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A FORWARD-BACKWARD-FORWARD METHOD FOR
VARIATIONAL INCLUSION PROBLEM AND APPLICATIONS

PAPATSARA INKRONG AND PRASIT CHOLAMJIAK

ABSTRACT. In this work, we propose a forward-backward-forward (FBF) algo-
rithm enhanced with multi-inertial extrapolation and a self-adaptive strategy
for solving variational inclusion problems. Under appropriate assumptions, we
establish the weak convergence of the generated sequence to a solution of the
variational inclusion problem. To demonstrate the effectiveness of the proposed
method, we conduct numerical experiments and compare its performance with
several existing algorithms reported in the previous works.

1. INTRODUCTION

Throughout this paper, let H be a real Hilbert space, (-,:) denotes the inner
product and | - || denotes the norm that are defined on H. The operator S : H — H
is L-Lipschitz continuous if there exists £ > 0 such that ||Su — Sv|| < L|lu — v
for all w,v € H and it is called monotone if (Su — Sv,u —v) > 0, Yu,v € H.
Moreover, S is said to be inverse strongly monotone if there exists a > 0 such that
(Su — Sv,u —v) > a||Su — Sv||?, Yu,v € H.

For a set-valued operator G : H — 27 the graph of G defined by [2] Graph(G) =
{(u,v) € H x H :u € dom(G), v € G(u)}. The operator G is said to be monotone
if (u—2a,v—1y) >0, forall (u,v),(x,y) € Graph(G). Furthermore, G is called
mazimal monotone if it is monotone, and its graph is not strictly contained within
the graph of any other monotone operator.

For A > 0, the resolvent operator associated with a set-valued operator G : H —
2" is defined as follows (see [16]):

TV (u) = (I +2G) ! (u), for all u € H.

It is well known that 7. )\g is single-valued, firmly nonexpansive and defined every-
where, i.e., dom(j)\g) = H. Given A > 0, define the operator S\ by S\ := (I +
AG)~H(I—=A\F). According to [2], the set of fixed points of Sy coincides with the set of
zeros of F+G, that is, Fix(Sy) = (F+G) 1 (0y), where Fix(S) = {u € H : u = Su}.

We consider the variational inclusion problem (VIP) of finding a zero of the sum
of two operators. The VIP is to find u € ‘H such that

(1.1) 0y € (F+G)u,

where F : H — H is L-Lipschitz continuous monotone and G : H — oM is mazximal
monotone. We denote the solution set of (1.1) by Q = (F + G)"1(0y4). One of
the most famous algorithms used to solve problem (1.1) is the forward-backward

2020 Mathematics Subject Classification. 65Y05, 65K15, 68W10, 47H09, 47H10.
Key words and phrases. Forward-backward-forward algorithm, inclusion problem, multi inertial
extrapolation, weak convergence.



3042 P. INKRONG AND P. CHOLAMJIAK

algorithm, which was studied by the authors in [13,20]. This algorithm generates a
sequence {uy} such that u; € H and

(1.2) Upy1 = jfk(uk — M Fug), k>1,

where A\, > 0, F is %—inverse strongly monotone and G is maximal monotone. If
Ak € (0,2), then {uy} in (1.2) converges weakly to a solution of (1.1). Apart from
the inverse strongly monotone assumption on F (which is strict), other assumptions
which confirm the convergence of (1.2) are the strong monotonicity of F + G [6] or
the use of a backtracking technique [3] (which are also strict).

In order to weaken the inverse strongly monotone assumption on F, the following
forward-backward-forward algorithm (FBFa) was introduced in [26]. This algorithm
generates a sequence {uy} such that u; € H and

Ug+1 = Y — Me(Fyp — Fug),

where A\ > 0, F is L-Lipschitz continuous monotone and G is maximal monotone.
If Ay € (0, %), then sequence {u;} in (1.3) converges weakly to a solution of (1.1).

In the following, we discuss a technique for accelerating convergence, known as
inertial extrapolation. This concept was first introduced and studied by Polyak
in [22], where it is referred to as the heavy ball method, as a means to accelerate
the solution process for smooth convex minimization problems. Let ¢ : H — R be
differentiable, this algorithm generates a sequence {ux} such that ug,u; € H and

Upt1 = ug + Ok (up — up—1) — g Vp(ug), k>1,

where 6y, is the extrapolation coefficient and the term 6(uj — ug—1) constitutes the
inertial step. The inertial technique, which is based on a discrete analogue of a
second-order dissipative dynamical system [1], is also well known for its effective-
ness in enhancing the convergence speed of iterative algorithms. Later, numerous
authors have improved, expanded and generalized the inertial extrapolation method
since its inception, see [4,11,21,24]. In 2019, the research in [23] demonstrated that
the use of a one-step inertial extrapolation may not always yield acceleration ben-
efits when applied within the ADMM framework [5]. Recently, Liang [12] further
highlighted that employing multi-step inertial extrapolation, can effectively over-
come the limitations of the one-step extrapolation. This has motivated a line of
many research (see in [7,8,10,28,29]).

Inspired by the above studies, this paper aims to propose a forward-backward-
forward (FBF) algorithm enhanced with multi-inertial extrapolation. By incorpo-
rating a self-adaptive strategy with multi-inertial techniques, we introduce a recent
method for solving the VIP (1.1) under some suitable conditions. We establish the
weak convergence of the proposed method to a solution of the VIP (1.1). Further-
more, we present numerical experiments to demonstrate the efficiency of the method
and provide a comparative analysis with existing algorithms in the literature.

Next, we recall the following important lemma that are useful in our convergence
analysis.

Lemma 1.1 ([9]). Let b € N and k € {1,2,...,b}. Suppose that the initial values
©1-1, 02, ..., Og are non-negative real numbers, and let {O}7°, and {05 }7>, be
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sequences of non-negative real numbers. If

b
Ory1 < O + Z(ek—s—l-l +Op_s)bs i, k€N,

s=1

then
k

O < M- H(l + 2917]' + 26’27]‘ + ...+ 29()_113‘ + 29177]‘), keN,
j=1
where M = max{©1_p,O2_p,...,00,01}. Moreover, if for each s € {1,...,b} it
holds that » > 05 < 400, then the sequence {©y} is bounded.

Lemma 1.2 ([19]). Let {b;}, {7} and {axr} be sequences of nonnegative real num-
bers satisfying

bk+1 < (1+ak)bk—|—7k, k> 1.
If Y702 ak < 400 and Y po | T < +00, then limy_,o by exists.
Lemma 1.3 ([18]). Let Q be a subset of H and {uy} C H such that:

(i) for every z* € Q, limy_ o0 |Jur, — 2| exists;
(ii) each weak cluster point of {ur} is in Q. Then {ui} converges weakly to a
point in €.

2. ALGORITHMS AND CONVERGENCE ANALYSIS

This section is devoted to the development of an iterative scheme for solving VIP.

Algorithm 2.1. Let p € (0,1), \y > 0 and y1—p,Y2—p,---,Yo,u1 € H. Fix b € N,

for each s € {1,2,...,b}, let {01}, be a sequence of non-negative real numbers.

Choose a nonnegative real sequence {dy} and {Sr} C (0,1). Let {ux} be defined by
Step 1: Calculate

wy = Ty (ur — ApFug).

If wi, = uy, stop. FElse go to Step 2.
Step 2: Calculate

Ye = (1 = Bi)uk + Bi(wi + Ae(Fug, — Fwy)),
and the self-adaptive stepsizes A\g is given by:
ans = J i { P N di o ([P — P # 0
Ak + dp, otherwise.
Step 3: Compute

b
Ukt = Uk + O Ok (Uh—st1 — Yb—s)-

s=1

Set k :=k + 1 and go back to Step 1.
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Lemma 2.1 ([14]). Let {\x} be generated by Algorithm 2.1. If 722, di, < +o0,
then i
lim Ay = A€ [mm {)\1, E} Y +d}
where d =Y "7 | di, and
(2.1) | = Fupll < 55—k = wll
k+1

Theorem 2.2. Let {u} be the sequence generated by Algorithm 2.1. Suppose that
for each s € {1,2,...,b}, the following conditions hold: Y121 05 < +00, > oo di <
400 and 0 < liminfy o Br < limsupy_,o, Bx < 1. Then the following statements
hold:

(i) for each z* € Q, there is kg € N such that ||up4+; — 2| < M - H§:1(1 +
201 j+200 ;4. . . +20p 15 +20 ), where M = max{||lug,—p— 2], [[uro—tp1+1—
1 ko — 2l iy — 24113, Yk > ko.
(ii) The sequence {u} converges weakly to a point in €.
Proof. (i) Let z* € Q. Since wy = jfk (up, — A\pFuyg), we obtain (ur — A\gFug) €
(wg, + AgGwy). Thus there exists v, € Gwy such that
(I — M\ F)ug, = wg, + Apvg.

This implies that
1
(2.2) v = Yk(u’f — wg — A Fug).
On the other hand, we have 0 € (F +G)z* and Fwy, + vy € (F 4+ G)wg. Since F+G

is a maximal monotone operator, we obtain

(2.3) (Fwg + v, w, — 2*) > 0.
Replacing (2.2) into (2.3), we get

1

)T<uk — wi — Mg Fup + ApFwg, w — Z*> > 0.

k

This implies that
(2.4) (uk — W — )\k(}"uk — .ka),’u}k — Z*> > 0.
Consider
lys = 217 = [1(1 = Br)ug + Br(wy, + M (Fuwg, — Fuy)) — 2*|?

= (1= B)llux — 2* 11> + Brllwg + M (Fwp — Fug) — 2*|?
—Br(1 = Br)Apllue — wi — A (Fwg, — Fug)|?
= (1= Billur — 2*1> = Be(1 = Br) Aillur — w — Ar(Fuwy — Fuy)|®
+ B [Hwk — z*H2 — 2\ (Fwy — Fug, wg, — 2°) + )\iH]:wk — fuk||2]
= (1= Bi)llur — 2*1> = Be(1 = Br) Afllur — wi — Ar(Fuwg — Fuy)|®
Bk [k — 2* 17 + llwr, — w1 + 2(wp, — g, up — 2%)
AL Fwi, — Fug||? — 20 (Fwy, — Fug, wy — 2*))
= (1= B)llur — 2*[* = Bu(1 = Be)Ailluk — wi — Ae(Fwy — Fug)|?
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B [llur — 2*[* + llur — wi > — 2wy — up, wy, — up)
+2(wp — ug, wy — 2°) + N2 || Fwy, — Fug|?
=2\ (Fwy, — Fug, wg, — 2%)]
= (1= B0)llur — 2*|1> = Be(1 = Be)ARllug — wy, — A (Fuwy, — Fuy)|[®
+Bk [llur — 2*[I* — [lur — wl® + 2(wy, — up, wy, — 2*)
FXN | Fwy — Fug|® — 200 (Fwy, — Fug, wy, — 2]
= (1= B)llug = 2*|% = Br(1 = Br) A llug — wi — A (Fuwy, — Fug)||?
85 [llur = 271 = lJug — wi||* + A || Fwy, — Fug|®
(2.5) —2X\g (wg, — ug — Ap(Fwg — Fug), wi — 27)] .
Since (2.1), (2.4) and (2.5), we get

lye — 217 = (1= Be)llue — 21> = Br(1 = Bi)Mallue — wie — A(Fwy, — Fug)|?

212
* pA

g, — 2*||* — (1 aby k) l|w, — Uk|2]
f+1

+ 0Bk

< lug = 2*)1? = Br(1 = B) AR luk — wi — A (Fuwoy, — Fuy)||?
242
B
(2.6) B | 1- 5 B Jwp, — ug)?.
k+1
. . NQ)\Q 2 “2>\2
Since limg__ s (1— 2 ’“) =1—p" > 0, we can choose kg € N such that 1 -~ >0
k+1 k+1
for all & > ko and we get
(2.7) g — 271 < flur — 27]].
From (2.7), we obtain
b
luers — 2% = ok + D OskWr—st1 — Yn—s)
s=1
b
S Hyk - Z*H + Zes,k”ykferl - yksz
s=1
b
(2.8) < luk = 25+ Osk lun—sr — 2° + lu—s — 2°]]-
s=1
It follows from Lemma 1.1 and (2.8) that
k
lupsr — 27 < M- T+ 201 + 2025 + ..+ 20,15+ 205 5), Yk > ko
j=1
where M = max{||ug,—p — 2*||, [|wkg—b+1 — 275 - - - 5 |Urg—1 — 2*| ||ur, —2*||}. Hence

{uy} is a bounded sequence. Moreover, {yx} and {wy} are bounded. So, we have
22:1 Os k|| ug—s+1 — up—s|| < oo since 2221 s < oco. Applying Lemma 1.2 into
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(2.8), we get limy_, o ||ug — 2*|| exists. Additionally, from (2.7) we have
2

b
lursr =217 = (lye+ D Osk(Ur—si1 — Yn—s) — 2"
s=1
b 2
= lye — 21 + Z Os b (Yh—s+1 — Yk—s)
s=1
b
+2 <yk — 2> Ok (Yn—ss1 — yk—s)>
s=1
. 2
<l — 2017 + (Z O kllyk—ss1 — yk—sH)
s=1
b
(29) +2 Z 037k||yk’ - Z*”Hyk—s-‘rl - yk—sH-
s=1

From (2.6) and (2.9), we obtain

g1 — 21> < JJug — 2% = Be(1 = Be) Ajllug — wi — Ae(Fwg — Fuy)|?

NQ)‘% 2 : i
- 1- 22 ”wk—ukH + Zes,kuyk—s—kl _yk—sH

k+1 s=1

b
+2 Z Os i llye — 2" Yk—s+1 — Yr—s||-
s=1

It follows that

2)\2
ﬁk(l — Bk))\%Huk — Wg — )\k(}"wk — }'uk)H2 + (1 — H k) Hwk — ukHQ

b 2
< lue = 217 = fluwsr = 217 + (Z Os kellyr—s11 — yk—s\|>

s=1

b
"‘QZHS,kHyk - Z*HHyk—erl - yksz-

s=1
Since limy oo [Jup — 2*|| exists, > poi6skx < +oo and 0 < liminfy_,o B
< limsupy,_, Bx < 1, we obtain

(2.10) lim ||up —wgl]| =0 and lim |Jup — wg — A\ (Fwg — Fuyg)|| = 0.
k—oo k—o0
So, we obtain
(2.11) lim /\kH}'wk - fukH =0.
k—o0
From (2.10) and (2.11), we obtain

lye —ukll = |(1 = Br)uk + Br(wk + Me(Fur, — Fwy)) — ug|
< Brllwk + M (Fug — Fwy) — ug|
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< B (lwe — ukll + Al Fwr — Furl])
(2.12) 0.
From (2.10) and (2.12), we get

lye —well - < llyr — el + llux — wi
— 0.
Let (m,n) € Graph(F + G), i.e. n € (F 4+ G)m. For a sequence {k;} of {k}, we see
that (I — A\, F)ug, € (I + A, G)wy,, which implies that
1
T(Ukl — Wk, — )\kl]-'ukz) S gwki.
k

By the maximal monotone of G, we have

%

1
<m — wy,,n — Fm — — (ug, — wg, — )\ki‘;ruk’i)> > 0.

)\ki -
Thus
1
<m_wkwn> = <m_wki7]:m+ T(ukz - Wg; — )\]%]:’Lbkl)>
ki
= (m—wy,, Fm — Fwg,) + (m — wg,, Fwg, — Fu,)
1
+ <m — Wk, , )\—(ukl — wkl)>
1
(2.13) > (m— wg,, Fwg, — Fuk,) + <m — Wy, E(ukl - wk2)> .

From (2.10) and F is L-Lipschitz continuous, we obtain lim;_, || Fwy, — Fug,| = 0.
Since the sequence {uy} is bounded, there exists a subsequence {uy,} and a point
z € H such that uy, — 2. Furthermore, from (2.10), we also have wy; — z. Thus,
from (2.13) with a sequence {k;}, we have

(m—z,n) > 0.

Then, by the maximal monotonicity of the operator F + G, it follows that 0y €
(F 4+ G)z which implies that z € (F + G)~1(04) = Q. Finally, by Lemma 1.3, we
conclude that the sequence {uy} converges weakly to a point in Q. This completes
the proof. O

3. IMAGE DEBLURRING

In this section, we present the restoration results of the Panoramic Dental X-ray
image [15] (Figure 1) obtained using our main method (Algorithm 2.1), and compare
them with those achieved by the method of Mzimela et al. ( [17], Algorithm 3.3)
and the method of Dong et al. ([8], Algorithm (29)). All computations were carried
out using MATLAB R2025a on an HP laptop equipped with an Intel(R) Core(TM)
i7-1165G7 processor and 16 GB of RAM.

Next, we consider the image recovery problem, which can be modelled by the
following linear system:

(3.1) b= Kz + v,
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where b € RM*1 is the observed (degraded) image, K € RM*M ig a blurring matrix,
x € RM*! denotes the original image, and v € RM*! is the noise component.

The model in (3.1) can be equivalently reformulated as the following convex
optimization problem:

1 2
(32) min o1 = Kallz + pllll,

where p > 0 is a regularization parameter. By defining the operators F := KT (Kx —
b) and G := 9(p||x||1), this problem can be viewed as a variational inclusion of the
form (1.1). To evaluate the quality of the restored images, we use two standard
metrics: PSNR (Peak Signal-to-Noise Ratio) [25] and SSIM (Structural Similarity
Index Measure) [27], defined respectively as

2557
PSNR := 20 lOglO (Hx—:{;”2> s
T 2

and
(20,05, + ¢1)(2044, + C2)

IM = .
55 (02462 +c1)(02+ 02 + o)

where all parameter are defined as in earlier studies [25,27].
In this example, the starting points y_4, y—3, ¥—2, ¥y—1, Yo, £—3, T_92, T_1, TQ,
and uy are initialized as the blurred image. The parameters of Algorithm 2.1 are

/ 2
set as = 0.9, B = 0.9, A\; = 0.9, and ¢; = 1 such that {341 = w

b=l 1 <k < 100;
011 =

1
W’ k > 100~
Moreover, we set 0y = m O3 = ﬁ, O = m, 051 = W and
dy, = O%Lllk. For the method of Mzimela et al., we set Ay = 0.9, 7, = "_To'l,

¢ = 107%. The parameter 6,, is defined as 0, = +/p2 + ¢, — p, where p, =
L ( L1 1) and ¢, = 5+ <L —€— 1). For the method of Dong

227n4+1—1) \Tn " Tnt1 2Tnt1—1 \ Tn
et al., the parameters are chosen as a; j, = ﬁ, ag ) = m, asp = ﬁ, by =

2T D2k = GRrmes U3k = Grimes A = o and = 0.98.

To generate the degraded (observed) images, we apply different motion blur ker-
nels: Case I with a length of 40 and an angle of 90 degrees, and Case II with
a length of 38 and an angle of 183 degrees. The deblurred images obtained after
1000 iterations for each method are presented in Figures 2 and 3. Furthermore,
the PSNR and SSIM performance metrics are reported in Table 1 and illustrated
in Figures 4 and 5.
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FIGURE 1. Panoramic Dental X-Ray image [15] (size 338%x337)

TABLE 1. Numerical comparison of different inertial and other
method

Case I Case 11
Method I —5eXR T SSIM | PSNR | SSIM
Algorithm 2.1
1 inertial | 38.5818 | 0.9679 | 36.1559 | 0.9636
_ 2 inertial | 33.5860 | 0.9679 | 36.1611 | 0.9636
_ 3 inertial | 33.6048 | 0.9680 | 36.1782 | 0.9637
_ 4 inertial | 33.6048 | 0.9680 | 36.1782 | 0.9637
_5inertial | 38.6048 | 0.9680 | 36.1782 | 0.9637
Mzimela ot al. | 26.8576 | 0.8799 | 24.7664 | 0.8417

Dong et al. 31.0984 | 0.9211 | 26.1848 | 0.8709

Table 1 demonstrates that Algorithm 2.1 yields the best performance in image
deblurring, achieving the highest PSNR and SSIM values in Case I and Case II.
Notably, the results become stable from 3 inertial steps onward. In contrast, the
methods by Mzimela et al. and Dong et al. produce significantly lower performance,
especially in the case of severe blurring, highlighting the superiority of Algorithm
2.1 in image restoration.

Degraded Image Algortihm 2.1 Mzimela et al. Dong et al.

FIGURE 2. The blurred image in Case I and deblurred images
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Degraded Image Algortihm 2.1 Mzimela et al. Dong et al.

F1GURE 3. The blurred image in Case II and deblurred images

PSNR Quality
SSIM Quality

L

o 100 200 300 400 500 600 700 800 900 1000
Number of Iterations Number of lterations

(A) PSNR (B) SSIM

FiGURE 4. PSNR and SSIM of each method by Case 1

PSNR Quality
SSIM Quality

o 100 200 300 400 500 600 700 800 900 1000
Number of Iterations Number of Iterations

(A) PSNR (B) SSIM

FiGURE 5. PSNR and SSIM of each method by Case 11

4. CONCLUSION

In this research, we developed a forward-backward-forward algorithm that com-
bines multi-inertial extrapolation with a self-adaptive technique to solve variational
inclusion problems. The proposed method is shown to achieve weak convergence un-
der suitable conditions. Numerical experiments on image restoration problems show
that using more than one inertial step significantly improves performance compared
to a single step. As shown in Table 1, both PSNR and SSIM values increase with
the number of inertial steps and stabilize from the third step onward. These results
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highlight the benefit of using a multi-inertial framework to enhance the efficiency
and stability of iterative algorithms in image restoration tasks.
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