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(2) If W ⊂ Q, ⇒ µ(W) ≤ µ(Q).
(3) µ(W) = µ(W) = µ(ConvW).
(4) µ(λW + (1− λ)Q) ≤ λµ(W) + (1− λ)µ(Q) for each λ ∈ [0, 1].
(5) If for each n ∈ N, Wn = Wn ⊆ MΛ, Wn+1 ⊂ Wn If lim

n→∞
µ(Wn) = 0, ⇒

∅ ̸= W∞ =
∞⋂
n=1

Wn.

Theorem 1.2 ([11]). Let ∅ ̸= ℧ = ℧ ⊆ Λ be convex, bounded and G : ℧ → ℧ be a
continuous function and ∃ a constant ℓ ∈ [0, 1) so that

µ(Gℑ) ≤ ℓµ(ℑ),

for any ∅ ̸= ℑ ⊆ ℧. Then G has a fixed point in the set ℧.

2. Hölder space H1([a, b])

In this part, we present a (MNC) in the Hölder space H1([a, b]) (satisfying the
Lipschitz condition). In what follows, this space will be denoted by Lip(M). Ob-
serve that H1([a, b]) is Banach space by following norm

|w|Lip = |w(a)|+ sup
{ |w(ξ1)− w(ξ2)|

|ξ1 − ξ2|
: ξ1, ξ2 ∈ [a, b], ξ1 ̸= ξ2

}
.

Remark 2.1. The ∅ ̸= D ⊂ H1([a, b]) is bounded if

sup{|w|Lip : w ∈ D} <∞.

Theorem 2.2 ([9]). Suppose that D ⊆ H1([a, b]) be bounded so that for every ε > 0
∃ δ > 0, we get

0 < |ξ1 − ξ2| < δ ⇒ |w(ξ1)− w(ξ2)|
|ξ1 − ξ2|

≤ ε,

for every w ∈ D and ξ1, ξ2 ∈ [a, b]. Then D is relatively compact in H1([a, b]).

Suppose W ∈ MH1([a,b]). For w ∈W and ε > 0, define

µ(w, ε) = sup
{ |w(ξ1)− w(ξ2)|

|ξ1 − ξ2|
: ξ2, ξ1 ∈ [a, b], ξ2 ̸= ξ1, |ξ1 − ξ2| ≤ ε

}
,

µ(W, ε) = sup{µ(w, ε), w ∈W},

and

(2.1) µ(W ) = lim
ε→0

µ(W, ε).

Theorem 2.3. The function µ : MH1([a,b]) → R+ given by (2.1), fulfils the hypoth-
esis 1◦ − 5◦ of Definition 1.1.

Proof. Its proof is similar to [5] and [9]. □
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3. New class of n-order FDE with BVP

In this section, we define the new class of fractional deferential equation of order
ȷ ∈ (n− 1, n], (n ≥ 5) with boundary value problems as following:

(3.1)


cDȷw(ξ) = f(ξ), 0 ≤ ξ < E, E ≥ 1,

w(0) = w′(0) = w(5)(0) = w(6)(0) = · · · = w(n)(0) = 0,

w′′(E)− w′′(0) = w′′(η), w(3)(1) = w(4)(1), w′′(0) = βw(η),

β ∈ R, η ∈ (0, 1).

Definition 3.1 ([25]). The fractional integral of order ȷ is

Iȷf(ξ) =
1

Γ(ȷ)

∫ ξ

0

f(ρ)

(ξ − ρ)1−ȷ
dρ, ȷ > 0,

Definition 3.2 ([25]). Let f : [0,∞) → R, then Caputo fractional derivative of
order ȷ > 0 is

cDȷf(ξ) =
1

Γ(n− ȷ)

∫ ξ

0

f (n)(ρ)

(ξ − ρ)ȷ−n+1
dρ,

where n = [ȷ] + 1.

Lemma 3.3 ( [17]). Let w ∈ C([0,∞)) ∩ L1([0,∞)) with the Caputo fractional
derivative of order ȷ that belongs to C([0,∞)) ∩ L1([0,∞)). So

Iȷ cDȷw(ξ) = w(ξ) + c1 + c2ξ + c3ξ
2 + · · ·+ cnξ

n−1,

where ci ∈ R, i = 1, 2, . . . , n and n = [ȷ].

Lemma 3.4. Let f ∈ l1([0,∞)) be continuous function and n−1 < ȷ ≤ n, (n ≥ 5).
Then the BVP problem of fractional differential equation
cDϑw(ξ) = f(ξ), 0 ≤ ξ < E, E ≥ 1,

w(0) = w′(0) = w(5)(0) = w(6)(0) = · · · = w(n)(0) = 0,

w′′(E)− w′′(0) = w′′(η), w(3)(1) = w(4)(1), w′′(0) = βw(η), β ∈ R, η ∈ (0, 1).

has a unique solution

w(ξ) =

∫ ξ

0

(ξ − ℘)ȷ−1

Γ(ȷ)
f(℘)d℘+

βξ2

2− βη2

(∫ η

0

(η − ℘)ȷ−1

Γ(ȷ)
f(℘)d℘

+
η3

6

(∫ 1

0

(1− ℘)ȷ−5

Γ(ȷ− 4)
f(℘)d℘−

∫ 1

0

(1− ℘)ȷ−4

Γ(ȷ− 3)
f(℘)d℘

)
+

η4

24η − 12E2

(∫ E

0

(E − ℘)ȷ−2

Γ(ȷ− 1)
f(℘)d℘−

∫ η

0

(η − ℘)ȷ−4

Γ(ȷ− 3)
f(℘)d℘

+ (E − 1)
(∫ 1

0

(1− ℘)ȷ−5

Γ(ȷ− 4)
f(℘)d℘−

∫ 1

0

(1− ℘)ȷ−4

Γ(ȷ− 3)
f(℘)d℘

)))

+
ξ3

6

(∫ 1

0

(1− ℘)ȷ−5

Γ(ȷ− 4)
f(℘)d℘−

∫ 1

0

(1− ℘)ȷ−4

Γ(ȷ− 3)
f(℘)d℘

)
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+
ξ4

24η − 12E2

(∫ E

0

(E − ℘)ȷ−2

Γ(ȷ− 1)
f(℘)d℘−

∫ η

0

(η − ℘)ȷ−4

Γ(ȷ− 3)
f(℘)d℘

+ (E − 1)
(∫ 1

0

(1− ℘)ȷ−5

Γ(ȷ− 4)
f(℘)d℘−

∫ 1

0

(1− ℘)ȷ−4

Γ(ȷ− 3)
f(℘)d℘

))
.

Proof. By Lemma 3.3, the equation (3.1) is equivalent to the integral form

w(ξ) = Iϑf(ξ) + c1 + c2ξ + c3ξ
2 + c4ξ

3 + · · ·+ cn+1ξ
n,

for some ci ∈ R, i = 1, 2, 3, 4, . . . , n+ 1.
By the boundary value conditions for (3.1), we find that

c1 = c2 = c6 = c7 = · · · = cn+1 = 0,

and

(3.2) w(ξ) =

∫ ξ

0

(ξ − ℘)ȷ−1

Γ(ȷ)
f(℘)d℘+ c3ξ

2 + c4ξ
3 + c5ξ

4.

So we get

w′(ξ) =

∫ ξ

0

(ξ − ℘)ȷ−2

Γ(ȷ− 1)
f(℘)d℘+ 2c3ξ + 3c4ξ

2 + 4c5ξ
3,

w′′(ξ) =

∫ ξ

0

(ξ − ℘)ȷ−3

Γ(ȷ− 2)
f(℘)d℘+ 2c3 + 6c4ξ + 12c5ξ

2,

w′′′(ξ) =

∫ ξ

0

(ξ − ℘)ȷ−4

Γ(ȷ− 3)
f(℘)d℘+ 6c4 + 24c5ξ,

w(4)(ξ) =

∫ ξ

0

(ξ − ℘)ȷ−5

Γ(ȷ− 4)
f(℘)d℘+ 24c5.

Applying, w(4)(1) = w′′′(1) we get∫ 1

0

(1− ℘)ȷ−5

Γ(ȷ− 4)
f(℘)d℘+ 24c5 =

∫ 1

0

(1− ℘)ȷ−4

Γ(ȷ− 3)
f(℘)d℘+ 6c4 + 24c5

which imply that

6c4 =

∫ 1

0

(1− ℘)ȷ−5

Γ(ȷ− 4)
f(℘)d℘−

∫ 1

0

(1− ℘)ȷ−4

Γ(ȷ− 3)
f(℘)d℘.

Consequently,

c4 =
1

6

(∫ 1

0

(1− ℘)ȷ−5

Γ(ȷ− 4)
f(℘)d℘−

∫ 1

0

(1− ℘)ȷ−4

Γ(ȷ− 3)
f(℘)d℘

)
,

By w′′(E)− w′′(0) = w′′′(η) we have∫ E

0

(E − ℘)ȷ−2

Γ(ȷ− 1)
f(℘)d℘+ 2c3 + 6c4E + 12c5E

2 − 2c3 =

∫ η

0

(η − ℘)ȷ−4

Γ(ȷ− 3)
f(℘)d℘

+ 6c4 + 24c5η.
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Then, we have∫ E

0

(E − ℘)ȷ−2

Γ(ȷ− 1)
f(℘)d℘−

∫ η

0

(η − ℘)ȷ−4

Γ(ȷ− 3)
f(℘)d℘+ (6E − 6)c4 = (24η − 12E2)c5.

Consequently,

c5 =
1

24η − 12E2

(∫ E

0

(E − ℘)ȷ−2

Γ(ȷ− 1)
f(℘)d℘−

∫ η

0

(η − ℘)ȷ−4

Γ(ȷ− 3)
f(℘)d℘

+(E − 1)
(∫ 1

0

(1− ℘)ȷ−5

Γ(ȷ− 4)
f(℘)d℘−

∫ 1

0

(1− ℘)ȷ−4

Γ(ȷ− 3)
f(℘)d℘

))
.

By w′′(0) = βw(η) we have

2c3 = β
(∫ η

0

(η − ℘)ȷ−1

Γ(ȷ)
f(℘)d℘+ c3η

2 + c4η
3 + c5η

4
)
,

so we get

(2− βη2)c3 = β
(∫ η

0

(η − ℘)ȷ−1

Γ(ȷ)
f(℘)d℘+ c4η

3 + c5η
4
)
,

Consequently,

c3 =
β

2− βη2

(∫ η

0

(η − ℘)ȷ−1

Γ(ȷ)
f(℘)d℘+

η3

6

(∫ 1

0

(1− ℘)ȷ−5

Γ(ȷ− 4)
f(℘)d℘

−
∫ 1

0

(1− ℘)ȷ−4

Γ(ȷ− 3)
f(℘)d℘

)
+

η4

24η − 12E2

(∫ E

0

(E − ℘)ȷ−2

Γ(ȷ− 1)
f(℘)d℘

−
∫ η

0

(η − ℘)ȷ−4

Γ(ȷ− 3)
f(℘)d℘+ (E − 1)

(∫ 1

0

(1− ℘)ȷ−5

Γ(ȷ− 4)
f(℘)d℘

−
∫ 1

0

(1− ℘)ȷ−4

Γ(ȷ− 3)
f(℘)d℘

)))
.

Substituting the value of c3, c4 and c5 in (3.2), it yields

w(ξ) =

∫ ξ

0

(ξ − ℘)ȷ−1

Γ(ȷ)
f(℘)d℘+

βξ2

2− βη2

(∫ η

0

(η − ℘)ȷ−1

Γ(ȷ)
f(℘)d℘

+
η3

6

(∫ 1

0

(1− ℘)ȷ−5

Γ(ȷ− 4)
f(℘)d℘−

∫ 1

0

(1− ℘)ȷ−4

Γ(ȷ− 3)
f(℘)d℘

)
+

η4

24η − 12E2

(∫ E

0

(E − ℘)ȷ−2

Γ(ȷ− 1)
f(℘)d℘−

∫ η

0

(η − ℘)ȷ−4

Γ(ȷ− 3)
f(℘)d℘

+ (E − 1)
(∫ 1

0

(1− ℘)ȷ−5

Γ(ȷ− 4)
f(℘)d℘−

∫ 1

0

(1− ℘)ȷ−4

Γ(ȷ− 3)
f(℘)d℘

)))

+
ξ3

6

(∫ 1

0

(1− ℘)ȷ−5

Γ(ȷ− 4)
f(℘)d℘−

∫ 1

0

(1− ℘)ȷ−4

Γ(ȷ− 3)
f(℘)d℘

)



1048 H. AMIRI KAYVANLOO AND M. MURSALEEN

+
ξ4

24η − 12E2

(∫ E

0

(E − ℘)ȷ−2

Γ(ȷ− 1)
f(℘)d℘−

∫ η

0

(η − ℘)ȷ−4

Γ(ȷ− 3)
f(℘)d℘

+ (E − 1)
( ∫ 1

0

(1− ℘)ȷ−5

Γ(ȷ− 4)
f(℘)d℘−

∫ 1

0

(1− ℘)ȷ−4

Γ(ȷ− 3)
f(℘)d℘

))
.

□

4. Application

Now, we study the solvability of E.q (3.1) in H1([0, E]) and we present one
example to performance main results.
(A1) The function f : [0, E] × R → R is continuous and ∃ increasing functions
ψ : [0, E] → [0,+∞) so that ψ(℘) → 0, as ℘ → 0 and ∀ w, v ∈ R, ℘ ∈ [0, T ] the
inequality

|f(℘,w)− f(℘, v)| ≤ ψ(|w − v|),
is satisfied and

N = sup{|f(℘, 0)| : ℘ ∈ [0, E]} <∞.

(A2) ∃ a solution r0 > 0 for the inequality

(ψ(r) +N)(
2Eȷ−1

ȷΓ(ȷ)
) ≤ r.

Theorem 4.1. By conditions (A1) and (A2) the E.q (3.1) has at least one solution
in H1([0, E]).

Proof. Define F : H1([0, E]) → H1([0, E]) as

F (w)(ξ) =

∫ ξ

0

(ξ − ℘)ȷ−1

Γ(ȷ)
f(℘)d℘+

βξ2

2− βη2

(∫ η

0

(η − ℘)ȷ−1

Γ(ȷ)
f(℘)d℘

+
η3

6

(∫ 1

0

(1− ℘)ȷ−5

Γ(ȷ− 4)
f(℘)d℘−

∫ 1

0

(1− ℘)ȷ−4

Γ(ȷ− 3)
f(℘)d℘

)
+

η4

24η − 12E2

(∫ E

0

(E − ℘)ȷ−2

Γ(ȷ− 1)
f(℘)d℘−

∫ η

0

(η − ℘)ȷ−4

Γ(ȷ− 3)
f(℘)d℘

+ (E − 1)
(∫ 1

0

(1− ℘)ȷ−5

Γ(ȷ− 4)
f(℘)d℘−

∫ 1

0

(1− ℘)ȷ−4

Γ(ȷ− 3)
f(℘)d℘

)))

+
ξ3

6

(∫ 1

0

(1− ℘)ȷ−5

Γ(ȷ− 4)
f(℘)d℘−

∫ 1

0

(1− ℘)ȷ−4

Γ(ȷ− 3)
f(℘)d℘

)
+

ξ4

24η − 12E2

(∫ E

0

(E − ℘)ȷ−2

Γ(ȷ− 1)
f(℘)d℘−

∫ η

0

(η − ℘)ȷ−4

Γ(ȷ− 3)
f(℘)d℘

+ (E − 1)
(∫ 1

0

(1− ℘)ȷ−5

Γ(ȷ− 4)
f(℘)d℘−

∫ 1

0

(1− ℘)ȷ−4

Γ(ȷ− 3)
f(℘)d℘

))
.

For any w ∈ H1([0, E]), we show that F (w) ∈ H1([0, E]). For this choose ξ2, ξ1 ∈
[0, E] with ξ2 ̸= ξ1 and ξ1 < ξ2. By (A1), we have
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∣∣∣∣
|ξ2−ξ1|

≤

∣∣∣∣ ∫ ξ20
(ξ2−℘)ȷ−1

Γ(ȷ) f(℘,w(℘))d℘−
∫ ξ1
0

(ξ1−℘)ȷ−1

Γ(ȷ) f(℘,w(℘))d℘

∣∣∣∣
|ξ2 − ξ1|

+

∣∣∣∣β(ξ22−ξ21)2−βη2

(∫ η
0

(η−℘)ȷ−1

Γ(ȷ) f(℘,w(℘))d℘+ η3

6

( ∫ 1
0

(1−℘)ȷ−5

Γ(ȷ−4) f(℘,w(℘))d℘

−
∫ 1
0

(1−℘)ȷ−4

Γ(ȷ−3) f(℘,w(℘))d℘
)∣∣∣∣

|ξ2 − ξ1|

+

∣∣∣∣ η4

24η−12E2

( ∫ E
0

(E−℘)ȷ−2

Γ(ȷ−1) f(℘,w(℘))d℘−
∫ η
0

(η−℘)ȷ−4

Γ(ȷ−3) f(℘,w(℘))d℘

∣∣∣∣
|ξ2 − ξ1|

+

∣∣∣∣(E − 1)
( ∫ 1

0
(1−℘)ȷ−5

Γ(ȷ−4) f(℘,w(℘))d℘−
∫ 1
0

(1−℘)ȷ−4

Γ(ȷ−3) f(℘,w(℘))d℘
)))∣∣∣∣

|ξ2 − ξ1|

+

∣∣∣∣ ξ32−ξ316

(∫ 1
0

(1−℘)ȷ−5

Γ(ȷ−4) f(℘,w(℘))d℘−
∫ 1
0

(1−℘)ȷ−4

Γ(ȷ−3) f(℘,w(℘))d℘

)∣∣∣∣
|ξ2 − ξ1|

+

∣∣∣∣ ξ42−ξ41
24η−12E2

(∫ E
0

(E−℘)ȷ−2

Γ(ȷ−1) f(℘,w(℘))d℘−
∫ η
0

(η−℘)ȷ−4

Γ(ȷ−3) f(℘,w(℘))d℘

∣∣∣∣
|ξ2 − ξ1|

+

∣∣∣∣(E − 1)
( ∫ 1

0
(1−℘)ȷ−5

Γ(ȷ−4) f(℘,w(℘))d℘−
∫ 1
0

(1−℘)ȷ−4

Γ(ȷ−3) f(℘,w(℘))d℘
))∣∣∣∣

|ξ2 − ξ1|

Since, ξ2 > ξ1 so |ξ22 − ξ21 | → 0, |ξ32 − ξ31 | → 0 and |ξ42 − ξ41 | → 0, then we get∣∣∣∣(Fw)(ξ2)− (Fw)(ξ1)

∣∣∣∣
|ξ2 − ξ1|

≤

∣∣∣∣ ∫ ξ20
(ξ2−℘)ȷ−1

Γ(ȷ) f(℘,w(℘))d℘−
∫ ξ1
0

(ξ1−℘)ȷ−1

Γ(ȷ) f(℘,w(℘))d℘

∣∣∣∣
|ξ2 − ξ1|

By condition (A1), we obtain∣∣∣∣(Fw)(ξ2)−(Fw)(ξ1)

∣∣∣∣
|ξ2−ξ1|

≤

∣∣∣∣ ∫ ξ10

( (ξ2−℘)ȷ−1

Γ(ȷ) − (ξ1−℘)ȷ−1

Γ(ȷ)

)
f(℘,w(℘))d℘+

∫ ξ2
ξ1

(ξ2−℘)ȷ−1

Γ(ȷ) f(℘,w(℘))d℘

∣∣∣∣
|ξ2 − ξ1|
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≤

∣∣∣∣ ∫ t10 ( (ξ2−℘)ȷ−1

Γ(ȷ) − (ξ1−℘)ȷ−1

Γ(ȷ)

)(
f(℘,w(℘))− f(℘, 0) + f(℘, 0)

)
d℘

+
∫ ξ2
ξ1

(ξ2−℘)ȷ−1

Γ(ȷ) (f(℘,w(℘))− f(℘, 0) + f(℘, 0)
)
d℘

∣∣∣∣
|ξ2 − ξ1|

≤

∣∣∣∣(ψ(|w|Lip) +N) 1
Γ(ȷ)

( ξȷ1
ȷ + (ξ2−ξ1)ȷ

ȷ − ξȷ2
ȷ + (ξ2−ξ1)ȷ

ȷ

)∣∣∣∣
|ξ2 − ξ1|

.

Since, ξ2 > ξ1, using the facts that

∣∣∣∣ ξȷ1ȷ − ξȷ2
ȷ

∣∣∣∣ ≤ 0, we have∣∣∣∣(Fw)(ξ2)− (Fw)(ξ1)

∣∣∣∣
|ξ2 − ξ1|

≤ 2(ψ(|w|Lip) +N)
(ξ2 − ξ1)

ȷ

ȷΓ(ȷ)|ξ2 − ξ1|

≤ 2(ψ(|w|Lip) +N)
(Eȷ−1

ȷΓ(ȷ)

)
.

Consequently, we obtain

(4.1) |Fw|Lip ≤ (ψ(|w|Lip) +N)
(2Eȷ−1

ȷΓ(ȷ)

)
.

By (4.1) F is well defined. We define the D ⊆ H1([0, E]) as

D = {w ∈ H1([0, E]) : |w|Lip ≤ r }.

Clearly ∅ ̸= D = D is convex and bounded in H1([0, E]) by (A2) gives that F : D →
D. We show that F is continuous, let ε > 0 and w, v ∈ D, so that |w − v|Lip ≤ ε.
Then, for arbitrary ξ1, ξ2 ∈ [0, E] with ξ2 > ξ1, we can write∣∣∣∣[(Fw)(ξ2)−(Fv)(ξ2)]−[(Fw)(ξ1)−(Fv)(ξ1)]

∣∣∣∣
|ξ2−ξ1|

≤

∣∣∣∣ ∫ ξ2

0

(ξ2 − ℘)ȷ−1

Γ(ȷ)
(f(℘,w(℘))− f(℘, v(℘)))d℘

−
∫ ξ1

0

(ξ1 − ℘)ȷ−1

Γ(ȷ)
(f(℘,w(℘))− f(℘, v(℘)))d℘

∣∣∣∣
|ξ2 − ξ1|

+

∣∣∣∣β(ξ22 − ξ21)

2− βη2

(∫ η

0

(η − ℘)ȷ−1

Γ(ȷ)
(f(℘,w(℘))− f(℘, v(℘)))d℘

∣∣∣∣
+

∣∣∣∣η36 (
∫ 1

0

(1− ℘)ȷ−5

Γ(ȷ− 4)
(f(℘,w(℘))− f(℘, v(℘)))d℘

−
∫ 1

0

(1− ℘)ȷ−4

Γ(ȷ− 3)
(f(℘,w(℘))− f(℘, v(℘)))d℘

)∣∣∣∣
|ξ2 − ξ1|
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+

∣∣∣∣ η4

24η − 12E2

(∫ E

0

(E − ℘)ȷ−2

Γ(ȷ− 1)
(f(℘,w(℘))− f(℘, v(℘)))d℘

−
∫ η

0

(η − ℘)ȷ−4

Γ(ȷ− 3)
(f(℘,w(℘))− f(℘, v(℘)))d℘

∣∣∣∣
+

∣∣∣∣(E − 1)
( ∫ 1

0

(1− ℘)ȷ−5

Γ(ȷ− 4)
(f(℘,w(℘))− f(℘, v(℘)))d℘

−
∫ 1

0

(1− ℘)ȷ−4

Γ(ȷ− 3)
(f(℘,w(℘))− f(℘, v(℘)))d℘

)))∣∣∣∣
|ξ2 − ξ1|

+

∣∣∣∣ξ32 − ξ31
6

(∫ 1

0

(1− ℘)ȷ−5

Γ(ȷ− 4)
(f(℘,w(℘))− f(℘, v(℘)))d℘

−
∫ 1

0

(1− ℘)ȷ−4

Γ(ȷ− 3)
(f(℘,w(℘))− f(℘, v(℘)))d℘

)∣∣∣∣
|ξ2 − ξ1|

+

∣∣∣∣ ξ42 − ξ41
24η − 12E2

(∫ E

0

(E − ℘)ȷ−2

Γ(ȷ− 1)
(f(℘,w(℘))− f(℘, v(℘)))d℘

−
∫ η

0

(η − ℘)ȷ−4

Γ(ȷ− 3)
(f(℘,w(℘))− f(℘, v(℘)))d℘

∣∣∣∣
+

∣∣∣∣(E − 1)
( ∫ 1

0

(1− ℘)ȷ−5

Γ(ȷ− 4)
(f(℘,w(℘))− f(℘, v(℘)))d℘

−
∫ 1

0

(1− ℘)ȷ−4

Γ(ȷ− 3)
(f(℘,w(℘))− f(℘, v(℘)))d℘

))∣∣∣∣
|ξ2 − ξ1|

.

So, we get{∣∣[(Fw)(ξ2)−(Fv)(ξ2)]−[(Fw)(ξ1)−(Fv)(ξ1)]
∣∣

|ξ2−ξ1| : ξ1, ξ2 ∈ [0, E], ξ1 ̸= ξ2

}

≤

ψ(|w−v|Lip)
Γ(ȷ)

(
ξȷ1
ȷ + (ξ2−ξ1)ȷ

ȷ − ξȷ2
ȷ + (ξ2−ξ1)ȷ

ȷ

)
|ξ2 − ξ1|

+ψ(|w − v|Lip)

( β(ξ22−ξ21)
2−βη2

(
ηȷ

ȷΓ(ȷ) +
η3

6

(
1

(ȷ−4)Γ(ȷ−4) −
1

(ȷ−3)Γ(ȷ−3)

)
|ξ2 − ξ1|

+

η4

24η−12E2

(
Eȷ−1

(ȷ−1)Γ(ȷ−1) −
ηȷ−3

(ȷ−3)Γ(ȷ−3)

)
+ (E − 1)

(
1

(ȷ−4)Γ(ȷ−4) −
1

(ȷ−3)Γ(ȷ−3)

))
|ξ2 − ξ1|

)

+ψ(|w − v|Lip)

( ξ32−ξ31
6

(
1

(ȷ−4)Γ(ȷ−4) −
1

(ȷ−3)Γ(ȷ−3)

)
|ξ2 − ξ1|

)
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+ψ(|w − v|Lip)



ξ42 − ξ41
24η − 12E2

( Eȷ−1

(ȷ− 1)Γ(ȷ− 1)
− ηȷ−3

(ȷ− 3)Γ(ȷ− 3)

+ (E − 1)
( 1

(ȷ− 4)Γ(ȷ− 4)
− 1

(ȷ− 3)Γ(ȷ− 3)

))
|ξ2 − ξ1|


.

Finally,

|Fw − Fv|Lip

≤

ψ(|w−v|Lip)
Γ(ȷ)

(
ξȷ1
ȷ + (ξ2−ξ1)ȷ

ȷ − ξȷ2
ȷ + (ξ2−ξ1)ȷ

ȷ

)
|ξ2 − ξ1|

+ψ(|w − v|Lip)

( β(ξ22−ξ21)
2−βη2

(
ηȷ

ȷΓ(ȷ) +
η3

6

(
1

(ȷ−4)Γ(ȷ−4) −
1

(ȷ−3)Γ(ȷ−3)

)
|ξ2 − ξ1|

+

η4

24η−12E2

(
Eȷ−1

(ȷ−1)Γ(ȷ−1) −
ηȷ−3

(ȷ−3)Γ(ȷ−3)

)
+ (E − 1)

(
1

(ȷ−4)Γ(ȷ−4) −
1

(ȷ−3)Γ(ȷ−3)

))
|ξ2 − ξ1|

)

+ψ(|w − v|Lip)

( ξ32−ξ31
6

(
1

(ȷ−4)Γ(ȷ−4) −
1

(ȷ−3)Γ(ȷ−3)

)
|ξ2 − ξ1|

)

+ψ(|w − v|Lip)



ξ42 − ξ41
24η − 12E2

( Eȷ−1

(ȷ− 1)Γ(ȷ− 1)
− ηȷ−3

(ȷ− 3)Γ(ȷ− 3)

+ (E − 1)
( 1

(ȷ− 4)Γ(ȷ− 4)
− 1

(ȷ− 3)Γ(ȷ− 3)

))
|ξ2 − ξ1|


.

By (A1), since ψ(s) → 0 as s → 0, we get F is continuous. We show that F is a
condensing operator. Let ∅ ̸= W ⊆ H1([0, E]) be bounded, take w ∈ W , ε > 0 and
ξ2, ξ1 ∈ [0, E] with ξ2 ̸= ξ1 and |ξ2 − ξ1| ≤ ε, by (4.1) we obtain

µ(Fw, ε) = sup
{ |(Fw)(ξ2)− (Fw)(ξ1)|

|ξ2 − ξ1|
, ξ2, ξ1 ∈ [0, E], ξ1 ̸= ξ2, |ξ1 − ξ2| ≤ ε

}
≤ (ψ(|w|Lip) +N)

(2εȷ−1

ȷΓ(ȷ)

)
.

This implies that

µ(FW, ε) = sup{µ(Fw, ε), w ∈W} ≤ (ψ(|w|Lip) +N)
(2εȷ−1

ȷΓ(ȷ)

)
.
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By taking ε→ 0, we get

µ(FW ) = lim
ε→0

µ(FW, ε) = 0,

which is equivalent to,
µ(FW ) ≤ Lµ(W ),

where L = 0. By Theorem 1.2, we get F has a fixed point w in the ball D so the
E.q (3.1) has at least one solution in H1([0, E]). □
Example 4.2. Consider the equation

(4.2)


cD

13
2 w(ξ) = e−4ξ arctan(w(ξ)+4) sin(ξ4+1)√

12+ξ2
, 0 ≤ ξ < E, E ≥ 1,

w(0) = w′(0) = w(5)(0) = w(6)(0) = w(7)(0) = 0,

w′′(E)− w′′(0) = w′′(13), w
(3)(1) = w(4)(1), w′′(0) = 5w(13).

Observe that (4.2) is a special case of (3.1) when ȷ = 13
2 , β = 5, η = 1

3 , and

f(℘,w) = e−4℘ arctan(w+4) sin(℘4+1)√
12+℘2

, ℘ ∈ (0, E]. The condition (A1) of Theorem 4.1

with ψ(℘) = 1√
12
℘ hold. Indeed, we have

|f(℘,w)− f(℘, v)| =
∣∣∣e−4℘ arctan(w + 4) sin(℘4 + 1)√

12 + ℘2

∣∣∣
≤ 1√

12e4℘
| arctan(w + 4) sin(℘4 + 1)|

≤ 1√
12

|w + 4− v − 4|)| ≤ 1√
12

|w − v|

and

N = sup
{∣∣∣e−4℘ sin(℘4 + 1)arctan(2)√

℘2 + 12

∣∣∣, ℘ ∈ [0, E]
}
=
arctan(2)√

12
.

Also, ∃ r > 0 so that fulfils the inequality of (A2) of Th 4.1, that is,( r√
12

+
arctan(2)√

12

)( 2E
11
2

13
2 Γ(

13
2 )

)
≤ r.

Now, Theorem 4.1 guarantees that E.q (4.2) has at least one solution inH1([0, E]).
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