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SOLUTION OF FREDHOLM INTEGRAL EQUATION VIA WEAK
CONTRACTION

MUNIRAH ALJUAID, SAMAD MUJAHID*, AND SOKHOBIDDIN AKHATKULOV

ABSTRACT. In this article, we establish fixed point theorems for Geraghty-weak
contraction in M,s-metric space. Our results extend and improve many existing
results in literature. Additionally, we provide an example that demonstrates the
utility of our results. Lastly, we apply our main result to investigate the existence
and uniqueness of a fixed point by solving an integral equation.

1. INTRODUCTION AND PRELIMINARIES

If u remains invariant under ) (i.e., Hu = u), then $ has a fixed point u. The first
basic fixed point theorem was established by Banach in his dissertation in 1922 and
is known as the Banach contraction principle. There are number of generalizations
(see [3,6,9-11,17,18]). Indeed, the rectangular metric space is one of the most
interesting generalization purposed by Branciari [5]. As an extension of rectangular
metric spaces, George et al. [7] presented rectangular b-metric spaces in 2008 and
demonstrated fixed point results for the same. By presenting the idea of extended
rectangular b-metric spaces in the recent past, Asim et al. [4] broadened the notion
of rectangular b-metric spaces and used it to prove a fixed point theorem with an
application. Partial rectangular metric spaces were first developed in 2014 by Shukla
et al. [19] as a generalization of rectangular metric. Parvaneh et al. [14] established
the concept of partial rectangular b metric space in 2017.

On the other hand Asadi et al. introduced the idea of M-metric space as a
generalization of metric space and partial metric space and proved some fixed point
results with its topological properties.

Notation 1 ([1]). The following notations will be utilized in the definition of M-
metric space.

(1) my, = min{m(u,u), m(v,v)},

(2) My, = max{m(u,u), m(v,v)},
In 2014, Asadi et al. [1] introduced the following definition of M-metric space.
Definition 1.1 ([1]). Let £ # 0. For all u,v,w € &, a mapping m : & X & — Ry is
M -metric, if it meets the following axioms:

(1) m(u,u) = m(u,v) = m(v,v) if and only if u = v,

(2) myp < m(u,v),
(3) m(u,v) =m(v,u),
(4) (m(u,v) —myp) < (M(u,w) —Myw) + (M(W,0) = My,p).

Then, the pair (§,m) is said to be a M-metric space.

2020 Mathematics Subject Classification. 47H10, 54H25.
Key words and phrases. Fixed point, M,,-metric, Geraghty-weak contraction.



964 M. ALJUAID, S. MUJAHID, AND S. AKHATKULOV

Notation 2 ([12]). The following notations will be utilized in the definition of
Mp-metric space.

(1) mp,, = min{my(u, w), my(v,v)},

(2) My, , = max{my(u,u), my(v,v)},
After two years, Mlaiki et al. [12] introduced the following definition of Mj-metric
space.

Definition 1.2 ([12]). Let £ # 0. For all u,v,w € &, a mapping my : & X & — Ry
is My-metric with coefficient s > 1, if it meets the following axioms:

(1) mp(u,u) = mp(u,v) = my(v,v) if and only if u= v,

(2) ms,, < mp(u,v),
(3) mb(uv U) = mb(v’ u),
(4) (my(u,v) —my, ) < s[(mp(u, w) —my, ) + (my(w, v) —my,,, )] = ms(w, w).
Then, the pair (§,mp) is said to be a My-metric space.

Notation 3 ([13]). The following notations will be utilized in the definition of
rectangular M-metric space.

(1) my, , = min{m,(u,u), m,(v,v)},

(2) M,,, = max{m,(u,u), m,(v,v)}.

Tu,v

In 2018, Ozgiir et al. [13] introduced the following definition of rectangular M-metric
space.

Definition 1.3 ([13]). Let £ # 0. For all u,v € £ and all distinct p,q € £\ {u,v}, a
mapping m, : £ X & — Ry is rectangular M -metric, if it meets the following axioms:

(1) my(u,u) = my(u,v) = m,(v,v) if and only if u = v,

(2) my,, <mp(u,v),

(3) my(u,v) =my(v,u),

(4) (my(u,v)=my, ) < (Me(u, p)—my, )+ (M (P, @) =M, )+ (M (g, v) —mr, ).
Then the pair (§,m,) is said to be a rectangular M-metric space.

Notation 4. The following notations will be used in the definition of rectangular
Mp-metric space.

(1) mpp,,, = min{m,p(u, u), mp(v,v)},

(2) Mrbu,v = max{mrb(u, u)a mrb(va U)}
Rectangular Mp-metric space was first described as a generalization of both rectan-
gular M-metric space and Mj-metric space by Asim et al. [2] in 2019.
Definition 1.4 ([2]). Let £ # 0. V u,v € & and all distinct p,q € &\ {u,v}, a
mapping myp © € X € — Ry is My-metric with coefficient s > 1, if it meets the
following axioms:

(Imyp) mypp(u, w) = myp(u, v) = mep(v,v) if and only if u = v,
(2mrb) mrbuﬂ, S mrb(uav):

(Bmyp) mypp(u, v) = mpp(v,u),
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(4myp) (mpp(u,v) =, ) < s[(mpb(u, p)=myb,, , )+ (Mrp (D, @) =M, )+ (Mg, v)—
mrbq,v)] — myp(p, p) — Mrb(q, q)-

Then, (&, myp) is said to be a rectangular My-metric space.

Remark 1.5. The pair (§, m_rb) reduces to rectangular metric space with s = 1.

Now, we adopt an example of a rectangular Mp-metric space

Example 1.6. Let { = [0,00) and | > 1 any positive integer. Define myp : & X & —
Ry by (Vu,vef):

myp(u,v) = max{u, v} + |u —v|’.
Then (£, myp) is a rectangular My-metric space with coefficient s = 311t is simple
to verify, by using basic computation that (£, myp) is not a rectangular M -metric
space.

Definition 1.7. A sequence {u,} in (§,mp) is said to be convergent to u € & iff
lim (74 (Un, w) — My, ) = 0.
n—oo

Definition 1.8. A sequence {u,} in (§,m.p) is said to be Cauchy iff

n,}lilrgoo(me(u’rh um) - meunyum) cmd nJl?iLI—I)lOO(Mrbun,um - meunyum)

exist and finite.

Definition 1.9. If every Cauchy in £ is convergent to some point in &, then the
rectangular My-metric space (£, myp) is complete.

2. MAIN RESULTS

Lemma 2.1. Assume a sequence {u,} in M,-metric space (£, myp) such that
limy, 00 Mypp(Up, uy) = 0. Then,
(1) The sequence {uy} is Cauchy in (&, myp) iff the sequence {uy} is Cauchy in

(& 7).
(2) The (§,myp) is complete iff (§,7p) is complete.

Geraghty [8] established a fixed point result and broadened the Banach contrac-
tion principle in 1973. Later, using Geraghty-weak contractions, Roshan et al. [15]
demonstrated fixed point results in b-metric spaces.

Following [8], let § : [0,00) — [0,1) (with s > 1) for any sequence t, € [0, 00)
satisfies the following:

1
limsup(t,) = - = lim ¢, =0.

n—o00 S n—o0

Let © denotes for the set of all 6.

Definition 2.2. Let (§,m},) be a M,p-metric space. A mapping $ : & — & is said
to be Geraghty-weak contraction if there exists 8 € © such that

(2.1) myp(Hu, Hv) < 0(mypp(u, v))N(mpp(u,v)),

where

M) = ot Tt}
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Theorem 2.3. Let (&, m,p) be an M.y-metric space with coefficient s > 1 and
9 & — £ a Geraghty-weak contraction. Then, $ has a unique fized point u such
that m.p(u, u) = 0.

Proof. Assume that uy € £ and the iterative sequence {u,} can be constructed by:
uyp = fJU(), Uz = ﬁ2u07 us = 53“07 ooy Un = "6nu07 oo

If myp(tn, uny1) = 0 for some n € Ny, then u, is a fixed point of $ and we are
done. Henceforth, we assume that mg;(t,, uny1) > 0 for all n € Ny. We assert that
limy, 00 Myp (U, Upy1) = 0. On setting u = u,—1 and v = u, in (2.1), we get

mrb(“nv un-l—l) = me(ﬁun—17 ﬁun) < o(me(un—la un))N(mrb(un—ly un))
1
(22) < gN(me(un—17 un)) < N(mrb(un—la un))
where,
o mrb(unfla ﬁunfl)mrb(unaﬁun)
N(mrb(un—l’ un)) = max {mrb(un—l’ un)v 1+ mrb(f)unfla ﬁu”)

mrb(un—la Un)m'rb(un7 un—i—l) }
14 mrb(una un+1)
S {mrb(un—h un); mrb(un—ly Un)}

= mrb(unfla Un)~

= Inax {mrb(un—h un)a

Therefore, (2.2) gives rise
(23) mrb(’“ny unJrl) < mrb(unfla un)

Hence, {mp(tn,un+1)} is a decreasing sequence of positive real numbers. So that,
there exists r > 0 such that

nhﬂnolo mrb(uTw un—i—l) =T

Assume that r > 0. Then from (2.2), we have

nh—{go mrb(una un-l—l) < nh—>n(’>lo [e(mrb(un—lv un))N(mrb(un—la Un))} .

Using the definition of 6 we obtain r < %r, a contradiction. Thus,
(2.4) lHm mp(Up, upt1) = 0.

n—o0o
Now, by taking u = u,—1 and ¢ = up4+1 in (2.1), we get

mrb(una Un+2) = me(ﬁun—l7ﬁun+1) < e(me(un—lv un—i—l))N(mrb(un—la Un+1))

1
(25) < gN(mrb(un—l’ un—l—l)) < N(mrb(un—h un-f—l))v

where,

My (Un—1, HUn—1) My (Ung1, Hng1) }
14+ mep(Hun—1, Htny1)

My (Un—15 Un )My (U1, Un1-2) }
1+ mrb(unv un+2)

< max {me(un—17 un+1)7 [mrb(un—ly Un)mrb(un—l—la un+2)]} .

N(mrb(unfla Un+1)) = max {mrb(unh un+1)a

= max {mrb(un—l, un-l—l)v
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Thanks to (2.3), we have some obliteration, that is, we have
N(myp(un—1,unt1)) < max {mrb(un_l, Unt1), [Mrp(Un—1, un)}Q} .
Here, we assume that
max {mrb(un_l,unﬂ), [mrb(un_l,un)}Q} = Myp(Un—1, Up) OF [Myp(Un_1, un)]2
Since limy,—s o0 Myp(Un—1,uyn) = 0, then from (2.5), we have

lm myp(tn, upy2) = 0.
n—oo

On similar way, one can easily obtain
(2.6) lHm myp(un, uy) = 0.
n—oo
By the definition of r;, and conditions (2.4) and (2.6), we have
(2.7) Jim (U, Ung1) = Jim. 76 (U, Unt2) = Jim. My (U, Un) = 0.

Firstly, we show that w,, # u,, for any n # m. Let on contrary that, u, = u,, for
some n > m, then we have up4+1 = Hu,y = Huy, = Up+1. Then, from (2.2) we have

mrb(uma um-‘,—l) = mrb(un7 un-l—l) = mrb(ﬁun—lv ﬁun)

e(mrb(unfla un))N(mrb(unfla Un))

1
EN(m’I‘b(u'l’Lfla Un))

IN

N(mrb(unfla Un)),

mrb(un—h un)

ININ A

Then we have
My (U Umt1) = Moy (Uny Uny1)
mrb(“n—h un)

<
< mrb(unf% unfl)
<

< mrb(“my um+1)

a contradiction. Thus, in what follows, we can assume that u,, # u,, for all n # m.
Now, we have to show that {u,} is Cauchy sequence in (£, m,). For this we have to
show that the sequence {u,} is Cauchy in (§,r}) (see Lemma 2.1). On the contrary
suppose that, {u,} is not Cauchy sequence. Then, there exists ¢ > 0 for which we

can find two subsequences {n} and {my;} such that ny is the smallest index for
which

(2.8) ng > my > k and ry(Up,, Un,) > €.
This means that

(2.9) (U, » Uny—1) < €.

By using (2.8) and rectangular inequality of 7, we obtain

(2.10) € < 1p(Umy, Uny,) < ST (U, Uny—1) + ST (Ung—1, Unj+1) + STH(Ung+15 Uny )-
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Taking, upper limit as k — oo and using (2.7) and (2.9), we have

(2.11) € < limsup rp(wm,,, Un, ) < se.
k—o0

On the other hand, by the definition of r, and using (2.6), we have
kl;r{.lo 7o (Umny, » Uny, ) = 2}}5}20 M (U 5 Uny, )-

This shows that

(2.12) % < Hm sup mypp (U, , Un,,) <

s€
k—o00 2
Using (2.1) and the definition of 74, we have
Hm mpp(Umy, ) < WM s (Umy41, Uy, ) + 1M 81005 (U415 Ung+1)
k—o00 k—o00 k—o0

+ Hm smpp(tng+1,Uny ),
k—oo

(2.13) < s lHm O(mpp(tmy,, Ung )N (M (U, Uny, ) ),
k—o00
where,
_ mrb(umkaﬁumk)mrb(unkayjunk)
(mrb(umka Unk)) = maX {mrb(umkuunk)’ 1+ mrb(ﬁumkyﬁunk)

(2.14) — max {mrb(unk, o), Myt (U, s Urng+1) b (U, Uny 1) } ‘

1+ mrb(umk+la unk+1)
On making the upper limit as k¥ — oo and using (2.6) in (2.14), we have

lim sup N (myp (i, , Un,, ) = Hmsup mpp(wm,,, Un, )-
n—00 n,m—00

Hence, from (2.13), we obtain

lm sup mp (U, , Un,, ) < sHmsup O(mypp(tm, , Un,, ) imsup mypep (wm, , Un,, )-
n—oo n,m—>oo n,m—0o0
In view of our assumption, lim supy,_, o My (Um, , Un, ) 7 0, so from above inequality,
we get
..
— < limsup §(mp(Um,,, Un, ))-
S k—o00
Since § € ©, we deduce that limy, 00 Mrp(Uny, s Uy, ) =0=>1iMyp, 500 76 (Uny, , Uy, ) =
0, which is a contradiction. Therefore, {u,} is Cauchy sequence in (&,rp). Conse-
quently, {u,} is Cauchy sequence in (£, m,), that is

n,}%gloo(mrb(una um) - mrbun,um) =0.

and
lim (M, . — M, . ) =0.
n,Mm—00 m notm
Since (&, m,p) is complete then there exists u € £ such that
lim (74 (wn, w) — myp,, ) = 0.
n—oo

To show that w is a fixed point of $), by the continuity of £, we have

u= lim up41 = lim fu, = f( lim u,) = Hu.
n—oo n—oo n—oo
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Hence, u is a fixed point of $.
Let’s assume for the uniqueness component that u, v exist in £ such that Hu = u
and $Hv = v. Then from (2.1), we obtain

mrb(ua U) = mrb(ﬁu,ﬁv) < e(mrb(u7 U))N(me(u, U))
< %N(mrb(u,v)) < N(myp(u,v))
M (w, Hu)myep(v, HU) }
L+ myp(Hu, H)

= max {mrb(u, v),

= myp(u,v)
a contradiction, unless m,(u,v) = 0 = wu = v. Hence $) has unique fixed point
in &.
Finally, we demonstrate that m,,(u,u) = 0 if u is a fixed point. Let u be a fixed
point of $) to achieve this
mrb(ua u) =m rb(ﬁu7ﬁu)
< O(mypp(u,w))N(mpp(u,u))
1
< EN(mrb(ua u)) < N(mrb(u7 u))
mrb(ua f)u)mrb(ua ﬁu) }
1+ mpp(Hu, Hu)
me(u7 U)mrb(u, U) }
1+ myp(u,u)

= max {me<’U,, u),

=  max {mrb(u,u),
< mrb(uv U)a
yielding thereby m,(u, u) = 0. This concludes the proof. O
We now present the following example which shows the utility of our result.

Example 2.4. Let £ = [0,1] and let myp : € x € — R is defined by:

myp(u,v) = (u—;—v)z

Then it is clear that (§, myp) is an complete my,-metric space with s = 3. Consider
a mapping 9 : £ — £ defined by:

u
H= 3 Vouel.
It is easy to check that all the conditions of Theorem 2.3 are fulfilled with 0(u) = %
for each w > 0 and 6(u) € [0,1/3). Then the contractive condition (2.1) is trivially
holds. Now, by taking w =4 and v € {1,2,3,5}, such that u < v, we obtain Hu =1
and $Hv = 3. Then by contractive condition (2.1), we have

u g vN2Z 2
myp(Hu, HV) = (323> _9<u—2kv>

gu—i-vQ
7 2

= O(u)d(u,v)

IN
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< H(mrb(ua U))N(uv U)'
It follows that $) has a unique fized point (which is uw = 0).
The following corollary is proved by Asim et al. [2].

Corollary 2.5. Let (§,mp) be a complete rectangular My-metric space with coeffi-
cient s > 1. Suppose §) : € — £ satisfies the following conditions:

myep(Hu, Hv) < Amgpp(u,v) ¥V u,v € €
where \ € [0, %) Then, f has a unique fized point u such that m.p(u,u) = 0.

3. APPLICATION

In this section, we use Theorem 2.3 to examine the existence and uniqueness
of solution of the nonlinear Fredholm integral equation. Consider the following
Fredholm type integral equation:

b
(3.1) u(t) —/ &(t, s,u(t))ds, fort,s € [a,b]

where &, h € £ = C([a, b],R), the set of continuous real valued functions defined on
[a,b]. Define myy,: € x £ = R and 6 : [0,00) — [0, 1) by O(u) = %

2
myp(u(t), v(t)) = talpb} (W) for all u,v € &.

Then, (£, m,) is an complete m,;-metric space.
Now, we are equipped to assert and demonstrate our result as follows:

Theorem 3.1. Assume that (for all u,v € C([a,b],R))

(3.2) w@ﬁw@»+®@&m@ﬂgmgiﬁ

Then the integral equation (3.1) has a unique solution.

Proof. Define $) : £ — & by

lu(t) + v(t)|, for all t,s € [a,b].

b
Hu(t) = / &(t,s,u(t))ds, for all t,s € [a,b].

Observe that, existence of a fixed point of the operator f is equivalent to the exis-
tence of a solution of the integral equation (3.1). Now, for all u,v € £, we have

Hu(t) + Ho(t) |? b Bt s, ut)) + 6t s, v(0) |
e e e e e

- (/ab &(t,s,u(t)) +(‘5(t,s,v(t))’d8>

2
(/ab o ds)

u(t) + v(t)
ooz, (05 ) ([ )

mep(Hu, HU) =

2

2

IN
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< %mrb(u,v) < O(u)d(u,v) < O(mrb(u, v))N(u,v).

As a result, Theorem’s 2.3 requirements are all met. Hence, the Fredholm integral
Equation (3.1) has a unique solution since the operator $) has a fixed point, which
is unique. The evidence is now complete. O

4. CONCLUSIONS

Due to the fact that m,,-metric space is a really sharpened form of both m,.-
metric space and myp-metric space. In m,,-metric space, we demonstrated a fixed
point result for Geraghty-weak contraction. Additionally, a model is created to
illustrate the usefulness of our findings.
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