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A NEW RECURRENCE FORMULA FOR THE GENERALIZED
RAMANUJAN

7-FUNCTION AND ITS SPECIAL CASES

H. M. SRIVASTAVA*, ALEKSANDAR PETOJEVIC, AND SONJA ORLIC

ABSTRACT. In this article, we introduce and investigate the generalized Ramanu-
jan 7-function 74(n), which by the following generating function:

1_[(1—,27”)S :ZTS(TL) P (2€C; |2| <1; 2#0; s € Z\{0}).

Based on the properties of triangular numbers, we give a new recurrence relation
for the function 75(n). By applying this general formula, we derive presumably
new recurrence relations for k-colored partitions and the partition function.

1. INTRODUCTION

Let N, Z and C denote the sets of natural numbers, integers, and complex num-
bers, respectively. Also let

No:=NU{0} and Zy:=Z)\ {0}.
We denote by |z] the floor function of a real number z.
Motivated essentially by several recent developments on the celebrated Ramanu-

jan 7-functions including (for example) [2], [4], [5], [7] and [12] (see also [10]), here
we introduce and investigate the generalized Ramanujan 7-function 74(n) as follows:

(1.1) H (1—=2")° = ZTs(n)zn_l (z€C; |2] <1; 2#0; s € Zy).
m=1 n=1

On the set s € NU{—1} in [10, Th. 1] the following recurrence relation for the
function 75(n) function was proved in the above-cited paper [10]:

(n—Drn)= > ()™t (n s+ D)m@Bm+ 1)>

1<m<dn 2
(om0

(12) (n_ W) |
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where

7s(1)=1 and d, = v2n =23 -1 and b, = —24n—23+1.
6 6
We did not notice in [10] that the proof of the statement (1.2) also holds true
for the set s € Zy. Therefore, if we denote by pi(n) the k-colored partitions:
pr(n) = 7_k(n+ 1), we obtain the following presumably new recurrence relation as
a corollary.

Corollary 1.1. For n,k € N, the following assertion holds true:

=

() = > c—nm+1(n_»@-@n§&n+-n>

m=1

- <n_ m(3m—|—1)>

2
e (1= K)m(3m — 1)
+ mZ::l (—1)m+1<n— 5 )
(1.3) o <n - W) .

Remark 1.2. As a consequence of the identity (1.2), for the partition function
given by (see [3, A000041])

p(n) =71(n+1),

we obtain the classical Euler recurrence relation (see, for example, [1, p. 12])

pn) = Y (1) p(n - 3)),

J€Z2o

where

324y

2

are the pentagonal numbers (see, for details, [3, A000326]).

For s = 24, that is, for 7(n) = 794(n), we obtain a recurrence relation for Ra-
manujan’s 7-numbers (see [3, A000594]). Our formula corrects a typographical error
in Lehmer’s formula given in [6, p. 873] and, more recently, in [9, p. 14]. For further
details, see [10, p. 3].

dj

2. MAIN RESULT

In the following theorem, we present our new recurrence relation for the general-
ized Ramanujan 7-function 75(n).
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Theorem 2.1. Let n € N\ 1 and s € Z,y. Then the following recurrence relation
holds true:

e
o) = — S (—ymtem ) [71—1—M (1+f)]

n—1 2 3

m=1

ST AR

Proof. We recall that the triangular numbers {w(n)}y, are defined by the following
sequence (see [3, A000217]):

k(k+1
(—D)F(2k + 1) (m: u; keNg>
(2.2) w(m) = 2
0 (otherwise).
By using Jacobi’s identity:
[Ta-2"2=> wmn)e,
m=1 n=0
we have
) d 0o s/3
G )} Be) )
which yields
S (n—1)7g(n)z" 2 > nw(n)z" !
n=1 _ s . n=1
Yonmzt 0 Y wm)e
n=1 n=0

or, equivalently,

(Z(n — l)Ts(n)z”_l> (Z w(n)z”)

n=1 n=0

(2.3) - % (Z Ts(n)zn—1> <Z nw(n)zn> .
n=1 n=1

Now, by using the Cauchy product and comparing the coefficients of 2" !, we obtain

nil(n —1—m)75(n —m)w(m) = g nil m7s(n —m)w(m),
m=0 m=0
so that
n—1
Ts(n) = - i 1 mz_: {n —1-m (1 + g)} w(m)Ts(n —m).

The statement of our theorem follows from this last result. O
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As applications of the result asserted by the theorem, we obtain following presum-
ably new recurrence relations for k-colored partitions and the partition function.
Corollary 2.2. For n,k € N, the following recursion formulas hold ture:

e

npp(n) = Y (=)™ 2m+1) [n _mm+1) <1 - g)}

2
m(m+1)>

m=1

(2.4) - (n -

2
and
np(n) = {?ﬁJ (—1)™+ @m + 1) <n . M)
m=1 3
(2.5) .p<n_w>.

Remark 2.3. When computing p(n) for large values of n, our formula has approx-
imately v/2n terms, while Euler’s formula has approximately +/8n /3. Furthermore,
for s = 24. we obtain the classical Ramanujan recurrence relation for Ramanujan’s
T-numbers (see [11]).

Example 2.4. For k = 2 (2-colored partitions) and n = 2, we have

m=1

P2 (2 - 7m(mz+ 1)>

1-2 1 1
2.6 =(-1)2-3-(2—-—=-Z)-p(1)=1-3-(2—-1-=)-2=10.
(26) 17 (2= 557 g) =103 (2= 1 5) -2 =10
Therefore, p2(2) = 5, which agrees with the known value given in [3, A000712].

3. CONCLUSION

After taking the logarithm and differentiating the generating function (1.1), we
obtain the following recurrence relation:

n—1
S

(3.1) ma(n) = ——— > o(m)7s(n —m).
m=1

A special case happens to be the well-known identity [8, p. 55, Eq. (1)]:

(3.2) () = = 3 o(m)pi(n — m).
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Therefore, by an analogous procedure as in the proof of Theorem 4 in [10], we obtain
the generating function for pg(n) in the following form:

(33 S e =esp (k3 Tt} (gl <),
n=0 n=1

where o(n) = 3_;,, d denotes the sum of positive divisors function considered in [3,
A000203).
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