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PERIMETRIC CONTRACTION ON POLYGONS AND RELATED
FIXED POINT THEOREMS

MI ZHOU* AND EVGENIY PETROV

ABSTRACT. In the present paper, a new type of mappings called perimetric con-
tractions on k-polygons is introduced. These contractions can be viewed as a
generalization of mappings that contracts perimeters of triangles. A fixed point
theorem for this type of mappings in a complete metric space is established.
Achieving a fixed point necessitates the avoidance of periodic points of prime
period 2,3,...,k — 1. The class of contraction mappings is encompassed by
perimeter-based mappings, leading to the recovery of Banach’s fixed point theo-
rem as a direct outcome from our main result. A sufficient condition to guarantee
the uniqueness of the fixed point is also provided. Moreover, we introduce the
Kannan type perimetric contractions on k-polygons, establishing a fixed point
theorem and a sufficient uniqueness condition. The relationship between these
contractions, generalized Kannan type mappings, and mappings contracting the
perimeters on k-polygons is investigated. Several examples are illustrated to
support the validity of our main results.

1. INTRODUCTION

Fixed point theory is essential in mathematics since many problems can be
viewed as fixed point problems, which focus on determining the existence and
uniqueness of solutions. Its applications are broad, covering matrix equations, dif-
ferential equations, integral equations, optimization, image process and machine
learning. The field’s seminal work traces back to Stefan Banach’s (1922) intro-
duction of the Banach contraction principle [4], ensuring unique fixed points for
contraction mappings in complete metric spaces. Subsequently, other notable schol-
ars made substantial contributions to the advancement of fixed point theory. The
enduring interest of mathematicians in fixed-point theorems remains strong after
a century, as evidenced by the proliferation of articles and monographs in recent
decades focusing on the theory and its applications, as discussed in various works,
see e.g. [14]- [21]. The Banach contraction principle has been generalized in many
ways over the years. In fact, these generalizations of Banach contraction can mainly
be categorized into four main groups, each distinguished by its unique type of ex-
tension. The first category involves relaxing the mapping’s contractive condition
by adding compatible distances between points or control functions. The second
category broadens by changing the topology or expanding metric space definitions.
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The third category extends the theorem’s applicability to multi-valued mappings,
exploring fixed points in a generalized setting. Lastly, the fourth category studies
common fixed points and best proximity results for mappings in generalized metric
or topological spaces. Please refer to [19]- [11] for more information on extensions
of contractive mappings in various settings.

Let X be a metric space and 7' be a self mapping defined on X. Usually, Ba-
nach contraction or other conditions typically involve distances between two points,
focusing on images produced by the operator T and its original preimages, like
d(z,y),d(Tz,Ty),d(x,Tz),d(y, Ty),d(x,Ty),d(y,Tz), and more. Pittnauer [18]
and Achari [1] explored fixed point theorems for contractive type mappings involv-
ing three points in the space. While some authors also examined three or four
points, their focus was on up to six distances in a standard contractive definition
using different combinations of four points taken two at a time.

In 2023, Petrov [15] introduced a new class of mappings that contract perimeters
of triangles and extended Banach contraction. The main theorem in this work is
proven using concepts from Banach’s classical theorem, with a key distinction being
that the provided mappings are defined based on three points in space instead of
two. In addition, he imposed a condition to avoid the occurrence of periodic points
of prime period 2 in the mapping 7. The ordinary contraction mappings form an
important subclass of such mappings.

Definition 1.1 ([15]). Let (X, d) be a metric space with at least three points. Then
the mapping T : X — X is defined as contracting perimeters of triangles if there is
an « € [0,1) such that

(L1)  d(T2,Ty)+d(Tw, Ty) +d(T=Tx) < a(d(z,y) +d(y, =) + d(z,7))
for three pairwise distinct points z,y, z € X.

Remark 1.2. The prerequisite for z,y,z € X to be pairwise distinct is crucial
in this definition. Without this condition, the definition coincides with that of
a contraction mapping. Research has demonstrated the continuity of mappings
contracting perimeters of triangles. When every point in the metric space serves
as an accumulation point, the distinctions between these mappings and contraction
mappings vanish.

In 2024, Petrov and Bisht [17] introduced a three-point analogue of Kannan
type mappings [13] by utilizing the concept of mapping contracting perimeters of
triangles, leading to the development of fixed point results.

Definition 1.3 ([17]). Let (X, d) be a metric space with at least three points. Then
T : X — X is a generalized Kannan type mapping on Y if there is a A € [0, %) such
that

(1.2)  d(Tz,Ty)+d(Ty,Tz)+d(TzTx) < Xd(x,Tz)+ d(y, Ty) + d(z,Tz))
for any three pairwise distinct points x,y,z € X.

In a complete metric space, every generalized Kannan type mapping attains fixed
points if it does not achieve periodic points of prime period 2. There are at most
two fixed points. Moreover, in [17], the authors examined the relationships between
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generalized Kannan type mappings, Kannan type mappings, and mappings con-
tracting perimeters of triangles. They concluded that the classes of Kannan type
mappings and generalized Kannan type mappings are distinct. Additionally, they
found that generalized Kannan type mappings are discontinuous in general case but
continuous at fixed points.

Very recently, based on [15], Anis Banerjee et al. [3] introduced a new four-point
version of Banach-type, Kannan-type, and Chatterjea-type contractions, called a
perimetric contraction on quadrilaterals. They also analysed their characteristics
and proved conditions for fixed point existence in a complete metric space.

We are intrigued by the mentioned findings and aim to investigate more than
four-point analogue of prior findings to establish conditions for the existence and
uniqueness of fixed points. Our objective also includes comparing various classes of
mappings to reveal potential relationships between them.

In the second section, we introduce a novel type of mappings contracting the
perimeters of k-polygons (k > 3,k € N). We also discuss some key properties of
these mappings. Furthermore, we establish a fixed point theorem for this type of
mapping in a complete metric space. It is essential to avoid periodic points of prime
periods 2,3,...,k — 1 in order to obtain a fixed point. As a result, Banach’s fixed
point theorem can be directly applied. Additionally, we derive a sufficient condition
for the fixed point to be unique. To support our findings, we provide practical
examples.

In the third section, we introduce Kannan type perimetric contractions on k-
polygons and establish a fixed point result. We also derive a sufficient condition for
the fixed point to be unique. Furthermore, we investigate the relationship between
Kannan type perimetric contractions on k-polygons, generalized Kannan type map-
pings, and mappings that contract the perimeters of k-polygons. Our findings show
that these classes are distinct, and we provide non-trivial examples to illustrate this.

Throughout the next whole discussions, we denote (X, d) as metric space, | X| as
the cardinality of the set X, N as the set of natural numbers. The concept of a
periodic point is defined as follows. Let T' be a mapping on the metric space X. A
point x € X is said to be a periodic point of period p if TPz = x. The prime period
of = is the least positive integer p for which TPz = x.

2. PERIMETRIC CONTRACTION ON k-POLYGONS AND RELATED FIXED POINT
THEOREM

The results proved in [15] were generalized for mappings contracting total pairwise
distances in [16]. Let (X, d) be a metric space, | X| > 2, and let z1, x9, ...,z € X,
k > 2. Denote by

(2.1) S(ar, e, ) = Y d(i,x))
1<i<j<k

the sum of all pairwise distances between the points from the set {z1,za,..., 21},
which we call the total pairwise distance. For k > 3 denote also by

(2.2) P(l‘l, o, . .. ,Ik) = d(ml, 952) + Cl(.’L‘Q, $3) —+ -+ d(ﬂ?k_l, xk) + d(xk, 951)

the perimeter of a polygon on the consecutive points x1, s, ..., xk.
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Definition 2.1 ([16]). Let £ > 3, k € N, and let (X,d) be a metric space with
|X| > k. We shall say that T: X — X is a mapping contracting total pairwise
distance on k points if there exists A € [0,1) such that the inequality

(2.3) S(Tx1,Txa,...,Txg) < AS(x1,29,...,Tk)
holds for all k£ pairwise distinct points x1,xs,..., 2 € X.

The mappings called the perimetric contractions on k-polygons, introduced in
the following definition, is the main object of investigation of this section.

Definition 2.2. Let £ > 3, k € N, and let (X, d) be a metric space with | X| > k.
We shall say that T': X — X is a perimetric contraction on k-polygons in X if there
exists A € [0, 1) such that the inequality

(2.4) P(Txl,T$2,...,T$k) S)\P(:rl,mg,...,xk)
holds for all k£ pairwise distinct points x1,xs,..., 2 € X.

Remark 2.3. If we choose k = 3 in Definition 2.2, then the mapping 7" reduces to
be the perimetric contraction on triangles considered in [15], which in turn coincides
with the mappings contracting total pairwise distance, see Definition 2.1.

Theorem 2.4. Let (X,d) be a metric space with |X| > 3 and let 3 < k < |X|,
k € N. Then any perimetric contraction on k-polygons is a mapping contracting
total pairwise distances on k points with the same coefficient of contraction.

Proof. Let x1,x9,...,x; be pairwise distinct points in X. The number of dif-
ferent polygons that can be formed on these k£ points is given by the formula
for Hamiltonian cycles in a complete graph. Specifically, the number of distinct
Hamiltonian cycles in an undirected complete graph with k vertices is calculated as
H(k) = (k —1)!/2. (There are k! ways to arrange k vertices in a cycle, but since
the cycle can be traversed in two directions and can start at any of the k vertices,
we divide k! by 2k to take into account these repetitions.)

For every of H(k) k-polygons on the points x1, xo, ...,z consider H(k) inequal-
ities (2.4). Summarizing the left and the right parts of these inequalities we get

H(k) H(k)

(25) > P(Tmi(x1), Tmi(ws), ..., Tmi(ax)) < @ Y P(mi(xr), milwa), .., milw),
i=1 i=1

where by m; we denote the admissible permutations of the set {x1,x2,...,x%}.

Clearly, every edge {z;,z;}, i # j in all these H(k) k-polygons appears a fixed
number of times depending only on k. To determine this number consider that each
Hamiltonian cycle can be formed by fixing one edge and permuting the remaining
vertices. For any given edge, there are (k —2)! ways to arrange the remaining k — 2
vertices in the cycle. Thus, the total number of Hamiltonian cycles that include a
specific edge is E(k) = (k — 2).

Dividing both parts of inequality (2.5) by E(k) we obtain exactly inequality (2.3),
which completes the proof. O

The following example shows that perimetric contractions on k-polygons is a
proper subclass of mappings contracting total pairwise distances on k points.
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Example 2.5. Let (X,d) be a metric space such that X = {x1,x9,x3, 14},
d(zy,x2) = d(xe,x3) = d(z3,24) = d(x4,21) = d(x1,23) = 2 and d(x2,x4) = 1. Let
also T: X — X be such that T'(x1) = x1, Txg = x3, Txs = x4 and Tz4y = x1. One
can see that S(x1,x9,x3,24) = 11, S(Tx1, Txe, Txs,Txy) = 10, P(x1, 22,24, 73) =
7 and P(Tx1,Tx2,Txy,Txs) = 8. Thus, T is a mapping contracting the total
pairwise distance on 4 points but not a perimetric contraction on 4-polygons.

The following proposition was proved in [16].

Proposition 2.6. Mapping contracting total pairwise distance on m points, m = 2,
is a mapping contracting total pairwise distance on n points for all n > m.

Using Theorem 2.4 and Proposition 2.6, we get the following.

Corollary 2.7. Let (X,d) be a metric space with |X| > 3 and let 3 < k < |X|,
k € N. Then any perimetric contraction on k-polygons is a mapping contracting
total pairwise distances on n points with the same coefficient of contraction for all
n > k.

Theorem 2.4 from [15] verify the assertion “T" has a fixed point if and only if 7" does
not posses periodic points of prime period 2”. Now, we will provide an example
to show that the converse analogous implication is not applicable for perimetric
contraction on k-polygons, in the case k = 7.

Example 2.8. Let (X, d) be a metric space such that X = {z1,z2,..., 27} and the
metric d defined as

d(zi,z;)=1,1<4,7<6,i#j and d(z;,z7)=2,1<1i<6.

Define T as follows: Tx1 = x1, Taxo = x3, Taxg = xo, Taxy = x5, Txs = x4,
Txze = x4, and Txy = x1. Then P(x1,29,...,27) =14+ 1+14+14+1+242 =
9, and P(Tz1,Txzo,...,T27) = 14+14+1+14+14+1+0 = 6. Note also that
always P(m(x1),m(z2),...,m(z7)) = 14+14+1+14+1+24+2 =9, where 7 is
any permutation on the set X and P(Tw(x1),Tw(x2),...,Tm(x7)) < 9 since this
sum does not possess distances which are equal to 2. Thus, T is a perimetric
contraction on 7-polygons, also T is not a perimetric contraction on 3-polygons as
P(Txy,Txs,Txg) = P(x4,25,26) = 3. Moreover, T has one fixed point x;, two
points xo and xg of prime period 2, three points 5, z¢ and x7 of prime period 3.

By virtue of the Theorem 2.4, Proposition 2.9, Theorem 2.10, Proposition 2.12,
Lemma 2.14, Proposition 2.15, are direct corollaries of the corresponding results
proved in [16]. Nevertheless, below we give independent proofs of these results.

Recall that an accumulation point x in a metric space X is a point such that
every open ball centered at x contains infinitely many points of X.

Proposition 2.9. FEvery perimetric contraction on k-polygons is continuous.

Proof. Let (X,d) be a metric space with |X| > 3, and a mapping 7 : X — X
be a mapping contracting perimeters of k-polygons (3 < k < |X|,k € N) on X.
Chosen any z* € X, we consider the following two potential cases. If z* is an
isolated point in X, then T is continuous at z*. If £* is not an isolated point but
an accumulation point. Hence, the rest proof is to prove that for any € > 0, there
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exits § > 0 such that d(Tz, Tz*) < € whenever d(z,x*) < §. For any € > 0, choose
& > 0 being such that 0 < § < 2(%_1) Since z* is an accumulation point, there exist

pi € X,i=1,2,...,k — 2 such that d(p;,z*) < §,i = 1,2,...,k — 2. Now, for any
x € X with z # x* satisfying d(z, z*) < §, we have
d(Tz, Tz*) < P(Tx,Tx*,Tp1,Tpa, ..., Tpk—3,Tpr_2)
< AP(z,2%,p1,D2, - - - Pk—35 Pk—2)
<2A(d(z,2*) + d(z*,p1) + d(p2, 2*) + - - + d(pr—2, 7))

<2(k-1)0
< €.
Therefore, the conclusion follows. U

We shall now establish the requisite condition for the existence of fixed points in
perimetric contractions on k-polygons.

Theorem 2.10. Suppose (X,d) is a complete metric space with |X| > 3. Let
T : X — X be a perimetric contraction on k-polygons (3 < k < |X|,k € N) in
X. T has a fixed point in X if it does not have periodic points of prime periods
1,1 =2,3,...,k —1, and it can admit at most k — 1 fixed points.
Proof. Let T : X — X be a perimetric contraction on k-polygons in X that does not
have periodic points of prime period i,i = 2,3,...,k — 1. For any chosen zg € X,
define the sequence {z,} by x,, = Tx,_1,n € N. If z,, is a fixed point of T" for any
n € NU{0}, then the proof is completed. Assume that z,, # Tx,, for all n € NU{0},
we have x,, # xpy1,n =0,1,2,.... Since T does not attain periodic points of prime
periods 2,3, ...,k — 1, therefore, it follows from a simple computation that every k
consecutive elements of {z,,} are pairwise distinct.

Let r, = P(Zpy Tnt1, g2y - -« Tnak—2, Tnik—1) for all n € NU {0}, then r,, > 0,
for all n € NU {0}.

From the perimetric contraction assumption (2.4), for all n € N we have r, <
Arp_1. Also,

d(wo, 1) < 70,

d(z1,z2) <r1 < Aro,

d(Tpy Tpy1) <1y < Arp—1 < Arg.
Now, for any n € NU {0} and any m € N, we have
d(xnv wn—l—m) S d(l’n, xn—&—l) + d(xn—f—la .an+2) +---+ d(xn-‘,-m—l? xn—&-m)
< Nrg 4 A"l oo g AT Ly
=N AAFX A+ A g
1
1—A
which shows that {z,} is a Cauchy sequence. Due to the completeness of X, it
follows that x,, converges to a point w in X.

<A

To,
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Let us prove that Tw = w. Since x,, — w, and by Proposition 2.9 the mapping
T is continuous, we have x,4+1 = Tz, — Tw. By the triangle inequality we have

d(w, Tw) < d(w, z,,) + d(zp, Tw) — 0 as n — oo,

which means that w is the fixed point and contradicts to our assumption.
Assume that T have at least k distinct fixed points, say w;,7 = 1,2,...,k, that
is, Tw; = w;, i =1,2,...,k. Then

P(Twy, Twe,...,Twg_1,Twy) < AP(wy,wa, ..., Wk_1, W),
which implies that A > 1, a contradiction to (2.4). Hence, the conclusion follows. [

We now offer an example supporting Theorem 2.10. It illustrates a mapping that
contracts the perimeters of k-polygons, k € N, k > 3, while possessing k — 1 fixed
points.

Example 2.11. Consider the metric space (X, d) where X = {p1,p2,...,pp}, k>3
and d is such that

d(zi,z;) =1,1<4,j<k—1,i#j, and d(z;z;)=2,1<i<k—-1.

The mapping T : X — X defined as Tp; = p1,Tp2 = pa2,...,Tpr = p1, forms a
perimetric contraction on the k-polygons in X, see Example 2.8 for the correspond-
ing analogous calculations. Additionally, T' does not have periodic points of prime
periods 2,3,...,k — 1 ensuring the existence of a fixed point for 7', as indicated by
Theorem 2.4. It is evident that the fixed points of T" are {p1,ps3,...,Dk—1}

Observe from Example 2.11 that perimetric contractions on k-polygons may have
multiple fixed points. To ensure a unique fixed point for this mapping, an infinite
complete metric space is considered, leading to the subsequent result.

Proposition 2.12. Suppose that under the assumption of Theorem 2.10, the map-
ping T has a fixed point x* that acts as the limit for a specific iteration sequence
{x;}8° defined by x; = Txi—1,i € N with x* # x; for all i € NU{0}, then x* is the
unique fixed point of T.

Proof. Suppose that w* is another fixed point of T" with x* # w*. It is clear that

x; # w* for i € NU{0}, otherwise, we have w* = 2*. Hence, w*, z* and z;,i € NU{0}
are pairwise distinct points. Consider the ratio

P(Ta:*, Tw*, Txi, T.IIZ‘_H, TIL’Z‘+2, ceey T:Iii+k,3)

K; =
P(x*, w*, T4, Tig1, Tig2s - - - Tiph—3)
_ P(r, W, w1, Tig2, Tig 3, - - - Tigk—2)
P(x*, w*, 2, Xig1, Tig2, - - -, Tigh—3)

Then by (2.4) we have K; < A for all € NU {0}. Taking the limit in the above
inequality as ¢ — 0o, we obtain that K — 1, which contradicts to (2.4). Therefore,
T has a unique fixed point. O

Recall that a self mapping defined on a metric space (X,d) is a contraction, if
there exits A € [0,1) such that

(2.6) d(Tz,Ty) < Xd(z,y), forall z,y € X.
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Next, we will present an alternative proof of Banach Contraction Principle using
Theorem 2.10 in the following corollary.

Corollary 2.13. (Banach Contraction Principle) A self mapping T defined on a
completed metric space (X,d) being a contraction has a unique fixed point in X.

Proof. 1f | X| = 1,2, the conclusion follows from the argument stated in the proof of
Corollary 2.6 in [15]. Let |X| > 3. xIt is obvious that 7" has no periodic points of
prime periods 2,3,...,k — 1 for any k£ > 3, otherwise it contradicts to the Banach

contraction condition. Indeed, for any periodic point p(r) of prime period r €
{2,3,... .k — 1}, then

d(p(r), Tp(r)) = d(T"p(r), T"*'p(r))
< AT 'p(r), T"p(r))
< XN'd(p(r), Tp(r)),

which is a contradiction. Now, for any pairwise distinct points x,,n =1,2,...,k,
we have

P(Txy,Txo,...,Txg_1,Txy) < AP(x1,29,...,25_1,Tk).

This shows that T is a perimetric contraction on k-polygons in X. By Theorem
2.10, T has a maximum of k—1 fixed points in X. The Banach contraction condition
implies the uniqueness of the fixed point. O

Lemma 2.14. Let (X,d) be a metric space with |X| >3, and let T : X — X be a
perimetric contraction on k-polygons, 3 < k < |X|. If z is an accumulation point
of X, then Banach contraction inequality (2.6) holds for all points y € X.

Proof. Given any accumulation point € X, and any y € X. If z = y, then (2.6)
holds trivially.

Assume that x # y, since z is an accumulation point of X, there exists a sequence
xn — x such that z,, # z,x, # y and all z,, are pairwise distinct. Hence, by (2.4),
we have

P(Tz, Ty, Txn, TTni1, .o, TOnyk—1, TTpik—3)

2.7
( ) S )‘P(xay7xn7xn+17" . ,.’En+k_4,$n+k_3)7

for all n € N. Since d(x,,z) — 0 and metric d is continuous, we have d(y, z,) —
d(y,x). Also, by Proposition 2.12, every perimetric contraction on k-polygons is
continuous, we have d(Ty, Tx,) — d(Tx,Tx). Letting n — oo in (2.7), we have

2d(T'z, Ty) < 2X(d(z,y) + d(y, z)),
which is equivalent to (2.6). O
The following proposition is a direct corollary of Lemma 2.14.

Proposition 2.15. Let (X,d) be a metric space with |X| > 3, let T : X — X be
a perimetric contraction on k-polygons, 3 < k < |X|, k € N. If all points in X are
accumulation points, then T is a Banach contraction mapping.
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3. KANNAN-TYPE PERIMETRIC CONTRACTION ON k-POLYGONS AND RELATED
FIXED POINT THEOREMS

In this section we introduce the Kannan-type perimetric contraction on k-
polygons and prove the a fixed point theorem for such mappings.

Definition 3.1. Let (X, d) be a metric space with |X| > 3. A mapping T : X — X
is said to be a Kannan-type perimetric contraction on k-polygons (3 < k < |X|,k €
N) in X if there exits y € [0, 2) such that

(3.1) P(Txy,Txo,...,Taxg_1,Txg) < p(d(xy, Tz1)+d(xe, Taxo)+- - +d(xg, Tx)))
for all pairwise distinct points z; € X,i=1,2,...,k, k > 3.
Remark 3.2. If we choose k = 3 in Definition 3.1, then the mapping 7' coincides

with the notion of generalized Kannan type mapping introduce by E. Petrov, and
R. K. Bisht [17].

Proposition 3.3. Fvery Kannan-type mapping whose contraction coefficient vy lies
in [0, %) (k € N,k > 3) is a Kannan-type perimetric contraction on k-polygons.

Proof. Let (X,d) be a metric space with |X| > 3, and T : X — X be a Kannan
type mapping. For any pairwise distinct points z; € X,i =1,2,...,k, we have
d(Tz1, Txs) < v(d(z1,Tx1) + d(x2, T22)),
d(T'x% T.ng) < W(d('r% TxQ) + d(.l?g, Tl‘g)),

d(Twg—1,Toy) < y(d(wg-1, TrE-1) + d(2K, TTL)),
d(Txy, Txg) < y(d(z1,Tx1) + d(zk, Txy)).
Adding the left and right sides of the above inequalities, we have
P(Tx1,Txo,...,Txg_1,Txy) < 2v(d(x1, Tx1) + d(x2, T22)
+ -+ d(xg—1, Trr—1) + d(zk, Txi)).
Hence, the desired assertion is concluded. ]
Lemma 3.4. Let (X,d) be a metric space with |X| > 3, and let T : X — X be a

Kannan-type perimetric contraction on k-polygons (3 < k < |X|,k € N). If z is an
accumulation point of X and T is continuous, then the inequality

(3:2) 2d(Tz,Ty) < p((k —1)d(z,Tz) + d(y, Ty)).
holds for all y € X.

Proof. Given any accumulation point z € X, and any y € X. If z = y, then (3.2)
holds trivially.

Assume that z # y, since z is an accumulation point of X, there exists a sequence
Zn — z such that x,, # z,z, # y and all x,, are pairwise distinct. Hence, by (3.1),
we have

(3.3) P(Tz,Ty,Txn, Tepi1,- ., Topik—3) < w(d(z,Tz) +d(y, Ty) + d(xn, Txy)
' + -+ d(@ntk-3, TTnrk-3)),
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for all n € N. Since d(zp,z) — 0 and metric function d is continuous,
we have d(y,x,) — d(y,z). Also, due to the continuity of T, we have Tz, — Tz,
d(Ty,Tzy,) — d(Ty,Tz) and d(zp,Tx,) — d(z,Tz). Letting n — oo in (3.3), we
have (3.2). O

Proposition 3.5. Let (X,d) be a metric space with |X| >3, and T : X — X be a
continuous Kannan-type perimetric contraction on k-polygons (3 < k < |X|,k € N).
Suppose that all points of X are accumulation points. Then T is a Kannan-type
contraction mapping.

Proof. By Lemma 3.4, in addition to (3.2) we also get the inequality
(3.4) 2d(Ty, Tz) < p((k — 1)d(y, Ty) + d(z,Tz))

for all y,z € X. Adding the left and right sides of inequalities (3.2) and (3.4)
together with p € [0, 2), we get

ATz, Ty) < (42, 72) + d(y. Tw) = M(d=,T2) + dly, Ty),

where \ € [0, %), which completes the proof. O

Proposition 3.6. Let (X,d) be a metric space with | X| > 3, and T : X — X
be a mapping contracting perimeters of k-polygons (3 < k < |X|,k € N) with

0 <A< k%rl Then T is a Kannan-type perimetric contraction on k-polygons

(3 <k <|X|,k € N) with respect to the metric d.
Proof. By (2.4) for all pairwise distinct points z; € X,i =1,2,...,k we have
P(Txy,Txo, Txs, ..., Txg_1,Txr) < AP(x1,22,23,...,T_1, Tk)
Using the triangle inequalities d(z;, z;) < d(z4, T'x;) + d(Tx;, Tx;) + d(Txj, xj), we
have
< A2(d(z1, Tx1) + d(xe, Tza) + - - - + d(xg, Txy))
+d(Txy, Txg) + d(Txs, Txg) + -+ d(Taxg—1, Txy) + d(Txk, Tx1))
=2X\(d(z1, Tz1) + d(x2, Tx2) + - -+ + d(zg, Txy))
+ AP(Txy,Txo, Txs,...,Txi_1,Txy).
Rearranging the above inequality yields
P(Txy,Txe, Txs, ..., Txi_1,Txy)

2\
< ﬁ(d(fbl,Tl'l) + d(xg,ng) + -+ d(a:k,Ta;k)).
Since 0 < X\ < k%rl, 0= % € [0,%). Hence, T is a Kannan-type perimetric
contraction on k-polygons. O

In the next, we establish a condition for the existence of fixed point(s) for Kannan-
type perimetric contraction on k-polygons.

Theorem 3.7. Suppose (X,d) is a complete metric space with |X| > 3. Let T :
X — X be a Kannan-type perimetric contraction on k-polygons (3 < k < |X|,k €
N) in X. T has a fized point in X if it does not have periodic points of prime periods
1,1=2,3,.... k=1, and it can admit at most k — 1 fixed points.
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Proof. Let T : X — X be a perimetric contraction on k-polygons in X that does
not have periodic points of prime period i, =2,3,...,k — 1.
For any chosen zy € X, define the sequence {z,} by z,, = Tx,_1,n € N. If ;,, is
a fixed point of T for any n € N U {0}, then the proof is completed. Assume that
Ty # Txy, for all n € NU {0}, we have x,, # xp+1,n =0,1,2,.... Since T does not
attain periodic points of prime periods 2,3,...,k — 1, therefore, it follows from a
simple computation that every k consecutive elements of {x, } are pairwise distinct.
Now, for any n € NU {0}, we have
d(Tﬂj‘n, T.iUnJrl) + d(TJ?nJrl, TCL‘n+2)
+ -+ d(Trprk—2,Trpik—1) + dTxpip—1, Txy)
< w(d(zn, Tzn) + d(wpy1, Topy)
+ ot d(@ngk—2, Topyp—2) + d(Tpyp—1, TTrip-1))-
= d(l‘n+1, $n+2) + d(xn+2a $n+3) + -+ d(xn—i-k—la xn-{—k) + d(-rn—i-ka anrl)
< w(d(zn, Try1) + d(Tng1, Tng2)
+ o+ d(@Tngk—2, Tngk—1) + A(Tnpk—1, Tnyk))-
= (1= p)d(Tnik—1, Tnik)
< pld(@n, Tng1) + d(Tng1, Tng2) + 0+ A @ptk—2, Tntk-1))
— (d(@nt1, Tny2) + d(Tny2, Tnys) + -+ d(Tnak, Tng1))-
= (1 — p)d(@ntrk—1, Tntk)
< M(d(xna l'nJrl) + d($n+1> xn+2) +eoet d(xn—‘rk‘—Qa $n+k—1))
- d(xn-&-k—la $n+k)'
= (2 — p)d(@ntk—1, Tntk)
< ,u(d(xn, l'nJrl) + d(wnJrla xn+2) +o d(xn—‘rk‘—Qa $n+k—1))'

= d(l‘n—‘rk’—la xn—i—k)

< ﬁ(d(xm Tpt1) + d(Tpt1, Tns2) + o+ d(Tpgk-2, Tnrk—1))-

= d(l‘n—‘rk’—la xn—i—k)

k—2
< (2_/’2,U maX{d(l'nv xn—i—l)a d(xn+la xn+2)y ) d(xn—l-k—% $n+k—1)}'
Denote p = % Then p € [0,1) as p € [0, %),k € N,k > 3.

Let r,, = d(zp,xns+1),n € NU{0} and R = max{ry,rs,...,rx_1}. Then, from
the last inequality above, for any n € NU {0}, we have

d(anrkflv xn+k> < PmaX{d(xm xn—i—l), d($n+1, $n+2), SRR d(anrk’ny anrkfl)}
= Tpgk—1 < pmax{Tn, Fntl, .- Fnik—2)-
Therefore, we have
< Ryrg<R,....mk—1 < Ryrp < pR 1
2
<pR,...,rok2 < pRyrop 1 < p R, ...
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Since p < 1, so we have
1
T1 S R,’I“Q § R,...,Tk_l S R,’I"k § me,Tk_H
2 ke
SpFIR, .. T2 < pR o1 < pFIR, ...
=71, <pFT1 'R for al neN with n> k.
For any n € NU {0} and for any m € N, we have

d(l‘n, xn+m) < d(flﬁ‘n, xn—i—l) + d($n+17 xn+2) + -+ d(xn—l-m—ly dmn+m)
<Tp+Tnt1+ -+ Tnrm-1

n n+1 n4+m-—1
S R(pmil _|_pk7j171 + . _|_p chl 71)
< Rpﬁ_lil _pki
1— pF1

Hence, d(xy, Tptm) — 0 as n — oo for any m € N. This implies that {x,} is a
Cauchy sequence converging a point w € X due to the completeness of X.

Recall that any k consecutive element of the sequence {z,,} are pairwise distinct.
Note also that there is not fixed points in the sequence {x,} but the fact that
w is fixed is not established yet. Hence, if w # x; for all i« € {1,2,...}, then
inequality (3.1) holds for the k pairwise distinct points w, Tyn—1, Tn,. .. ,\Tptk—3-.

Suppose that there exists the smallest possible ¢ € {1,2,...} such that w = z;. If
there exists m > ¢ such that w = x,,, then the sequence {z,} is cyclic starting from
¢ and can not be a Cauchy sequence. Hence, the points w, z,—1, Tp,. .. ,Lntk_3 are
pairwise distinct at least when n — 1 > 4.

Let us prove that Tw = w. If there exists 7 € {1,2,...} such that z; = w, then
suppose that n — 1 > i. By the triangle inequality and by inequality (3.1) we have

d(w, Tw) < d(w,x,) + d(xn, Tw) = d(w, xy,) + d(Txp—1,Tw)
<d(w,zn) + P(Tw, Txp—1,Txn, TTpi1, s TTpik—a,TTpnik—3)
< d(w, xn) + ,U(d(w, Tw) + d(fljnfla Txnfl) + -+ d($n+k—3> Txn+k—3))'
This implies that
(1 = pd(w, Tw) < d(w,zn) + p(d(@n—1, Tep-1) + - + d(@nsk-3, TTp1k-3))-
Taking the limit in the above inequality as n — oo, we get d(w,Tw) = 0 that is,
Tw = w.
Assume that T has at least k distinct fixed points, say w;, ¢ = 1,2,...,k, that is,
Twi :wi,i = 1,2,...,]{5.
Then by (3.1) we have
P(wy,wa, ..., wg) = P(Twy, Twa, ..., Twy)
< p(d(wy, Twy) + d(wsa, Tws)
+ -+ d(wp—1, Twg—1) + d(wg, Twy,))

0,

which contradicts the fact that w;,i = 1,2, ...,k are pairwise distinct. Thus, T" has
at most k — 1 fixed points. O
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Proposition 3.8. Suppose that under the assumption of Theorem 3.7, the mapping
T has a fized point w that acts as the limit for a specific iteration sequence {z;}3°
defined by x; = Tx;—1,1 € NU{0} with w # x; for all i € NU{0}, then w is the
unique fized point of T'.

Proof. Suppose that z is another fixed point of T'. Then z # x,, for all n € NU{0},
otherwise, we have w = z. Therefore, w, z, z,, are all distinct for all n € N U {0}.
Thus, for all n € NU {0} we have

d(Tw7 TZ, T.%'n, cee >T:Un-‘rk—3) < u(d(w, Tw) + d(Z, TZ) + d(xru Txn)
+ o+ d(@ngk-3, Topyr-3)),
which implies that

d(w, Zy T+l - - - 7$n+k72) < ,u(d<xn7 xn+l) +oF d(xn+kf37 $n+k72))-

Letting n — oo in the above inequality, we have 2d(w, z) < 0, which contradicts to
the fact that w # z. Therefore, T' has a unique fixed point. O

Example 3.9. Let (X,d) be a metric space such that X = {z1,...,25} and
d(zixj) = 1,0 £ 7,1 <i,j <4 dzi,25) =9, 1 <i <4 Define T: X — X
as follows Tx1 = w9, Two = x3, Twxy = 14, Txy = x4, Tx5 = 1. Further,

P(T$1,TI'2,T$3,TJ?4,TJC5) = P($2,JJ3,CC4,Z'4,$1) =1+1+0+1+1= 45
d(l’l, Txl) + d(l’g, T.’Eg) + d(.%'g, Txg) + d(x4, T.%'4) + d($5, T.%'5) =

d(.l‘l,:tz) + d(.%'g,.l‘g) + d(xg,.%'4) + d(x4, x4) + d(:v5,x1) =141+14+0+9=12.

Thus, T is a Kannan-type perimetric contraction on 5-polygons with u = % = % <

% = %, k =5, see Definition 3.1, and with single fixed point x4.

4. CONCLUSION AND FUTURE WORK

In this study, a novel concept of perimetric contractions on k-polygons is in-
troduced as a generalization of perimeter-contracting mappings for triangles coined
in [15]. A fixed point theorem for these mappings in complete metric spaces is pre-
sented, requiring the avoidance of periodic points of prime period 2,3,...,k — 1 to
achieve a fixed point. This class of mappings includes perimeter-based mappings,
leading to the recovery of Banach’s fixed point theorem as a direct consequence
of the main result. The uniqueness of the fixed point is ensured by a sufficient
condition. Additionally, a Kannan type perimetric contraction on k-polygons is
introduced, along with a fixed point theorem and a criterion for uniqueness. The
relationship between this contraction, generalized Kannan type mappings [17], and
mappings contracting the perimeters of k-polygons is explored, supported by various
examples.

Based on our findings, we could next consider other type perimetric contractions
on k-polygons, such as Chatterjea-type [8], Berinde type [5], Cirié-type [10], Reich
type [19], Hardy-Rogers type [12], F-contraction type [?], and so on. Additionally,
building on the foundational work of Berinde and Pacurar [7], another potential
future work is to establish the generalized enriched contractions or its analogues
which can contract perimeters of k-polygons.
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