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In this paper, we extend recent developments by introducing two new classes of
functions, termed type-1 and type-2 great (s, e)-simulation functions, and employ
them to derive new fixed point results in b-metric spaces. An illustrative example
is also presented to demonstrate the effectiveness of the proposed approach.

2. Preliminaries

Throughout the paper, R and N denote the sets of real numbers and positive
integers, respectively, and let N0 = N ∪ {0}. Moreover, X denotes a nonempty set
and s ≥ 1 a fixed real number. We begin by recalling basic properties of sequences
in a set without a metric structure.

Definition 2.1 (cf. [6]). A sequence {xn}n∈N ⊆ X, where X is a nonempty set,
is: infinite if xn ̸= xm for each n,m ∈ N such that n ̸= m; almost periodic if
there are n0, p0 ∈ N such that xn0+r+kp0 = xn0+r for each k ∈ N and all r ∈
{0, 1, . . . , p0 − 1} (this means that {xn}n≥n0 is a periodic sequence because the
terms {xn0 , xn0+1, xn0+2, . . . , xn0+p0−1} are infinitely repeated in the same order);
almost constant if there is n0 ∈ N such that xn = xn0 for each n ≥ n0 (this means
that {xn}n≥n0 is a constant sequence).

A Picard sequence of a mapping T : X → X is a sequence {xn}n∈N ⊆ X such that
xn+1 = T xn for all n ∈ N.

A successful generalization of the notion of metric space is given by the following
class of metric structures.

Definition 2.2. A b-metric space is a triple (X, d, s), where d : X × X → [0,∞)
satisfies the following properties for each x, y, z ∈ X:

• d(x, y) = 0 if and only if x = y;
• d(y, x) = d(x, y);
• d(x, z) ≤ s [ d(x, y) + d(y, z) ].

The number s is called the coefficient of the b-metric space.

Definition 2.3. Let (X, d, s) be a b-metric space. A sequence {xn} ⊆ X is convergent
to z ∈ X if limn→∞ d(xn, z) = 0, and it is a Cauchy sequence if limn,m→∞ d(xn, xm) =
0. The space (X, d, s) is complete if every Cauchy sequence in X is convergent
to a point of X. Moreover, a sequence {xn} ⊆ X is asymptotically regular if
limn→∞ d(xn, xn+1) = 0.

In 2015, the following family of functions was introduced to generalize a great
class of contractivity condition.

Definition 2.4 ([2]). A function ζ : [0,∞) × [0,∞) → R is called a simulation
function if it satisfies the following conditions:

(ζ1): ζ(0, 0) = 0;
(ζ2): ζ(t, s) < s− t for all t, s > 0;
(ζ3): if {tn}, {sn} ⊆ (0,∞) are sequences with limn→∞ tn = limn→∞ sn > 0,

then lim supn→∞ ζ(tn, sn) < 0.

In order to avoid the symmetry between the sequences {tn} and {sn} in the last
condition, the following modified version was also introduced:
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Definition 2.5 ([5]). A simulation function is a function ζ : [0,∞) × [0,∞) → R
satisfying the conditions (ζ1), (ζ2) and

(ζ ′3): if if {tn}, {sn} ⊆ (0,∞) are sequences with limn→∞ tn = limn→∞ sn > 0
and tn < sn for all n ∈ N, then lim supn→∞ ζ(tn, sn) < 0.

Inspired by simulation functions in the previous sense, in [8], the notion of s-
simulation function was introduced. Such functions ζ : [0,∞) × [0,∞) → R must
satisfy (ζ2) and the following sequential-type condition:

(ζ4): if {αn} and {βn} are sequences in (0,∞) such that

0 < lim inf
n→∞

αn ≤ s lim sup
n→∞

βn ≤ s2 lim inf
n→∞

αn,

0 < lim inf
n→∞

βn ≤ s lim sup
n→∞

αn ≤ s2 lim inf
n→∞

βn,

then lim supn→∞ ζ(αn, βn) < 0.

After that, some researchers realized that the condition (ζ2) was not necessary to
prove some related fixed point theorems, so they defined in [3] the notion of large
s-simulation function as any function ζ : [0,∞) × [0,∞) → R only satisfying the
condition (ζ4).

3. Motivation for a new class of contractions

We begin this section with a result that follows directly from applying the triangle
inequality twice, whose proof is omitted for brevity.

Proposition 3.1. If (X, d, s) is a b-metric space and x, y, z,w ∈ X, then

max{ d(x, z)− s2 d(y,w), d(y,w)− s2 d(x, z) } ≤ s d(x, y) + s2 d(z,w).

In particular, if T : X → X is a mapping and x, y ∈ X, then

(3.1) max{ d(x, T x)− s2 d(y, T y), d(y, T y)− s2 d(x, T x) } ≤ s d(x, y) + s2 d(T x, T y).

To describe the behavior of certain sequences that naturally arise in the proofs
of the main theorems, we introduce the following result.

Lemma 3.2. Let {xn} be an asymptotically regular and infinite sequence in a b-
metric space (X, d, s). If {xn} is a not Cauchy sequence, then there are ε0 > 0 and
two partial subsequences {xn(k)}k∈N and {xm(k)}k∈N of {xn} such that k < n(k) <
m(k) and d(xn(k), xm(k)−1) < ε0 ≤ d(xn(k), xm(k)) for each k ∈ N. Furthermore,
associated to the sequences {xn(k)} and {xm(k)} of X, let consider the sequences of
real numbers {tk}, {sk}, {rk}, {uk} ⊆ (0,∞) defined, for each k ∈ N, as

(3.2)

{
tk = d(xn(k), xm(k)), sk = d(xn(k)−1, xm(k)−1),

rk = d(xn(k)−1, xn(k)), uk = d(xm(k)−1, xm(k)).

Then the following properties hold.

(1) All the sequences {tk}, {sk}, {rk}, {uk} are bounded.
(2) rk → 0 and uk → 0.
(3) 0 < lim sup k→∞ sk ≤ s ε0 ≤ s lim inf k→∞ tk.
(4) 0 < lim sup k→∞ tk ≤ s ε0 ≤ s3 lim inf k→∞ sk.
(5) max{ rk − s2uk, uk − s2rk } ≤ ssk + s2tk for all k ∈ N.
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Finally, if tk ≤ sk for all k ∈ N, then 0 < lim sup k→∞ tk ≤ s lim inf k→∞ tk.

Proof. As the sequence {xn} is infinite, then tk, sk, rk, uk ∈ (0,∞) for all k ∈ N.
Since d(xn, xn+1) → 0, we obtain {rk} and {uk} are bounded sequences and they
also converge to 0. Since {d(xn, xn+1)} converges, it is bounded; hence, there exists
M > 0 such that d(xn, xn+1) ≤ M for all n ∈ N0. Notice that the sequence {tk}k∈N
verifies that

0 < ε0 ≤ tk = d(xn(k), xm(k))

≤ s
[
d(xn(k), xm(k)−1) + d(xm(k)−1, xm(k))

]
< s

[
ε0 + d(xm(k)−1, xm(k))

]
(3.3)

≤ s [ ε0 +M ] .

Then the sequence {tk} ⊆ (0,∞) is bounded and so it has the limit inferior and the
limit superior, and letting k → ∞ in (3.3), we deduce that

(3.4) 0 < ε0 ≤ lim inf
k→∞

tk ≤ lim sup
k→∞

tk ≤ s ε0.

By a similar technique to the previous step, we obtain that the sequence {sk} ⊆
(0,∞) is also bounded and

(3.5) 0 ≤ lim inf
k→∞

sk ≤ lim sup
k→∞

sk ≤ s ε0.

Furthermore, for each k ∈ N, we have

ε0 ≤ tk = d(xn(k), xm(k))

≤ s d(xn(k), xn(k)−1) + s2 d(xn(k)−1, xm(k)−1) + s2 d(xm(k)−1, xm(k))

= s d(xn(k), xn(k)−1) + s2 sk + s2 d(xm(k)−1, xm(k)),

and letting k → ∞ in the previous inequality, we deduce that ε0 ≤ s2 lim infk→∞ sk.

In particular, lim infk→∞ sk ≥ ε0
s2

> 0, which together with (3.5) implies that

(3.6) 0 <
ε0
s2

≤ lim inf
k→∞

sk ≤ lim sup
k→∞

sk ≤ s ε0.

Joining (3.4) and (3.6), we deduce that

(3.7) 0 < lim sup
k→∞

sk ≤ s ε0 ≤ s lim inf
k→∞

tk.

In addition to this, also by (3.4) and (3.6), we get

(3.8) 0 < lim sup
k→∞

tk ≤ s ε0 = s3
ε0
s2

≤ s3 lim inf
k→∞

sk.

This proves all the items of this result. Finally, if we assume that tk ≤ sk for all
k ∈ N, then, by (3.4), we get 0 < ε0 ≤ lim sup k→∞ tk ≤ lim sup k→∞ sk, which
implies, by (3.7), that 0 < lim sup k→∞ tk ≤ lim sup k→∞ sk ≤ s lim infk→∞ tk. □
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4. Type-1 great (s, e)-simulation functions and fixed point theorems
for type-1 great (s, e)-contractions

This section presents a generalization of existing simulation functions, providing
a unified framework for new contraction types and fixed point theorems in b-metric
spaces. Motivated by large simulation functions and Lemma 3.2, we first introduce
the auxiliary functions employed herein.

Definition 4.1. Given s ∈ [1,∞) and e ∈ {1, 3}, a function 𝟋 : (0,∞)4 → R is
called a type-1 great (s, e)-simulation function if the following conditions hold:

(G1
s,e): If {tk}, {sk}, {rk}, {uk} ⊆ (0,∞) are bounded from above sequences
such that

(4.1)



(4.1.a) 0 < lim supk→∞ sk ≤ s (lim infk→∞ tk) ,

(4.1.b) 0 < lim supk→∞ tk ≤ se (lim infk→∞ sk) ,

(4.1.c) {rk} and {uk} converge to the same limit L, and

L ≤ min { lim infk→∞ tk, lim infk→∞ sk } ,

(4.1.d) max{ rk − s2uk, uk − s2rk } ≤ ssk + s2tk for all k ∈ N,

(4.1.e) tk < sk for all k ∈ N,

then

(4.2) lim sup
k→∞

𝟋(tk, sk, rk, uk) < 0.

We denote by G1
s,e the family of all type-1 great (s, e)-simulation functions.

Some commentaries about the previous definition must be done.

Remark 4.2. (1) A type-1 great (s, e)-simulation function 𝟋 is not required to
be defined for (t, s, r, u) in the domain of 𝟋 with any zero argument, since the
proposed contractive condition never involves such cases. Consequently, the
sequences {tk}, {sk}, {rk}, and {uk} consist solely of positive real numbers.

(2) If s = 1, conditions (4.1.a) and (4.1.b) imply that

0 < lim sup
k→∞

sk ≤ lim inf
k→∞

tk ≤ lim sup
k→∞

tk ≤ lim inf
k→∞

sk ≤ lim sup
k→∞

sk < ∞.

Hence, {tk} and {sk} converge to the same positive real number.
(3) Since 1 ≤ s ≤ s3, if two sequences {tk} and {sk} verify the condition (4.1.b)

for e = 1, then they also satisfy the same condition for e = 3. Therefore, if
{tk}, {sk}, {rk} and {uk} are sequences verifying the hypotheses of condition
(G1

s,1), then they also satisfy the hypotheses of condition (G1
s,3). In particu-

lar, if 𝟋 ∈ G1
s,3, then necessarily 𝟋 ∈ G1

s,1, that is, G1
s,3 ⊆ G1

s,1. However, such

families are distinct in nature. If 𝟋 ∈ G1
s,1 and {tk}, {sk}, {rk}, {uk} ⊆ (0,∞)

verify (G1
s,1), then we have

lim sup
k→∞

𝟋(tk, sk, rk, uk) < 0 and lim sup
k→∞

𝟋(sk, tk, rk, uk) < 0,
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that is, the first two arguments of 𝟋 play a symmetric role. Nevertheless,
if 𝟋 ∈ G1

s,3 and {tk}, {sk}, {rk}, {uk} ⊆ (0,∞) satify (G1
s,3), one can only

conclude that lim supk→∞ 𝟋(tk, sk, rk, uk) < 0.
(4) In the limit, the condition (4.1.d) is not a restriction. Indeed, for all k ∈ N,

lim
h→∞

max{ rh − s2uh, uh − s2rh } = L− s2L ≤ 0 < ssk + s2tk.

(5) As a result, the condition (4.1.d) is a restriction to have a control on the
sequences {rk} and {uk} in such way that they cannot take excessively
large values. Although they are convergent sequences and, consequently,
bounded sequences, their first terms could take arbitrary real values, and
condition (4.1.d) establishes that the sequences {rk} and {uk} must take
values according (in some sense, “respectful”) to the sequences {tk} and
{sk}. Hence, arbitrarily large values must be avoided, and this fact provides
us certain control on such sequences.

The following result provides extensive examples of type-1 great (s, e)-simulation
functions.

Proposition 4.3. Given a simulation function ζ : [0,∞)2 → R (in the sense of
Definition 2.4 or 2.5), let define 𝟋ζ : (0,∞)4 → R by 𝟋ζ(t, s, r, u) = ζ(t, s) for all
(t, s, r, u) ∈ (0,∞)4. Then 𝟋ζ ∈ G1

1,e for all e ∈ {1, 3}.

Proof. Let {tk}, {sk}, {rk}, {uk} ⊆ (0,∞) be bounded from above sequences ver-
ifying the hypotheses (4.1) for s = 1 and e ∈ {1, 3}. In particular, tk < sk for
all k ∈ N. By item 2 of Remark 4.2, as s = 1, {tk} and {sk} are sequences
converging to the same positive real number. Since ζ is a simulation function
(in the sense of Definition 2.4 or 2.5), condition (ζ3) (or (ζ ′3)) guarantees that
lim supk→∞ 𝟋ζ(tk, sk, rk, uk) = lim supk→∞ ζ(tk, sk) < 0. Hence, 𝟋ζ ∈ G1

1,e. □

Example 4.4. Let ζ : [0,∞)2 → R be a simulation function (in the sense of
Definition 2.4 or in the sense of Definition 2.5) and let 𝟋 : (0,∞)4 → R be a function
satisfying 𝟋 ≤ 𝟋ζ , where 𝟋ζ is defined in the same manner as in Proposition 4.3.
Then 𝟋 ∈ G1

1,e for all e ∈ {1, 3}.

Proposition 4.5. If 𝟋 ∈ G1
s,e and 0 < r0 ≤ t0 < s0 < st0, then

𝟋(t0, s0, r0, r0) < 0.

Proof. Letting tk = t0 > 0, sk = s0 > 0 and rk = uk = r0 > 0 for all k ∈ N. Notice
that the condition (4.1.d) holds because, for all k ∈ N, max{ rk−s2uk, uk−s2rk } =
r0(1− s2) ≤ 0 < ssk + s2tk. □
Definition 4.6. Given e ∈ {1, 3}, a mapping T from a b-metric space (X, d, s)
into itself is a type-1 great G1

s,e-contraction (or simply a great G1
s,e-contraction) if it

verifies the following two conditions:

(G1
1): d(Tx,Ty) < d(x, y) for each x, y ∈ X with x ̸= y;

(G1
2): there is a type-1 great (s, e)-simulation function 𝟋 ∈ G1

s,e such that, for
all x, y ∈ X with x ̸= T x, y ̸= T y and T x ≠ T y,

(4.3) 𝟋
(
d(T x, T y), d(x, y), d(x, T x), d(y, T y)

)
≥ 0.
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Remark 4.7. The contractivity condition (G1
1) immediately implies that if a great

G1
s,e-contraction has a fixed point, then it is unique. Also notice that a type-1 great

(s, e)-simulation function 𝟋 needs not to be defined for each (t, s, r, u) in the domain
of 𝟋 with t = 0 or s = 0 or r = 0 or u = 0 because the contractivity condition (4.3)
has not to be satisfied if one of its arguments is zero.

The main result in this section is the following one.

Theorem 4.8. Each type-1 great G1
s,e-contraction from a complete b-metric (X, d, s)

into itself space has a unique fixed point, whatever e ∈ {1, 3}. In fact, it is a Picard
operator (that is, all its Picard sequences converge to its unique fixed point).

Proof. Let (X, d, s) be a complete b-metric space and let T : X → X be a mapping
satisfying the condition (4.3) associated to a type-1 great (s, e)-simulation function
𝟋 : [0,∞)4 → R. Given a point x0 ∈ X, let {xn = Tnx0}n∈N0 be the Picard sequence
of T starting from x0. If there is n0 ∈ N0 with xn0 = xn0+1, then xn0 is a fixed
point of T, and the uniqueness of such fixed point follows from Remark 4.7. On the
contrary case, suppose that

(4.4) d(xn, xn+1) > 0 for all n ∈ N0.

By the hypothesis (G1
1), the sequence {d(xn, xn+1)} verifies

0 < d(xn+1, xn+2) = d(T xn, T xn+1) < d(xn, xn+1) for all n ∈ N0.

As it is strictly decreasing and bounded from below, it is convergent. Let L :=
limn→∞ d(xn, xn+1) ≥ 0. To prove that L = 0, suppose, by contradiction, that
L > 0. Let consider the sequences {tn}, {sn}, {rn}, {un} defined by tn = un =
d(xn+1, xn+2) > 0 and sn = rn = d(xn, xn+1) > 0 for all n ∈ N. Then limn→∞ tn =
limn→∞ sn = limn→∞ rn = limn→∞ un = L > 0. In particular, the first three
conditions of (4.1) immediately hold, and the fourth follows from (3.1) applied to
x = xn and y = xn+1, that is,

max{ rn − s2un, un − s2rn }
= max{ d(xn, xn+1)− s2 d(xn+1, xn+2), d(xn+1, xn+2)− s2 d(xn, xn+1) }
= max{ d(xn, T xn)− s2 d(xn+1, T xn+1), d(xn+1, T xn+1)− s2 d(xn, T xn) }
≤ s d(xn, xn+1) + s2 d(T xn, T xn+1)

= s d(xn, xn+1) + s2 d(xn+1, xn+2)

= ssn + s2tn.

Now, (4.2) means that lim supn→∞ 𝟋(tn, sn, rn, un) < 0. However, this fact contra-
dicts that, for all n ∈ N, by (4.3),

𝟋(tn, sn, rn, un) = 𝟋
(
d(xn+1, xn+2), d(xn, xn+1), d(xn, xn+1), d(xn+1, xn+2)

)
= 𝟋

(
d(T xn, T xn+1), d(xn, xn+1), d(xn, T xn), d(xn+1, T xn+1)

)
≥ 0.

This contradiction proves that L = 0, that is, limn→∞ d(xn, xn+1) = 0. In particu-
lar, the sequence {xn} is asymptotically regular, implying that it is either infinite or
eventually constant (see [4,6,9] for details). By (4.4), the second case is impossible



2892 W. SINTUNAVARAT AND A. F. ROLDÁN LÓPEZ DE HIERRO

(it cannot be constant from a term onward). Then it is infinite, that is, xn ̸= xm
for each n,m ∈ N such that n ̸= m.

Next, we prove, by contradiction, that {xn} is a Cauchy sequence in (X, d, s).
If this property is false, Lemma 3.2 guarantees that there are ε0 > 0 and two
partial subsequences {xn(k)}k∈N and {xm(k)}k∈N of {xn} such that the sequences
{tk}, {sk}, {rk}, {uk} ⊆ (0,∞) defined, for each k ∈ N, as (3.2) verify the following
assertions:

• {tk}, {sk}, {rk}, {uk} are bounded;

• rk → 0 and uk → 0;

• 0 < lim sup k→∞ sk ≤ s ε0 ≤ s lim inf k→∞ tk;

• 0 < lim sup k→∞ tk ≤ s ε0 ≤ s3 lim inf k→∞ sk;

• max{ rk − s2uk, uk − s2rk } ≤ ssk + s2tk for all k ∈ N.

In fact, by condition (G1
1), for all k ∈ N,

tk = d(xn(k), xm(k)) = d(T xn(k)−1, T xm(k)−1) < d(xn(k)−1, xm(k)−1) = sk.

Hence, Lemma 3.2 guarantees that0 < lim sup k→∞ tk ≤ s lim inf k→∞ sk. There-
fore, the property 0 < lim sup k→∞ tk ≤ se lim inf k→∞ sk holds whatever e ∈ {1, 3}.
As T is a type-1 great G1

s,e-contraction (for e = 1 or e = 3), then condition (4.2)
ensures that lim supk→∞ 𝟋(tk, sk, rk, uk) < 0. However, this inequality contradicts
the fact that, for each k ∈ N, using (4.3) with = xn(k)−1 and y = xm(k)−1,

𝟋(tk, sk, rk, uk)

= 𝟋
(
d(xn(k), xm(k)), d(xn(k)−1, xm(k)−1), d(xn(k)−1, xn(k)), d(xm(k)−1, xm(k))

)
= 𝟋

(
d(T xn(k)−1, T xm(k)−1), d(xn(k)−1, xm(k)−1),

d(xn(k)−1, T xn(k)−1), d(xm(k)−1, T xm(k)−1)
)

≥ 0.

This contradiction guarantees that {xn} is a Cauchy sequence in (X, d, s). As it is
complete, then there is z0 ∈ X such that xn → z0 as n → ∞. As {xn} is an infinite
sequence, there is n0 ∈ N such that xn ̸= z0 and xn ̸= T z0 for all n ≥ n0. Therefore,
(G1

1) guarantees that d(xn+1,Tz0) = d(Txn,Tz0) < d(xn, z0) for all n ≥ n0. Hence,
xn+1 = T xn → T z0 as n → ∞, and the uniqueness of the limit of a convergent
sequence in a b-metric space finally guarantees that T z0 = z0, that is, z0 is a fixed
point of T . The uniqueness of the fixed point follows from Remark 4.7. □

The previous result can be particularized in several ways. We illustrate some of
them.

Corollary 4.9. Let (X, d, s) be a complete b-metric space and let T : X → X be a
mapping. Suppose that there exists a simulation function ζ : [0,∞)2 → R (in the
sense of Definition 2.4 or in the sense of Definition 2.5) such that

ζ
(
d(T x, T y), d(x, y)

)
≥ 0

for all x, y ∈ X with x ̸= y. Then T is a Picard operator.
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Proof. Let consider the function 𝟋ζ : (0,∞)4 → R defined by Proposition 4.3.
Proposition 4.3 ensures that 𝟋ζ ∈ G1

1,e for e ∈ {1, 3}. By condition (ζ2), for all
x, y ∈ X with T x ̸= T y,

0 ≤ ζ
(
d(T x, T y), d(x, y)

)
< d(x, y)− d(T x, T y).

Hence, T is a type-1 great G1
s,e-contraction with respect to 𝟋ζ , and Theorem 4.8

guarantees that T is a Picard operator. □

The case s = 1 is the following one.

Corollary 4.10. Let (X, d) be a complete metric space and let 𝟋 : (0,∞)4 → R
be a function such that lim supk→∞ 𝟋(tk, sk, rk, uk) < 0 whatever the sequences
{tk}, {sk}, {rk}, {uk} ⊆ (0,∞) verifying:

• {tk} and {sk} converge to the same limit L > 0,

• tk < sk for all k ∈ N,
• {rk} and {uk} converge to the same limit L′, and L′ ≤ L,

• |uk − rk | ≤ sk + tk for all k ∈ N.

If for each x, y ∈ X, a mapping T : X → X verifies
• d(Tx,Ty) < d(x, y) when x ̸= y,

• 𝟋
(
d(T x, T y), d(x, y), d(x, T x), d(y, T y)

)
≥ 0

when x ̸= T x, y ̸= T y and T x ̸= T y,

then, T is a Picard operator.

5. Type-2 great (s, e)-simulation functions and fixed point theorems
for type-2 great (s, e)-contractions

For a self-mapping T on a b-metric space (X, d, s), the classical contractive con-
dition

(G1
1) d(Tx,Ty) < d(x, y) for all x, y ∈ X with x ̸= y,

though natural in fixed point theory, is often overly restrictive since it enforces
continuity of T and guarantees at least one unique fixed point. To relax this, we
adopt the following more general assumption:

(G2
1) for each x0 ∈ X, lim

n→∞
d(Tnx0,T

n+1x0) exists.

This modification demands stronger conditions on the associated great simulation
functions, making (G2

2) similar in form but distinct in nature.

Definition 5.1. Given s ∈ [1,∞) and e ∈ {1, 3}, a function 𝟋 : [0,∞)4 → R is
called a type-2 great (s, e)-simulation function if it satisfies the following property:



2894 W. SINTUNAVARAT AND A. F. ROLDÁN LÓPEZ DE HIERRO

(G2
s,e): If {tk}, {sk} ⊆ (0,∞) and {rk}, {uk} ⊆ [0,∞) are bounded from above
sequences such that

(5.1)



(5.1.a) 0 < lim supk→∞ sk ≤ s (lim infk→∞ tk) ,

(5.1.b) 0 < lim supk→∞ tk ≤ se (lim infk→∞ sk) ,

(5.1.c) {rk} and {uk} converge to the same limit L, and

L ≤ min { lim infk→∞ tk, lim infk→∞ sk } ,

(5.1.d) max{ rk − s2uk, uk − s2rk } ≤ ssk + s2tk for all k ∈ N,
then

(5.2) lim sup
k→∞

𝟋(tk, sk, rk, uk) < 0.

We denote by G2
s,e the family of all type-2 great (s, e)-simulation functions.

Items 2, 3, 4 and 5 of Remark 4.2 can be here identically stated. However, the
following facts must be highlighted.

Remark 5.2. (1) Although type-2 great (s, e)-simulation functions are defined
on (0,∞)4, a type-2 great (s, e)-simulation functions must be defined on
[0,∞)4. The extension to null values will be of importance in order to show
that the new contractions will have a unique fixed point. Deeply studying
the proof of the results, the reader can observe that it is only necessary to
define this kind of functions in (0,∞)2 × [0,∞)2.

(2) The condition (4.1.e) is here avoided because we will not have a control on
the comparison of the sequences {tk} and {sk}.

(3) Here we again know that G2
s,3 ⊆ G2

s,1. However, the main result is only proved

by employing type-2 great (s, 3)-simulation functions because we will not be
able to guarantee the condition (5) of Lemma3.2 because {tk} and {sk}
cannot be directly compared.

Another difference between type-1 and type-2 great (s, e)-simulation functions is
the fact that we can use r0 = 0 in the following result.

Proposition 5.3. If 𝟋 ∈ G2
s,e and 0 ≤ r0 < t0, then 𝟋(t0, t0, r0, r0) < 0. In

particular, 𝟋(t0, t0, 0, 0) < 0 for each t0 > 0.

Proof. Letting tk = sk = t0 > 0 and rk = uk = r0 for all k ∈ N. Notice that
the condition (5.1.4) holds because, for all k ∈ N, max{ rk − s2uk, uk − s2rk } =
r0(1− s2) ≤ 0 < ssk + s2tk. □

Definition 5.1 was inspired by simulations functions in the sense of Definition 2.4,
as we show now.

Proposition 5.4. Given a simulation function ζ : [0,∞)2 → R (in the sense of
Definition 2.4), let define 𝟋ζ : [0,∞)4 → R by

𝟋ζ(t, s, r, u) = ζ(t, s) for all (t, s, r, u) ∈ [0,∞)4.

Then 𝟋ζ ∈ G2
1,e for e ∈ {1, 3}.
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Proof. The proof is exactly the same of the proof of Proposition 4.3. □
Remark 5.5. Notice that the previous result would be false for simulation functions
in the sense of Definition 2.5 because we cannot deduce that tn < sn for all n ∈ N
before applying condition (ζ3).

Proposition 5.6. Given a large s-simulation function ζ : [0,∞)2 → R (in [3,
Definition 3.1]), let define 𝟋̃ζ : [0,∞)4 → R by 𝟋̃ζ(t, s, r, u) = ζ(t, s) for all

(t, s, r, u) ∈ [0,∞)4. Then 𝟋̃ζ ∈ G2
s,1.

Proof. The proof is similar to the proof of Proposition 4.3. □
Now, the new contraction that we study in this section is introduced.

Definition 5.7. Given e ∈ {1, 3}, a mapping T : X → X from a b-metric space
(X, d, s) into itself is a type-2 great G2

s,e-contraction (or simply a great G2
s,e-contraction)

if it verifies the following two conditions:

(G2
1): for each x0 ∈ X, the limit limn→∞ d(Tnx0,T

n+1x0) exists;
(G2

2): there is a type-2 great (s, e)-simulation function 𝟋 ∈ G2
s,e such that, for

all x, y ∈ X with x ̸= y,

(5.3) 𝟋
(
d(T x, T y), d(x, y), d(x, T x), d(y, T y)

)
≥ 0.

The following result follows directly from Proposition 5.3, and thus the proof is
omitted.

Lemma 5.8. If a great G2
s,e-contraction has a fixed point, then it is unique.

In the following result, which is only proved for e = 3, we need to assume the
continuity of the contraction.

Theorem 5.9. Each continuous type-2 great G2
s,3-contraction from a complete b-

metric space with coefficient s into itself is a Picard operator.

Proof. Let (X, d, s) be a complete b-metric space and let T : X → X be a mapping
satisfying the condition (5.3) associated to a great (s, 3)-simulation function 𝟋 :
[0,∞)4 → R. Using exactly the same arguments of the proof of Theorem 4.8, we
can prove that any Picard sequence {xn = Tnx0} converges. Notice that condition
(G2

1) guarantees that the sequence {d(Tnx0,T
n+1x0)} converges, and later we prove

that its limit is zero. Also, we cannot demonstrate that tk < sk for all k ∈ N, but
this condition is not required to apply the property (G2

s,3) to get a contradiction

(here we are assuming that e = 3, so the property (G2
s,1) cannot be applied).

Having in mind that there is z0 ∈ X such that xn → z0, the continuity of T
guarantees that xn+1 = T xn → T z0, and the uniqueness of the limit of a convergent
sequence in a b-metric space finally proves that T z0 = z0, that is, z0 is a fixed point
of T . The uniqueness of the fixed point follows from Lemma 5.8. □

There are several simple ways to guarantee that the mapping T is continuous.
For instance, the following ones.

Corollary 5.10. Each type-2 great G2
s,3-contraction T : X → X from a complete

b-metric (X, d, s) into itself space is a Picard operator (in particular, it has a unique
fixed point) if it satisfies at least one of the following properties:
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• d(Tx,Ty) ≤ λ d(x, y) for all x, y ∈ X with x ̸= y, where λ ∈ [0,∞);

• d(Tx,Ty) ≤
∑N

n=1λn d(x, y)
n for each x, y ∈ X with x ̸= y, where

λ1, λ2, . . . , λN ∈ [0,∞);
• d(Tx,Ty) ≤ f(d(x, y)) for each x, y ∈ X with x ̸= y, where f : [0,∞) → [0,∞)
satisfies lim t→0+ f(t) = 0.

Proof. In all cases, T is continuous and so Theorem 5.9 is applicable. □

The following example show an illustrative framework in which Theorem 4.7 is
not applicable, but Theorem 5.9 is so.

Example 5.11. Let X = [0, 2] ∪ {7, 7.6} be endowed with d(x, y) = (x − y)2 for
all x, y ∈ X. Then d is a b-metric with coefficient s = 2. Let define T : X → X as
follows:

T x =


x

3
, if x ∈ [0, 2],

0, if x = 7,
2, if x = 7.6.

If x0 = 7 and y0 = 7.6, then d(x0, y0) = 0.62 = 0.36 and d(T x0, T y0) = d(0, 2) =
22 = 4. Since d(T x0, T y0) > d(x0, y0), then T is not a great G1

2,e-contraction mapping

(condition (G1
1) is not fulfilled), so Theorem 4.7 is not applicable to T . Neverthe-

less, let show that Theorem 5.9 is applicable because T is a continuous great G2
2,3-

contraction and, consequently, Theorem 5.9 guarantees that T is a Picard operator
(in particular, it has a unique fixed point).

First, we can see that the mapping T verifies the inequality

d(Tx,Ty) ≤ 10 d(x, y) for each x, y ∈ X.

Hence, it is continuous. Next, the condition (G2
1) holds because Tnx ∈ [0, 2] for

all n ≥ 1, and Tnx = (T x)/3n−1 for all n ≥ 2. To prove the hypothesis (G2
2), let

𝟋 : [0,∞)4 → R be the mapping defined, for each t, s, r, u ∈ [0,∞), as:

𝟋(t, s, r, u) =

{
( 2πs− 5πt ) ( 1 + |r − u|3 ), if 0 < t < 10s and 0 < s < 2.5t,
0, otherwise.

In the rest of example, we will prove that 𝟋 is a great G2
2,3-simulation function

and T is a great G2
2,3-contraction with respect to 𝟋. Let show that 𝟋 is a great

G2
2,3-simulation function. Since s = 2 and e = 3, let {tn}, {sn} ⊆ (0,∞) and

{rn}, {un} ⊆ [0,∞) be bounded from above sequences verifying:
0 < lim supk→∞ sk ≤ s lim infk→∞ tk = 2 lim infk→∞ tk,

0 < lim supk→∞ tk ≤ se lim infk→∞ sk = 8 lim infk→∞ sk,

{rk} and {uk} converge to the same limit L.

By the first two conditions, there is n0 ∈ N such that, for all n ≥ n0,

0.9

(
lim inf
k→∞

tk

)
≤ tn ≤ 1.1

(
lim sup
k→∞

tk

)
and
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0.9

(
lim inf
k→∞

sk

)
≤ sn ≤ 1.1

(
lim sup
k→∞

sk

)
.

Therefore, for all n ≥ n0,

0 < tn ≤ 1.1

(
lim sup
k→∞

tk

)
≤ 1.1(8)

(
lim inf
k→∞

sk

)
=

88

9

(
0.9 lim inf

k→∞
sk

)
≤ 88

9
sn < 10sn,

and also

(5.4)

0 < sn ≤ 1.1

(
lim sup
k→∞

sk

)
≤ 1.1(2)

(
lim inf
k→∞

tk

)
=

22

9
·
(
0.9 lim inf

k→∞
tk

)
≤ 22

9
tn.

Since 0 < tn < 10sn and 0 < sn ≤ 22
9 tn < 2.5 tn for all n ≥ n0, we obtain

𝟋(tn, sn, rn, un) = ( 2πsn − 5πtn ) ( 1 + |rn − un|3 )
for all n ≥ n0. It follows from {rk} and {uk} converge to the same limit L that

limn→∞( 1 + |rn − un|3 ) = 1. By (5.4), we get

2πsn − 5πtn = 2π

(
sn − 22

9
tn

)
− π

9
tn ≤ − π

18
tn.

This implies that

lim sup
n→∞

𝟋(tn, sn, rn, un) = lim sup
n→∞

[
( 2πsn − 5πtn ) ( 1 + |rn − un|3 )

]
= lim sup

n→∞
( 2πsn − 5πtn )

≤ lim sup
n→∞

(
− π

18
tn

)
= − π

18
lim inf
n→∞

tn

< 0.

Therefore, 𝟋 is a great G2
2,3-simulation function.

Next we prove that T is a great G2
2,3-contraction with respect to 𝟋. Let x, y ∈ X

be such that x ̸= y. We are going to show that it is impossible to satisfy, at the
same time,

(5.5) 0 < d(T x, T y) < 10 d(x, y) and 0 < d(x, y) < 2.5 d(T x, T y).

Hence, 𝟋
(
d(T x, T y), d(x, y), d(x, T x), d(y, T y)

)
≥ 0 (that is, T is a great G2

2,3-

contraction with respect to 𝟋). We consider the following cases.

• If x, y ∈ [0, 2], then d(x, y) = (x − y)2 and d(T x, T y) = d(x/3, y/3) = (x −
y)2/9. Therefore,

0 < 2.5 d(T x, T y) = 2.5
(x− y)2

9
< (x− y)2 = d(x, y)

and so the second inequality in (5.5) is false.
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• If x ∈ [0, 2] and y ∈ {7, 7.6}, then d(x, y) = (x − y)2 ≥ (7 − 2)2 = 25. As
T x, T y ∈ [0, 2], then d(T x, T y) ≤ 4. Hence

2.5 d(T x, T y) ≤ 2.5 · 4 = 10 < 25 ≤ d(x, y),

so the second inequality in (5.5) does not hold.
• If x ∈ {7, 7.6} and y ∈ [0, 2], the same conclusion holds because d is sym-
metric.

• If x, y ∈ {7, 7.6}, then either x = 7 and y = 7.6, or vice-versa (because
x ̸= y). Hence, 10 d(x, y) = 10(0.36) = 3.6 < 4 = d(0, 2) = d(T x, T y), which
means that the first condition in (5.5) does not hold.

As a result, T is a great G2
2,3-contraction with respect to 𝟋.
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