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CONTROLLABILITY OF ¢-HILFER FRACTIONAL
DIFFERENTIAL EQUATION WITH NON-LOCAL CONDITIONS
VIA MEASURE OF NONCOMPACTNESS

JAVID ALT* AND ANANTA THAKUR

ABSTRACT. In this paper, we prove controllability results for a class of -Hilfer
fractional differential equations with almost sectorial operator and non-local con-
ditions. By means of measure of noncompactness and semigroup theory, the
Monch fixed point theorem is used to derive certain sufficient requirements for
controllability. We specifically are not presuming the evolution system’s com-
pactness. An illustration is provided as an example of how well our findings
work.

1. INTRODUCTION

In 1960, Kalman introduced the idea of controllability. Controllability plays
a momentous role in development of modelling problems expressed by differen-
tial equations, neutral differential equations, impulsive equations, delay differential
equations, integrodifferential equations and differential inclusions in Banach spaces.
In the study of controllability, the operator semigroup F(z) must be assumed to
be compact for the majority of the earlier findings. Balachandran and Park [4]
proved their results by using a compact analytic semigroup for fractional integrod-
ifferential systems in Banach spaces. Yan [23] developed necessary conditions for
the controllability of fractional order partial neutral functional integrodifferential
inclusion. Chang [8] looked into a mixed Volterra-Fredholm type integrodifferential
inclusion controllability result in Banach spaces using a compact semigroup and
Bohnenblust-Karlin fixed point theorem.

When the compactness of a semigroup and several other requirements are met,
O’Regan and Hernandez [10] noted that the outcomes of controllability will be
constrained to the finite dimensional space. Determining adequate criteria that
ensures the controllability of the outcomes of diverse systems without needing the
compactness of a semigroup has therefore been a major goal of many researchers.
Later, scholars have always attempted to use the measure of noncompactness to
avoid a semigroup’s compactness.

Ji et al. [13] focused their study on the controllability of impulsive functional
differential equations with nonlocal circumstances by utilizing Monch fixed point
theorem and the measure of noncompactness.
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By employing Monch fixed point theorem, Machado et al. [14] also obtained suffi-
cient conditions for controllability and controllability results for a class of impulsive
functional integrodifferential equations with finite delay in Banach spaces.

Restrictive requirements on the estimated parameters and the measure of non-
compactness are necessary, however the results in [13,14] do not presume the com-
pactness of the evolution system. Under the presumptions of the measure of non-
compactness in a separable and uniformly smooth Banach space, Xue [22] achieved
the existence results of integral solutions for nonlinear first order differential equa-
tions with nonlocal initial value conditions. In [9], Haque et al. studied the control-
lability of i-Hilfer fractional differential equation via measure of noncompactness.

Ahmad et al. [2] shown that first order impulsive integrodifferential equations
with nonlinearity of the form f(¢, u(t), Gu(t)) have mild solutions where Gu(t) de-
notes a Volterra-type integral operator. Bose and Udhayakumar [7] studied the
controllability of Hilfer fractional neutral differential equations with almost secto-
rial opertor via mnc.

Motivated by the earlier results of above authors, we study the controllability of
the following v-Hilfer fractional differential equation with almost sectorial operator.

(1.1) Dlgf’¢[w(z)] = Aw(2) + h(z,w(z), xw(2)) + Bv(z), z € J = (0,d]

(1.2) L7 w(2) o = wo + X7 cjw(ry), 75 € (0,d)

where 0 < k<1, 0<e<1,§=k+e— ke, D’wa is a -Hilfer fractional derivative

operator and [ 5:5;1/) is 1-Riemann-Liouville fractional integral operator. A is almost
sectorial operator, h(z,w(.),xw(.)) € Ci_s.(J,C,R), the control function is v €
L?([0,d],U),U is Hilbert space and B : U — R is bounded linear operator with
| B||< Ki. For x : D xR = R, xw(z) = [y K(z,s,w(s))ds, D = {(t,s) : 0 <
s <t < d}, ¢ are real numbers and 7,7 = 1,2,...,m are given points satisfying
D<<m< <7y <d.

This type of fractional differential equations arise in the financial crisis model
represented in the work of Norouzi [16], where author solved same kind of problem
without discussing controllability.

If we consider all ¢; = 0, then system reduces to problem of Bose and Ud-
hayakumar [7] without delay for a particular value of function (t). We establish
the existence of mild solution for evolution equations, and give a set of sufficient
conditions for the controllability result for w-Hilfer fractional differential equation
through the measure of noncompactness approach and almost sectorial operator.

2. PRELIMINARIES AND BASIC RESULTS

Basic definitions and lemmas from the fractional calculus along with some results
for measure of noncompactness (mnc) are recalled in this section.

Let J = [0,d] be an interval and 1 : J — RT be an increasing and positive
function for all z € J.

The space Ci_s4(J,C,R) denotes the Banach space of weighted functions defined
on J, i.e.

Cros6(J,C,R) = {w: J = RI(¢(.) = (0))' *w(.) € C(J,R)},



CONTROLLABILITY OF #-HILFER FRACTIONAL DIFFERENTIAL EQUATION 1029

with norm |[wllc,_; ,(1cr) = max.e {|(¢(.) — ¥(0)) 0w (2)]}.

Definition 2.1 ( [11]). Let f be a integrable function defined on (0, d) and 1 be an
increasing function having a continuous derivative ¢’ on (0,d) such that ¢'(t) # 0
for all t € J and k > 0 is a constant. The left-sided fractional integral of order k of
function f with respect to v is defined by

(2.1) I p(t) = F(lm /0 W ()(W(E) — $(s)) " f(s)ds

If we take ¢(t) = ¢, we get a well known classical Riemann-Liouville fractional
integral.

Definition 2.2 ([3]). Let n —1 <k <neN, 0<e<1and f,y € C"(J,R) two
functions such that ¢ is an increasing and ¢'(t) # 0 for all ¢ € J. The left-sided
1-Hilfer fractional derivative of order k and type € of function f is defined as

ke _ k) 1 d)" (1—)n—k)w
DR 0 = 10| s ] 180 g

Or we can write it as

DECYF(t) = YDV f(8), 6 =k + e(n — k)

1—e k);
where DoV f(t) = [y ] "I f (1),
In particular, the -Hilfer fractional derivative of order 0 < k£ < 1 and type
0 < e <1 can be written in the following form :

DY 510 = 1 | #6000 = ) D s = 13D 10

where 6 = k + ¢(1 — k), [, 5 kw() are defined by equation (2.1) and Dgipf(t) =
1 1 510
(@l Tor " F®)-
Lemma 2.3 ([11]). Let o > 0 and 8 > 0. The following semigroup properties hold:
(i) If f € LP(J,R)(p > 1), then I3V I () = ISPV f(E), ace. t € J.
(i) If f € Cyy(LR), then ISV IDY f() = ISTPV f(E), t € [a,b], 0 <y < 1.
(iii) If f € C(J,R), then ISVIDY f(t) = IST7V f(1), te J.
Lemma 2.4 ([20]). Let 0 <k <1, 0<e<1and0<d < 1. If f € LY(J,R) and
6(1 k) f is well-defined as an element of L'(J,R), then
Dy I 1) = I8P DR p@).
Moreover, if f € CY(J,R)

DESYINYR(t) = h(t).
For0<k<1, 0<e<1landd=k+e(l—k), weintroduce the weighted spaces
C 50 (LR) = {w € Crsy| Dy w € Cr_sy(J,R)}

and
C? 5¢(J R) = {w e Ci_ alp\Dgf’w € Ci_s.p(J,R)}.

Since Dk Wy = I €(1k), chS Pw, it is obvious that CJ_ s (LR) C C’ff(w(J, R).
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Lemma 2.5 ([1]). Let0< k<1, 0< e <1and§ = k+e(1-k). If f € C_ s (L R),
then

(22) YD f(t) = I DR £ (2)
and
(2.3) DY I F(t) = DT f (1),

Lemma 2.6 ([11]). Let k >0, and § > 0, then Y-fractional integral and derivative
of a power function are given by

L0 - 00 = g 00 — )

and
DyP(w(t) = (0)F ' =0, 0< k< 1.

Lemma 2.7 ([19]). Let k > 0 and 0 < § < 1. Then Iéﬁw(.) is bounded from
Ci—s:(J,R) into Ci_s.4(J,R). In particular, if 6 < k, then Iéiw (.) is bounded from
Ci—s:¢(J,R) into C(J,R).

Lemma 2.8 ([20]). Let k >0 and 0 < ¢ < 1, and Ci_s.([a,b],R). If k > 6, then
Ijﬁ’f € C([a,b],R) and

1% f(a) = lim I5Vf(t) =0
e t—at @
Theorem 2.9 ([20]). Let 0 <k <1 and 0<e<1. If Ci_54(J,R), then

1(1*6)(1*’“):1/’]0(0)

I DG 1) = 10 = P qq =y WO — eI

Moreover, if 6 =k +e(1—k), feC;_ 5111(‘] R) and IO+ wf €Ci_ s (J,R), then

DR () = ft) —

Definition 2.10 ([5]). For any bounded subset Z of a metric space (X,d), the
Kuratowski [12] measure of noncompactness is defined as:

w(Z) =inf{e >0:Z=J"Z;, diam(Z;) <€, 1 <i <n < oo}, where diam(Z;)
represents the diameter of set Z; C X.

Definition 2.11. Let Z be the bounded subset of a metric space (X, d), the Haus-
dorff measure of non-compactness u is defined by

w(Z) =1inf{0 > 0: Z can be covered by a finite number of balls with radii 6}.

There are only in a few Banach spaces, which able to express Hausdorff’s mea-
sure of noncompactness with the help of these definitions. So, Banas and Goebel
introduced the definition of mnc in axiomatic way.

Definition 2.12 ([5]). Let E be any Banach space and ¢ denotes the set of all
bounded subsets of E.

A mapping < Mg— Ry is called measure of noncompactness (mnc) in E if the
following conditions hold:
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(A1) A non-empty family kerg :={B € M : ¢(B) =0} C Ng;
(AQ) B C B = §(Bl) < §(B2)
(A3)

3) <(B) =<(B);
(Ag) s(ConvB) = <(B).

Definition 2.13. Suppose P is the positive cone of an ordered Banach space (P,
<). Let v be the function defined on the set of all bounded subsets of the Banach
space E with values in P is known as mnc on E iff ¢(conv(Q)) = ¥(Q) for every
bounded subset 2 C E, where conv(f2) denoted the closed convex hull of €.

Lemma 2.14 ([5]). Suppose E is a Banach space and G1,G2 C E are bounded.
Then, the following properties satisfy.
(i) Gy is precompact iff <(G1) = 0;
(i) ¢(G1) = s(G1) = s(conv(G1)), where conv(G1) and Gy denote the convex
hull and closure of G1,respectively;
(i) If G1 C Ga, then ¢(G1) < <(Ga);
(iv) s(G1+Gs9) < §<G1)+§(G2), such that G1+G9 = {bl—l-bz :b1 € Gi,bo € Gg};
v) <(G1U G2) < max{<(G1),<(G2)};
(vi) s(AG1) =| A | ¢(G1) for every A € R, where E is a real Banach space.
(vii) If the operator S : D(S) C E — Ej is Lipschitz continuous and 1 is the
constant then we know p(S(G1)) < ns(Gi) for any bounded subset Gi C
D(S), where p represent the Hausdorff mnc in the Banach space Fy.

Lemma 2.15 ([5]). Assume that S is any equicontinuous and bounded subset of
C(J, E), then function z — ¢(S(2)) is continuous on [0,d]. <(S) = sup{s(S(2))}
where S(z) ={w(z):w € S,z € [0,d]}.

Lemma 2.16 ([15]). Let ® be a closed convexr subset of a Banach space E and
0 € ©. Assume that S : © — ® be a continuous map which satisfies Monch’s
condition, i.e., if ©1 C D is countable and ©; C conv(0U S(D1)) implies D1 is
compact. Then S has a fized point in .

Definition 2.17 ([17]). Let 0 < v < 1,0 < p < §, we define ©," be the family
of closed linear operators, the sector S, = {z € C\{0} with |argz| < p} and
A:D(A) C E — E such that

(i) o(A) S Sy ;
(ii) There exists a constant C,
I(z = A)7H < Culz[™Y, for all = ¢ Sy,
then A € ©," is called almost sectorial operator on E.

Lemma 2.18 ([17]). Consider 0 <v <1,0<pu <7 and A€ ©,". Then
(i) F(z1 + 22) = F(21) + F(22), for all z1, 22 € S%fu"
(ii) There exists a constant £ > 0 such that || F(2)|c < £2¥7L, for all z > 0;
(iii) The range R(F(z)) of F(z), z € S%_M which belongs D(A). Especially,
2

R(F(2)) € D(A%) for all 6 € C with Re(#) > 0,

1
A F(2) < / Y™ R(z; A)yds, for everyy € E.
I'g
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(iv) If 0 > 1 — v, then D(A?) C Sr = {y € E : lim, o F(2)y = y};
(v) R(z;4) = [;° e ¥*F(2)dz, for every k' € C with Re(k') > 0.

Definition 2.19 ([17]). Define the wright function Mj(¢) by

n 1

Z n—l‘Fl—kn)

n=1
which holds the following properties such that, —1 < A < oo, > O:
(a) Mg(¢) >0,z > 0;

k

) Jo” wme ™ Mk(gk)dc_ e

3. AN AUXILLARY RESULT

We represent C(J,R) the Banach space of all continuous functions w : J — R
where J = [0,d]. Consider the set Il = {w € C : lim, o2z 1T FFFy(2) ex-
ists and finite} which is a Banach space w.r.t the norm defined as || w |g=
sup,e {2 TR L w(z) |}

Theorem 3.1. Let 0 < k < 1,0 < e <1 and § = k + € — ke. Assume that
h(-,w(-),x()) € C1_s.5[0,d] for any w € Cy_s.4[0,d]. If w € C?_ s.50,d], then w
satisfies the problem (1 1)-(1.2) if and only if w satisfies the integral equation

6—1 Ci T
w(z) = (=) = B, ¥(0) [ 0+EF(]/-6)/0 /\Z(Tj,s)Aw(s)ds

1 Yok ¢ 7k
—i—E%cj ; /\w(TmS)F(S)dS"'ZTk) ; Ny (75, ) Bu(s)ds

1 z
g () A s Aus) + ) + Bu(s))ds)

where Aj(7j,5) = w'<s><w<fi> —1(s)* 1 F(2) = h(z,w(2), xw(z)) and 0 # By =

[0(8) — Sej(v(rj) —(0))° 1.

Proof.

(3.1) DY w(2)] = Aw(z) + h(z,w(2), x(2)) + Bu(z), z € J = (0,d],
(3.2) Iéja;ww(Z)b:o = wo + XL cjw(ry), 75 € (0,d),

where d = k + € — ke.
By using Theorem 2.9, we have

. Iy w(0)
(3.3) I DY lw(z)] = w(z) - OFT

Now by using Lemma 2.5 and applying Igf’ (.) to equation (3.1) both sides
059 by, kb ke, k; k; k;
(3.4) LDV (z)] = 1P DEV f(z)] = 15 Aw(z) + IV F(2) + 15 Bo(2).
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Comparing (3.3) and (3.4), we get

I%%(0)

(35) w(z)= 0+F (W(2) — $(0))° ™1 + INY Aw(z) + IV F(2) + IV Bu(2).

(9)
Substitute z = 7; and multiply c¢; to both sides
;1N (0) _
Beju(rj) = B (th(7) = ()"

+ EcjlgfbAw(Tj) + Ecjlgjer(Tj) + ZC]'Ig_prU(Tj)
which implies
L(8)Eejw(ry) = Nej Loy w(0) (w(r;) = (0))°
+ D(0)Se 100 Aw(ry) + D(8)Se; 100 F(7;) + T(8)Se; INY Bu (7).
We can write above expression as
T(8) (I " w(0) — wo) = Se; Iy w(0)(w(r) — $(0))*!
+ D(6)Se; 10 Aw(ry) + D(6)Se; 10 F(ry)
+0(6)Se; 117 Bo(ry),

L= P w(0)[1(8) = Se;(dh(ry) — (0))° ]
=T (8)wo + L(8)Se; 1N Aw(ry) + D(8)Se; IV F(r5) + T(8)Se; 1Y Bu(ry),
1% w(0) = ng) [wo + B¢ INY Aw(ry) + Se; 1NV F(ry) + zcjlgﬁ’Bu(Tj)] :
Put this term in equation (3.5)
6—1
w(z) = (¥(2) Bdl}(O))
+ 1INV Aw(z) + IFYF(2) + IV Bu(2),

(1h(z) — (0))°~1
By
1 K Ci Tj
+2F(k)6j/0 Ai(Tj’S)F(S)dSJFEF(;f)/O AL (75, 8)Bo(s)ds
1

(3.6) + @( /O N (2, 8)(Aw(s) + F(s) + Bv(s))ds),

Conversly, we assume that w € C)_ 5|0, d] satisfies the above integral equation.

We prove w(z) also satisfies (1.1)-(1.2) .
Multiply ¢; and put z = 7 to the above equation

ci((T:) — 6—1 Ci 7
e (9 j)Bl PO Fig 4 Bgds /0 N (5,8 (Aw(s) + F(s)

+ Bv(s))ds} N FE&CJ)( /0 K NE (7, 8) (Aw(s) + F(s) + Bv(s))ds),

[wo + Ecjlgprw(Tj) + Ecjlgjer(Tj) + Ecjf('fﬂva(Tj)]

¢

[wo + EF(k‘) /OTj /\Z(Tj, s)Aw(s)ds

w(z) =

Sepw(m) =
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ci(U(T;) — o-1 Ci 7i

Tepw(ty) = [1 42 16 ])31 () ]ZF(]k) /0 A5 (7j, ) (Aw(s) + F(s)
() — 5—
+ Bu(s))ds + (Zeje( J)Bl ¥(0)) 1wg
which implies
Yepw(mg) = Ié(j) {Ef?k‘) /OTJ /\Z(Tj, s)(Aw(s) + F(s) + Bv(s))ds]
I'(9)
+ <Bl - 1) wo,
Yepw(Ty) +wo = ng) [EFZ’) /OTJ AZ(T]-, s)(Aw(s) + F(s) + Bu(s))ds + wo]
= I} 7%%(0
0+

).
Hence we obtain equation (3.2), with this we validate the problem. O

4. EXISTENCE AND CONTROLLABILITY RESULT
In this section, we establish controllability result for given system.

Definition 4.1. The mild solution of the equation (1.1)-(1.2) is a function, that
satisfies

0() = Prapl2)wo + Sacyu(n)] + [ " Koy (2 ) () a(at, (), xw(s))
+ /OZ K (2, u) (u) Bu(u)du

where Pk767w(z) = I(f)(l—lc)%wlckﬂp(z)7 Qk,w(z) - fOOO kCMk(C).F((w(Z) o w(u))kod@),
Kip(z,u) = (9(2) = (1) Qry(2), ie.
w(z) = Prey(2)[wo + X7 cjw(ry)]

+ [ (6(2) = ()1 () Qs (2D, w(u), xew(s) )
" /O ((2) — ()P (1) Qus () Bu(u)

Lemma 4.2. The system (1.1) and (1.2) is said to be controllable in J if for every
continuous initial value function, there exists v € L?(J,R) and the mild solution
w(z) of (1.1) with (1.2) satisfies w(d) = w;.
To prove our main result, we require the following hypotheses :
(Hy)
(a) Let A be the almost sectorial operator which generates analytic semigroup
{F(2),z >0} in R such that || F(z) |< L' where L' > 0 is a constant.
(b) For any fized z > 0, the linear operator Py . (z) is such that, || Py ey(2)]] <
Ks.
(H2) The function h : J xC xR — R such that h(.,w(.), (xw)(.)) € Ci—s4[J,C,R]
satisfies Caratheodory condition for all w(z) € C :
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(a) h(.,,w(.),(xw)(.)) is measurable for all h(.,w(.),(xw)(.)) and is continuous
for a.e. z € J,
(b) The function h : Ci_s4[J,C,R] = R satisfies Lipschitz condition :
17 (21, w(z1), x(21) = h(z2, w(z2), X(22))[| < Lllz1 — 22l|.

(¢) There exists a constant Ko > 0 such that || h(.,w(.), (xw)(.)) [|< Ko for
every z € J.
(H3) The linear operator W : L*(J,R) — E is defined by

d
W(U)Z/O ((d) — ()" (u)Qu,y (d, u) Bo(u)du.

(a) W has an invertible operator W' which takes value in L*(J,R)/KerW and
there exists K3 such that |[W™| < Kj.
(b) There exists a constant Ky such that for any bounded set © C F,
S(W™D)(2)) < Kw(2)5(D).
(Hy) There is a constant K > 0 satisfying <(D) < K¢(D) for every bounded
subset ® C E and following estimation holds true:

K = |Ki+ Ko+ Ko + K1 KsKyw (wg — (K2 +KO))] <L

Theorem 4.3. Suppose assumptions (Hy) — (Ha) hold, then i-Hilfer fractional dif-
ferential equation (1.1)-(1.2) has a solution with K = (K14 Ko+ Ko+ K1 K3 Ky (wg—
(K2 + Kj))) < 1.

Proof. Now we consider the operator S : II — II which is well defined and the fixed
point of this operator is the solution of our problem.
The operator S : I — II is defined as

Sw(z) = Preq(2)[wo + E;-”Zlcjw(Tj)] + /OZ K (2, u) (u)h(u, w(u), xw(s))du
+ /OZ ICkw(z,u)@Z/(u)Bv(u)du,

where

v(z) = W [w(d) = Prcy(d)lwo + ZfLicjuw(m)]

d
= [ ks 0 @t o), o).

Define a bounded, closed and convex set B, = {w € II : ||w|| < €}.

By using Monch fixed point theorem, we prove the existence of the solution in
following steps:

Step 1 : The operator S maps the set B, into itself. i.e. SBe C B..

S(w(z)) = Ppep(2)[wo + XL icjw(r;)] + /OZ K,y (2, )y (u)h(u, w(u), xw(s))du
+/0 ICk’w(z,u)W(u)Bv(u)du,

|Sw(e)] < |7 [Py (2) w0 + Siycx ()]
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[ Kokt (bl w(u), ()
0

+ / Kooz, u)! () Bo(u)du |

< ) (| B ()l i + S cxanr) |
]| [ Ko ne i, ()]

+| K () ) MBI 1~ 1P () + S5yt

| ke ot o . xanoan]

< (|7 (K1 + Ko + Ko + K1 K3(wa — (K2 + Ko)))
< K.

It follows that ||[Sw|; < €. Thus SB, C B..

Step 2 : S is continuous on B..
Let {wy}22, be a sequence such that w, — w in B¢ as n — oo then for each
z € J, we have

(Swn(2) = Sw()]| < [|=~1F k) || /0 K )0 () (o 0 () 0 5))

— h(u,w(u), Xw(s)))duH]
< Jld™EEER ] (] hawy, — b))
—> 0 as n — oo.

where hw,, = h(u,wy,(u), xwn(s)) and hw = h(u, w(u), xw(s)).
By Lebesgue convergence theorem, we conclude that ||Sw, —Sw|| — 0 as n — co.
Hence operator ¢ is continuous on B..

Step 3 : S is equicontinuous on B..
For any z1, 22 € J such that 0 < 21 < 20 < d,w € B, we have

[Sw(z2) = Sw(z)]| < o3 (Preaea)lwo + Sexw(m)
+ [ )~ ) ) Qe () ). xu(9)da
+ [7 W) - 0 )@l Bt
= [T (P (1) o + Seg(ry)]

" /0 " ((z2) — D) (W) Qo (21, (), xeo(s))
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+ [T W) = v Q) Bu(wdn] |
< (e Py () — 2R Py (21)) (w0 + Dex(my))|
ettt [ ) = @) )@ o) wla). x(s)

_ z%—e-‘,—ke—k

($(21) = () (1) Qr (21)h{, w(w), xw(s))du

O\
N
R

|ttt [ ) — ) @) Q) Bolu)du
=7 [T ) = @) ) Qu (1) B |

< HZ%_EJrkE_kPk,e,w(@) - Z%_e%e_kpk,e,w(zl)H(wo + Yepw(Tk))

J o

#lebertet [ ) — @) )@ o1 ). xs)
= a7 [T ) = @) 0 Qs 1) ). ()|

= 2 [ 1) — () )@ o1) B

[e=]

e [ ) = 0 Q) Bt

< || P () — TR () (o + S (7))

1 gietkeke / (W) — ) — (1) — ()
X ' () Qi (21 ety w(w), xa0())
+ dlmerkek| / (6 (= V1! () Qi (22t w (), X0 (5)) |

T gietkek / ((z2) — ()

0

= (1) = $()* ) (W) Qi (1) Bo(u)
saertet] f " (05(22) — () () Qi (22 B

<YL

where

(4.1) = [|23 " Py (22) — 21 TF T Py e (21) || (wo + Sepw ().
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= d =t [ = v

(4.2)
— ($(21) = (@) () Qs (1), (), xw(s)) |

22

($(23) = ()1 (1) Qs (22) (o, w(w), xw(5)) |

1= =] [ () — v
(4.4) 0
— ($(z1) = () () Qe (1) Bo(w)dul |

(43) 13 _ dl—e+ke—k

(45) 15 _ dl—é-}-ke—k’

/22 (Y(z2) — w(u))’f—llb,(U)Qk,w(ZQ)Bv(u)duH.

21
By equicontinuity and absolute continuity of Lebesgue integral assumed in our hy-
pothesis, we can see that the right-hand side of (4.1)-(4.5) tends to zero as zg — 21.

Step 4 : Now we show Monch Condition.

Let By C B. be a countable and By C conv(0 U ¢(B)). We will show that
s(Bo) = 0.

Suppose {x,}5°; C S(Byp) is a countable set. Then there exists a set {wy}22
such that z,, = (Swy,)(z) for all z € J,n > 1.

Using Lemmas 2.14 and 2.15, we have

s({zn(2)}nz1) = s({(Swn)(2)}521)
= Prewl )[w0+zj 1w ()]

/ K (20 0)8 ()11, w0 (), X100 (5)) s
+/ K, (2, u)¢' (u) Bu(u)du.
0
=Ji+ Jo.
where

J1 = Prey(2)[wo + X7L cjw ()]
< (K2)s(Bo).

2 = (| K () v () [ Koz () o))
< (Ko + K1 K3(wa — (K2 + Ko))) Kw <(Bo).-

Ji+ J2 < (K1 + Ko + Kz + K1 Kw Ks(wg — (K2 4+ Ko))) [|lwl|<(Bo).
< k §(B()), where f( = (Kl + Ko+ Ko + K1K3KW(wd — (K2 + KO)))

s(Bo) < K¢(Bo).

s(Bo) =
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So, by Lemma 2.16, S has a fixed point w in B.. Then w is a mild solution of (1.1)-
(1.2) such that w(d) = wi.Hence the system (1.1)-(1.2) is controllable on J. O

5. AN ILLUSTRATIVE EXAMPLE

In this section, we demonstrate the applicability of the obtained results to the
following fractional differential equation:
(5.1)

11 2 z
D& P w(z) = %w(z) + é(szn(w(z)) +/0 e_%w(s)ds) + pv(z), z € J = (0,7]
1-2:% 2 2

(5.2) Iy ? P w(2)]z=0 = wo + 5w<§)

where Dé ﬁ% is a 1-Hilfer fractional derivative operator and Ig;%;% is ¥-RL frac-
tional integral operator and ¥ (t) = %
The operator A is defined as
2
Aw = aaﬁw(t, 2)
and
D(A) = {w € C*[0,7] : w(t,0) = w(t,7) = 0}.

Here A is the infinitesimal generator of analytic semigroup {F(¢)} on [0, 7], F(¢) is
not a compact semigroup with ¢(F(¢)D) < ¢(D) and there exists L’ > 0 such that
Supye (o, [IF (4| < L.

The bounded linear operator B : L*(J,R) — R is defined as B(v(z)) = pv(z),
p> 0.

The above problem (5.1)-(5.2) can be written in abstract form as :

(5.3) DE 3 w(2)] = Aw(z) + h(z,w(2), x(2)) + Bu(2), = € J = (0,7]
(5.4) 350 (2) sz = wo + %w(%)

Hence the existence and controllability of equation (5.1)-(5.2) follow from Theorem
4.3.

6. CONCLUSION

In this study, we used uniform boundedness, measure of noncompactness and
Monch fixed point theorem, to investigate the abstract fractional evolution control
system is controllable in a Banach space. As we considered t-Hilfer fractional
differential equation which represents general form of differential equations. It is
well known that the compactness criterion for the operator can be decreased to
equicontinuity. We proved controllabillity of system with generalized differential
system along with non-local type conditions. The outcome of this study represents
sufficient condition for controllability of the given system.
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