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SOME FIXED POINT THEOREMS BY EMPLOYING GREAT
(s,¢)-SIMULATION FUNCTIONS ON »-METRIC SPACES

WUTIPHOL SINTUNAVARAT* AND A. FRANCISCO ROLDAN LOPEZ DE HIERRO!

ABSTRACT. This paper explores novel fixed point theorems derived through the
application of innovative great (s, e)-simulation functions within the framework of
b-metric spaces. By introducing new classes of contractions that account for two
distinct arguments, this investigation generalizes existing results and establishes
unique fixed point theorems. An illustrative example is provided to demonstrate
the practicality of these results.

1. INTRODUCTION

One of the fundamental conditions for the existence of fixed points for self-
mappings on various spaces having the structure of completeness is the Banach
contraction or its more generalized forms. These conditions have been widely stud-
ied in different mathematical frameworks. In many cases, such contractive con-
ditions can be extended using control functions, which provide greater flexibility
in analyzing the behavior of mappings. One interesting example is the concept
of simulation functions, introduced by Khojasteh et al. [2], which played a crucial
role in defining Z-contraction mappings. Following the introduction of these ideas,
many researchers have pursued this line of investigation, resulting in a broad spec-
trum of generalizations of Banach contractions. For a broader perspective on these
developments, the reader may consult the survey provided in [1].

Building on the concept of simulation functions and their extensions in metric
spaces, researchers have increasingly explored applications within b-metric spaces.
A major development is the inclusion of a multiplicative factor s > 1, which allows
the definition of new control functions and generalized contractions. In 2017, Ya-
maod and Sintunavarat [8] introduced the notion of s-simulation functions, refining
contractivity conditions through sequential properties involving s. This approach ef-
fectively extends fixed point results under broader assumptions. Subsequent works
proposed large s-simulation functions in [3], relaxing restrictive conditions while
preserving the essential framework for fixed point theorems. More recently, wide
s-simulation functions and wide Ws-contractions were established in [7], removing
the need for non-expansivity assumptions and further expanding the scope of fixed
point theory in b-metric spaces.
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In this paper, we extend recent developments by introducing two new classes of
functions, termed type-1 and type-2 great (s, e)-simulation functions, and employ
them to derive new fixed point results in b-metric spaces. An illustrative example
is also presented to demonstrate the effectiveness of the proposed approach.

2. PRELIMINARIES

Throughout the paper, R and N denote the sets of real numbers and positive
integers, respectively, and let Ny = NU {0}. Moreover, X denotes a nonempty set
and 5 > 1 a fixed real number. We begin by recalling basic properties of sequences
in a set without a metric structure.

Definition 2.1 (cf. [6]). A sequence {x,}neny C X, where X is a nonempty set,
is: infinite if x, # X, for each n,m € N such that n # m; almost periodic if
there are ng,po € N such that X,,4r4kp, = Xng+r for each k& € N and all r €
{0,1,...,po — 1} (this means that {x,}n>n, is a periodic sequence because the
terms {Xpng, Xng+1, Xng+2; - - - » Xng+po—1) are infinitely repeated in the same order);
almost constant if there is ng € N such that x,, = x,, for each n > ng (this means
that {xy }n>n, I8 a constant sequence).

A Picard sequence of a mapping T : X — X is a sequence {x, }nen C X such that
Xna1 = T'xp for all n € N.

A successful generalization of the notion of metric space is given by the following
class of metric structures.

Definition 2.2. A b-metric space is a triple (X,d,s), where d : X x X — [0, 00)
satisfies the following properties for each x,y,z € X:

e d(x,y) = 0 if and only if x =y;

e d(y,x) = d(x,y);

e d(x,z) <s [d(x,y) +d(y,z)].
The number s is called the coefficient of the b-metric space.

Definition 2.3. Let (X, d,s) be a b-metric space. A sequence {x,} C Xis convergent
to z € Xiflim,, o0 d(x,z) = 0, and it is a Cauchy sequence if limy, ;00 d(Xp, Xm) =
0. The space (X,d,s) is complete if every Cauchy sequence in X is convergent
to a point of X. Moreover, a sequence {x,} C X is asymptotically regular if
limy, 00 d(Xp,Xnt1) = 0.

In 2015, the following family of functions was introduced to generalize a great
class of contractivity condition.

Definition 2.4 ([2]). A function ¢ : [0,00) X [0,00) — R is called a simulation
function if it satisfies the following conditions:
(C1): €(0,0) = 0;
(C2): ¢(t,s) <s—tforallt,s>0;
(C3): if {tn}, {sn} C (0,00) are sequences with lim, o t, = lim, o $p > 0,
then limsup,, ,oo ((tn,sn) < 0.

In order to avoid the symmetry between the sequences {¢,} and {s,} in the last
condition, the following modified version was also introduced:
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Definition 2.5 ([5]). A simulation function is a function ( : [0,00) x [0,00) — R
satisfying the conditions ((1), (¢2) and
(¢5): if if {tn}, {sn} C (0,00) are sequences with lim,, o t, = lim, 00 55, > 0
and t,, < sy, for all n € N, then limsup,,_,., ((tn,sn) <O0.

Inspired by simulation functions in the previous sense, in [8], the notion of s-
simulation function was introduced. Such functions ¢ : [0,00) x [0,00) — R must
satisfy ((2) and the following sequential-type condition:

(Ca): if {a } and {5, } are sequences in (0, 00) such that

0 < liminf oy, < s limsup B, < 2 liminf ay,
n—00 Nn—00 n—00

0 < liminf 3, < s limsup a, < s liminf B,
n—00 N—00 n—00

then limsup,, . ((an, Bn) < 0.

After that, some researchers realized that the condition ((2) was not necessary to
prove some related fixed point theorems, so they defined in [3] the notion of large
s-simulation function as any function ¢ : [0,00) X [0,00) — R only satisfying the
condition ({y).

3. MOTIVATION FOR A NEW CLASS OF CONTRACTIONS

We begin this section with a result that follows directly from applying the triangle
inequality twice, whose proof is omitted for brevity.

Proposition 3.1. If (X,d,s) is a b-metric space and x,y,z,w € X, then
max{ d(x,z) — s>d(y,w), d(y,w) — s2d(x,z) } < sd(x,y) + s> d(z,w).
In particular, if T : X — X is a mapping and x,y € X, then
(3.1) max{d(x,Tx) — s>d(y, Ty), d(y, Ty) —s2d(x,Tx) } < sd(x,y) + s> d(Tx, Ty).

To describe the behavior of certain sequences that naturally arise in the proofs
of the main theorems, we introduce the following result.

Lemma 3.2. Let {x,} be an asymptotically reqular and infinite sequence in a b-
metric space (X,d,s). If {x,} is a not Cauchy sequence, then there are ey > 0 and
two partial subsequences {X, ) }ren and {Xpk)tren of {xn} such that k < n(k) <
m(k) and d(Xpuk)s Xm@k)—1) < €0 < d(Xp(k), Xm(k)) for each k € N.  Furthermore,
associated to the sequences {x,u} and {xy,x)} of X, let consider the sequences of
real numbers {ti},{sk}, {rx},{ur} C (0,00) defined, for each k € N, as
{tk = d(Xn(k)s Xm(k))s Sk = AXn(k)—1, Xm(k)—1)>
(3.2)
Tk = d(Xn(k)—1:Xn(k))s Uk = d(Xm(k)—1> Xm(k))-

Then the following properties hold.

(1) All the sequences {tx},{sk}, {rx}, {ux} are bounded.

2) 1, = 0 and up — 0.

) 0 <limsupy_,o sk < seo < s liminfy_, t.

) 0 <limsup,_,.otr < 5e0 < 6° liminf g o0 Sk

) max{r, — s2ug, up — 521 } < 88 + 5%t for all k € N,

(

(3
(4
(5
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Finally, if tx, < s for all k € N, then 0 < limsupj_ oty < s liminfy o .

Proof. As the sequence {x,} is infinite, then ¢y, s, 7k, ur € (0,00) for all k € N.
Since d(Xp,Xn+1) — 0, we obtain {r} and {ui} are bounded sequences and they
also converge to 0. Since {d(xy,x,+1)} converges, it is bounded; hence, there exists
M > 0 such that d(x,,xp+1) < M for all n € Ny. Notice that the sequence {ty}ren
verifies that
0<€o§tk=d( n(k)s Xm(k))

[ ) + d(xm(k) 15 Xm(k)) ]
(3.3) [50 + d 1 X)) |

[60 + M]

Then the sequence {t} C (0, 00) is bounded and so it has the limit inferior and the
limit superior, and letting k& — oo in (3.3), we deduce that

(3.4) 0<e < hm 1nf tr <limsup t; < sep.
k—ro00

By a similar technique to the previous step, we obtain that the sequence {s;} C
(0, 00) is also bounded and

(3.5) 0< hm inf s, < limsup s < s¢g.

k—o0 k—oo

Furthermore, for each k € N, we have

g0 <tk = d(Xn(k)s Xm(k))
< 5 d(Xn(k)s Xn(k)—1) + 5 dXn(h)—1 Xim(k)—1) T 5 d(Ken(k)—1: X (k))
= 5d(X (), Xn(k)—1) + 5 Sk + 5 d (X~ 1> Xim(k))

and letting k¥ — oo in the previous inequality, we deduce that eg < §2 liminfy_,oo s
€
In particular, liminfy_ . sp > 5—8 > 0, which together with (3.5) implies that

(3.6) 0 < 2 0 < hmmf s < limsup s, < s5¢p.

—00 k—o00

Joining (3.4) and (3.6), we deduce that

(3.7) 0 <limsup s <se0 <5 hm 1nf .

k—o0

In addition to this, also by (3.4) and (3.6), we get

(3.8) 0 < limsup t <sep = 6° 2 < 5 hmmf Sk

k—o0

This proves all the items of this result. Finally, if we assume that t; < s; for all
k € N, then, by (3.4), we get 0 < ¢9 < limsup,_, . tx < limsup,_,. Sk, which
implies, by (3.7), that 0 < limsup ,_, . tx < limsup,_, sk < s liminfy_ o t. O
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4. TYPE-1 GREAT (s, ¢)-SIMULATION FUNCTIONS AND FIXED POINT THEOREMS
FOR TYPE-1 GREAT (8, ¢)-CONTRACTIONS

This section presents a generalization of existing simulation functions, providing
a unified framework for new contraction types and fixed point theorems in b-metric
spaces. Motivated by large simulation functions and Lemma 3.2, we first introduce
the auxiliary functions employed herein.

Definition 4.1. Given s € [1,00) and ¢ € {1,3}, a function F : (0,00)* — R is
called a type-1 great (s,e)-simulation function if the following conditions hold:

(Geo): I {t}, {sk}, {ri}, {ux} C (0,00) are bounded from above sequences
such that

(4.1.a) 0 < limsupy_, . sk < s (liminfg o tx),

(4.1.b) 0 < limsupy_, tr < 8¢ (liminfy_,o s),

(4.1) (4.1.c) {ri} and {uy} converge to the same limit L, and
L < min{liminfy_,~ tg, liminfy_, sx },
(4.1.d) max{ 7y — 52uy, up — 5°ry } < 85 + 5°t,  for all k € N,
| (4.1.e) tp < sp forall k€N,
then
(4.2) limsup F (tg, sk, Tk, ux) < 0.
k—00

We denote by gs{e the family of all type-1 great (s, ¢)-simulation functions.
Some commentaries about the previous definition must be done.

Remark 4.2. (1) A type-1 great (s, ¢)-simulation function F is not required to
be defined for (¢, s, r, u) in the domain of f with any zero argument, since the
proposed contractive condition never involves such cases. Consequently, the
sequences {tx}, {sk}, {rr}, and {uy} consist solely of positive real numbers.

(2) If s = 1, conditions (4.1.a) and (4.1.b) imply that

0 < limsup s; < liminf ¢ < limsup t; < liminf s < limsup s < oc.
k—o0 k—o0 k—o0 k—o0 k—o00
Hence, {tx} and {s;} converge to the same positive real number.

(3) Since 1 < s < 53, if two sequences {t} and {s;} verify the condition (4.1.b)
for ¢ = 1, then they also satisfy the same condition for ¢ = 3. Therefore, if
{tx}, {sk}, {rr} and {ux} are sequences verifying the hypotheses of condition
(G;,l), then they also satisfy the hypotheses of condition (Gfl,73). In particu-
lar, if F € Q;g, then necessarily [ € 95171, that is, 95,173 C gs{l. However, such
families are distinct in nature. If /- € Gl and {tx}, {s}, {re}, {ur} C (0,00)
verify (G} ), then we have

limsup F (tg, Sk, 7k, ux) <0 and limsup F (s, tg, g, ug) <0,
k—o0 k—o0
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that is, the first two arguments of F play a symmetric role. Nevertheless,
if F € 9513 and {tr}, {sx}, {ri}, {ur} C (0,00) satify (Gé’g), one can only
conclude that limsup,_, . F (tg, Sk, 7k, ug) < 0.

(4) In the limit, the condition (4.1.d) is not a restriction. Indeed, for all k£ € N,

hlirn max{ rp — s2up, up, — 527“h} =L —5’L <0 < ssp, + 6%t
— 00

(5) As a result, the condition (4.1.d) is a restriction to have a control on the
sequences {ri} and {ug} in such way that they cannot take excessively
large values. Although they are convergent sequences and, consequently,
bounded sequences, their first terms could take arbitrary real values, and
condition (4.1.d) establishes that the sequences {rj} and {uy} must take
values according (in some sense, “respectful”) to the sequences {tx} and
{sk}. Hence, arbitrarily large values must be avoided, and this fact provides
us certain control on such sequences.

The following result provides extensive examples of type-1 great (s, ¢)-simulation
functions.

Proposition 4.3. Given a simulation function ¢ : [0,00)®> — R (in the sense of
Definition 2.4 or 2.5), let define F ¢ : (0,00)* — R by F¢(t,s,r,u) = ((t,s) for all
(t,s,7,u) € (0,00). Then F¢ € 9'1172 for all e € {1,3}.

Proof. Let {tx},{st}, {rr},{ur} € (0,00) be bounded from above sequences ver-
ifying the hypotheses (4.1) for s = 1 and ¢ € {1,3}. In particular, ¢, < sj for
all k& € N. By item 2 of Remark 4.2, as s = 1, {{x} and {s;} are sequences
converging to the same positive real number. Since { is a simulation function
(in the sense of Definition 2.4 or 2.5), condition ({3) (or (¢})) guarantees that
limsupy,_,o F ¢(tks Sk, Tk, ur) = limsup,_. o ((t, sx) < 0. Hence, f¢ € Qie. O

Example 4.4. Let ¢ : [0,00)> — R be a simulation function (in the sense of
Definition 2.4 or in the sense of Definition 2.5) and let f : (0,00)* — R be a function
satisfying /* < F ¢, where F ¢ is defined in the same manner as in Proposition 4.3.
Then € G}, for all e € {1,3}.

Proposition 4.5. If F € g;e and 0 < rog <ty < sg < stg, then
F(to, 50,70, 7’0) < 0.

Proof. Letting tp =1tg > 0,5 = s > 0 and rp = up = rg > 0 for all £ € N. Notice
that the condition (4.1.d) holds because, for all k € N, max{ rj, —s2uy, up —5°r) } =
ro(1 —52) <0 < 555, + 5%t O

Definition 4.6. Given ¢ € {1,3}, a mapping T from a b-metric space (X,d,s)
into itself is a type-1 great gsl,e—contmction (or simply a great Qslve—contmction) if it
verifies the following two conditions:
(GH): d(Tx, Ty) < d(x,y) for each x,y € X with x #y;
(G3): there is a type-1 great (s, ¢)-simulation function F~ € G}, such that, for
all x,y € X with x # T,y # Ty and Tx # Ty,

(4.3) F (d(Tx,Ty), d(x,y), d(x,Tx), d(y,Ty)) > 0.
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Remark 4.7. The contractivity condition (G1) immediately implies that if a great
Qslje—contraction has a fixed point, then it is unique. Also notice that a type-1 great
(s, ¢)-simulation function F needs not to be defined for each (¢, s, 7, u) in the domain
of F witht=0o0r s=0orr=0oru=0 because the contractivity condition (4.3)
has not to be satisfied if one of its arguments is zero.

The main result in this section is the following one.

Theorem 4.8. Fach type-1 great gf},e-contmctz'on from a complete b-metric (X,d,s)
into itself space has a unique fized point, whatever ¢ € {1,3}. In fact, it is a Picard
operator (that is, all its Picard sequences converge to its unique fixed point).

Proof. Let (X,d,s) be a complete b-metric space and let T : X — X be a mapping
satisfying the condition (4.3) associated to a type-1 great (s, ¢)-simulation function
F :[0,00)* = R. Given a point xg € X, let {x, = T"xo}nen, be the Picard sequence
of T starting from xg. If there is ng € Ny with X, = Xp,+1, then x,, is a fixed
point of T, and the uniqueness of such fixed point follows from Remark 4.7. On the
contrary case, suppose that

(4.4) d(Xp, Xn4+1) > 0 for all n € Ny.
By the hypothesis (G1), the sequence {d(x,,xn+1)} verifies

0 < d(Xpt1,Xn+2) = d(T%pn, Txpt1) < d(Xp,Xnt1) for all n € Ny.
As it is strictly decreasing and bounded from below, it is convergent. Let L :=
lim,, o0 d(Xpn,Xn+1) > 0. To prove that L = 0, suppose, by contradiction, that
L > 0. Let consider the sequences {t,},{sn},{rn}, {un} defined by ¢, = u, =
d(Xn41,Xnt2) > 0 and s, = 1, = d(Xp,Xpt1) > 0 for all n € N. Then lim,, o t, =
limy, 00 Sp = limy, 400 7y = limy, o0 u, = L > 0. In particular, the first three
conditions of (4.1) immediately hold, and the fourth follows from (3.1) applied to
X = Xp and y = X 41, that is,

max{ rp, — 52U, Uy — 527y }

= maX{ d(x’m Xn+1) - 52 d(xn+17 Xn+2)7 d(Xn+1, Xn+2) - 52 d(Xn, Xn+1) }

= max{ d(xn, T%,) — 52 d(Xnt1, Txnt1)s d(Xna1, Txnt1) — 52 d (X, Tx) }

< §d (X, Xnt1) + 5% d(Txn, TXpt1)

=5 d(Xn7 Xn—i—l) + 52 d(Xn+17 Xn+2)

= 68, + 62,
Now, (4.2) means that limsup,, _,o F (tn, Sn,Tn, un) < 0. However, this fact contra-
dicts that, for all n € N, by (4.3),

F(tnv SnyTn,s un) =F (d(xn—i—l; Xn+2)7 d(x’ru Xn+1)7 d(Xn, Xn—l—l); d(xn—i—ly Xn+2))
=F (d(TX»,“ Txn+1)7 d(Xn7 Xn+1)7 d(XTM Tx’rl)7 d(xn+17 TXn+1))
> 0.

This contradiction proves that L = 0, that is, lim, o d(Xp,X%n+1) = 0. In particu-
lar, the sequence {x,} is asymptotically regular, implying that it is either infinite or
eventually constant (see [4,6,9] for details). By (4.4), the second case is impossible
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(it cannot be constant from a term onward). Then it is infinite, that is, x, # X,
for each n, m € N such that n # m.

Next, we prove, by contradiction, that {x,} is a Cauchy sequence in (X,d,s).
If this property is false, Lemma 3.2 guarantees that there are ¢y > 0 and two
partial subsequences {x(x)}tren and {Xm(x)tren of {xn} such that the sequences
{te}, {sk}, {rx},{ur} € (0,00) defined, for each k € N, as (3.2) verify the following
assertions:

o {tr}, {sk}, {rr}, {ur} are bounded;
e ;. — 0 and up — 0;

o 0 <limsupy_,o sk < 50 < s liminf o0 tg;

o 0 <limsup,_,otr <se0 < s3 liminf 400 Sk;

o max{ 7y — 52uy, up — 5°1) } < ssp, + 52ty for all k € N,
In fact, by condition (G1), for all k € N,

by = d(xn(k)axm(k)) = d(TXn(k)—laTXm(k)—l) < d(xn(k)—hxm(k)—l) = Sk-
Hence, Lemma 3.2 guarantees that0 < limsup,_,. tx < s liminfj ,o sx. There-
fore, the property 0 < limsup_, tx < s liminf;_,, s holds whatever ¢ € {1,3}.
As T is a type-1 great G -contraction (for ¢ = 1 or ¢ = 3), then condition (4.2)

ensures that limsup,_, . F (tk, Sk, 7k, ur) < 0. However, this inequality contradicts
the fact that, for each k € N, using (4.3) with = x,(3)—1 and y = X,y 1,

F(th, Sk, Tk, Ug)
= F (A )> Xm(k))s A0 (k)=15 Xim(k)=1)> ) =15 Xn(k))s dXin(k)—1> Xm(k)) )
= F (d(T%p6)—1> TXm(i)—1) s d(Xn(k)—15 X () —1)

d(Xn(k)—15 TXn(k)—1)> dXen(ie)—15 TxXm)-1) )
> 0.

This contradiction guarantees that {x,} is a Cauchy sequence in (X,d,s). As it is
complete, then there is zg € X such that x, — zg as n — co. As {x,} is an infinite
sequence, there is ng € N such that x,, # zg and x,, # Tz for all n > ng. Therefore,
(G1) guarantees that d(x,11, Tzo) = d(Txy, Tzo) < d(xn,20) for all n > ng. Hence,
Xpt1 = IT%n, — Tzg as n — o0, and the uniqueness of the limit of a convergent
sequence in a b-metric space finally guarantees that T'zg = zg, that is, zg is a fixed
point of T'. The uniqueness of the fixed point follows from Remark 4.7. Il

The previous result can be particularized in several ways. We illustrate some of
them.

Corollary 4.9. Let (X,d,s) be a complete b-metric space and let T : X — X be a
mapping. Suppose that there exists a simulation function ¢ : [0,00)? — R (in the
sense of Definition 2.4 or in the sense of Definition 2.5) such that

¢ (d(Tx,Ty), d(x,y)) >0
for all x,y € X with x #y. Then T is a Picard operator.
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Proof. Let consider the function F¢ : (0,00)* — R defined by Proposition 4.3.
Proposition 4.3 ensures that [ € gie for ¢ € {1,3}. By condition ({2), for all
x,y € X with Tx # Ty,

0<¢ (d(Tx, Ty), d(x, y)) < d(x,y) —d(Tx,Ty).

Hence, T is a type-1 great g;e—contraction with respect to f¢, and Theorem 4.8
guarantees that 71" is a Picard operator. O

The case s = 1 is the following one.

Corollary 4.10. Let (X,d) be a complete metric space and let | : (0,00)* — R
be a function such that limsupy_, . F (tg, Sk, Tk, ur) < 0 whatever the sequences

{te}, {sk}: {rx}, {ur} C (0, 00) verifying:
o {tx} and {si} converge to the same limit L > 0,
oty <sp forallkeN,
o {ry} and {ui} converge to the same limit L', and L' < L,
o |up—rp| <sp+ty forallkeN.

If for each x,y € X, a mapping T : X — X verifies

e d(Tx, Ty) < d(x,y) when x #y,
o I (d(Tx,Ty), d(x,y), d(x,Tx), d(y, Ty)) > 0
when x #Tx,y #Ty and Tx # Ty,

then, T is a Picard operator.

5. TYPE-2 GREAT (s, ¢)-SIMULATION FUNCTIONS AND FIXED POINT THEOREMS
FOR TYPE-2 GREAT (8, ¢)-CONTRACTIONS

For a self-mapping T on a b-metric space (X,d,s), the classical contractive con-
dition
(GhH d(Tx, Ty) < d(x,y) for all x,y € X with x #y,
though natural in fixed point theory, is often overly restrictive since it enforces

continuity of T and guarantees at least one unique fixed point. To relax this, we
adopt the following more general assumption:

(G?) for each xo € X, lim d(T"xg, T""!xg) exists.
n—oo

This modification demands stronger conditions on the associated great simulation
functions, making (G%) similar in form but distinct in nature.

Definition 5.1. Given s € [1,00) and ¢ € {1,3}, a function F : [0,00)* — R is
called a type-2 great (s, e)-simulation function if it satisfies the following property:
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(Gie): If {tr},{sk} C (0,00) and {rg}, {ur} C [0,00) are bounded from above
sequences such that

(5.1.a) 0 < limsupy_,o Sk < s (liminfg_o0 1),
(5.1.b) 0 < limsupy_, o tx < s (liminfx_,o0 Sk),

(5.1) (5.1.c) {ri} and {uy} converge to the same limit L, and

L < min{liminfy_,~ tg, iminfy o sk},

| (5.1.d) max{ ry — 52uy, up — 52y } < 85 + 5%t for all k € N,
then
(5.2) limsup F (tg, sk, Tk, u) < 0.
k—o0

We denote by Qfx the family of all type-2 great (s, ¢)-simulation functions.

Items 2, 3, 4 and 5 of Remark 4.2 can be here identically stated. However, the
following facts must be highlighted.

Remark 5.2. (1) Although type-2 great (s, ¢)-simulation functions are defined
on (0,00)*, a type-2 great (s,e¢)-simulation functions must be defined on
[0,00)%. The extension to null values will be of importance in order to show
that the new contractions will have a unique fixed point. Deeply studying
the proof of the results, the reader can observe that it is only necessary to
define this kind of functions in (0, 00)? x [0, 00)?.

(2) The condition (4.1.e) is here avoided because we will not have a control on
the comparison of the sequences {t;} and {s}.

(3) Here we again know that 95273 C 9371. However, the main result is only proved
by employing type-2 great (s, 3)-simulation functions because we will not be
able to guarantee the condition (5) of Lemma3.2 because {t;} and {sj}
cannot be directly compared.

Another difference between type-1 and type-2 great (s, ¢)-simulation functions is
the fact that we can use rg = 0 in the following result.

Proposition 5.3. If F € 95272 and 0 < 1o < to, then F (to,to,r0,70) < 0. In
particular, F (to,t0,0,0) < 0 for each ty > 0.

Proof. Letting t, = sp = tg > 0 and r, = up = rg for all kK € N. Notice that

the condition (5.1.4) holds because, for all k € N, max{ry — s%uy, up — 527 } =
ro(1 —52) <0 < 555, + 5%t O
Definition 5.1 was inspired by simulations functions in the sense of Definition 2.4,
as we show now.
Proposition 5.4. Given a simulation function ¢ : [0, 00)>
Definition 2.4), let define F ¢ : [0,00)* — R by
Fe(tys,ryu) =((t,s) forall (t,s,r,u) €0, o0)t.

Then F ¢ € Gi, fore € {1,3}.

— R (in the sense of
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Proof. The proof is exactly the same of the proof of Proposition 4.3. O

Remark 5.5. Notice that the previous result would be false for simulation functions
in the sense of Definition 2.5 because we cannot deduce that ¢, < s, for all n € N
before applying condition ((3).

Proposition 5.6. Given a large s-simulation function ¢ : [0,00)> — R (in [3,
Definition 5.1]), let define F¢ : [0,00)* — R by F¢(t,s,mu) = ((t,s) for all
(t,s,m,u) € [0,00)*. Then F ¢ € G2

Proof. The proof is similar to the proof of Proposition 4.3. O
Now, the new contraction that we study in this section is introduced.

Definition 5.7. Given ¢ € {1,3}, a mapping 7' : X — X from a b-metric space
(X,d, s) into itself is a type-2 great gs?,e—contmction (or simply a great gf’e-contmction)
if it verifies the following two conditions:
(G?): for each xg € X, the limit lim, o d(T"xg, T"xq) exists;
(G3): there is a type-2 great (s, ¢)-simulation function f € G2, such that, for
all x,y € X with x # vy,

(5.3) F (d(Tx, Ty), d(x,y), d(x, Tx), d(y,Ty)) > 0.

The following result follows directly from Proposition 5.3, and thus the proof is
omitted.

Lemma 5.8. If a great Q§7e—contmction has a fixed point, then it is unique.

In the following result, which is only proved for ¢ = 3, we need to assume the
continuity of the contraction.

Theorem 5.9. Fach continuous type-2 great 9373—contmcti0n from a complete b-
metric space with coefficient s into itself is a Picard operator.

Proof. Let (X,d,s) be a complete b-metric space and let 7' : X — X be a mapping
satisfying the condition (5.3) associated to a great (s,3)-simulation function F :
[0,00)* — R. Using exactly the same arguments of the proof of Theorem 4.8, we
can prove that any Picard sequence {x, = T"xo} converges. Notice that condition
(G?) guarantees that the sequence {d(T"xp, T"*1x)} converges, and later we prove
that its limit is zero. Also, we cannot demonstrate that ¢ < s; for all £ € N, but

this condition is not required to apply the property (G§73) to get a contradiction

(here we are assuming that ¢ = 3, so the property (Gil) cannot be applied).

Having in mind that there is zyp € X such that x,, — zg, the continuity of T
guarantees that x,11 = Tx, — T'zg, and the uniqueness of the limit of a convergent
sequence in a b-metric space finally proves that Tzg = zg, that is, zg is a fixed point
of T'. The uniqueness of the fixed point follows from Lemma 5.8. O

There are several simple ways to guarantee that the mapping 7' is continuous.
For instance, the following ones.

Corollary 5.10. Fach type-2 great 95273—contmction T : X = X from a complete
b-metric (X,d,s) into itself space is a Picard operator (in particular, it has a unique
fized point) if it satisfies at least one of the following properties:
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e d(Tx, Ty) < Ad(x,y) for all x,y € X with x #y, where X € [0,00);

e d(Tx, Ty) < EnNzl)\nd(x,y)” for each x,y € X with x # 'y, where
AL, A2, .., AN E [0, OO),'

o d(Tx, Ty) < f(d(x,y)) for each x,y € X with x #y, where f : [0,00) — [0, 00)
satisfies lim;_,g+ f(t) = 0.

Proof. In all cases, T is continuous and so Theorem 5.9 is applicable. O

The following example show an illustrative framework in which Theorem 4.7 is
not applicable, but Theorem 5.9 is so.

Example 5.11. Let X = [0,2] U {7,7.6} be endowed with d(x,y) = (x —y)? for
all x,y € X. Then d is a b-metric with coefficient s = 2. Let define T': X — X as
follows:

3 if x € [0, 2],
Tx= 0, ifx=717,
2, ifx=76

If xo = 7 and yg = 7.6, then d(xp,yo) = 0.62 = 0.36 and d(Txq, Tyo) = d(0,2) =
22 = 4. Since d(T'xg, T'yo) > d(xo, yo), then T is not a great Q%je—contraction mapping
(condition (G1) is not fulfilled), so Theorem 4.7 is not applicable to 7. Neverthe-
less, let show that Theorem 5.9 is applicable because T is a continuous great 92273—
contraction and, consequently, Theorem 5.9 guarantees that 7" is a Picard operator
(in particular, it has a unique fixed point).

First, we can see that the mapping T verifies the inequality

d(Tx, Ty) < 10d(x,y) for each x,y € X.

Hence, it is continuous. Next, the condition (G?%) holds because T"x € [0,2] for
all n > 1, and T"x = (Tx)/3" ! for all n > 2. To prove the hypothesis (G%), let
[ :[0,00)* = R be the mapping defined, for each ¢,s,r,u € [0, 00), as:

F(ts.ru) = (2ns —5mt) (1+|r—ul?), if0<t<10sand 0 < s < 2.5,
)0, otherwise.

In the rest of example, we will prove that F is a great 93’3—simulation function
and T is a great g%jg—contraction with respect to F. Let show that F is a great
9373-simulation function. Since s = 2 and ¢ = 3, let {t,},{sn} C (0,00) and
{rn}, {un} € [0,00) be bounded from above sequences verifying:

0 < lim SUDj_soo Sk <6 liminfy_ o tr = 2 liminfy,_, o g,
0 < limsupy_,o tr <s%liminfy o sp = 8 liminfy_ o sk,

{rx} and {ui} converge to the same limit L.

By the first two conditions, there is ng € N such that, for all n > ny,

0.9 (hminf tk> <t, <11 <limsup tk>

k=00 k—o00

and
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0.9 <liminf sk> <s,<1.1 (hmsup sk) .
k—o00

k—o0

Therefore, for all n > ny,

0<t,<1.1 (hmsup tk) < 1.1(8) (hminf sk)
k—o00

k—o0

88 88
=3 <0.9 li]{{gioglf sk> < 9 Sp < 10s,,
and also
0<s, <11 <limsup sk> <1.1(2) (liminf tk>

22 Lo 22
= 9 <0.9 hkrgggf tk) < Etn'
Since 0 < ¢, < 10s, and 0 < s, < % t, < 2.5t, for all n > ng, we obtain

F (tn, SnyTn, Upn) = (278, — Bmty, ) (1 4 |ry — un\?’)

for all n > ng. It follows from {r;} and {uy} converge to the same limit L that
limy, o0 (14 |7 — un|*) = 1. By (5.4), we get

22 T s
27T5n — 57Ttn =27 <Sn — gtn> — §tn S —E tn

This implies that
limsup F (tn, Sn,Tn, Un) = limsup [(27rsn —bmty ) (14 | — un|3)}
n— oo n—oo

= limsup (27s,, — 57ty )
n—oo

i s
< lim sup (—— tn)

n—o0 18

™ ..
= —1g lminf t,

< 0.

Therefore, F is a great gg’g—simulation function.

Next we prove that T is a great g2273—contraction with respect to F. Let x,y € X
be such that x # y. We are going to show that it is impossible to satisfy, at the
same time,

(5.5) 0 <d(Tx,Ty) < 10d(x,y) and 0<d(x,y)<2.5d(Tx,Ty).

Hence, £ (d(Tx,Ty), d(x,y), d(x,Tx), d(y,Ty)) > 0 (that is, T is a great Gj 5-
contraction with respect to f). We consider the following cases.
o If x,y € [0,2], then d(x,y) = (x —y)? and d(Tx,Ty) = d(x/3,y/3) = (x —
y)2/9. Therefore,

_ (x —y)? 2 _
0<25d(Tx,Ty) =25 5 < (x—y)*=d(x,y)

and so the second inequality in (5.5) is false.
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e If x € [0,2] and y € {7,7.6}, then d(x,y) = (x —y)? > (7 — 2)? = 25. As
Tx, Ty € [0,2], then d(Tx,Ty) < 4. Hence

2.5d(Tx,Ty) <2.5-4=10 < 25 <d(x,y),

so the second inequality in (5.5) does not hold.
o If x € {7,7.6} and y € [0, 2], the same conclusion holds because d is sym-
metric.
o If x,y € {7,7.6}, then either x = 7 and y = 7.6, or vice-versa (because
x #y). Hence, 10d(x,y) = 10(0.36) = 3.6 < 4 = d(0,2) = d(T'x,Ty), which
means that the first condition in (5.5) does not hold.
As a result, T is a great g§’3-contraction with respect to F.
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