of unknowns reaching hundreds of thousands or even millions, making it
suitable for iterative methods. However, its convergence properties and conver-
gence rates are the key to solving these problems. This study aimed to propose a
finite element method of orthogonal step function groups to solve operator equa-
tions for improving convergence. This method took the linear combination of
orthogonal step functions as the approximation function of partition elements.
In this study, the Galerkin method was used to transform the differential oper-
ator equation into a system of linear algebraic equations. Several approximate
diagonalization methods of the coefficient matrix of the system of linear alge-
braic equations were provided to achieve better convergence performance. Also,
two examples of solving the Poisson equation was used to demonstrate the per-
formance. The study also addressed the treatment of boundary conditions for
problems with different boundary values and discussed the completeness of the
orthogonal step function group, thus providing a basis for their application in the
Galerkin method.

1. INTRODUCTION

The finite element method (FEM) is a numerical analysis technique developed
alongside computer technology in the mid-20th century. With its rigorous logic and
clear concepts, FEM is widely used for analyzing various continuous media problems
across various fields of science and engineering. It can effectively handle and solve
complex problems, such as irregular boundary shapes, complex boundary functions,
and objects with variable physical properties. The FEM is solved using matrix op-
erations, which makes it well-suited for computer programming. These advantages
give it great vitality. The application of FEM has expanded from two-dimensional
(2D) problems in elasticity mechanics to three-dimensional (3D), plate, and shell
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problems. It has also grown from addressing static equilibrium problems to tack-
ling stability problems, dynamic problems and wave propagation problems. FEM
scope has further broadened from solid mechanics to fluid mechanics, heat con-
duction, electromagnetic issues, and other continuous media domains [22, 11, 18,
4, 9]. It can be predicted that with the development of modern science, computa-
tional mathematics and computer technology, finite element method, as a numerical
analysis tool with solid theoretical foundation and widely applied effectiveness, will
play a greater role in economic construction and the development of science and
technology, and will be further developed and improved[16, 3, 19, 12, 20, 10].

The numerical methods for solving linear algebraic equations can be classified
into two categories: direct methods and iterative methods. The disadvantage of
the direct methods is that they do not always guarantee accurate results, this is
mainly because the accumulation and propagation of errors in the arithmetic op-
erations cannot be controlled in the process of multiple elimination unknowns and
back substitutions. For high-order equations, the calculation accuracy is signifi-
cantly reduced due to the continuous accumulation of round-off errors. Although
higher-order equations with sparse coefficient matrices can be solved using direct
methods, maintaining matrix sparsity in operation is challenging. Additionally,
direct methods have certain shortcomings, such as complex calculation formulas,
complex procedures, and the requirement for more storage units. These methods
are commonly used to solve small to medium-sized linear equation systems. In con-
trast, the iterative methods preserve matrix sparsity and offer simple computations
and easier programming. These methods do not require storing zero elements of the
coefficient matrix, which allows them to occupy less storage space. Hence, iterative
methods are highly effective for solving large linear algebraic equations, especially
for large, sparse matrices. However, the success of these methods depends on their
convergence and the speed of convergence [6, 1].

The finite element analysis of large-scale and complex engineering problems can
have hundreds of thousands or even millions of degrees of freedom. Linear algebraic
equations can be obtained after discretizing a complex continuum. Ensuring the
convergence and stability of these numerical solutions is the main focus of finite
element theory.

In conventional FEM, a polynomial function, using the coordinate values of each
node in mesh elements as parameters, is used as an interpolation function, approx-
imating the field function piecewise to complete the discretization process. The
present study used the orthogonal step function group (OSFG)-based FEM to im-
prove the convergence of linear algebraic equations. It took the linear combination
of a set of orthogonal step functions as the approximation function of the partition
element. It could improve the convergence, mitigate the shortcomings of the con-
ventional FEM in solving singularity problems, and reduce the amount of numerical
integration operations.

2. ORTHOGONAL STEP FUNCTION GROUP

2.1. Defining the OSFG. First, let us divide the interval [a, b] into n equal
parts, assuming that a function exists whose value is 1 in one of these parts and
0 in the remaining ones. Such a function is called the unit pulse basis function
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in n equally divided intervals. For example, the unit pulse basis function, which
is equal to 1 in the ith part and 0 in other parts, is denoted as p;. The linear
combination of the unit impulse basis functions p;(: = 1,2,...,n) has the form of
a(z) = Y1 | aip; where o is a real coefficient. It is called a step function on the
interval of n equal partitions. The unit impulse basis function p;, + = 1,2,...,n is
considered the n-dimensional space base. All step functions in the interval of n equal
partitions constitute the entire linear space as a (z) = > | a;p;. If n individual
of functions on the interval of n equal partitions are orthogonal, they are called
“n-order orthogonal step function group” (hereinafter referred to as n-order OSFG).
These functions correspond one-to-one with an n-order row orthogonal matrix. For
example, the Walsh matrix corresponds to the Walsh OSFG, and the discrete cosine
transform matrix corresponds to the discrete cosine OSFG. Similarly, 2D and 3D
OSFG can be constructed. The interval [a, b] in 1D becomes a bounded and closed
region in the multidimensional condition. At this time, the region 2 is divided into
basic graphs. The two-dimensional basic graphs can be triangles or parallelograms.
The 3D basic graphs can be cubes or other geometric shapes. A function that is
equal to 1 on a basic graph and is equal to 0 on any other basic graphs is called unit
pulse basis function, and a function that is constant on each basic graph is also a
step function. Our research was initially limited to region that could only be divided
into basic graphs. As long as the number of orthogonal step functions in the region
Q) was equal to the number of basic graphs into which the region €2 was divided,
the orthogonal step functions on the region 2 and the unit pulse basis functions
on the basic graphs can linearly represent each other. 2D or 3D n orthogonal step
functions on n basic graphs are also referred to as n-order orthogonal step function
groups, or n-order OSFGs.

2.2. Two-dimensional OSFG examples. In Figure 1, (1, 1) and (1, -1) are
two orthogonal vectors. The product of the orthogonal vector components in the
horizontal and vertical directions forms a 2D vector. The number in the small block
in Figure 1(a) is the product of the orthogonal vector components in the horizontal
and vertical directions outside the corresponding large block in the row and column.

€)) (b)

F1GURE 1. (a)Formation of 2D vectors (b)The method of segmentation.

Figure 1(a) is divided into four small blocks according to Figure 1(b), forming a
square-shape basis of four 2D orthogonal systems, as shown in Figure 2. The basis
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FIGURE 2. The square-shape base of a 2 D orthogonal system.
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FiGure 3. Basis of the 2D function group of parallelograms and triangles.

of the 2D function group of parallelograms and triangles is shown in Figure 3. Each
graph of parallelograms (including squares) and triangles is called the basic graph.
The length, width, and height of a cube are each divided into two equal parts,
resulting in the cube being divided into eight smaller, equal parts.
The basis of the orthogonal function group in 3D space can be derived by imi-
tating the construction method of the orthogonal function group in 2D space.

3. ORTHOGONAL APPROXIMATE EIGENFUNCTION GROUP

Let p; be a sequence of unit pulse basis functions with equal width connected
at the beginning and end. Their linear combination « (z) = ;Ofoo a;p; forms a
step function on an infinite interval, where «; is called the strength of the pulse
basis function. The interval occupied by the unit pulse basis function p; is A;, and
the length is h. When using the Galerkin method to solve the differential operator
equation, a difference operator Lp approximately replaces the differential operator.
When the step function E+°° u;p; on the infinite interval passes through the
system Lp, it becomes the step functlonzl_foo rip;. 1f the difference operator is
Lpu; = u;—1 — 2u; + w41, let the input sequence u; be... 0, Up, Upt1, Unt2, Unts,
0,... [14]. We can get the output sequence 7; as...0, Up, Tn, Tntl, Tnt2s Tnt3d, Unt3,
0,..., and a fourth-order matrix relationship exists.
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-2 1 0 0 Up, Tn
1 -2 1 0 Upt1| | Tntl
(31) 0 1 -2 1 Unp+2 - Tn+2
0 0 1 —=2| |upts Tn+3

Assuming the coefficient matrix of equation (3.1) is A, the characteristic equation
is | A E— A| = 0, the eigenvalues are solved as \;, £ = 1, 2, 3, 4, and the corre-
sponding orthogonal characteristic functions are (goﬁ, @ﬁ 115 4,0’72 195 cp’fl +3)T, where T
represents transpose. The step function group ¢* (z) = Z?jj’ o, k=1, 2,3,
4 is called a fourth-order orthogonal approximation characteristic function group
of the difference operator Lp, and its pulse basis function intensity sequence is
...0, @fL, goﬁﬂ, gp’fHZ, go’fL+3, 0.... After applying the second-order difference opera-
tor Lp, we get ... 0,08 Aok Aok |, )\kgolfH_Q, )\kgol,fH_3, <pr_3, 0....

Next, we take (0, ok, go’flﬂ, cp’fLJrQ, Lp’fl+3, 0) as the kth row of matrix U to form ma-

trix U and take (cpﬁ, PYAZLID VICLIRED VLD WAL go’fl+3) as the kth row of matrix
R to form matrix R. These matrices take the following forms:

0 @%L <P§L+1 @éwrz <P§+3 0
U= 0 gpg gpg-‘rl 80§L+2 SO%’H-.?) 0
0 SDZL S074L1+1 g02+2 SDZ+3 0
(3 2) 0 Pn SOnJrl Spn+2 Spn+3 0
’ 0 —1.3450 2.1763 —2.1763 1.3450 0
|0 1.5747 —0.9732 —0.9732 1.5747 0
10 0.8313 0.5137 —0.5137 —0.8313 0
0 0.1420 0.2298 0.2298 0.1420 O
@é )\180% )\W%LH /\1%0$L+2 )\Wéws Sﬁ’éwr:a
R |Pn A2Pn Aewpy Aewni Avnis @
3 A 3 by 3 A 3 A 3 3
()02, 390;/11 3907}1—&-1 3@2—}-2 3902—&-3 Pn+3
(3.3) On MO, MPnr MPne Mnis Mg

—1.3450 0.3717 -0.6015 0.6015 —0.3717 1.3450
1.5747 —-0.6015 0.3717 0.3717 —0.6015 1.5747
0.8313 0.6015 —0.3717 0.3717 0.6015 —0.8313
0.1420 -0.3717 —-0.6015 —-0.6015 —0.3717 0.1420

Using the orthogonality between ¢* (z) = Z:ff ©Fpi, k=1,2, 3, 4, it is known
that U - R” is a diagonal matrix.

Similarly, for a second-order difference operator system Lpui = u;—1 — 2u; +uit1,
when the input sequence is... 0, un, Upt1, O,..., the input and output can also

obtain the following second-order matrix relationship:

(3.4) [_12 —12} [u:ﬂ N L:ZJ '
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By obtaining the eigenvectors of the coefficient matrix, the corresponding U, R
can also be obtained.

01 10
(3.5) U= [0 1 1 O] .
1 -1 -1 1
(3.6) R= L 3 3 _1] .
01 1 0. . .
Here 01 -1 ol 82 matrix representation of the second-order orthogonal
approximation eigenfunction group. It can also be simplified as 1 _11 .
When the input sequence is ...0, Un, Unt1y--., Un+K—1, 0,..., the relationship

between the input and the output can be obtained as a Kth-order square matrix,
and the concept of Kth-order orthogonal approximate eigenfunction groups can also
be introduced. Generally, for a difference operator Lp, if a step function ¢ satisfies
Lpp = A\p, where X is constant, then the step function ¢ is called an approximate
eigenfunction of the difference operator Lp.

4. OSFG-BASED FEM

4.1. Related concepts. The linear combination of a set of orthogonal step func-
tions is taken as the approximation function of the subdivision element. Such OSFG-
based FEM can be used for solving partial differential and integral equations. This
study was limited to partial differential equations. In OSFG-based FEM, the co-
efficient matrix M of the linear algebraic equation transformed from the partial
differential equation is a sparse matrix close to the diagonal block matrix composed
of small matrix blocks. It is multiplied by the diagonal block matrix, in which each
small matrix block is the inverse matrix of each small matrix block in the matrix
M, to achieve a matrix close to the diagonal matrix. If the orthogonal step function
group adopts the orthogonal approximate eigenfunction group, each small matrix
block of the matrix M is a small diagonal matrix, and such FEM becomes or-
thogonal approximate eigenfunction group (OAEG) based FEM. The approximate
diagonalization of the coefficient matrix of linear algebraic equations have improved
the convergence of the iterative method. The following example illustrate the diag-
onalization method.

Example 4.1. Find the electrostatic potential between two infinite large parallel
plates @: A board is located at x = 0, @ =0 V; the other is at x = 1 m, & =
1 V. The two parallel plates are filled with a medium with a dielectric constant e
(F/m). The charge density varies between them p(z) = — (x 4+ 1)e (C/m?). This
problem can be mathematically described by Poisson’s equation and reduced to a
second-order differential equation: Z%f =x+41, 0 < x < 1. Its boundary conditions
are:

(4.1) Bl _,=0,d,_, =1
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Let & = 1) (n)+ Zle cipi (n), where ; (n) is the basis function of the OSFG, ¢ (n)
is used to satisfy boundary conditions, and ¢; is an undetermined coefficient. We
expand the domain of the definition of ¢ (n) and @i (n) from the interval [0,1] to
the interval [—3%,3] and divide the interval [—3%,2] into 10 equal small intervals.
Within each equal small interval, ¢ (n) and ¢; (n) are constants, and v (n) is 1
within a small interval [1, 8] taking zero values in the remaining small intervals.

Thus, interval [0,1] includes eight small intervals. Within each small interval, the

value of ¢; (n) is the component value of the row vector of the following matrix:
10 00
0100 1 1
=100 1 0 ®[1 —1]'
0 0 01
The symbol ® stands for Kronecker product; outside the interval [0,1], the value

of ¢i (n) is zero. Besides, 1 } is the OAEG used to approach the function value

1
1 -1
on each partition element of the four equal parts partitioned from the interval [0,1].
Therefore, the method is the OAEG-based FEM.

The difference equation is derived from the differential equation @ =z+1, and

dz?
the second-order derivative 2 f(g 2) is replaced by the second-order difference quotient

7 Lp® (n) = 5[@(n—1) +£15(n:i— 1) — 2& (n)]. Thus, we can obtain 75 Lp® (n) =
z (n) 4 1 and replace @ (n) with @ (n) = v (n) + S_>_, cipi (n) to obtain

(4.2) L ( Zcchz ) z(n) + 1.

where ¥ (n), ¢; (n), and z(n) represent the intensity sequences of pulse basis func-

tions of each step function. x(n) is taken as the value of x at the midpoint of each
. . K-1 K-1

small interval. For step functions a(z) = Y7 % a,p, and B (z) = S5 Bip,,

we define their inner product as: (o (z),4 (2)) = " 51 a8, According to the

=n

Galerkin method, we take the dot product of both sides of formula (4.2) with ¢; (n)
to get

8
(4.3) 72 ) _ci{Lppi(n),¢; (n) + 7= (Lov (n), @5 (n))
i=1
=(x(n)+1,¢;(n)),j=12,...,8.

Then, we find the inner products (Lpep;(n),¢;(n)), (Lpy(n),e;(n)), and
(x (n) +1,¢; (n)) and substitute them into equation (4.2) to obtain
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—2 0 1 1 0 0 0 0 Il [ 2.25 0

0 -6 -1 -1 0 0 0 0 o —0.125 0

1 -1 -2 0 1 1 0 0 3 2.75 0

(4.4) 1 -1 0 -6 -1 -1 0 0 el _ 1 |=01250 |0
' 00 1 -1 =2 0 1 11| |es 64 | 3.25 0
00 1 -1 0 -6 -1 —1| |c —0.125 0

00 00 1 -1 =2 0/ |er 3.75 1

00 00 1 -1 0 =6 |cs —0.125 -1

Using the matrix notation, equation (4.4) is expressed as M; e ¢ = 6—14[—H, where
c= [01,02,03,04,05,06,07,08]T, M is the coefficient matrix of the equation, and its el-
ements are (Lpy; (n),¢j (n)) = mm, because [¢i (1) ¢i (2)...¢1 (8)] is the row vector
of matrix Uy, the difference operator Lp acts on each row of matrix U; to obtain ma-
trix Ry. Let Ry T be the transposed matrix of Ry; then My = U, -R;T. Assume that
My =X 4+ D+ S, where X is the lower triangular matrix, D is the diagonal matrix,
and S is the upper triangular matrix. Taking A; = —D~! (X + S), we can trans-
form equation (4.4) into c=Ajc+ f; and derive the spectral radius p (A1) = 0.8851.
Therefore, the equations are convergent using the iterative method [21, 2], yielding

= [0.0480, -0.0215, 0.1723, -0.0411, 0.3824, -0.0645, 0.6942, -0.0919]*. The calcu-
lated values of @ (n) are listed in Table 1.

TABLE 1. Calculated values of & (n)

futerval [ =1 O[] 0.8 [ LA [ B3 [ B0 [ B0 [ G0 [ I 1 LY
b (n) 0 0.0265 | 0.0696 | 0.1312 | 0.2133 | 0.3179 | 0.4469 | 0.6023 | 0.7860 1

4.2. Improvement in the OSFG-based FEM convergence.
Method 4.2. Equation (4.4) M;ec = éI—H can be solved by the iterative method,
and its convergence performance can be improved. It can be achieved using the

-16 2 -9 -3 -2 0 1 1
. . -2 4 -3 -1 0 -6 -1 -1
matrix row transformation method: 9 3 _16 -9 X 1 -1 -9 ol~=
-3 1 -2 -4 1 -1 0 -6
20 -16 2 -9 -3
—20 20 . Let N = :92) 34 —_136 -1 and %) =K, My =
20 -3 1 =2
20 0 0 0 -6 -6 0 0
0O -20 0 0 -2 =2 00
0 0 20 0 —-14 —-14 0 O
(N 0>M 1o o o0 2 2 2 00
o N)J7'7 |00 —-14 14 20 0 0 0
o0 2 -2 0 =20 0 O
00 -6 6 0 0 20 O
00 -2 2 0 0 0 20
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Myec=K (é[—H) is obtained by multiplying the two ends of equation (4.4) with
matrix K; it is written in a form that is easy to iterate as c=Asc+f,. Thus, we
can calculate the corresponding spectral radius p (Az) = 0.8. The method combines
two small pieces of the M; matrix into one large piece and then diagonalizes it.
This method can be used for the general OSFG-based FEM and repeated until the
spectral radius satisfies the requirements.

Method 4.3. We divide the [a, b] interval into P equal parts, each being a partition
element. The OSFG-based FEM approach implies taking a linear combination of
the members of N-order OSFG as the approximation function of each partition
element, where P x N orthogonal step functions are called a P-arrangement of
N-order OSFG. As the whole-domain functions on interval [a, b, they take the
values of orthogonal functions in their respective partition units and zero outside
their respective partition units.

First, we take the second-order OAEG (()) 11 _11 % to form four independent
orthogonal functions with more zero elements, thus obtaining the following fourth-
10 0 O
01 1 0
order OSFG: 01 -1 0
00 0 1

This fourth-order OSFG is the extended group of the second-order OAEG, which
is treated as the approximating function in the FEM partition unit. The second-
order arrangement of the extended group of the second-order OAEG is

10 0 0
10 01 1 0
00 0 1

We use the difference operator Lp® (n) = &(n—1) + & (n+1) — 2¢ (n), which
acts on each row of Us, to obtain matrix R3. Then, we derive matrix R3T as the
transpose of R3. Finally, we calculate M3 = Us ~R3T, which is the coefficient matrix
of a system of linear algebraic equations transformed by an operator equation when
the row vectors of Us are the basis functions, as follows:

(2 1 1 0 o0 0
1 -2 0 1 0
1 0 -6 -1 0
i prT_ |0 1 -1 -2 1 0
(4.6) My =Us-Bs” =1 0 1 -2 1 1 0
0 o 1 -2 0 1
0 0o 1 0 -6 -1
| 0 0 0 1 -1 -2
The spectral radius corresponding to matrix Ms is p(As) = = 0.9207. The

spectral radius corresponding to the matrix Mj is still large, and hence the further
diagonalization of matrix Mj is required. This can be achieved by the following two
methods.
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-2 1 1 0
1 -2 0 1
1 0 -6 —-1}|’
0 1 -1 -2

(1) Let N = and the inverse matrix of N is N1. Let

1
(]\g ]\([) 1> M3 = My, and the spectral radius corresponding to M, can be obtained

as p(A4) =0.8.
(2) Alternatively, we perform row transformation on

-2 1 1 0 1000
1 =2 0 1 0100
1 0 -6 -1 0010
0 1 -1 -2 00 0 1
and get
000 0 0 -8 —5 —1 —2
02 0 0 -1 -2 0 -1
0 0 -10 0 1 0 2 -1
00 0 10 -2 -5 1 -8
-8 -5 —1 =2 i
- -1 -2 0 -1 N 0
IfN = 1 0 9 _1,WegetM5—<0 N)Mg
-2 -5 1 -8
This yields:
10 0 0 0 -2 0]
02 0 0 -1
0 0 —10 -1
0 0 0 10 -8 0
(4.7) Ms = | 0 -8 10 0 0 0
-1 0 2 0 0
1 0 0 —10
0 0 -2 0 0 0 10

The spectral radius corresponding to Ms is p (As) = 0.8.
The equation Mc=B is rewritten as c=Ac+f, the initialization vector ¢(©) is
given arbitrarily, and we can get a vector sequence (0(0)0(1)0(2) GRS ) using the

iterative formula ¢®) = Ac*=Y 4 f (k = 1,2,...),||A|| is the norm of matrix A, and
k) —cx
| ” HAkH is obtained by ¢ — cx = AF ( 0 — c*).

o=l =
R) —cx|

x|
1
It was proven in previous studies [21, 2] that klim HAkH # = p(A). For large k
—00

—logp

< u, as long as HAkH < u, we can get k > Tiog |47

To make |=

values, we can use the following approximation of k to achieve the solution accuracy
T

—log
4.8 ko~ ——20
(48) —logp(4)
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As shown in equation (4.8), the smaller the value of p (A), the smaller the required
k is. For example, using M5 as the coefficient matrix of the system of linear equations
in the aforementioned example, when the number of iterations is ks, the precision
drops to 0.0001 times the initial error, that is ¢ = 0.0001, and we get k5 = 41.2754.
If one ignores the number of addition operations and only considers the number of
multiplication and division operations, the matrix My needs to multiply and divide
eight times per iteration. For matrix M5, when Hc(k) — c*H drops to 0.0001 times of
the initial distance Hc(o) — H, a total of 336 (=42x8) multiplication or division
operations are required.

It can be seen that ¢(*) is convergent to cx, and the descending speed of distance
Hc(k) - C*H between them is related to two factors. Smaller p(A) values and more
zero elements of matrix A correspond to faster convergence.

In actual calculations, the following methods can be used due to the unknown
Hc(o) — ™) H it is known from the discipline of computational methods, Hc(k) — C*H

Al
<
S 1-74]

c(F) —cx All* .
”HC(DC(ON” < 1|L|||14|| when ||A]| < 1, ¢® is convergent

Hc(l) — c(O)H we get
to cx. The distance Hc(k) — C*H between them decreases to € multiple of the initial

k
distance Hc(l) — 0 H and is less than 1”_’?|”A”. (Let ¢ = (c1,¢2,¢3,...¢p), the 2-norm

of vector C'is [[elly = /371 ¢ and Amax (AT A) is the largest eigenvalue of AT A.)
It can be obtained by taking the vector norm | e|| as ||e||, and the matrix norm || A||

as HAHQ = v/ Amax (ATA) to get
k
_ e e, 1Al
e =eT, = 1 — A,

(4.9) €

We can use equation (4.9) to obtain an estimation formula for the convergence
number k after reaching a certain accuracy €. The benefit of using an extended
group of orthogonal approximate eigenfunction group is that the matrix M5 has
more zero elements when the matrix Mz becomes the matrix Ms.

4.3. Two-dimensional example. The FEM of the OSFG can also be used in two
and three dimensions, as discussed in the following example.

Example 4.4. In a long, straight rectangular metal slot, the side wall and bottom
surface potentials are zero, and the head cover potential is 100 (relative). As shown
in Figure 4, inside the electrolytic cell, the potential ¢ meets the condition of Ay
= 0 ( A is the Laplace operator).

p1 = 100 head cover potential
w9 =0 the potential of the side wall and bottom surface.

(4.10) w:{

We use the squares in Figure 2 as the OSFG, put ¢, ¢!, 2, ¢ to the position of
each block 1,2,3,4 in Figure 4, and distinguish their locations by the subscript of
WY, b 2, 03 the value on the outside of each block is zero.

Thus, we can get a group of 16 functions orthogonal to each other: 9, o1, 2 o3

; 908, cp%, go%, (p%; gog, cp%, go%, gpg; 902, ‘P}p go?l, 90;}, where each superscript represents the
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FIGURE 4. Long, straight rectangular metal slot.

O | 100 | 100|100 | 10D ) O

0 0
0 0
0 0
0 0

FiGurE 5. Function graph of 1.

type of function. Let ¢ be the function in Figure 5. It takes zero values in the blank
space, satisfies the boundary conditions, and is orthogonal to cpé, wherei =0,1,2, 3,
j =1,2,3,4. Let the solution that satisfies both the equation and the boundary
cond1t1ons be ¢ &~ Z] 1 ZZ 0 jcpﬂtq/) Next, we substitute it into equation Ap =0
to generate the remainder:

(4.11) Z Z c]goj Z Z ZA(p] + A

7=1 =0 7=1 =0

Using the Galerkin method (g, y") =0, m = 0,1,2,3, n = 1,2,3,4, we can get
the equation for ¢j :

4 3
(4.12) DO (A o)+ (A, ) = 0.

7=1 =0
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So, let us solve Agpé- and Avy. Due to {%2290 =0, A= 36—;2 + 68—52 the difference
quotient is used instead of differential. The midpoint of each small box is the
sampling point, and the value of the sampling point is the value of the entire small
box. The distance between the midpoints is the step size h. If a sampling point
is marked as (r, s), the coordinates of the four adjacent sampling points are (r +
1,8),(r—1,s),(r,s+ 1), and (r,s — 1), where r, s are integers.

(4.13)
Apm i lp(r+18) +o(r—1,8) +¢(rs+1)+¢(r,s — 1) —4p(r,5)] = App.

From equation (4.13), we get h2Apw, h2Apy®, h2Apet, h2App?, and h2Ape?,
as shown in Figure 6. It is clear that ", ¢!, ¢? and @3 form the orthogonal ap-
proximation characteristic function group of the operator h?Ap ( %, ¢!, »? and
¢ all satisfy approximate equations h?Apyp ~ Ap ). If the 1D difference operator

100 | 10 | 100 | 100 0 I 1 0
o o of o ! 2t
1 -2 -2 1
0 0 0 0
0 1 1 0
0 0 1] 0
HAG®
.;i;_'l_-'\{.'!
0 1 1 ] 0 1 -l il 0 1 -1 0
1 4 | 4 1 1 -4 4 | 1 -6 6 | -1
-1 4 4 -1 1 -4 4 -1 -1 [ - ]
0 -1 -1 1] o | -1 ] 0 -1 1 ]
241 252 243
h A I Ag I Ag

FIGURE 6. Difference substitution after h2A operator action.

is Lp, Lpu; = uj—1 — 2u; + u;+1. The orthogonal approximate characteristic func-
tions of the operator Lp are ¢! (x) and ¢? (z), which satisfy Lpe! (z) ~ A1o! (2).
Lp@? (x) = \yp? (z), wherein A\; and Ay are eigenvalues. Then, the tensor product
@ (x,y) of o' (z) and ? (y) is the orthogonal approximate characteristic function
of the 2D difference operator h2Ap. The corresponding eigenvalue is A + \a.

In fact, the 2D difference operator h2Apep

— P+ 1,8) +p(r—Ls)+ 9 (rs+ 1)+ (rs — 1) — dp (r,s)

=lp(r+1,5)=2¢0(r,s)+o(r—1s)+[e(r,s+1) =2 (r,s) + ¢ (r,s—1)]. If
the ¢ (z,y) is tensor product of o' (z) and ¢? (y), then h? Apy (z,y) is approximately
transformed into A1 (z,y) + Ao (2,y) = (A1 + A2)¢ (2,y).
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Using the difference operator to obtain the approximate values of the inner prod-
uct <h2Ag0;,<p$> and inner product <h2A1/J,cpﬁ> and substituting them into equation
(4.12), the following equation can be obtained:

(4.14) Mc+ B =0.
where B = [200, 200, 0,0, 200, 200, 0,0,0,0,0,0,0,0,0,0]*. ¢ = [, ¢t, 2, &3, ¢3, b,
Bl e el T o = | 3R] thencinto
21 22
-8 0 0 0 2 0 2 0
0 —-16 0 0o 0 2 0 2
0O 0 -16 0 -2 0 -2 0
0 0 0 -24 0 -2 0 -2
Ma=1y9 o 2 0o -8 o0 0 0
0 2 0 -2 0 -16 0 0
2 0 -2 0 0 0 -16 0
0 2 0 -2 0 0 0 -—24
2 2 0 0 0 0 0 0
-2 -2 0 0 0 0 0 0
0o 0 2 2 0 0 0 0
0 0 -2 -2 0 0 0 0
Mz=19o o o o 2 2 0 0
0 0 0 0 -2 =2 0 0
0 0 0 0 0 0 2 2
0 0 0 0 0 0 — 2 -2
2 -20 0 0 0 0 0
2 -20 0 0 0 0 0
0 0 2 -20 0 0 0
0 0 2 -20 0 0 0
Ma=1o o o o 2 -20 0
0o 0 0 0 2 -2 0 0
o 0 0 0 0 0 2 -2
o 0 0 0 0 0 2 -2
-8 0 0 0 2 0 2 0
0 —-16 0 0o 0 2 0 2
0o 0 -16 0 -2 0 -2 0
0 0 0 -24 0 -2 0 -2
M2=19 o —2 0 -8 o0 0 0
0 2 0 -2 0 -16 0 0
2 0 -2 0 0 0 -16 0
0 2 0 -2 0 0 0 -24

Using the iterative method, formula (4.14) takes the form of ¢ = Ac+ f, yielding
the spectral radius of matrix A, p(A) = 0.6667 < 1. The iterative method con-
verges, and the solution is as follows: ¢ = [}, i, 2, 3, 3, e, &3, 3, &Y, &b, 3,
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cs, Y, cb, 2, et = [40.0567, 12.4053, -6.1553, -0.8523, 40.0567, 12.4053, 6.1553,
0.8523, 9.9431, 4.0719, -2.1780, -0.8523, 9.9431, 4.0719, 2.1780,0.8523]T. Then, we
calculate ¢ =~ Z?Zl Z?:o cz»apé» + ¢ and get the distribution of internal potential
inside the electrolytic cell shown in Figure 7:

0 45.4544 | 59.4696 | 59.4696 | 45.4544 0

0 22.3484 | 32.9544 | 32.9544 | 22.3484 0

0 10.9847 | 17.0453 [17.0453 |10.9847 0

0 45455 | 7.1969 | 7.1969 | 4.5435 0

0 0 0 0 0 0

FIGURE 7. Graphical function ¢ ~ Zj‘zl Z?:o c]i-cp; +

5. COMPLETENESS OF THE BASIS FUNCTION FOR THE OSFG-BASED FEM

When using the weighted residual method to solve operator equations, the basis
function family and the weight function family should form a complete system.
Now, let us demonstrate the completeness of the OSFG-based finite element basis
function.

First, it is limited to the region €2 that can only be divided into basic graphs; a
Lebesgue square-integrable function is defined on region 2. The real variable func-
tion theory shows that a continuous function always exists for a Lebesgue square-
integrable function defined on a bounded closed region €2, and the distance between
them can be arbitrarily small, As long as the diameter of the support domain of
the impulse basis function is sufficiently small, the distance between the continuous
function and the linear combination of the impulse basis functions on the bounded
closed region {2 is arbitrarily small according to the uniform continuity of the con-
tinuous function on the bounded closed region. The OSFG-based finite element
basis functions and the impulse basis functions can linearly represent each other.
Therefore, the linear combination of the OSFG-based finite element basis function
is dense everywhere in the Lebesgue square-integrable function space. This proves
the completeness of the basis function of the FEM of the orthogonal step functions
group [13, 15, 17, 7, 5, 8].

We consider the Lebesgue square-integrable function on a general bounded closed
region . A bounded closed region €' can always be covered by a graph concate-
nated by basic graphs. Among these basic shapes, only the following two types
are considered: the entire graph falls inside the region Q' or the graph falls on the
boundary of the region Q. They are called internal and boundary basic graphs,
respectively. The region where the internal and boundary basic graphs are com-
bined is denoted as 2, and the region € covers the bounded closed region 2'. We
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define a function on a region §2 as the function that is the original Lebesgue square-
integrable function on the region 2’ and a function whose value is defined as zero on
the difference set between Q and Q’. This defines a new Lebesgue square-integrable
function on €2, which can be approximated by a linear combinations of OSFG-based
finite element basis functions on 2. The linear combinations also approximate the
original Lebesgue square-integrable function on 2'. Such is proved the completeness
of the OSFG-based finite element basis function.

6. DIFFERENTIAL OPERATOR EQUATIONS ON BOUNDED CLOSED REGIONS

Considering that the differential operator equation on the bounded closed region
V' : Ly = f (inside the region Q' ) and meeting the boundary conditions (on the
boundary I' ), we expand the bounded closed region € into a union Q of basic
graphs using the method described in Section 5 and use the linear combination of
the members of orthogonal step functions groups on each internal basic graph as
the approximate value of the desired function inside the region. The selection of
OSFGs should be conducive to faster convergence when using the iterative method.
Then, the difference operator Lp is used to replace the differential operator L; the
Galerkin method is used to find the solution of the PDE. The following describes
the processing of boundary points using a square as an example of the basic graph:

The first boundary value problem: At this point, the boundary condition is ¢ = ¢
on the boundary I', and the value of the center point on each basic graph of the
boundary is the value of the boundary point closest to the center point that falls
on the basic graph.

The second and third boundary value problems: At this point, the boundary
condition on the boundary I is as follows:

Op B
(6.1) n +ap =g.

The boundary curve I" passes through a square with a center point P (as shown
in Fig. 8), where S is the closest point on the boundary curve I" to point P, with
its outer normal vector being n.

(6.2)
o = {% cos(n, x) + G£ cos(n, y)}P ~ AL cos(n, ) + LD cos(n, ).

Therefore, at point P, the following approximate equation can be obtained:

(6.3) D2 cos(n, ) + L) cos(n, y) + ap (P) = g (S).

7. CONCLUSIONS

The FEM of the OSFG involves taking a linear combination of orthogonal step
functions as the approximation function for the partition elements, thereby approx-
imating the field function in segments. The differential operator equations should
be differenced first, and then the Galerkin method should be used to transform the
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\ R

1)

A

FiGURE 8. Processing of the boundary condition of square basic figure.

differential operator equations into a system of linear algebraic equations. The coef-
ficient matrix of the system of linear algebraic equations is a sparse matrix. It is an
approximate diagonal block matrix composed of many small block matrices, which
can be approximately diagonalized by diagonalizing each small block or each con-
solidation block to reduce the spectral radius of the corresponding iteration matrix.
Therefore, the number of iterations required to achieve a certain accuracy for the
solution of the equation system is reduced, and consolidation block diagonalization
can be reused until the spectral radius is satisfactory. This study introduced the
concept and the construction method of OAEG of a given operator. If an orthogo-
nal step function system adopted an orthogonal approximate characteristic function
system and used it as the basis function in the Galerkin method, the differential
operator equation was transformed into a linear algebraic equation system, in the
coefficient matrix of the linear algebraic equation system, each small matrix itself
was a small diagonal matrix. The OSFG adopted an extended group of orthog-
onal approximate characteristic function groups to reduce the number of nonzero
elements in the corresponding iteration matrix. The OSFG was composed of jump-
ing constant-valued functions and was equivalent to a set of pulse basis functions.
Therefore, it simplified integration operations and helped to approximate singular
points of the function being solved.
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