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A NOVEL CLASS OF GENERALIZED WEAK ENRICHED
CONTRACTIONS AND COMMON FIXED POINT RESULTS FOR
ITS SEMIGROUPS

THITIMA KESAHORM AND WUTIPHOL SINTUNAVARAT

ABSTRACT. This paper presents a unified framework for generalized weak en-
riched contraction mappings and extends it to contraction semigroups. Several
fixed and common fixed point theorems are established, enhancing the under-
standing of their structural and convergence properties. Numerical examples
verify the validity and efficiency of the proposed approach. The results provide
useful tools for convex optimization, variational analysis, and applied nonlinear
models.

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, R and N denote the sets of all real numbers and positive
integers, respectively. Let (X, d) be a metric space and T': X — X a self-mapping.
The mapping T is called a Picard operator if the following properties hold: (i) T
has a unique fixed point ¢ € X, and (i7) lim,, oo 7"z = ¢ for all o € X.Moreover,
we use Fixz(T) to denote the set of all fixed points of 7. One of the most classical
fixed point results is Banach’s Fixed Point Theorem, originally established in [3]. Tt
states that in a complete metric space (X, d), if a self-mapping 7" : X — X satisfies
the following condition:

(1.1) d(T'z,Ty) < ad(z,y)

for all z,y € X, where a € [0,1), then T is a Picard operator. This fundamental
principle remains a cornerstone in numerous mathematical and applied disciplines.
Over time, many generalizations have been developed, underscoring both its pro-
found importance and elegant simplicity.

In 2004, Berinde [4] introduced the generalized contractive condition in Definition
1.1 and also established the fixed point results for them (see Theorems 1.2 and 1.3).

Definition 1.1 ([4]). Let (X, d) be a metric space. A mapping 7" : X — X is called
a weak contraction mapping if there are constants § € [0,1) and L > 0 such that
for all x,y € X,

(1.2) d(Tz,Ty) < dd(z,y) + Ld(y, Tx).
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Theorem 1.2 ([4]). Let (X, d) be a complete metric space and T : X — X be a weak
contraction mapping, i.e., a mapping satisfying the condition (1.2) with 6 € [0,1)
and some L > 0. Then T has a fized point. Moreover, for each xg € X, the Picard
iteration {x,}, which is defined by xp4+1 = Tx, for all n € NU{0}, converges to
a fized point of T.

Theorem 1.3 ([4]). Let (X,d) be a complete metric space and T : X — X be a
weak contraction mapping for which there exist constants 0 € [0,1) and L1 > 0 such
that for all x,y € X,

(1.3) d(Tx,Ty) < 0d(z,y) + Lid(xz, Tx).
Then T is a Picard operator.

The weak contractive condition (1.2) is one of the most well-known generalized
forms in fixed point theory. Each of the classical contractive conditions introduced
by Banach [3], Kannan [13], Chatterjea [10], and Zamfirescu [30] implies both (1.2)
and (1.3). Furthermore, the generalized contraction mapping proposed by Reich [24]
and the quasi-contraction mapping introduced by Ciri¢ [12], with the contractive
constant k € [0, %), also belong to the class of weak contraction mappings.

Recently, Berinde and Pacurar [5-8] employed the enrichment technique of con-
tractive mappings via Krasnoselskij averaging to propose several new classes of
Picard mappings. For instance, the enriched Banach contraction mapping defined
in [6] in a normed space is given as follows:

Definition 1.4 ([6]). A self-mapping 7" on a nonempty subset C' of a normed space

(X, -] is called an enriched Banach contraction mapping if there exist b € [0, 00)
and k € [0,b+ 1) such that for each z,y € C,
(1.4) 1b(z —y) + Tz — Tyl < kl|z —yl|.

To indicate two constants involved in (1.4), we shall also call T" a (b, k)-enriched
Banach contraction mapping.

It is easy to see that a Banach contraction mapping on a normed space with
a contractive constant a € [0,1) is a (0, a)-enriched Banach contraction mapping;
however, the converse does not necessarily hold. For example, let C' = [0,1] C R
equipped with the usual norm, and define T' : C — C by Tx = 1 — z for all
x € C. Then, for any b € (0,1), T is a (b,1 — b)-enriched Banach contraction
mapping, but it is not a Banach contraction mapping (see [6] for details). In [6],
the authors also established the existence and uniqueness of fixed points for enriched
Banach contraction mappings and proved a strong convergence theorem using the
Krasnoselskij iteration {z,,} in C defined by

(1.5) Zny1 = (1= Ny + ATz,

for all n € NUO, where g € C and X € (0,1].

In recent years, several extensions of this concept have been proposed to enhance
the applicability of fixed point theory. For example, Shaheryar et al. [25] studied
fuzzy enriched contractions in fuzzy Banach spaces with applications to fractals
and dynamic market equilibrium, while Yu et al. [29] investigated Suzuki-enriched
Kannan-type mappings in convex metric spaces and their use in approximating
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solutions of Volterra integral equations. Moreover, Nithiarayaphaks and Sintu-
navarat [22], inspired by [6], introduced a new contractive condition unifying all
enriched Banach contractions in the setting of normed spaces as follows:

Definition 1.5 ([22]). A self-mapping 7" on a nonempty subset C' of a normed space

(X, - ) is called a weak enriched contraction mapping if there exist a,b € [0, 00)
and w € [0,a 4+ b+ 1) such that for each z,y € C,
(1.6) la(z —y) + Tz = Ty + b(T?z — T?y)|| < wl|z - y]|.

It is easily seen that the enriched Banach contraction mapping on a normed
space satisfying (1.4) is obtained from (1.6) for b = 0. A nontrivial example below
has been presented in [22] to support their main results. Additionally, they also
introduced the concept of a double averaged mapping, which is defined by

(1.7) TH = (1= py — po) ] + T + pa T2,

where [ is the identity mapping, T is a given self-mapping on a nonempty subset
of a normed space, u1 > 0,2 > 0 and p1 + pg € (0,1]. It is easy to verify that
Fiz(T) C Fiz (T}3). Indeed, suppose that z € Fiz(T) and then

Tl’jzlz =1 —p—p)z+mTz+ ugTQ,z =1 —p1—p2)z+ pz+ p2z = 2.

Hence, z € Fixz (T}, ). In particular, in [22], the authors presented some sufficient
conditions for Fiz(T) = Fiz (T}, ) as follows:

Lemma 1.6 ([22]). Let T be a self-mapping on a nonempty closed convez subset C
of a normed space (X, |- |). Suppose that T} is the double averaged operator of T
such that Fiz(T}y) # @ and one of the following assertions holds:

(Dy) for each ¢ €(0,1) and z € Fiz(T}y), we have
e = T2 < |12 — (1 — )Tz — T2
(Dg) there exists a nonnegative real number k < 1 such that for all x € C
(1.8) 1T} x — Tz|| < kljz — T
(D3) for each z € Fix(T}y), there exists a closed conver subset B C C that

contains z such that T(B) C B and T satisfies (1.8) only on the set B.

Then Fix(T) = Fix (T}, ). Moreover, in the case of the condition (D3) holds, we
obtain the conclusion that Fiz(T|p) = Fiz (T}, |B).

Furthermore, they presented fixed point results demonstrating that the fixed
point of a weak enriched contraction mapping can be approximated via a suitable
Kirk-type iterative process {x,} defined by

(1.9) Tnir = (1= A — Xo)zn + MTxy + Mo T3y,

for all n € NUO, where g € C, A1 > 0, Ao > 0 with Ay + Ao € (0, 1].

On the other hand, common fixed point theory plays a crucial role in nonlinear
analysis, offering a unified framework for studying stability, equilibrium states, and
the solvability of nonlinear equations. In many applications, attention has been
directed to semigroups of nonlinear mappings, which provide a natural setting for
dynamic systems and operator equations. To proceed further, we recall the formal



2874 T. KESAHORM AND W. SINTUNAVARAT

definition of a common fixed point for a semigroup of mappings. Let G be an
unbounded subset of [0, 00) satisfying

(1.10) s+teGandif s>t thens—tegG,

for all s,t € G (for instance, G = [0,00), N, or NU {0}). For a nonempty set X,
consider a family of self-mappings 7 = {7} : X — X |t € G}. A point z € X is
said to be a common fized point of T if Tyx = x for all T; € 7, and the set of all such
points is denoted by Fiz(7). This concept has inspired a wide range of studies on
different classes of nonlinear semigroups, including nonexpansive semigroups (see
[20, 26]), Lipschitzian semigroups (see [9,19]), and pseudocontraction semigroups
(see [1,11]), as well as other related classes in [21,23,27,28,31]. Building upon these
foundations, Kesahorm and Sintunavarat proposed several new semigroups such
as weak contraction semigroups (see [14,16]), enriched nonexpansive semigroups
(see [15]), enriched Kannan semigroups (see [17]), and enriched Chatterjea-type
semigroups (see [18]), and established weak and strong convergence theorems for
iterative processes used to approximate their common fixed points in Banach spaces.

Motivated by the above discussions, this paper aims to introduce the concept of
generalized weak enriched contraction mappings and to establish new fixed point
results corresponding to the proposed contractive conditions within the framework
of Banach spaces. Furthermore, building upon these ideas, we define the notion
of generalized weak enriched semigroups and derive common fixed point results for
such semigroups. Moreover, to illustrate the significance and applicability of the
developed theory, several examples are presented that demonstrate the effectiveness
of the obtained results.

2. GENERALIZED WEAK ENRICHED CONTRACTION MAPPINGS

We begin this section by introducing the concept of a generalized weak enriched
contraction mapping, which serves as the foundation for the main theorems pre-
sented in this section.

Definition 2.1. A self-mapping T on a nonempty subset C of a normed space
(X, ]| - ||) is called a generalized weak enriched contraction mapping if there are
a,b,c € [0,00) and w € [0,a + b+ 1) such that for all z,y € C,

la(z —y) + Tz — Ty + b(T?x — T?y)||
(2.1) < wle =yl +dla(@ —y) + (Tz — y) + b(T?z — y)|.

It is easy to see that the condition (1.2) in a normed space also meets (2.1) when
a=b=0,w=40¢€][0,1),and ¢ = L € [0,00). Moreover, every weak enriched con-
traction mapping fulfilling (1.6) is a generalized weak enriched contraction mapping
with ¢ = 0. However, the converse does not necessarily hold, as shown in the next
example.

Example 2.2. Let C = [-1,1] € R be equipped with the usual norm and let
T : C — C be defined by

—0. if -1
(2.2) 7y =) 00 Hrel-10),
1—2z ifze]0,1].
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It is easy to see that Fiz(T) = {—0.5,0.5}. Additionally, T" is not a weak enriched
contraction mapping since (1.6) does not holds with z = —0.5 and y = 0.5. Next,
we verify that T satisfies (2.1) witha=b=1,¢ =2 and any w € [1,a+ b+ 1). For
each 7,y € X, we introduce the notation LS := |a(x —y)+ Tz — Ty +b(T%x —T?y)|
and analyze the following cases.

e Case I If z,y € [-1,0), then
LS = |z —y| S wlz —y|| +clla(z — y) + (Tx — y) + b(T%z — y)|.
e Case II: If z,y € [0, 1], then
LS = |-y +Q—-2)—1-y)+ 1)z -y

= |z —yl
< wla—yll+clla(@ —y) + (Tz —y) + b(T?z — y)||

e Case III: If x € [-1,0) and y € [0, 1], then

LS = |(1)(z —y)+ (=0.5) — (1 —y) + (1)(~0.5 — y)|
= |z —y-—2|
< Jzr—y|+2
< Jz—yl+28y —z+1]
< wllz —yll + cla(@ — y) + (Tz —y) + b(T?z — y)|.

e Case IV: If x € [0,1] and y € [—1,0), then

LS = [)(z—y)+ 1 —z)—(=0.5)+ (1)(z — (=0.5))]
|z —y+ 2|
< Jr—yl+2
< Je—yl+2|x—3y+1]
< wllz =yl + clalz — y) + (Tz —y) + o(T%z — y)|.

From all cases, T is a generalized weak enriched contraction mapping.

Next, we will present the existence and uniqueness of a fixed point of generalized
weak enriched contraction mappings and prove a strong convergence theorem for
the Kirk’s iteration used to approximate the fixed points of such mappings by using
the concept of the double averaged mapping.

Theorem 2.3. Let C be a nonempty closed convex subset of a Banach space (X, ||-]])
and T : C — C be a generalized weak enriched contraction mapping satisfying (2.1)
with a,b,c € [0,00) and w € [0,a + b+ 1). Then the following conclusions hold:

(i) Tly has a fized point, where py = ﬁ and pg = TZIZH;
(7i) for each xo € C, the Kirk’s iteration {x,}, given by the iterative scheme
(1.9) with Ay := p1 and Ay := pg, converges to a fized point of Ty ;
(131) if one of the conditions (D1) — (Ds3) holds, then Fix(T) # & and for each
xg € C, the Kirk’s iteration {x,}, given by the iterative scheme (1.9) with
A1 = 1 and Ao := o, converges to a fized point of T.
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Proof From the defining of 11 and po, we obtain a = 1“1 —1land b= “f From
, for all x,y € C, we have

[ -

< wm—yw+c(1;m—4>m—yw+@x—w+(fﬁ«ﬂx—ww

(1= p2 = 1) (2 = y) + 1 (T — Ty) + pa(T%z — T?y) ||
< mwllz =yl + e (1= p2 — ) (2 = y) + m(Tz = y) + pa(T?z = y)||.
From the above inequality, we obtain
(2.3) 1T} e = Tyl < Wlle =yl + Clly = T, x|,

for all z,y € C, where W := pjw € [0,1) and C := ¢ > 0. This means T},; is a weak
contraction mapping. Taking A\; := p1, A2 := po in the iteration {x,} defined by
(1.9), it is exactly the Picard iteration associated with T}y, that is, xp11 = Thy @y
for all n € NU{0}. By Theorem 1.2, we obtain Fiz(T};) # @ and {x,} converges
to some zo € Fiz(T};, ). Hence, the claims (i) and (ii) are proven. Finally, the claim
(7i7) is proved by applying the results from (7) and (i¢) together with Lemma 1.6. O

which yields

Theorem 2.4. Let C be a nonempty closed convex subset of a Banach space (X, ||-])
and T : C — C be a generalized weak enriched contraction mapping (2.1) with
a,b,c € [0,00) and w € [0,a+b+1). If
la(z —y) + Tx — Ty + b(T*x — T?y)||

(2.4) < wlz -yl +¢|(Tz — ) + b(T%z — z)|
for all x,y € C, then the following conclusions hold:

(i) Tly has a unique fized point, where py := Ti—s—l and pig := #lt—s—l;
(73) for each xo € C, the Kirk’s iteration {x,}, given by the iterative scheme

(1.9) with Ay == p1 and Ay := pa, converges to a unique fized point of T}y ;
(7i1) if one of the conditions (D1)—(Ds3), then Fix(T) = {z} and for each zo € C,

the Kirk’s iteration {x,}, given by the iterative scheme (1.9) with A1 :=

and g := ua, converges to a unique fixed point z.

Proof. By using the same technique with the proof in Theorem 2.3, we obtain T}y
is a weak contraction mapping. Moreover, from (2.4), for all z,y € C, we have

(1_“2 —1)( —y)+ Tz —Ty+ (Zi) (T2x—T2y)H

M1
(Tz — ) + (’;i) (T?z — z)

< wlz -yl +e

Y

which yields

(1 = p2 — p) (@ — y) + pa (T — Ty) + pa(T?x — T?y)|

< uwle -yl +ellp Tz - 2) + pa(T% — o)
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= mw|z —yl| +cfz— (1 - p — p2)z + mTx + poT?2)||.
This implies that
(2.5) 1T e —Thyll < Wiz —yll + Cllz — T/ z|,

2 2

for all z,y € C, where W := pyw € [0,1) and C' := ¢ > 0. By applying Theorem 1.3
and following the same line of reasoning as in the proof of Theorem 2.3, we obtain
all the desired results. O

3. GENERALIZED WEAK ENRICHED SEMIGROUPS

Based on the ideas presented in Section 2, this section aims to investigate gener-
alized weak enriched semigroups, which are defined as follows:

Definition 3.1. Let C be a nonempty closed convex subset of a uniformly convex
Banach space X and G be an unbounded subset of [0, 00) satisfying the condition
(1.10). Then the family 7 = {T; : C — C | t € G} is called a generalized weak
enriched contraction semigroup on C' if the following conditions are satisfied:
(W1) Tsyex = TsTix for all s,t € G and x € C;
(Wy) for all x € C, the mapping G > t — Tyx is continuous;
(W3) for each t € G, Ty : C — C is a generalized weak enriched contraction
mapping on C, i.e., there are constants a, by, c; € [0,00) and w; € [0,a¢ +
b, + 1) such that

la(z —y) + Thx — Toy + b (T2 — TPy)||
(3.1) < willz -yl +allalz —y) + (Tx — y) + b(TPz — y)||
for all z,y € C.

In the case of a; = a € [0,00) , by = b € [0,00),¢; = ¢ € [0,00) and w; = w €
[0,a; + by + 1) for all t € G, the family 7 = {T}; : C — C | t € G} is called an
(a,b, c,w)-generalized weak enriched contraction semigroup on C. It is easy to see
that any (a, b, ¢, w)-generalized weak enriched contraction semigroup is a generalized
weak enriched contraction semigroup.

Now, we give the following example, which is a generalized weak enriched con-
traction semigroup.

Example 3.2. Let X = R be equipped with the usual norm, C' = [-1,1] C X and
T={T;: C — C |t € N}, where T; is defined for each ¢ € N by

re ! if x € [-1,0),
(3.2) Tiz = —tze™ ifzel0,3),
0 if z € [§,1].

First, we will show that the family 7 satisfies (W;). Let € C and let s,t € N.
Then there are three cases as follows:

e Case I: If z € [-1,0), we get

Tox = ze T = (ze7)e™ = (Tia)e™ = T,Tix.
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e Case II: Assume that z € (0, %) From (3.2), we have

1
Tsrix = —Zge~ (5t
2
and
1 _ 1 _ _ 1
TsTir = Ty <_2«T6 t) = <—2IE€ t>€ 5 = —51’6 (S+t).

e Case III: If z € {0} U [3,1], we get

1
Tsrix=0and TsTix = T,0 = (—2> 0e™* = 0.

Therefore, the family 7 satisfies (7). Next, it is easy to see that the family 7
satisfies (Wa), i.e., for all x € C, the mapping N > ¢ +— Tyx is continuous.

Finally, we verify that for each t € N, T} is a generalized weak enriched contraction
mapping satisfying the condition (3.1) with a; = 0.1,b; = 1,¢; = 1 and w; = 2. For
each z,y € C, we employ the notation

LS = |lay(x — y) + Tywr — Toy + be(Tw = TPy)|
and examine the following cases.
e Case I: If x,y € [%, 1], we get
LS [0.1(z — y)|
willz =yl + eillar(z — y) + (Tox — y) + b(TPz — y)|.

IN

o Case II: If z,y € [—1,0), we get
LS = [01(x—y) +xet —yet +axe ™ — ye_%’
= [(01+e " +e ) (z—y)|
= [014+e " +e ||z —yl

1 1
< <0.1++2>|x—y|
e e
< 2z -y
< willz =yl + edllar(z —y) + (Tiz —y) + b (Tiz — y).

o Case III: If z,y € [O, %), we get
1 1 1 1
LS = |01(z—vy)+ <—2xet> — (—2yet> + <—2xe2t) - <—2y62t>‘
1 1
<0.1 - ie_t - 26_2t> (x — y)‘

1 1
= 0.1 — ie_t — 56_2t

2|z —y|
willz =yl + eilla(@ — y) + (Tiw — y) + by(TPz — ).

|z — |
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e Case IV: If z € [-1,0) and y € [O, %), we have

(2.1 = 1.5(e™t 4+ e72t))
- 0.1+ et 4 e72)
(2.1 —15(e "+ 6_2t)) Y,
2.1y — (0.1 +e bt e*Qt) x.

T Y,

(0.1 +et4 e_Qt) T

<
15t +e )y <

By the above inequality, we have

1 1
LS = [0.1(x—y) +aet— <—2yet> +xe” — (—2y62t>
= [(01+e"+e ) (z—y)+15(e " +e )y
|(().1 +et4 e_Zt)(x — y)| + ‘1.5(e_t + e_Zt)y‘

IN A

2y —z)+2.1y— (0.1+e "+ e_%) x
= 2z —y[+|-21y+ (0.1 +e " +e%) 2]
20z —yl+[0.1(x —y) + (we™" —y) + (ze —y)|
= willz —yll + cilla(z —y) + (Tiz —y) + b (Tiz - y).
e Case V: If z € [0,3) and y € [-1,0), then

1 1
(1.9 —et— e_Qt) y < (1.9 + Ee_t + 26_2t> T

2t

and
(2 14+et+ e_2t) y<|21-— 1e_t — le_gt T
. < |2 5 2 .

This implies that

1 1
(0.1 - ie’t - 2€2t> z—(0l4+e'+e )y < 2x-—y)

and

1 1
2y—z) < <0.1 = ie*t - 2€2t> z—(0.14+e " +e )y

These inequlities yield
1 1
(0.1 - ie*t — 2€2t> z—(0.1+e " +e?) y‘ < 2z —yl.

By the above inequality, we have
1 1
0.1(z —y) + (—2me_t> —ye 4 (—2m6_2t> —ye %

1 1
= ‘(0.1 ——e 't — 26_2t> T — (0.1 +et 4 e_%) y'

LS =

2
2|z —y
willz =yl + eilla(z — y) + (Tiw — y) + b(Tiz — ).
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e Case VI: If x € [-1,0) and y € [%, 1], we get

(0.1 +et4 672t) x

(2.1 —et — 6_2t)
01+ette2)”

(2.1 —et— eiQt) Y,

21y — (0.1+e " +e %)z

X

<
(et+e )y <

By the above inequality, we have

LS =

IN A

10.1(z — y) +ze " + e

0.1+ e +e ) (@ —y)+ (" +e )y

(01 +e " +e ) (@ —y)| +[(e" +e )y

2y —z)+ (2.1ly— (0.1 +e " +e ) x)

2z —y[+ |21y + (0.1+e " + %) 2

20z =yl +[0.1(x — y) + (ze" —y) + (ze* —y)]
wille = yll + elasle — ) + (T — ) + b(T2z — y)||.

e Case VII: If x [%, 1] and y € [—1,0), we get

(1.9—et—e )y <
—ye b —ye™? < 1.9(z —vy).

This implies that

LS =

IN

IN

e Case VIII

’0.1(3: —y) — yeit — yei2t‘

0.1(x —y) —ye " —ye~
0.1(z —y) + (—ye™" —ye ™)

0.1(x —y)+ 1.9(x — y)

2|z —y|

2[z —y[+|0.1(z —y) + (0 —y) + (0 — )|

willz = yll + eellas(@ — y) + (Thx — y) + b(TPz — y)|.

2t

Ifxe [0,%) and y € [%,1],Weget

0.1z < 2.1y,
1 1 1 1
0.1z — (0.1 — §e_t — 56_%).@ < 21y — (0.1 - §€_t _ 56_2t)$,
lx (e—t + €_Zt) < 9 1y _ (0 1— le—t _ le—zt)w
2 = = : 5 5 .

By the above inequality, we have

lar(z —y) + Thw — Toy + b (T2 — Ty)||

B e

= ‘0.1(:1; —y) + <—;x (e"+ th)> ‘
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< 01‘1‘ — y‘ + ’;(1} (eft 4 e*2t)

1 1
< 2z —y|+ ‘2.1y —(0.1— §e_t — 56_%)37

1 1
= 2z —y|+ ‘0.1(1‘ —y)+ <—2xe_t - y> + (—2xe_2t - y> ‘

= willz —yll + cllac(z — y) + (Thw — y) + b(TPz — y)|.
0

e Case IX: If z € [%, 1] and y € |0, l), we distinguish two possibilities:
(i) Assume that 0.1z — 2.1y < 0. Then we get

(; (e_t + 6_2t) — 0.2> y < 1.8z

and so
1

3 (' +e )y <182+0.2y=19(x —y) + 2.1y — 0.1z

By the above inequality, we have

1 1
LS = ‘0.1(1: —y)+ §y6_t + 5y6_2t

2t

0.1(z —y) + %ye‘t + %ye‘
0.1(x —y)+1.9(z —y) + 2.1y — 0.1z

2|z —y| + |2.1y — 0.1z|

= 2lz —y[+]0.1(z —y) + (0 - y) + (0 — y)|

= willz —yll + eellac(a — y) + (T — y) + b (T — y).

(ii) Assume that 0.1z — 2.1y > 0. It yields that 1.9(z — y) > 3.8y. Then

IA A

we have
|

LS = |01(x—y)+ Jve + Jve
= 01(z—y)+ %ye_t + %ye_%
< 01(zx—y) + %y(e‘1 +e7?)
< 0.1(x —y)+ 3.8y
< 01z —y)+19(z —y)
= 2(z-y)
< willz =yl +edlla(z —y) + (T —y) + be(Tiz — ).

Thus, for all possible cases, it has been proven that for each ¢ € N, T is a generalized
weak enriched contraction on C' satisfying the condition (3.1). Therefore, the family
T7={T; : C — C |t € N} is a generalized weak enriched contraction semigroup on

C.
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Remark 3.3. Example 3.2 shows that for all ¢t € N, T} is a generalized weak enriched
contraction mapping on C, but 77 does not satisfy a weak enriched contractive
condition (1.6) with z = 0.49 and y = 0.5.

Next, we introduce the new iterative process based on the Kirk’s iterative pro-
cesses for approximating the common fixed point of generalized weak enriched
contraction semigroups in Banach spaces. Under the setting where C' denotes a
nonempty closed convex subset of a Banach space X, and G is an unbounded
subset of [0, 00) satisfying condition (1.10), let 7 ={T; : C — C |t € G} be a gen-
eralized weak enriched contraction semigroup on C'. The proposed iterative process
{zn} C C is defined by

(33) Tn4+1 = (1 — )\tn — th)xn -+ Atnﬂnmn + j\tnTEn.’En,

for all n € NU {0}, where xg € C' and {t; }nenufoy € G such that A, € (0,00) and
Ai, € [0,00) satisfy A, 4+ A, € (0,1] for all n € NU {0}.

Theorem 3.4. Let C be a nonempty closed convex subset of a uniformly convex
Banach space X, G be an unbounded subset of [0,00) satisfying the condition (1.10)

and T ={Ty : C — C |t € G} be a (a,b,c,w)-generalized weak enriched contraction
semigroup satisfying the following condition:

e for each s,t € G and for each x,y € C, we have

la(z — y) + Tsx — Toy + b(T2x — Ty)|
(34) < wllz =yl +ell(Tsx — 2) + b(Tix — z)]|
Then the following assertions hold:
(1) Fizx(T) = {z} for some z € C, where T := {Ttm | T} € 7‘} and TtV[Z repre-
sents the double averaged mapping of Ty with parameters py = € (0,1]
and fiy := rléu €10,1] forallt € G.
(ii) for each xo € C and {tn}nenugoy € G, a sequence {z,} defined by the

iterative scheme (3.3), where A, =y, and Ny, = iy, for all n € NU{0},
converges to a unique common fized point of T;

(7i1) if for each t € G, one of the conditions (D1) — (Ds3) holds, then for each
rg € C and {tn}nenuoy € G, a sequence {w,} defined by the iterative

1
a+b+1

scheme (8.8), where N\, = p, and N, = i, for alln € NU{0}, converges
to a unique common fixed point of T.

Proof. For each t € G, we obtain T; is a generalized weak enriched contraction
mapping satisfying (2.1) with a,b,c € [0,00) and w € [0,a+ b+ 1). Moreover, from
(3.4), we get

la(z —y) + Ty — Tyy + b(Tx — Ty)|
(3.5) < wllz —yll +cl[(Tix — @) + b(TFa — )|

for all z,y € C. From Theorem 2.4, for each t € G, we obtain T gz, which is
represented the double averaged mapping of T; has a unique fixed point, where
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= Tiﬂ € (0,1] and i := ﬁzﬂ € [0,1] for all t € G. Moreover, for each t € G,
from (3.4), we get
(3.6) [Tt — Tyl < Wil -yl + CIT % — 2

for all z,y € C, where W := pyw € [0,1) and C' :=¢ > 0.
Next, we will verify Fiz(T) # (. Let s,t € G. Suppose that 25 € Fiz (T8|Zi),

2z € Fix (Tth) and zs # z;. Then we have

[(a+b+1)(2zs — 20)l [(a+b+ 1)(Ts el
= |la(zs — zt) + Tszs — Tyz + b(szS — Tt2zt)H

wil|zs — z¢|| + || (Tszs — 2zs) + b(TSQzS —z)||

Mt
fie®s T;

IN

and so

(a4+b+4+1)||zs — 2zt]] Swl|lzs — 2| < (@+ b+ 1)||zs — 2],

which is a contradiction. This implies that z; = z;. This means that Fiz(T) = {z}
for some z € C. This shows that (i) holds. Moreover, statements (ii) and (i)

follow directly from statements (ii) and (ii¢) of Theorem 2.4. O
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