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SOME RESULTS IN 0-FUZZY METRIC SPACE
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ABSTRACT. The Banach Principle offers us a general condition for a function
to obtain a fixed point in a classical manner. Many researchers have provided a
variety of fixed point results using different kinds of mappings and metric spaces in
accordance with this well-known idea. The primary goal of this work is to present
the connection between b-Fuzzy and non-fuzzy metric spaces. This study uses
b-contractive fuzzy mappings to present some fixed point results as well as some
theoretical findings in b-fuzzy metric space (bFMS). The b-distance function
that is produced between fuzzy points is the foundation for these findings.

1. INTRODUCTION

The idea of fuzzy sets was initially introduced by Zadeh [27] in 1965 that is most
frequently used for uncertainty management. Chang [5] developed and explored
fuzzy sets’ topological features for the first time in 1968. Using the concept of
fuzzy sets, Kramosil and Michalek [22] introduced FMS in 1975 with the involve-
ment of some specific operations on membership function in a metric. Erceg [10]
investigated FMS in the theory of fuzzy sets in 1979 and their interaction with
statistical metric spaces. As a result, several definitions of this topic are provided,
each employing a different methodology. A number of these definitions suffer from
structural imprecision; for example, some define the distance function in terms of
how the a-level sets are defined, while others treat it as a fuzzy map with a spe-
cific function of membership that can be defined using the widely accepted fuzzy
set theory extension principle ([20,23,24]). In 1982, Zike [7] studied fuzzy points
and defined specific metrics between the two fuzzy points. Butnariu [4] studied the
fixed-point theorem in fuzzy map and explained some fixed-point theorems with
algorithms for fuzzy map to estimate certain fixed points when fuzzy map have
certain defined properties.

After that, the idea of Kramosil and Michalek [22] was modified by George and
Veeramani [15] in 1994 with some altered properties. A study of fuzzy fixed-point
theorem using the Hausdorff distance function [18] between the a-level sets corre-
sponding to fuzzy sets was introduced and presented by Fadhel [11] in 1998. Since
then, a great deal of writing has been done to apply this idea in topology and anal-
ysis through the study of fuzzy sets theory and applications. When studying fuzzy
sets, fuzzy metric space F MS may be thought of as a straightforward function. As a
result, many definitions of this subject are offered using different approaches. Many
of these formulations have compositional problems since certain distance functions
depend on the description of a-level sets. According to some, the distance function
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may be understood as a fuzzy mapping of a specific membership function that can
be defined by using the well-known fuzzy set theory extension concept. George
and Sapena [14] gave the fixed-point theorem according to the sense of George and
Veeramani [15] for complete FMS. The property of completeness and fixed-point
theorems for some particular fuzzy metric spaces were also examined by Fadhel and
Majeed ([12,13]) in 2012. In 2015, Rana [24] et al. demonstrated the Banach fixed
point theorem in fuzzy domain normed spaces of formal balls and investigated the
contraction mapping principle in these spaces. In 2018, Patir et al. [23] developed
and demonstrated a number of fixed-point theorems for self-mappings in fuzzy met-
ric spaces with various contractive conditions. Bollenbacher and Hicks’ generalized
Carista fixed point theorem for p-orbitally complete fuzzy metric spaces was ex-
tended by Karayilan and Telci [19]. In 2021, Khan et al. [21] used a contraction
map in complete metric space to demonstrate sequential characterization features of
Lebesgue metric space. In recent years, several authors have taken alternative ap-
proaches and have taken into consideration different kinds of mappings and metric
spaces (fuzzy or nonfuzzy)([1,2,8,9,16,17,25,26]).

Motivated by the FMS version introduced by Zike Deng [7] using support set,
a-level sets and fuzzy uniformity, the main goal of this study is to provide some new
notions and findings in bF MS and introduce some analytical results pertaining to
this framework. We also examine their connection to non-FMSs. The distance
function created between b-fuzzy points serves as the foundation for our fixed-point
theorems.

2. PRELIMINARIES

The idea of b-metric was introduced and used by Bakhtin [3] and Czerwik [6]
as an extension of metric spaces by involving a b-metric constant (>1) in triangle
inequality of metric axioms.

Definition 2.1 ([6]). For a b-metric on a set W is a map B : W x W — [0, +00) if
the following three axioms hold true for all w, h,l € W:

(b1) B(w,h) =0 w=h;

(b2)  B(w,h) =B(h,w);

(bs)  B(w,h) <b(B(w,l)+B(l,h)) where b > 1.

The set W equipped with a metric 5 defined on it, is called a b-metric space and
is symbolized by (W, B).

Definition 2.2 ([6]). Let (W, B) be a b-metric space. For any sequence of points
{w;} € W # 0, a point w € W is said to be the limit of {w;} if for every set
W#0, e >0, 3j. €N, for which B(wj, w) < e for j > j. and we assert that {w;}
converges to w.

Definition 2.3 ([6]). A sequence {w;} in W is called Cauchy if for each ¢ > 0, 3
some j. € N, for which B(w;,w,) < € for all j,q > j..

Definition 2.4 ([6]). Every Cauchy sequence {w;} € W if converges in W, will
constitute a complete b-metric space (W, B).
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Definition 2.5 ([27]). An ordinary fuzzy set § in a set W is characterized by a
membership function 6z : YW — [0, 1]. The value of 05 at w is represented by 6z (w)
represents the grade of membership of w in § and is a point in [0, 1] and it is a fuzzy
number.

Example 2.6 ([27]). Let W = R and let D be a fuzzy set of numbers which are
much greater than 1. Then characterization of D can be given by specifying 6p(w)
as a function of R, 0p(0) = 0; 6p(5) = 0.05; Op(10) = 0.2.

The following definitions has been applied to the acronyms and basic results used
in this study: W is the non-empty universal set, U = [0, 1], Uy is the set of all
fuzzy subsets of W, (W, dyy) is employed to represent the nonfuzzy metric space,
(Uw, duy,) is the corresponding fuzzy metric space and and pi; is the fuzzy point

with w € W as support and p € [0, 1]. The fuzzy point pu " represents complement
of ply. Given that pl, is a fuzzy point as well, the set of all fuzzy points in W will
be UW.

For the purpose of creating FMS, [7] developed and introduced the fuzzy dis-
tance function, which is a nonfuzzy function defined between two fuzzy points.

Definition 2.7 ([7]). Consider the metric space (W, dy). For u € Uy, the map
du,, : {u} x {u} — RT is a distance map between fuzzy points if for fuzzy points
pﬁf,,pz,p‘f € Uy, where w,h,l € W and p,v,w € [0,1]; the map dyy,, satisfies the
following requirements:

(1) duyy (Pl ) =0 if f w=h and p < v;
(2) duw(pw’ph) - duw( Vap%u_'u);
(3) dZ/fW (pu)aph) < dUW (pwap(lu) + dUW (p‘l‘)vpll;,)v
(4) duw (pw’ph) S ja
where j > 0 implies that there exists fi > u such that

The 2-tuple (U, diy,,,) is called a FMS.

3. b-Fuzzy METRIC SPACE

We now present the idea of bF MS and define the concept of contraction in this
setup.

Definition 3.1. For k > 1, the map dy,, : Uhy X Uyy — R is a b-distance function
if for fuzzy points pﬂ,,pg,p‘f € Uy, where w, h,l € W and u,v,w € [0, 1]; the map

dy,, satisfies the following requirements:

(1) duyy (Phpp) = 0 if f w=h and p = v;

(2) dusy, (Pl D) = duayy, (P37 g ™)

(3) dugyy (pw,ph) {duw (P 1) + s, (PFs PR }5
(4) h)

<
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where j > 0 implies that there exists 1 > p such that

The pair (U, du,,) is called a bFMS.

Example 3.2. Let W = Z" and dy,,, be defined as

max{p — 1,0}  for p,v € 0,1]

d N’ 14 =

(1) If p = v and w = h = dy,, (v, p},) = 0 and vice-versa.
(2) It is evident that di,, (o, D)) = du, (p}b_”,pqlu_“).
(3) Let du, (Plo, Py) > 0 where > v and w > h.
Case 1: If dy, (plo,pf) = 0, then p = w and w = . Thus, w = u > v

which implies w — v = g — v > 0. Thus,

2max{w — 1,0} = 2w —v)=2(p—v)>p—v forp>v
2duW(le7pZ) _{ 1—h)2 w—h)2?
(=h)" 2) = (w=—h)" 2> for w h,l €W.

which shows 2dy,, (0¥, p}) > du,, (Pls, ). The proof is same in the case
that di,, (pf’, p}) = 0.

Case 2: If both du,, (ph, ) = du, (PY,p}) = 0, then p = w = v which
leads to contradiction.

Case 3: If both dy,, (Pls, p¥’) > 0 and dyy,, (p¥,py) > 0, then g > w > v
and w > [ > h. This implies

p—v=p—wtw=—v < AHduy (P, ) + dewy, (P, ) }-
Also,

w — h)?
ot Wl ) =2

<(w—1)* + (I — h)?
=2{du,, (P> P{’) + dun,, (P, PR) }-
(4) dy, (P, p}) <j = 3 o> p such that
dugyy, (P, D) < J-

NOW) 0 S dl/{w (pllf)vp}yl) = H—v S dZ/lW (p%mpl}:) S j and ’U)*h S dZ/{W (p%apZ) S
j. Choose i for which p < i < min{2, j+v}. Then, i—v < j which implies

dut,, (Plo, DY) < J-

The next remark contains the definition of the fuzzy distance function that will
be utilized in the work that follows. Its proof is simple and relies on definition 3.1.
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Remark 3.3. Presume a nonfuzzy metric space (W, dyy) and the related fuzzy
metric space (Uw),dy,, ). The following definition may be used to determine the
distance between two fuzzy points:

(31) duW(P%aPZ) = |1u - V| + dW(w7h)> Jor all w,h € W and V€ [07 ]-]

It should be noted that several fuzzy distance function examples might be obtained
based on how the nonfuzzy distance function dyy(w, h) is defined in equation (3.1).

4. CONVERGENCE AND COMPLETENESS

The concept of convergence and Cauchy sequence for the aforementioned bF MS
is defined as follows:

Definition 4.1. A fuzzy point sequence {pﬁjj}, j € Nis said to converge to a fuzzy
point ply, € Uyy in Uyy if, for every € > 0, there exists N € N, such that:

duty, (D1 Pl) < eV j>N
where pﬁ,ﬂ,pﬁ €Uy, wj,w eW and pj, p € [0,1].
Definition 4.2. A fuzzy point sequence {pijj}, j € N is said to be Cauchy if for
each € > 0, there exists N € N, such that:
dUW(pZJJJval’JJ(ZI) < Evv ]7q Z N
where p%,p%‘z eW and pj, pq € [0,1].
Remark 4.3. A sequence of fuzzy points {p%},(uj € [0,1], j € N) is said to
converge to a fuzzy point pl, if and only if there is a crisp monotonic sequence

of real numbers {p;} € [0, 1] converging to u € R and a series of support points
{w;}, w; € W, j € N, which converge to w € W, as j tends to oco.

Lemma 4.4. If {pu)} (w; € W, pj € [0., 1], j € N) is a convergent sequence of
fuzzy points in bFMS (U, du,y, ), then pﬁf}]] is a Cauchy sequence in (U, dy,, ).

Definition 4.5. A bFMS (U, dy,,) is said to be complete, if every Cauchy se-
quence in Uyy converges to a fuzzy point in Uyy.

Lemma 4.6. Suppose that (U, du,,) is the fuzzy metric space induced from non-
FMS W, dyw), then (Uw,duy,,) is complete if and only if (W, dw) is a complete.

5. NEw FINDINGS
We define the contraction in bF MS stated as follows:

Definition 5.1. Let (U, dy,, ) be a bFMS and g : Uhy — Uyy be a fuzzy mapping,
then g is a b-contractive fuzzy mapping in Uy if there exists ¢ € (0,1) , such that:

(5.1) duny, (9(Ph), 9(P1)) < Sy, (Pl D)

for fuzzy points pi, pl, € Uy and p,v € [0,1].
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Following result is the Banach version b-Fuzzy fixed point theorem.

Theorem 5.2. If g : Uy — Uy is a b-contractive fuzzy mapping and Uy, du,,)
is a complete bFMS, then g has a fuzzy fived point in Uyy.

Proof. If kY € Uyy, and suppose that phl = g(pho) where g’ refers to j* composi-
tion of the fuzzy mapping g.

Now, let pﬁ., (wj € W, p; €[0,1], j € N) be a sequence of fuzzy points in Uy
and from the contractility of g, we obtain,
duty, (Pl Py ) = duiy, (9Pl 9(Pi)
< <duy, (P} > Play)
duty, (Pl > Pany) = Ay, (9(Ph), 9(Ply))
< <duyy, (P> Ploy)
< Py, (P, P42

Ayt (D5, P 0) < STy, (PIEE DI,
Also, the triangle inequality is used to get:
dutyy, (s> Pty) < Kl i, (D1 DIk ) + duayy, (P 1))
Therefore, application of equation (3.1) will give:
dlx{w(pfujjvpﬁi) = |MJ - Mq| + d(w]’ wq)7
Consequently, using the triangle inequality d(w;, wjy2) < d(w;, wjt1)+d(wjr1, wjy2)
for each sequence {w;} and {yu;} as well as considering the fact that |p; — pj_o| <
i — tj1] + [j41 — prj42|, we get the following results:
duty, (P, Py) = |j — pq] + d(wj, wy)
< wy = pjal + ljar — pgl + d(wy, wjigr) + d(wjsr, wg)
= dugyy (P Py) < 11 — | + d(wy, wi1) + |pj1 — sgl + d(wjr1, wy)
Ayt (D, D) < dayy, (P DY) + duayy (DS D)
< kldu,, (P, P, 2h) + dusyy (P55 D)
< kdy,, (D, D) + K2 duy, (P53 pis) + -+
< I kduy, (Pl Pl ) + R g, (Dl D) + -+
= k?dygy, (Pl Pt ) 1L+ s + (k) + -]
kcd
Taking limit 7 — oo, we get for € > 0,

jhi?o iy, (PR, Dl ) = 0.
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Therefore,
dutyy, (P4, Pl) < €

Therefore, pﬁfj'., j € N is a Cauchy sequence.
As (Uw, duy,, ) is a complete bF MS, therefore, {pZJJ} converges to ph, € Uyy.

Now, we demonstrate that pi, is in fact g’s fixed point. Given the continuous
nature of p/;, — ply and g, we have,

g(0i) — g(ply), i-e. Pty — g(phy)-
Also, since {pﬁfj} — phy, so g(pﬁzjj) = pl, and thus pf, is a fixed point of this

mapping.
U

Definition 5.3. Let (Lhy, dy,,) be a complete bFMS. A fuzzy map g : Uhy — Uy
is described as b-contractive on Uy if and only if for ¢ € (0,1), ply, p} € Uy, where
w,h € W and p,v € [0, 1] implies:

(5.2) duny, (9(Ph), 9(P1)) < s max{dyy,, (Phy> 9(Phy))s dunyy (PR, 9(P1)) }-

Theorem 5.4. If a contractive fuzzy mapping g : Uy — Uy fulfilling inequality
(5.2) and a complete bFMS (U, du,,,) are given, then g has a fuzzy fized point in
Uwy.

Proof. By (5.2), we have
vy, (9(Pi): 9(p)) < s max{dyy,, (P4, 9(P)), duy, (PR 9(PR)) }-

Let phy € Uyy and suppose that
Py = 9(Pla);
Py, = 9(Pia)
Py, = 9(Piu3)

= g(g(pho)) = g*(pho),
= g(g*(pho)) = g*(plio),
phi, = ¢ (ph2).
Now,
iy (P2, h2) < cmax{dy,, (P, g(Ph ), dusyy, (Ph2, 9(P42))}
= smax{dzs,, (9(Ph)> 943 )5 duany, (9(P43))5 9 (P2 ))
< ¢ max{s max{dy,, (P4, 9(Ph2)), dus,, (P, 9(P4L )}
s max{dy,, (i, s 9Pt ))s duiy (Pl 9Pl )) 1}

= ¢ max{dy,, (Ph0, g(Ph2)), dusyy, (P, 9(PEL)), dugyy, (PH2, 9 (PH2)) -

Similarly,
dutyy, (P13, phit ) < 6% max{dyy,, (P2, PO ), sy, (PLEL, DY),

dZ/{W (pﬁ;z ) pﬁ}i )a dl/lw (pggé ) pﬁg )}
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= duw (pﬁ)]J ’ pgjgill) < gj maX{dUW (pgu(()) ) p%%)a dUW (pﬁll ’ pgll )7 SR duw (pgjj ) pﬁ}g] )}

Using the triangle inequality dyy,, (pi), pit) < kldu, (D), Pk ) + dusy,, (Pl , Dl )],
q > j, we obtain,

ity (pl'ljf]?pii) < klduw,, (pZ’JJ’pZJJJ:ll) + dyg, (plqzjjill ’pijjizz) 4.
+ dyy, (D s Pl )]
< k¢! max{dyy, (P9, ph0), . . ., du, (Pi,, i)}
(5.3) + k27 max{dy,, (Ph0,ph0), ... dugyy (pl:ngiapgﬁll)} .
If dyy,, (Pioy, Py ) is where the inequality is maximized, then:
ity (P11 D) < K Iy, (P10, PHO) + K2T gy, (22, pHO) - -
= kI (L+ks+--- Vi, (P10, P20
k¢’
= T ol (Pl Prg), 0 <6 < 1.
Taking limit j — oo, we get

and therefore,
dusy, (D5, D) = 0 as j,q — oo.

Hence, {pﬁfj }jen is a Cauchy sequence in Uyy.

Since (U, dyy,, ) is a complete bF MS; {pﬁf}]]} converges to a fuzzy point pl, € Uy .
Now, since (pi;) — (ph) and g is continuous; we have (piJ)}}) — g(ply) as j — oo.
Thus, the uniqueness of the limit implies g(ph) = ph.

Likewise, in the event that dy,, (pis,plor) is the location of the maximum of
inequality (5.3), the following will emerge:.

k¢l
1— kg

Then for € > 0 and large N € N such that 1kf;igduw (P, plt) < &, Vj > N and
consequently, dyy,, (pgf}, pm) < eV q>jand in the similar manner, we get pi, is a
fixed point.

This concludes the theorem’s proof. O

duty, (P, Platt) < Ay, (Pl PhL), 0 < < 1.

6. CONCLUSION AND FUTURE SCOPE

In this study, we have presented some new notions and ideas in fuzzy b-metric
space and explored some fixed point findings in this setup. As a result, we have
established a fruitful environment for the study of certain fixed point theorems in
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related spaces for future articles. We have developed b-fuzzy versions of the Banach
contraction principle and consequently, attempted to expand on the findings found
in the literature by using the b-fuzzy distance map and the relationship that is
created between fuzzy and non-fuzzy metrics. We anticipate that these existence
results will offer a suitable setting for approximating more generalized fixed point
solutions.
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