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ACCELERATED COMMON FIXED POINT ALGORITHM FOR
CONVEX MINIMIZATION PROBLEMS WITH APPLICATIONS
IN DATA CLASSIFICATION

JIRAYUT BUTWANG* AND SUTHEP SUANTAI'

ABSTRACT. In this work, a new accelerated algorithm using double inertial tech-
nique for finding a common fixed point of a countable family of nonexpansive
mappings in a Hilbert space is introduced and analyzed. A weak convergence
theorem of the proposed algorithm under some suitable conditions is established.
As a consequence, our main result can be applied for solving a convex mini-
mization problem. Furthermore, we employ our proposed algorithm for solving
data classification and compare its performance with the existing algorithms in
the literature. Our experiments show that our proposed algorithm has a better
performance than the others.

1. INTRODUCTION

Fixed point theory plays very important role in solving many real world problems.
It can be used to prove the existence of a solution of the interseted problem and
provides various methds for approximation such solutions. It can be applied to
study various problems in science, applied science, engineering , ecomonics, data
science and medical science and so on. It is well-known that fixed point theory is
also crucial in artificail intelligence (AI) because it can be used to construct fast
machine learnings algorithm which can be employed for building such intelligence
Al for data prediction and classification. Most of Al models or machine learning
algorithms are in the form of the optimization models which can be solved by fixed
point theory. The mathematical models using in machine learning are in the form of
convex minimization problems of the sum of two convex functions for the following
form:

(1.1) I;g{lwl(x) + Yo (x),

where ¥ : H — R is a proper lower semi-continuous and convex differentiable
function such that Vi is Lipschitz continuous with constant L,vy9 : H — R is a
proper lower semi-continuous and convex function.

We denote arg min(t); + 1) the set of all solutions to problems (1) It is known
that z is a solution of (1) if and only if z is a fixed point of the operator T :=
prox,y, (I — AV (r)), where A > 0 and prox,,, is the proximity operator of
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defined by prox,,, = (Id — AOpo) ™1 and Ovy is the subdifferential of 5. The
operator T' = prox,,, (I — AV1) is called forward-backward operator and it is
nonexpansive if A € (0, %)

The calssical method for solving (1) is the forward-backward splitting algorithm
(FBS) which was defined by x1 € R" and zp41 = prox,, 4, (Id — \g Vapy ) (2x),k = 0
where \; € (0, %) is a step size.

Fixed point methods are effective for solving convex minimization problems of
the form of (1). In order to find a fixed point of a nonlinear operator S : C — C
where C is a nonempty closed and convex subset of a real Hilbert space H, several
itertive methods were introduced and studied. One of the famous iterative methods
is the Picard iteration process, defined by: xg € C

Tpy1 = Szp.

It is well known that {z;} converges strongly to a unique fixed point z* of a con-
traction mapping S.

The Picard iteration process may not converge when S in not a contraction, such
as S is nonexpansive. In the case taht S is nonexpansive, Mann [15] introduced an
iteration process, called the Mann iteration process, defined as follows: x; € C

Tre1 = (1 — o)z + oSy

where {ay} < (0,1). He showed that {x;} converges weakly to a fixed poitn of S
under certian control condition on {ay}.

Since Mann iteraton process provided only weak convergence, to obtain a strong
convergence, Halpern [11] proposed the following fixed point algorithm: zg,x € C :
g1 = (1 — ag)r + oSz, where {ay} < (0,1) and showed taht the sequence {xy}
converges strongly to a fixed point of S under some control condition. It is worth
to mentianing that when S is a pseudo contractive mapping, Mann iteration might
not yield a convergence result. To overcome this problem, Ishikawa [13] proposed
an iteration process known as Ishikawa iterative process, as follows: x1 € C,

yr = (1 — ag)xp + apSzy
Tpe1 = (1= Br)zr + BeSy

where {a} and {5k} are sequences in (0,1). He showed that the Ishikawa iteratoin
process converges strongly to a fixed point of S.
Currently, by some modification of Ishikawas teraton, Agarwal et al. [2] intro-
duced a new iteration process, called S-iteration process, as the following: x; € C,
Yk = (1 — ag)zk + apSzy
Try1 = (1 — Br)Szx + BrSyrk
where {ay} and {5} are sequences in (0, 1). The convergence behavior of S-iteration
was shown to be better than that of Mann and Ishikawa iterations.

For finding common fixed points of two mappings, Das and Debata [9] and Taka-
hashi and Tamura [25] modified the Ishikawa iteration for two mapping S and T" as
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follows: x1 € C

Tp1 = (1= Br)rr + BrSyk
yp = (1 — ag)zr + ag Ty

where {a} and {0} are sequences in (0,1). Using a hybrid method in mathemat-
ical programming, Nakajo et al. [18] introduced an iterative methods for finding
a common fixed point of a family of nonexpansive mappings. On the other hand,
Aoyama et al. [4] modified the Halpern iteration by constructing the sequence {xy}
by xx+1 = (1 —ag)z + apSkxk, where {ax} < (0,1) and x1,x € C. Then, the strong
convergence of the Halpern type algorithm was established under some suitable
condition. For finding a common fixed point of a ountable family of nonexpan-
sive mappings, Takahashi et al. [24] introduced an important condition known as
the NST-condition (I). After that this condition was used continuously by many
mathematicians.

In optimization theory, the inertial technique a useful tool for enhancing the
convergence behavior of the algorithms. This technique was initially introduced by
Polyak [21] for solving some convex minimization problems and many inertial-type
algorithms have been proposed to solve various problems, see [1,7,8,30] for examples.
To accelerate to convergence of FBS algorithm for solving (1), the inertial forward-
backward splitting (IFBS) algorithm was proposed by Moudafi and Al-Shemas [16]
as follows:

Yr = Tk + O (T — Tp—1)
T1 = ProxXy, g, (Y& — M Vo1 (zk))

where z_1, 20,21 € R",6; € (0,00) and A, € (0, %) They proved the convergence
of IFBS under some suitable conditions on A\; and 6.

The inertial parameter 65 plays an important role for accellation the conver-
gence behavior of the algorithms, Beck and Teboulle [7] suggested the fast iterative
shrinkage-thresholding algorithm (FISTA) as defined by the following:

Y = x — 7V (),

1+4/1+4t2

let1 = 2 )

tr—1
0, = b
k te+1

Try1 = Yk + Ok (Yr — Yr—1),

)

where k € N;x; = yg € R™ and t; = 1. they also examined the convergence rate
of FISTA and applied it to image restoration problems. Their work highlights that
the LASSO model is well-suited for addressing image restoration challenges.

Recently, Hanjing and Suantai [12] proposed an inertial Picard-Mann forward-
backward splitting (iPM-FBS) method for solving (1) as follows:

v = T + ag(TE — Th_1),
WE = Vi + /Bk(pI‘OX)\w2 (Id — )\kvwl)vk — Uk),
Tiy1 = Proxy,, (Id — A\ Vo1 )wy,
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where k € N, zg, 21 € R", B € (0,1), \x € (0, %) and «ay, € (0,00). They proved a
convergence theorem of (iPM-FBS) under some suitable conditions and employed
it for solving image inpainting.

Beside one step inertial technique which was used to accelerate the convergence
behavior of the algorithm, for more faster convergence double inertial technique was
used by many authors in the literature, see [20,22,29]. Recently, Wattanataweekul,
Janngam and Suantai [28] proposed a new algorithm by using double inertial tech-
nique. Such algorithm was known as Two-Step Inertial Forward-Backward Bilevel
Gradient Method (TIFB-BiGM) and defined by:

.
. - .
min {,uk, 7“%_%71”} if xp # xp_1,

L otherwise,

I =

— TR i
l ok = max{ Pk “kal_flfk—ZH} if -1 # T2,

— Pk otherwise,
wy, = xg + Vp(xp — 2p—1) + O (Th—1 — T_2),
2 = (1 — k) prox,, 4, (Id — ¢ Vi1 )wg + v (Id — sVw) (wy),
| Th+1 = (1= Bk) proxe,y, (Id — cx Vi Jwy + B proxe, y, (Id = cx Vi) 2,

where k € N,x_l,xo,xl € Rn,,@k,’yk € [0, 1],Ck c (0,%%) and Wiy Pl < (0,00)
they proved the convergence of this algorithm and applied the main result to image
recovery.

Motivated by the results discussed above, this paper introduces a new accelerated
algorithm by using a two-step inertial technique for finding a common fixed point
of two countable families of nonexpansive mappings. A convergence theorem of the
proposed algorithm is established under certain conditions on the inertial param-
eters and control sequences. Additionally, we employ our algorithm to solve some
convex minimization problems and data classification.

2. PRELIMINARIES

In this section, we provide some basic definitions and useful results for proving
the main results of our work.

Let H be a real Hilbert space with norm | - | and inner product {-,-). Let
S :H — H be a mapping on H. A point x € H is said to be a fixed point of S
if Sz = x and we denote Fix(S), the set of all fixed pont of S. We say that S is
Lipschitz continuous if there exists L > 0 such that

|Su — Sv| < L|u—v|,Yu,v e H.

When L = 1, then S is said to be nonexpansive.

Let {Sk : H — H and S : H — H} be such that & # Fix(S) < (N, Fix(Sk).
Then, {S;} is said to satisfy NST-condition (I) with S [17] if, for all bounded
sequence {xx} in H,

lim ka — Skka =0 =— lim Ha}k — Sxk” = 0.
k—a0 k—o0
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A sequence {Sj} is said to satisfy the condition (Z) [3,5] if {zx} is a bounded
sequence in H with limy_,o |2 — Sgzr| = 0, we haave every weak cluster point
of {z} belongs to (;—; Fix(Sk). The following identities are crucial for our main
results.

Lemma 2.1 ([6])). For any y,z € H and n € [0, 1], we have the following:

) v+ =17 = Iyl 26,2 + [, 2

(i) lny + (L =)z = nly|* + (1 =n)[2]* =0 =)y — =[*
Lemma 2.2 ([8])). Let ¢1 : H — R be a conver and differentiable function such
that V1 is Lipschitz continuous with constant L and 19 : H — R v {0} be a
convex proper lower semi-continuous function. Let Sy := proxy ., (Id—A;Vib1) and
S := proxyy, (Id — AV1), when 0 < A\, A < % with limg_0 Ay = A\. Then {Si}
satisfies NST-condition (I) with S.

Lemma 2.3 ([26]). Let {x} and {yr} be sequence of nonnegative real numbers such
taht xp11 < xp + yr, Vke N. If Zzozl Y < 00 then limy_,o x) exists.

Lemma 2.4 ([16,19]). Let {x}} be a sequence in H such that there exists a nonempty
set I' € H satisfying:

(i) For every x* € ', limy_,qo ||z — ™| exists;

(il) ww(xg) < T, where wy(zk) is the set of all weak-cluster points of {xy}.
Then, {xy} converges weakly to a point in T.

3. MAIN RESULTS

In this section, we first propose an new accelerated algorithm by using double
inertial technique for finding a common fixed point of two countable families of
nonexpansive mappings in real Hilbert and then analyze its convergence result under
suitable conditions. Through out this section, we assume the following conditions:

(A1) {Sk:H — H} and {T} : H — H} are two countable family of nonexpansive
mappings which satisfy condition (Z);
(A2) T =, Fix(Sk) n Nz, Fix(Ty) # &.
Our algorithm is called (TSFPA), for short, and defined as follows:

Algorithm 1: Two step Inertial Fixed Point Algorithm (TSFPA)

Initialization: Let z_;, 0,21 € H. Choose {f;} and {~}, let {7} < (0,0)
and let {u}, {px} < (0,0) be bounded sequences.
Step 1: Compute the inertial step:

. Tk .
min {uk, } , ifzp # xp_q
o, = lzk — zp—1]
Lk Otherwise
and
—Tk .
O = |lzp—1 — zp—2]

— Pk, Otherwise
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(3.1) Vg = Tk + ozk(:ck — 'fkfl) + Qk(.fck,1 — xk,g).
Step 2: Compute

(3.2) W = (1 — Bk)vk + BT,
Step 3: Compute xp1

(3.3) Tr1 = (1 — ve)wi + Y Skws.

Then go to Step 1.

Next, we prove a weak convergence result of Algorithm 1.

Theorem 3.1. Let a sequence {xy} be generated by Algorithm 1. Suppose the
sequences {Bk}, {7k} and {7} satisfy the following conditions:

(C1) By € (a,b),vk € (¢c,d) for all k € N and for some a,b,c,d € R with 0 < a <
b<landO0<c<d<1.
(C2) 7, =0, forallkeN and X5 | 71 < 0.

Then xp, — xz* €T
Proof. Let x* € T, Using (3.1), we have
(3.4) loe = 2| < |z — 2% + ko — ze-1] +10k] |l2—1 — 2r—2|
Using (3.2) and nonexpansiveness of T}, we have
lwe — | < (1 = Br) vk — 2™ + Bel Tevr — 7|
(3.5) < flve — 27|
Using (3.3) and nonexpansiveness of S, we get
lzrs1 — 2 < (1 =) |wr — 27| + i | Spwy, — 27|
(3.6) < Jwg — 27|
From (3.4) - (3.6), we obtain
|21 — 27| < Jwr — 27
< for — 27|
(3.7) < ok — 2| + oflar — zp-al +10k [2r-1 — zi—2]

By definition of {ay} and {6} with (C2), we conclude that {z}} is bounded and also
{vr} and {wg}. This implies > 37 | aglzr —zk—1]| < 00 and D37 |0k [|r—1 — Th—2| <
o0. Using (3.7) and Lemma 2.3, we obtain that limg_,o |z — 2*| exists. Using
Lemma 2.1 (i) and (3.1), we obtain

ok — 2*° < [lag — 2| + o (@ — 2i—1) + Ok (@h—1 — Tp—2)|?
+ 2[ 2 — ¥l (2 — 2h—1) + Op(Tp—1 — TR—2)|

< |og — 2% + |ag(vp — 2p—1) + Op(wp—1 — 2p—2)
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(3.8) + 2]z, — 2¥|(ew ek — zp—1] +10k| |zr—1 — 2H—2])
Using Lemma 2.1 (ii), (3.2), (3.3), we get
Jwy, — ¥ = (1= By)[ox, — @™ + Bel Tuor, — ™[> = Br(1 = Br)ox — Trox|?

(3.9) < ok — 2> = Br(1 = B) |ox — Tror |
and
Jarsr — 2% = (1= ) wr — & * + & Sewr — 2> = (1 — ) [wr, — Spwr[*
(3.10) < g — 2** = (1 — i) Jwr, — Spwg®
From (3.8) - (3.10), we have
Jaksr — 2*? < Jwr — 2** = (1 = )| wi — Spwi]?
< ok — 2 = Br(1 = Br)|or — Thor ] — (1 — ) Jwr — Spwic[®

< o — 2% + [ag(zr — p—1) + Op(Tp—1 — Tp_2)|?
+ 2|lzp — 2*|(or|or — 2p—1| +10k] |2h—1 — 2H—2])
(3.11) — Br(1 = Be) vk — Tivw|* — (1 — &) |wi — Spwi|?

From (3.11) and by condition (C1), Y7, akllzr — zp—1] < o0, X300 110k] |zk—1 —
Tp—o| < 00, and limy_, o |z — 2™*| exists, we have

lim |vx — Tkvgl| = 0 and lim |Jwy — Spwg| =0
k—o0 k—w0

From (3.2), we have
lwi — vkl = (1 = Br)vk + BeThvr, — v

= || = Brvr + BTk

= Bl Tevr — vl
It follows that
(3.12) Jim fwy, — v = 0.

Since D77 | aglrr — zp—1| < o0 and D7 |0k| |zk—1 — TK—2| < o0, We have by
(3.1) that
o — 2x|| < aglzr — 21l +[0k| |zr—1 — 232 — 0 as k — .

Therefore
(3.13) lim o — @] = 0.

Since {x1} is bounded, we know that wy(z;) # . Using (3.12) and (3.13), we
get wy(z) S wy(vk) S wy(wg). Since {Sk} and {T}} satisfy the condition (Z),

limg_,o0 Hvk Tkka = limg_,qo |wp — SkwkH = 0, we have wy(v) S (1o, Fix(T})
and wy, (wg) S (req Fix(Sk). That is wy(x) ﬂk | Fix(Sg) n (i, Fix(Ty). By
Lemma 2.4 we can conclude that {zj} converges weakly to a point in T'. 0

As a consequence of Theorem 3.1, we are ready to introduce the double inertial
forward-backward splitting method for solving the problem (1). In order to do this,
the following assumptions are given:



2922 J. BUTWAWNG AND S. SUANTAI

(D1) & :H — R and 91 : H — R are differentiable and convex functions;
(D2) V& and Vi) are Lipschitz continuous with constants L; and Lo, respec-
tively;
(D3) & :H — R and 13 : H — R are convex lower semi-continuous functions;
(D4) O = argmin(&; + &) N argmin(yy + ¥9) # I
Remark 1. Let Ty := prox),¢, (Id — AfVEr) and T' = proxye, (Id — AVE). It
is known that 7} and T are nonexpansive when Ap, A € (O,L%) and Fix(T) =

arg min(yn +12) = ML, Fix(T}). By Lemma (2.2), we also knew that {T}} satisfies
NST-condition (I) with T"if A\ — A.

Algorithm 2:

Initialization: Let x_i,z0,21 € H. Choose {Bi}, {7V}, { A} and {A}}, let
{r} < (0,0) and let {ux},{pr} < (0,00) be bounded sequences.
Step 1: Compute the inertial step:

. Tk .
min § plg, ¢, if Tk # Tp1
ag = lzk — 21l
Lok s Otherwise
and
—Tk .
max{ —pg, — ¢, i Th—1 # Th—2
O = |7p—1 — 12|
— Pk, Otherwise

v = xp + og(x — 1) + Op(Tp—1 — Tp—2)

Step 2: Compute

Wy, = (1 - Bk)vk + Bk Proxy, ¢, (Id - )\kV§1)1}k

Step 3: Compute xy1

Ter1 = (1 — vp)wg + Yk PIOX \#y, (Id — A\; Vi1 )wy,

Now, we prove the convergence result of Algorithm 2.

Theorem 3.2. Let {xy} be a sequence generated by Algorithm 2. Suppose that the
sequences { B}, {vk} and {7} satisfy the following conditions:
(C1) B € (a,b),v € (c,d), for some a,b,c,d € R with 0 < a < b < 1 and
O<e<d<l.
(C2) 7 =0, Vke N and Y77 | 71, < o0.
(C3) 0 < Mg, A < L%,O < AN < L%,Vk € N such that A\, — X and X} — \* as
k — o

Then xp, — z* € ©
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Proof. For each k € N, let T, Si,T,S : H — H be defined by:
Ty, = prox,, ¢, (Id — A V&1) and T := prox,, (Id — AVEr)
Sk = proxXyey, (Id = AgVeh1), S = proxyuy, (Id — A* V).
By Remark 1, we know that {7} } and {Si} are two families of nonexpansive map-
pings satisfying NST-condition (I) with 7" and S, respectively. Hence {T}} and {S}

satisfy the condition (Z). By theorem 3.1, we obtain that x; — x as k — oo for
some x € O. 4

Remark 2. If §; = 91,&{ = 2 and A\, = A} then the Algorithm 2 is reduced to
Algorithm 3 which can be used for solving the convex minimization problem (1).

Algorithm 3: Two step Inertial Forward-Backward Algorithm (TSFBA)

Initialization: Let x_1,x0,21 € H. Choose {5} and {v}, et {7} < (0,0)
and let {u}, {px} < (0,00) be bounded sequences.
Step 1: Compute the inertial step:

. Tk .
o, = lzk — zk—1]
Lok Otherwise
and
—Tk .
O = |zk—1 — zp—2]

— Pk, Otherwise

Vg = T + (g — Tp—1) + Op(Tp—1 — Th—2)
Step 2: Compute

Wg = (1 — ﬁk)vk + Bk Proxy, v, (Id — )\kvwl)vk
Step 3: Compute zp1
Thtl = (1 — yk)wk T+ Yk PTOX ) 45, (Id - )\kvwl)wk

4. APPLICATIONS

In this section, we employ Algorithm 3 as a machine learning algorithm for data
classification of some data by using a model of Single Hidden Layer Feedforward
Neural Networks (SLFNs) and Extreme Learning Machine.

We first recall some basic concept of the extreme learning machine (ELM) for
data classification problems and then employ our proposed algorithm for solving
data classification and compare its performance with the other methods.

Let D = {(x;,t;) : ¢ € R"t; € R™,i = 1,2,..., N} be a training set with N
distinct samples, x; and ¢; are input data and target, respectively. In this aplication,
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we use the standard single hidden layer feedforward neural networks with M hidden
nodes and activation function g(x), as a mathematical model for data classification.
The model is given by

M

Z ng(<wj,xi> + bj) = 0y, 7= 1, - ,N,

j=1
where f3; is the weight vector connecting the jth hidden node and the output node,
b; is the threshold of the jth hidden node, and w; is the weight vector connecting
the jth hidden node and the input node. The target of SLFNs is to find §;, w;, b;
such that

M
3 Big(wy @y + bj) = ti, i=1,...,N.
=1

We can transform above system of N equations into a simple matrix form as the
following:

(4.1) HB =T,
where
g(Cwr, ) +b1) <o g(Qwar, @) + bar)
H = : :
9w, an) +b1) - g(wan,an) +bu) |y,
T T
B8l h| r=ld]

In the standard SLFNs, we want to estimate (;,w; and b; for solving (4.1) while
ELM aims to find only 3; with randomly w; and b;.
In order to solve problem (4.1), we consider the following optimization problem

(4.2) min |55~ T3+ ABls,

where |z|1 = > |xil,z = (z1,...,2,) € R and A > 0 is a ragulalized parameter.
The model (4.2) is known as the least absolute shrinkage and selection operator
(LASSO model) [27] which is very useful and opular model to overcome the over-
fitting problem in prediction and classification.

We use our algorithm, Algorithm 3, as a machine learning algorithm for finding
the optimal weight w; of the convex minimzation problem (4.2) and compare its
performance for data classification with the other methods. The data sets used for
our experiment obtained from UC Irvine Machine Learning Repository (UCI) and
Sriphat Medicine Center, faculty of medicine, Chiang Mai university.

In our experiment, we use the following datasets:

e Iris dataset: This dataset is a plant species which contains 3 classes of 150
instances where each class refers to a type of iris plant. Iris plant consists of
three type as follows: iris setosa, iris versicolour, and iris virginica . They
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can be separated from sepal and teta length. This dataset was created by
Fisher [30] and it can be download via https://doi.org/10.24432/C56C76

e Diabetes: This is a medical dataset which contains 436 examples and each
example has 8 features, this data set has two types. The source of this
dataset is referred to [31], Diabetes dataset, Kaggle, 1990. Available from:
https://www.kaggle.com/datasets/mathchi/diabetes-data-set/data.

e Hypertension: This is a medical dataset which contains 6138 examples and
each example has 9 features, this data set has two classes. The data was
collected by Sripat Medical Center, Faculty of Medicine, Chiang Mai Uni-
versity, Chiang Mai, Thailand.

Table 1 provides information of the studied datasets, number of attributes and
number of samples for training (around 70% of data) and testing (remainder 30%
of data) sets.

Table 1. Training and testing sets of each dataset.

Sample
Dataset Attributes [{raining | testing
Iris 4 105 45
Hypertension 9 4276 1832
Diabetes 8 306 130

For data classification, an accuracy of the output data is calculated by

TP+ TN 100
accuracy =
Y= TP+FN+TN + FP

where TP, FP, TN and F'N stand for number of samples correctly predicted as
positive, number of samples wrongly predicted as positive, number of samples cor-
rectly predicted as negative and number of samples wrongly predicted as negative,
respectively.

We set control parameters with A\, = 1 x 107° as in the table 2.

Table 2. Details of parameters for each method.

Methods Setting
I8 —
TR = %,Mk = %,Pk = 71
TSFBA 3 B %, Iris and Hypertention data;
oo T %, Diabetes data.
o, if 1<k < 4000;
: oy =
iPM-FBS F 2%, otherwise.
By, = 0:9%
— k+1
Hn = (tn - 1)/tn+1
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Note that all of the parameters in Table 2 satisfy the convergence theorems for
each method. We use sigmoid as an activated function and the number of hidden
nodes M = 100.

Table 3 shows the performance of each algorithm in term of accuracy of training
set and accuracy of testing set.

Table 3. Accuracy for each algorithm.

Iris Hypertension Diabetes

Dataset [Train | Test | Train | Test | Train | Test
TSFBA | 98.1 100 | 89.45 | 90.23 | 90.16 | 98.47

iPM-FBS | 97.14 | 97.78 | 89.38 | 89.47 | 96.39 | 96.18
FISTA | 86.67 | 93.33 | 87.16 | 88.16 | 85.9 | 91.6

Table 3, provides comparision results of the performance of the studied algo-
rithms (TSFBA, iPM-FBS, and FISTA) in terms of accuracy for both training and
testing datasets across three datasets: Iris, Hypertension, and Diabetes. TSFBA
consistently shows the highest accuracy for both training and testing sets across
all datasets. For Iris dataset, TSFBA achieves perfect test accuracy, outperforming
iPM-FBS and FISTA. For Hypertension dataset, TSFBA performs slightly better
than the other algorithms. And for Diabetes dataset, TSFBA again shows the
highest accuracy on both training and testing sets.

And, Table 4 shows us another score of each algorithm where each score calculated

Table 4. Another score of each algorithm.

Dataset Aleorithm Precision Score Recall Score F1 Score
& Training | Testing | Training | Testing | Training | Testing
TSFBA 0.98 1 0.98 1 0.98 1
Iris iPM-FBS 0.97 0.98 0.97 0.98 0.97 0.98
FISTA 0.87 0.94 0.87 0.93 0.87 0.93
TSFBA 0.87 0.89 0.91 0.91 0.89 0.9
Hypertension | iPM-FBS 0.87 0.89 0.9 0.89 0.88 0.89
FISTA 0.8 0.83 0.95 0.94 0.87 0.88
TSFBA 0.92 0.99 0.89 0.99 0.91 0.99
Diabetes iPM-FBS 0.94 0.96 1 0.98 0.97 0.97
FISTA 0.94 0.97 0.8 0.89 0.86 0.93
by
Procisi TP
recision = ————
R T TPy FP
TP
Recall = ———
TP+ FN

2 x (Precision) x (Recall)
Precision + Recall

This table shows that TSFBA consistently outperforms iPM-FBS and FISTA across
all datasets and achieves the highest precision, recall, and F1 scores. This table

F1 =
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demonstrates effectiveness of each algorithm for data classification tasks in various
scenarios.

5. CONCLUSIONS

In this work, a new fast algorithm for approximating a common fixed points
of a countable family of nonexpansive mappings and the weak convergence of our
algorithm is established. In addition, we employ our algorithm for solving data clas-
sification problems. Moreover, our numerical experiments assert that our proposed
algorithm provides more accuracy, precision, recall and Fl-score than iPM-FBS,
and FISTA.
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