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where A∗ and B∗ are two adjoint operators of A and B respectively, and also PC

(PQ) is the projection operator onto C (Q). {γn} is a positive non-decreasing

sequence, which satisfies γn ∈ (ε,min( 1
∥A∥2 ,

1
∥B∥2 )− ε) for a small enough ε > 0.

In general, this algorithm requires us to calculate the norms of the operators, and
this is extremely difficult in the practical implementation process. In order to avoid
this, Dong et al. [12] proposed a self-adaptive stepsize as follows:

γn = σnmin

(
∥Aun −Bvn∥2

∥A∗(Aun −Bvn)∥2
,

∥Aun −Bvn∥2

∥B∗(Aun −Bvn)∥2

)
, σn ∈ (0, 1).

In fact, as early as 2005, Qu and Xiu [21] adopted a linea-search technique to
avoid this drawback. Moreover, their method has received widespread attention
and many researchers have made improvements upon it; see [4, 13, 16, 26]. On
the other hand, Wang et al. [28] applied a preconditioning technique to improve the
convergence speed of the algorithm. In fact, the preconditioning method transforms
the elliptical contour of a function into a circular one, with the aim of altering the
geometric shape of the function to improve the speed of the algorithm. Moreover,
many authors have already used this method to solve a wide variety of problems;
see [1, 5, 6, 27].

Inspired by the above works, this paper proposes two preconditioning algorithms
that combine the line search technique to solve the split equality problem (1.1).
Consequently, in each iteration of the algorithms, a variable step size is adopted
instead of the traditional constant step size. This method does not require us to
calculate the norms of any operators in advance. Meanwhile, we also prove the
weak convergence properties of these algorithms. Eventually, through experimental
demonstrations, our preconditioning algorithms can improve the convergence speed.

This paper is organized as follows: In Sect. 2, we provide several key definitions
and theorems that will be used in proving our conclusions. In Sect. 3, we introduce
two pre-conditioning algorithms and analyze the convergence of the proposed algo-
rithms. The applications and benefits of our algorithms will be discussed in Sect.
4. A concise conclusion is at the end of the paper in Sect. 5.

2. Preliminaries

Definition 2.1. Let S be a nonempty closed convex subset of real Hilbert spaces
H.
(i) T : S → H be a mapping. Then

(a) T is non-expansive , if:

∥Tx− Ty∥ ≤ ∥x− y∥, ∀x, y ∈ S.

(b) T is firmly non-expansive, if:

⟨Tx− Ty, x− y⟩ ≤ ∥Tx− Ty∥2, ∀x, y ∈ S.

(ii) Let g : S → H be a mapping. Then
(a) g is said to be co-coercive on S, if

⟨g(x)− g(y), x− y⟩ ≥ α ∥g(x)− g(y)∥2 ,where ∀x, y ∈ S and α > 0.
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(b) g is called Lipschitz continuous on S with a constant a > 0, if

∥g(x)− g(y)∥ ≤ a ∥x− y∥ , ∀x, y ∈ S.

(iii) A differentiable function f : H → R be a mapping where R denote real numbers
space.

(a) f is convex if and only if

(2.1) f(y)− f(x) ≥ ⟨∇f(x), y − x⟩, ∀x, y ∈ H.

(b) f is weakly lower semi-continuou:

xk ⇀ x =⇒ f(x) ≤ lim
k→∞

inff(xk)

To introduce our preconditioning technique, we first recall the following concepts.
Then we give the concepts of self-adjoint operator and positive definite operator.

Let G be a bounded linear operator on H. G is said a self-adjoint if G∗ = G
where G∗ is the adjoint operator. Also, G is said to be a positive-definite operator
if ⟨x,Gx⟩ > 0, for all non-zero x ∈ H; see [18] for more details. Then we give
the definition of the G-norm ∥·∥G, where ∥x∥G satisfies the following condition:

∥x∥2G = ⟨x,Gx⟩ = ⟨ x, x⟩G for all x ∈ H; see [3] for more details.
We use this norm to define the G-projection operator on S by PG

S , i.e.,

PG
S (x) = argmin

y∈S
{∥x− y∥G} .

It is well known that PG
S is firmly non-expansive. Moreover, the following inequality

relates the G-norm to the standard norm:

(2.2) λmin(G)∥x∥2 ≤ ∥x∥2G ≤ λmax ∥x∥2 ,
where λmin(G) and λmax(G) are the minimum and maximum eigenvalues of the
operator G, respectively. This holds for all x ∈ H, see [14,15] for details.

Now some useful lemmas are as follows and we will use to prove our main theo-
rems.

Lemma 2.2 ([17, 19]). Let S be a closed nonempty subset of a real Hilbert space
H. For every x, y ∈ H and z ∈ S, the G-projection operator in S satisfies that the
properties are as follows:

(1)
〈
G
(
x− PG

S

)
, z − PG

S

〉
≤ 0,

(2) ∥x± y∥2G = ∥x∥2G ± 2 ⟨x,Gy⟩+ ∥y∥2G.
(3)

∥∥PG
S (x)− z

∥∥2
G
≤ ∥x− z∥2G −

∥∥x− PG
S (x)

∥∥2
G
.

(4)
∥∥PG

S (x)− PG
S (y)

∥∥2
G
≤ ∥x− y∥2G −

∥∥(PG
S (x)− x)− (PG

S (y)− y)
∥∥2
G

The next lemma will be used to prove weak convergence of a sequence.

Lemma 2.3 ([2]). Let S be a nonempty closed and convex subset of real Hilbert
space H and {xn} be a sequence in H that satisfies the properties are as follows:

(1) limx→∞ ∥xn − x∥ exists for all x ∈ S.
(2) every weak sequential cluster point of {xn} belongs to S.

Then the sequence {xn} converges weakly to a point in S.
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3. Main results and convergence analysis

In this section, we propose two preconditioning algorithms that incorporate self-
adaptive and line-search techniques for solving the split equality problem. Firstly,
we begin this paper with the following assumption. Let Ω be the solution set of the
SEP (1.1), i.e.

Ω = {(x, y) | (x, y) ∈ H1 ×H2;Ax = By, x ∈ C, y ∈ Q},

we assume that the solution set Ω is nonempty, which implies that Ω is closed and
convex.

Let S = C × Q ⊆ H1 × H2 =: H. Let U : H → H3 be an operator defined by
U(x, y) = Ax − By for all (x, y) ∈ H. Let U∗ denote the adjoint operator of U .
Then U and U∗U have the following matrix form

U = [A,−B] and U∗U =

[
A∗A −A∗B
−B∗A B∗B

]
.

Then the SEP can be reformulated as finding a point r = (x, y) ∈ S such that
Ur = 0. To apply our methods, we rewrite the SEP as the following constrained
minimization problem:

min
r∈S

f(r),

where f(r) = 1
2 ∥Ur∥2 and it is clear that ▽f(r) = U∗Ur.

Next, we combine the objective function with preconditioning methods to define
a new function. Let G : H → H and D1 : H3 → H3 be positive-definite operators
such that U∗D1 = DU∗ where D = G−1. We can rewrite the function with respect
to the norm ∥·∥D1

, so we define

fD1(r) =
1

2
∥Ur∥2D1

,

and then, the gradient of the operator is obtained by

▽fD1(r) = DU∗Ur.

Proposition 3.1. Assume that the SEP solution set is nonempty, i.e., Ω ̸= ∅.
Then the following are equivalent:

(1) r∗ is a solution of SEP.
(2) r∗ ∈ S and f(r∗) = 0.
(3) r∗ ∈ S and −∇f(r∗) ∈ NS(r

∗), where NS(r
∗) is the normal cone to S at r∗.

Equivalently, condition (3) can be expressed as the variational inequality:

⟨f(r∗), r − r∗⟩ ≥ 0 for all r ∈ S.

Now we give the following algorithms based on the above works.

Algorithm 1. A Preconditioned CQ Algorithm with Line Search.

Step 0. Let u1 ∈ H and ∀σ > 0, ρ ∈ (0, 1)µ ∈
(
0, λmin(G)

2

)
Step 1. Compute vn

vn = PG
S (un − γnDU∗Uun),
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where γn = σρmn and mn is the smallest non-negative integer such that

(3.1) γn ∥U∗Uvn − U∗Uun∥ ≤ µ ∥vn − un∥ .

Step 2. Generate un+1 by

un+1 = PG
S (vn − τnDU∗Uvn),

where

τn =
βnf(vn)

∥DU∗Uvn∥2G
, 0 < βn < 4.

Step 3. The line search in (3.1) terminates after a finite number of steps.

Lemma 3.2. For all ▽f is L-Lipschitz continuous on S and co-coercive on S with
modulus 1/L, where L is the largest spectra of the operator U∗U . Therefore, the
line search rule (3.1) is well defined. Furthermore, we have the following:

(3.2)
µρ

L
< γn ≤ σ, for all n ≥ 0.

Proof. We first show that linea search is well-defined. By the definition of ▽f(r),
we have for any u, v ∈ S:

∥▽f(v)−▽f(u)∥2 = ∥U∗Uv − U∗Uu∥2

≤ L ∥Uv − Uu∥2

≤ L2 ∥v − u∥2 ,

that is

∥▽f(v)−▽f(u)∥ ≤ L ∥v − u∥ .
On the one hand, we have

⟨▽f(v)−▽f(u), v − u⟩ = ⟨U∗Uv − U∗Uu, v − u⟩
= ⟨Uv − Uu,Uv − Uu⟩

= ∥U(v − u)∥2 .

Combine the above inequalities, we have

⟨▽f(v)−▽f(u), v − u⟩ ≥
( 1

L

)
∥▽f(v)−▽f(u)∥2 .

So that line search is well defined. Below we demonstrate the second half of the
lemma.

Obviously, according to the definition of γn, it is obvious that we have γn ≤ σ
for all n = 1, 2, . . . . From line search (3.1) we know that γn

ρ must satisfy that∥∥∥∥▽f(un)−▽f(PG
S (un − γn

ρ
▽ fD1(un)))

∥∥∥∥ > µ

∥∥∥un − PG
S (un − γn

ρ ▽ fD1(un))
∥∥∥

γn
ρ

.

Combined with the above proofs, we have
µρ

L
< γn.

This means that we have completed the proof. □
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Next, we will prove that a sequence generated by Algorithm 1 converges weakly
to the solution of the SEP.

Theorem 3.3. Let {un} be a sequence generated by Algorithm 1 and suppose that
limn→∞ infβn (4− βn) > 0. Then {un} weakly converges to the solution of the
SEP.

Proof. Let r∗ ∈ Ω, then we have r∗ = PG
S r∗ and ▽f(r∗) = 0. From Lemma 2.2 we

can have that

(3.3)

∥un+1 − r∗∥2G =
∥∥PG

S (vn − τnDU∗Uvn)− r∗
∥∥2
G

≤ ∥vn − τnDU∗Uvn − r∗∥2G
= ∥vn − r∗∥2G + τ2n ∥DU∗Uvn∥2G − 2τn ⟨vn − r∗, DU∗Uvn⟩G
= ∥vn − r∗∥2G + τ2n ∥DU∗Uvn∥2G − 2τn ⟨vn − r∗, U∗Uvn⟩ .

Since the definition of ▽f(r∗) and ▽f(r∗) = 0. We can have that

(3.4)

⟨vn − r∗, U∗Uvn⟩ = ⟨vn − r∗, U∗Uvn −▽f(r∗)⟩
= ⟨U(vn − r∗), U(vn − r∗)⟩
= 2f(vn).

Similarly ,we can also have that

(3.5) ⟨un − r∗, U∗Uun⟩ = 2f(un).

On the one hand,by using the inequality (2.1),we have

(3.6)

2γn ⟨vn − un, U
∗Uun⟩ = 2γn ⟨vn − un, U

∗Uun − U∗Uvn⟩
+ 2γn ⟨vn − un, U

∗Uvn⟩
≥ −2γn ∥vn − un∥ ∥U∗Uvn − U∗Uun∥
+ 2γn(f(vn)− f(un))

≥ −2γn ∥vn − un∥ ∥U∗Uvn − U∗Uun∥ − 2γnf(un).

On the other hand, it follows that from (2.2), (3.5), (3.6) and Lemma 2.2, we can
obtain the inequality as follows

(3.7)

∥vn − r∗∥2G =
∥∥PG

S (un − γnDU∗Uun)− r∗
∥∥2
G

≤ ∥un − γnDU∗Uun − r∗∥2G − ∥vn − un + γnDU∗Uun∥2G
= ∥un − r∗∥2G − 2γn ⟨un − r∗, U∗Uun⟩ − ∥vn − un∥2G
− 2γn ⟨vn − un, U

∗Uun⟩

≤ ∥un − r∗∥2G − ∥vn − un∥2G − 4γnf(un) + 2γnf(un)

+ 2γ ∥vn − un∥ ∥U∗Uvn − U∗Uun∥

≤ ∥un − r∗∥2G − ∥vn − un∥2G − 2γnf(un) + 2µ ∥vn − un∥2

≤ ∥un − r∗∥2G − 2γnf(un)− (λmin(G)− 2µ) ∥vn − un∥2 .
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Combining equations (3.3), (3.4), (3.7) with Lemma 3.2, we can obtain

(3.8)

∥un+1 − r∗∥2G ≤ ∥un − r∗∥2G − 2γnf(un)− (λmin(G)− 2µ) ∥vn − un∥2

+ τ2n ∥DU∗Uvn∥2G − 2τn ⟨vn − x∗, U∗Uvn⟩

= ∥un − r∗∥2G − 2γnf(un)− (λmin(G)− 2µ) ∥vn − un∥2

+ τ2n ∥DU∗Uvn∥2G − 4τnf(vn)

≤ ∥un − r∗∥2G − (λmin(G)− 2µ) ∥vn − un∥2 − 2
µρ

L
f(un)

+
β2
nf

2(vn)

∥DU∗Uvn∥2G
− 4

βnf
2(vn)

∥DU∗Uvn∥2G
= ∥un − r∗∥2G − (λmin(G)− 2µ) ∥vn − un∥2 − 2

µρ

L
f(un)

− βn(4− βn)
f2(vn)

∥DU∗Uvn∥2G
.

Since µ ∈
(
0, λmin(G)

2

)
and βn ∈ (0, 4), it is clear that we can get that the se-

quence {∥un − r∗∥G} is monotonically decreasing. So we also have that the se-
quence {∥un − r∗∥G} is convergent and the sequence {un} is bounded. Therefore,
from (3.8) we have

(3.9) lim
n→∞

f(un) = 0,

and

(3.10) lim
n→∞

∥vn − un∥ = 0.

On the one hand, by using the assumption limn→∞ infβn(4− βn) > 0, we can get
it follows that

lim
n→∞

f2(vn)

∥DU∗Uvn∥2G
= 0,

and so we get

lim
n→∞

f(vn) = 0.

On the other hand, we obtain the equation from Lemma 2.2 as follows

(3.11)

∥un+1 − vn∥2G =
∥∥PG

S (vn − τnDU∗Uvn)− vn
∥∥2
G

≤ τ2n ∥DU∗Uvn∥2G

=
β2
nf

2(vn)

∥DU∗Uvn∥2G
.

From (3.11), we obtain

(3.12) lim
n→∞

∥un+1 − vn∥G = 0,

and then we get

∥un+1 − un∥G ≤ ∥un+1 − vn∥G + ∥vn − un∥G .
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Next, it follows from (3.10) and (3.12) that

lim
n→∞

∥un+1 − un∥G = 0.

Let r̄ ∈ S and it is a weak cluster point of the bounded sequence {un}. So it exists
a subsequence {unk

} such that unk
⇀ r̄ as k ⇀ ∞. According to the weak lower

semi-continuity of f and equation (3.9), we get

0 ≤ f(r̄) ≤ lim
k→∞

inff(unk
) = lim

n→∞
f(un) = 0,

this means f(r̄)=0. So r̄ is a solution of the SEP and from Lemma 2.3 we can obtain
the sequence {un} converges weakly to a point in S and complete this proof. □

Now, to obtain the optimal step size, we will introduce a new preconditioning
algorithm using self-adaptive techniques given by Dong et al. [13]. And before
proving the convergence analysis of our algorithm, to simplify our proof process, we
commence this section by giving some basic remarks and theorem.

Algorithm 2. A new pre-conditioning algorithm with optimal step size.

Step 0. Let ∀σ > 0, µ and ρ ∈ (0, 1). Compute un+1 by the following way:
Step 1. Compute

(3.13) vn = PG
S (un − αnDU∗Uun),

where αn = σρmn and mn is the smallest non-negative integer such that

(3.14) αn ∥DU∗Uun −DU∗Uvn∥G ≤ µ ∥un − vn∥G .

Step 2. Compute

(3.15) un+1 = PG
S (un − γαnθnDU∗Uvn),

where γ ∈ (0, 2),

(3.16) d(un, vn) = un − vn − αn(DU∗Uun −DU∗Uvn)

and

(3.17) θn =
⟨un − vn, d(un, vn)⟩G + αn ∥Uvn∥2

∥d(un, vn)∥2G
.

Lemma 3.4. The (3.14) is well defined. And at the same time α ≤ αn ≤ σ and
α = min

{
σ, µρL

}
.

Since the method of proving this theorem is similar to Lemma 3.2, we will not
prove it here. In order to simplify the proof of our main theorem, we first give a
simple remark of the algorithm.

Remark 3.5. From (3.13) and (3.16), we can rewrite that

(3.18) vn = PG
S (vn − αnDU∗Uvn − d(un, vn)),

and from Lemma 2.2, it follows that

(3.19) ⟨r − vn, αnDU∗Uvn − d(un, vn)⟩G ≥ 0, ∀r ∈ S.
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Lemma 3.6. Let {un} and {vn} be the sequences generated by the Algorithm 2 and
according to the definition of d(un, vn) and θn, we can have

⟨un − vn, d(un, vn)⟩G ≥ (1− µ) ∥un − vn∥2G ,

and

θn ≥ 1− µ

1 + µ2
.

Proof. On the one hand, from (3.14) we can obtain

⟨un − vn, d(un, vn)⟩G = ⟨un − vn, un − vn − αn(DU∗Uun −DU∗Uvn)⟩G
= ∥un − vn∥2G − αn ⟨un − vn, DU∗Uun −DU∗Uvn⟩G
≥ ∥un − vn∥2G − αn ∥un − vn∥G ∥DU∗Uun −DU∗Uvn∥G
≥ (1− µ) ∥un − vn∥2G .

On the other hand, by (3.14) we also obtain

∥d(un, vn)∥2G = ∥un − vn − αn(DU∗Uun −DU∗Uvn)∥2G
= ∥un − vn∥2G + α2

n ∥DU∗Uun −DU∗Uvn∥2G
− 2αn ⟨un − vn, DU∗Uun −DU∗Uvn⟩G

≤ ∥un − vn∥2G + α2
n ∥DU∗Uun −DU∗Uvn∥2G

≤ (1 + µ2) ∥un − vn∥2G .

Combining the above inequalities with (3.17), we can have

θn ≥
⟨un − vn, d(un, vn)⟩G

∥d(un, vn)∥2G
≥ 1− µ

1 + µ2
.

Consequently, we complete our proof. □

Then, we will present our main theorem and provide its proof.

Theorem 3.7. Assume that the sequences {un}, {vn} are generated by the Algo-
rithm 2. Then the sequence {un} converges weakly to a solution of the SEP.

Proof. Let r∗ ∈ Ω, from (3.15) and Lemma 2.2, we have

(3.20)

∥un+1 − r∗∥2G ≤ ∥un − γαnθnDU∗Uvn − r∗∥2G
− ∥un − γαnθnDU∗Uvn − un+1∥2G

= ∥un − r∗∥2G − ∥un − un+1∥2G
− 2γαnθn ⟨un+1 − r∗, DU∗Uvn⟩G

≤ ∥un − r∗∥2G − ∥un − un+1∥2G
− 2γαnθn ⟨un+1 − vn, DU∗Uvn⟩G
− 2γαnθn ⟨vn − r∗, DU∗Uvn⟩G .
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Combining the define of ▽fD1(r) with r∗ ∈ Ω, we can obtain

(3.21)

⟨vn − r∗, DU∗Uvn⟩G = ⟨vn − r∗, GDU∗Uvn⟩
= ⟨Uvn − Ur∗, Uvn⟩
= ⟨Uvn − Ur∗, Uvn − Ur∗⟩

= ∥Uvn∥2 .

Since un+1 ∈ S and let r = un+1 in (3.19), we have

(3.22) αn ⟨un+1 − vn, DU∗Uvn⟩G ≥ ⟨un+1 − vn, d(un, vn)⟩G ,

and the substituting (3.21), (3.22) in the equation (3.20), we have

(3.23)

∥un+1 − r∗∥2G ≤ ∥un − r∗∥2G − ∥un − un+1∥2G
− 2γθn ⟨un+1 − vn, d(un, vn)⟩G − 2γαnθn ∥Uvn∥2

= ∥un − r∗∥2G − ∥un − un+1∥2G
+ 2γθn ⟨un − un+1, d(un, vn)⟩G
− 2γθn(⟨un − vn, d(un, vn)⟩G + αn ∥Uvn∥2).

By using the equation (3.17) we have

θ2n ∥d(un, vn)∥
2
G = θn(⟨un − vn, d(un, vn)⟩G + αn ∥Uvn∥2).

On the one hand, from Lemma 2.2 we have

2γθn ⟨un − un+1, d(un, vn)⟩G = −∥(un − un+1)− γθnd(un, vn)∥2G + ∥un − un+1∥2G
+ γ2θ2n ∥d(un, vn)∥

2
G .

On the other hand, substituting the above two equalities in (3.23), we have

(3.24)

∥un+1 − r∗∥2G ≤∥un − r∗∥2G − ∥un − un+1∥2G − 2γθ2n ∥d (un, vn)∥
2
G

− ∥(un − un+1)− γθnd (un, vn)∥2G + ∥un − un+1∥2G
+ γ2θ2n ∥d (un, vn)∥

2
G

≤∥un − r∗∥2G − θ2nγ(2− γ) ∥d (un, vn)∥2G .

Since γ ∈ (0, 2), it is evident that we can have the sequence
{
∥un − r∗∥2G

}
is

decreasing and therefore, it must converge. Thus the sequence {un} is bounded.
On the one hand from Lemma 3.6, we have

θn ∥d(un, vn)∥2G ≥ ⟨un − vn, d(un, vn)⟩G
≥ (1− µ) ∥un − vn∥2G

,

and

θn ≥ 1− µ

1 + µ2
.

On the other hand, we combine the above two inequalities with (3.24), we can obtain

γ(2− γ)(1− µ)2

1 + µ2
∥un − vn∥2G ≤ ∥un − r∗∥2G − ∥un+1 − r∗∥2G .
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There will be generate
∑∞

n=1 ∥un − vn∥2G < ∞, so we have

(3.25) lim
n→∞

∥un − vn∥G = 0.

From the inequalities of (3.14) and (3.16), we have

∥d(un, vn)∥G ≤ ∥un − vn∥G + αn ∥DU∗Uun −DU∗Uvn∥G
≤ (1 + µ) ∥un − vn∥G .

By the above two inequalities, we have

(3.26) lim
n→∞

∥d(un, vn)∥G = 0.

As the sequence {un} is bounded, it will have a cluster point r̄ and the subsequence
{unk

} of the sequence, where the subsequence {unk
} convergences weakly to the

cluster point r̄. The same can be said that the subsequence {vnk
} convergences

weakly to r̄ from (3.25).
Next, we will prove the point r̄ is a solution of SEP. Substituting (3.19) via r = r∗,

and combining with (3.21), we have:

⟨vn − r∗, d(un, vn)⟩G ≥ ⟨vn − r∗, αnDU∗Uvn⟩G
= αn ∥Uvn∥2 .

By the above inequality and Lemma 3.4, we have

∥Uvnk
∥2 ≤ 1

α
⟨vnk

− r∗, d(unk
, vnk

)⟩G .

From (3.26) and the bounded property of the subsequence {vnk
}, we have

(3.27) lim
k→∞

∥Uvnk
∥2 = 0,

and from the definition of ▽fD1(r) and (3.27), we have: limk→∞ ∥DU∗Uvnk
∥G = 0.

By (2.1) and Lemma 2.2, we have∥∥vnk
− PG

S (vnk
)
∥∥
G
≤∥unk

− vnk
− αnk

DU∗Uunk
∥G

≤∥unk
− vnk

∥G + αnk
∥DU∗Uunk

∥G
≤∥unk

− vnk
∥G + αnk

∥DU∗Uunk
−DU∗Uvnk

) ∥G
+ αnk

∥DU∗Uvnk
∥G

≤(1 + µ) ∥unk
− vnk

∥G
+ αnk

∥DU∗Uvnk
∥G → 0 as k → ∞.

Which implies r̄ ∈ S. So according to the equation (3.27), we have

0 ≤ ∥Ur̄∥2 = ⟨Ur̄, Ur̄⟩ = ⟨r̄, U∗Ur̄⟩ = lim
k→∞

⟨vnk
, U∗Ur̄⟩ = lim

k→∞
⟨Uvnk

, U r̄⟩

≤ lim
k→∞

∥Uvnk
∥ ∥Ur̄∥ = 0,

and it implies that f(r̄)=0. So from Proposition 3.1, the point r̄ is a solution of
SEP. So we can substitute r̄ = r∗ into (3.24), and obtain the sequence {∥un − r̄∥G}
is convergent. Moreover, the subsequence {unk

} convergences weakly to the cluster
point r̄. From Lemma 2.3, we complete our proof. □
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4. Numerical experiment

In this section, we present some numerical experiments to verify the feasibility of
the algorithm we proposed to solve the SEP (1.1). Consider the LASSO problem
that we all know as follows:

(4.1) min
r∈Uk

1

2
∥Tr − b∥22 subject to ∥r∥1 ≤ α,

where T ∈ Um×k,m < k , α > 0 and ℓ1- norm is defined by ∥r∥1 =
∑k

i=1 |ri|. Due
to the ℓ1- norm constraint of (4.1), this problem has the possibility of finding a
sparse solution of the SPE (1.1).

Figure 1. Graph of MSE values and number of iterations for K =
30, when MSE < 10−8

We first evaluate the advantages of the proposed preconditioning method com-
pared to other methods in the literature. We generate a matrix T with standard
normal distribution. The true sparse signal r∗ is constructed by uniform distribu-
tion in the interval [−1, 1] with K non-zero random elements. The observed signal
b = Tr∗ (no noise is assumed). Considering the application of SEP in signal re-
covery experiments, a simple processing of SEP is required. Let B = I ∈ Um×m,
C = {r ∈ Uk : ∥r∥1 ≤ α}, α = K, and Q = {b}. To implement the projection onto
the convex sets, we give the definition of the soft threshold function as follows:

softα(r) = max(|r| − α, 0) sgn(r).

In this experiment, the matrix T is the bounded linear operator. U , G and D1

are randomly generated symmetric positive-definite matrices. The specific values of
some of the parameters that we have selected are as follows.

For the constant step size, we choose γn = τn = 0.7 ∗
(

2
∥T ∗T∥2

)
, σ = 2, ρ = 0.2

and βn = 2. For self-adaptive size, we used γn = τn and σ = 1.5, ρ = 0.5. For all
numerical experimental sections, we chose m=256, k=512. The mean square error
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Figure 2. Recovered signal by pre-conditioning algorithm

Table 1. Numerical results of the algorithms with m = 256, k = 512

Methods MSE < 10−4 MSE < 10−6 MSE < 10−8

Iter CPU time Iter CPU time Iter CPU time
K = 10 pre-conditioning 126 0.0516 240 0.1256 411 0.1024

line search Alg 129 0.0795 283 0.2207 447 0.3271
self-adaptive Alg 141 2.3008 332 4.5139 458 8.6321

K = 20 pre-conditioning 165 0.0717 315 0.1022 535 0.1782
line search Alg 203 0.1703 431 0.3352 702 0.4416
self-adaptive Alg 248 3.0692 531 9.0110 821 13.8518

K = 30 pre-conditioning 172 0.0618 338 0.1120 611 0.1813
line search Alg 232 0.1615 432 0.3682 711 0.5211
self-adaptive Alg 251 4.2123 530 10.4242 922 14.0760

(MSE) method is used to assess the recovery accuracy: MSE = 1
k∥un−r∗∥2, where

un is an estimated signal of r∗.
Table 1 shows that the preconditioning algorithm requires fewer iterations and

less CPU time than the line search algorithm and the self-adaptive algorithm for
different values ofK and stopping criteria. It is evident from Fig 1 that the precondi-
tioning algorithm has a faster convergence speed. Fig 2 demonstrates the application
of the algorithm to signal recovery, showing a comparison between the original signal
and the signal recovered by the preconditioning algorithm when MSE < 10−6.

5. Conclusion

This article presents the application of line search and preconditioning techniques
for addressing the split equality problem. Under specific circumstances, the weak
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convergence of the algorithm is proven. The preconditioning step offers two signifi-
cant advantages. First, it improves the convergence speed. Second, it facilitates the
use of line-search and self-adaptive techniques, thereby eliminating the need for prior
knowledge of the operator norms. Finally, numerical experiments are conducted to
verify the effectiveness of the proposed algorithms.
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