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Theorem 1.2 ([4]). Let (X, d) be a complete metric space and T : X → X be a weak
contraction mapping, i.e., a mapping satisfying the condition (1.2) with δ ∈ [0, 1)
and some L ≥ 0. Then T has a fixed point. Moreover, for each x0 ∈ X, the Picard
iteration {xn}, which is defined by xn+1 = Txn for all n ∈ N ∪ {0}, converges to
a fixed point of T .

Theorem 1.3 ([4]). Let (X, d) be a complete metric space and T : X → X be a
weak contraction mapping for which there exist constants θ ∈ [0, 1) and L1 ≥ 0 such
that for all x, y ∈ X,

(1.3) d(Tx, Ty) ≤ θd(x, y) + L1d(x, Tx).

Then T is a Picard operator.

The weak contractive condition (1.2) is one of the most well-known generalized
forms in fixed point theory. Each of the classical contractive conditions introduced
by Banach [3], Kannan [13], Chatterjea [10], and Zamfirescu [30] implies both (1.2)
and (1.3). Furthermore, the generalized contraction mapping proposed by Reich [24]

and the quasi-contraction mapping introduced by Ćirić [12], with the contractive
constant k ∈ [0, 12), also belong to the class of weak contraction mappings.

Recently, Berinde and Păcurar [5–8] employed the enrichment technique of con-
tractive mappings via Krasnoselskij averaging to propose several new classes of
Picard mappings. For instance, the enriched Banach contraction mapping defined
in [6] in a normed space is given as follows:

Definition 1.4 ([6]). A self-mapping T on a nonempty subset C of a normed space
(X, ‖ · ‖) is called an enriched Banach contraction mapping if there exist b ∈ [0,∞)
and k ∈ [0, b+ 1) such that for each x, y ∈ C,

(1.4) ‖b(x− y) + Tx− Ty‖ ≤ k‖x− y‖.
To indicate two constants involved in (1.4), we shall also call T a (b, k)-enriched
Banach contraction mapping.

It is easy to see that a Banach contraction mapping on a normed space with
a contractive constant a ∈ [0, 1) is a (0, a)-enriched Banach contraction mapping;
however, the converse does not necessarily hold. For example, let C = [0, 1] ⊆ R
equipped with the usual norm, and define T : C → C by Tx = 1 − x for all
x ∈ C. Then, for any b ∈ (0, 1), T is a (b, 1 − b)-enriched Banach contraction
mapping, but it is not a Banach contraction mapping (see [6] for details). In [6],
the authors also established the existence and uniqueness of fixed points for enriched
Banach contraction mappings and proved a strong convergence theorem using the
Krasnoselskij iteration {xn} in C defined by

xn+1 = (1− λ)xn + λTxn(1.5)

for all n ∈ N ∪ 0, where x0 ∈ C and λ ∈ (0, 1].
In recent years, several extensions of this concept have been proposed to enhance

the applicability of fixed point theory. For example, Shaheryar et al. [25] studied
fuzzy enriched contractions in fuzzy Banach spaces with applications to fractals
and dynamic market equilibrium, while Yu et al. [29] investigated Suzuki-enriched
Kannan-type mappings in convex metric spaces and their use in approximating
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solutions of Volterra integral equations. Moreover, Nithiarayaphaks and Sintu-
navarat [22], inspired by [6], introduced a new contractive condition unifying all
enriched Banach contractions in the setting of normed spaces as follows:

Definition 1.5 ([22]). A self-mapping T on a nonempty subset C of a normed space
(X, ‖ · ‖) is called a weak enriched contraction mapping if there exist a, b ∈ [0,∞)
and w ∈ [0, a+ b+ 1) such that for each x, y ∈ C,

(1.6) ‖a(x− y) + Tx− Ty + b(T 2x− T 2y)‖ ≤ w‖x− y‖.

It is easily seen that the enriched Banach contraction mapping on a normed
space satisfying (1.4) is obtained from (1.6) for b = 0. A nontrivial example below
has been presented in [22] to support their main results. Additionally, they also
introduced the concept of a double averaged mapping, which is defined by

Tµ1
µ2

:= (1− µ1 − µ2)I + µ1T + µ2T
2,(1.7)

where I is the identity mapping, T is a given self-mapping on a nonempty subset
of a normed space, µ1 > 0, µ2 ≥ 0 and µ1 + µ2 ∈ (0, 1]. It is easy to verify that
Fix(T ) ⊆ Fix (Tµ1

µ2 ). Indeed, suppose that z ∈ Fix(T ) and then

Tµ1
µ2

z = (1− µ1 − µ2)z + µ1Tz + µ2T
2z = (1− µ1 − µ2)z + µ1z + µ2z = z.

Hence, z ∈ Fix (Tµ1
µ2 ). In particular, in [22], the authors presented some sufficient

conditions for Fix(T ) = Fix (Tµ1
µ2 ) as follows:

Lemma 1.6 ([22]). Let T be a self-mapping on a nonempty closed convex subset C
of a normed space (X, ‖ · ‖). Suppose that Tµ1

µ2 is the double averaged operator of T
such that Fix(Tµ1

µ2 ) 6= ∅ and one of the following assertions holds:

(D1) for each c ∈ [0, 1) and z ∈ Fix(Tµ1
µ2 ), we have

‖z − Tz‖ ≤ ‖z − (1− c)Tz − cT 2z‖;
(D2) there exists a nonnegative real number k < 1 such that for all x ∈ C

(1.8) ‖Tµ1
µ2

x− Tx‖ ≤ k‖x− Tx‖;

(D3) for each z ∈ Fix(Tµ1
µ2 ), there exists a closed convex subset B ⊆ C that

contains z such that T (B) ⊆ B and T satisfies (1.8) only on the set B.

Then Fix(T ) = Fix (Tµ1
µ2 ). Moreover, in the case of the condition (D3) holds, we

obtain the conclusion that Fix(T |B) = Fix (Tµ1
µ2 |B).

Furthermore, they presented fixed point results demonstrating that the fixed
point of a weak enriched contraction mapping can be approximated via a suitable
Kirk-type iterative process {xn} defined by

xn+1 = (1− λ1 − λ2)xn + λ1Txn + λ2T
2xn,(1.9)

for all n ∈ N ∪ 0, where x0 ∈ C, λ1 > 0, λ2 ≥ 0 with λ1 + λ2 ∈ (0, 1].
On the other hand, common fixed point theory plays a crucial role in nonlinear

analysis, offering a unified framework for studying stability, equilibrium states, and
the solvability of nonlinear equations. In many applications, attention has been
directed to semigroups of nonlinear mappings, which provide a natural setting for
dynamic systems and operator equations. To proceed further, we recall the formal
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definition of a common fixed point for a semigroup of mappings. Let G be an
unbounded subset of [0,∞) satisfying

(1.10) s+ t ∈ G and if s > t, then s− t ∈ G,

for all s, t ∈ G (for instance, G = [0,∞), N, or N ∪ {0}). For a nonempty set X,
consider a family of self-mappings τ = {Tt : X → X | t ∈ G}. A point x ∈ X is
said to be a common fixed point of τ if Ttx = x for all Tt ∈ τ , and the set of all such
points is denoted by Fix(τ). This concept has inspired a wide range of studies on
different classes of nonlinear semigroups, including nonexpansive semigroups (see
[20, 26]), Lipschitzian semigroups (see [9, 19]), and pseudocontraction semigroups
(see [1,11]), as well as other related classes in [21,23,27,28,31]. Building upon these
foundations, Kesahorm and Sintunavarat proposed several new semigroups such
as weak contraction semigroups (see [14, 16]), enriched nonexpansive semigroups
(see [15]), enriched Kannan semigroups (see [17]), and enriched Chatterjea-type
semigroups (see [18]), and established weak and strong convergence theorems for
iterative processes used to approximate their common fixed points in Banach spaces.

Motivated by the above discussions, this paper aims to introduce the concept of
generalized weak enriched contraction mappings and to establish new fixed point
results corresponding to the proposed contractive conditions within the framework
of Banach spaces. Furthermore, building upon these ideas, we define the notion
of generalized weak enriched semigroups and derive common fixed point results for
such semigroups. Moreover, to illustrate the significance and applicability of the
developed theory, several examples are presented that demonstrate the effectiveness
of the obtained results.

2. Generalized weak enriched contraction mappings

We begin this section by introducing the concept of a generalized weak enriched
contraction mapping, which serves as the foundation for the main theorems pre-
sented in this section.

Definition 2.1. A self-mapping T on a nonempty subset C of a normed space
(X, ‖ · ‖) is called a generalized weak enriched contraction mapping if there are
a, b, c ∈ [0,∞) and w ∈ [0, a+ b+ 1) such that for all x, y ∈ C,

‖a(x− y) + Tx− Ty + b(T 2x− T 2y)‖
≤ w‖x− y‖+ c‖a(x− y) + (Tx− y) + b(T 2x− y)‖.(2.1)

It is easy to see that the condition (1.2) in a normed space also meets (2.1) when
a = b = 0, w = δ ∈ [0, 1), and c = L ∈ [0,∞). Moreover, every weak enriched con-
traction mapping fulfilling (1.6) is a generalized weak enriched contraction mapping
with c = 0. However, the converse does not necessarily hold, as shown in the next
example.

Example 2.2. Let C = [−1, 1] ⊆ R be equipped with the usual norm and let
T : C → C be defined by

Tx =

{
−0.5 if x ∈ [−1, 0) ,

1− x if x ∈ [0, 1].
(2.2)
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It is easy to see that Fix(T ) = {−0.5, 0.5}. Additionally, T is not a weak enriched
contraction mapping since (1.6) does not holds with x = −0.5 and y = 0.5. Next,
we verify that T satisfies (2.1) with a = b = 1, c = 2 and any w ∈ [1, a+ b+1). For
each x, y ∈ X, we introduce the notation LS := |a(x−y)+Tx−Ty+ b(T 2x−T 2y)|
and analyze the following cases.

• Case I: If x, y ∈ [−1, 0), then

LS = |x− y| ≤ w‖x− y‖+ c‖a(x− y) + (Tx− y) + b(T 2x− y)‖.

• Case II: If x, y ∈ [0, 1], then

LS = |(1)(x− y) + (1− x)− (1− y) + (1)(x− y)|
= |x− y|
≤ w‖x− y‖+ c‖a(x− y) + (Tx− y) + b(T 2x− y)‖.

• Case III: If x ∈ [−1, 0) and y ∈ [0, 1], then

LS = |(1)(x− y) + (−0.5)− (1− y) + (1)(−0.5− y)|
= |x− y − 2|
≤ |x− y|+ 2

≤ |x− y|+ 2 |3y − x+ 1|
≤ w‖x− y‖+ c‖a(x− y) + (Tx− y) + b(T 2x− y)‖.

• Case IV: If x ∈ [0, 1] and y ∈ [−1, 0), then

LS = |(1)(x− y) + (1− x)− (−0.5) + (1)(x− (−0.5))|
= |x− y + 2|
≤ |x− y|+ 2

≤ |x− y|+ 2 |x− 3y + 1|
≤ w‖x− y‖+ c‖a(x− y) + (Tx− y) + b(T 2x− y)‖.

From all cases, T is a generalized weak enriched contraction mapping.

Next, we will present the existence and uniqueness of a fixed point of generalized
weak enriched contraction mappings and prove a strong convergence theorem for
the Kirk’s iteration used to approximate the fixed points of such mappings by using
the concept of the double averaged mapping.

Theorem 2.3. Let C be a nonempty closed convex subset of a Banach space (X, ‖·‖)
and T : C → C be a generalized weak enriched contraction mapping satisfying (2.1)
with a, b, c ∈ [0,∞) and w ∈ [0, a+ b+ 1). Then the following conclusions hold:

(i) Tµ1
µ2 has a fixed point, where µ1 :=

1
a+b+1 and µ2 :=

b
a+b+1 ;

(ii) for each x0 ∈ C, the Kirk’s iteration {xn}, given by the iterative scheme
(1.9) with λ1 := µ1 and λ2 := µ2, converges to a fixed point of Tµ1

µ2 ;
(iii) if one of the conditions (D1) − (D3) holds, then Fix(T ) 6= ∅ and for each

x0 ∈ C, the Kirk’s iteration {xn}, given by the iterative scheme (1.9) with
λ1 := µ1 and λ2 := µ2, converges to a fixed point of T .
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Proof. From the defining of µ1 and µ2, we obtain a = 1−µ2

µ1
− 1 and b = µ2

µ1
. From

(2.1), for all x, y ∈ C, we have∥∥∥∥(1− µ2

µ1
− 1

)
(x− y) + Tx− Ty +

(
µ2

µ1

)(
T 2x− T 2y

)∥∥∥∥
≤ w‖x− y‖+ c

∥∥∥∥(1− µ2

µ1
− 1

)
(x− y) + (Tx− y) +

(
µ2

µ1

)
(T 2x− y)

∥∥∥∥ ,
which yields∥∥(1− µ2 − µ1) (x− y) + µ1(Tx− Ty) + µ2(T

2x− T 2y)
∥∥

≤ µ1w‖x− y‖+ c‖ (1− µ2 − µ1) (x− y) + µ1(Tx− y) + µ2(T
2x− y)‖.

From the above inequality, we obtain

(2.3) ‖Tµ1
µ2

x− Tµ1
µ2

y‖ ≤ W‖x− y‖+ C‖y − Tµ1
µ2

x‖,

for all x, y ∈ C, where W := µ1w ∈ [0, 1) and C := c ≥ 0. This means Tµ1
µ2 is a weak

contraction mapping. Taking λ1 := µ1, λ2 := µ2 in the iteration {xn} defined by
(1.9), it is exactly the Picard iteration associated with Tµ1

µ2 , that is, xn+1 = Tµ1
µ2 xn

for all n ∈ N ∪ {0}. By Theorem 1.2, we obtain Fix(Tµ1
µ2 ) 6= ∅ and {xn} converges

to some z0 ∈ Fix(Tµ1
µ2 ). Hence, the claims (i) and (ii) are proven. Finally, the claim

(iii) is proved by applying the results from (i) and (ii) together with Lemma 1.6. □
Theorem 2.4. Let C be a nonempty closed convex subset of a Banach space (X, ‖·‖)
and T : C → C be a generalized weak enriched contraction mapping (2.1) with
a, b, c ∈ [0,∞) and w ∈ [0, a+ b+ 1). If

‖a(x− y) + Tx− Ty + b(T 2x− T 2y)‖
≤ w‖x− y‖+ c‖(Tx− x) + b(T 2x− x)‖(2.4)

for all x, y ∈ C, then the following conclusions hold:

(i) Tµ1
µ2 has a unique fixed point, where µ1 :=

1
a+b+1 and µ2 :=

b
a+b+1 ;

(ii) for each x0 ∈ C, the Kirk’s iteration {xn}, given by the iterative scheme
(1.9) with λ1 := µ1 and λ2 := µ2, converges to a unique fixed point of Tµ1

µ2 ;
(iii) if one of the conditions (D1)−(D3), then Fix(T ) = {z} and for each x0 ∈ C,

the Kirk’s iteration {xn}, given by the iterative scheme (1.9) with λ1 := µ1

and λ2 := µ2, converges to a unique fixed point z.

Proof. By using the same technique with the proof in Theorem 2.3, we obtain Tµ1
µ2

is a weak contraction mapping. Moreover, from (2.4), for all x, y ∈ C, we have∥∥∥∥(1− µ2

µ1
− 1

)
(x− y) + Tx− Ty +

(
µ2

µ1

)(
T 2x− T 2y

)∥∥∥∥
≤ w‖x− y‖+ c

∥∥∥∥(Tx− x) +

(
µ2

µ1

)
(T 2x− x)

∥∥∥∥ ,
which yields

‖(1− µ2 − µ1)(x− y) + µ1(Tx− Ty) + µ2(T
2x− T 2y)‖

≤ µ1w‖x− y‖+ c‖µ1(Tx− x) + µ2(T
2x− x)‖
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= µ1w‖x− y‖+ c‖x− ((1− µ1 − µ2)x+ µ1Tx+ µ2T
2x)‖.

This implies that

(2.5) ‖Tµ1
µ2

x− Tµ1
µ2

y‖ ≤ W‖x− y‖+ C‖x− Tµ1
µ2

x‖,

for all x, y ∈ C, where W := µ1w ∈ [0, 1) and C := c ≥ 0. By applying Theorem 1.3
and following the same line of reasoning as in the proof of Theorem 2.3, we obtain
all the desired results. □

3. Generalized weak enriched semigroups

Based on the ideas presented in Section 2, this section aims to investigate gener-
alized weak enriched semigroups, which are defined as follows:

Definition 3.1. Let C be a nonempty closed convex subset of a uniformly convex
Banach space X and G be an unbounded subset of [0,∞) satisfying the condition
(1.10). Then the family τ = {Tt : C → C | t ∈ G} is called a generalized weak
enriched contraction semigroup on C if the following conditions are satisfied:

(W1) Ts+tx = TsTtx for all s, t ∈ G and x ∈ C;
(W2) for all x ∈ C, the mapping G 3 t 7→ Ttx is continuous;
(W3) for each t ∈ G, Tt : C → C is a generalized weak enriched contraction

mapping on C, i.e., there are constants at, bt, ct ∈ [0,∞) and ωt ∈ [0, at +
bt + 1) such that

‖at(x− y) + Ttx− Tty + bt(T
2
t x− T 2

t y)‖
≤ ωt‖x− y‖+ ct‖at(x− y) + (Ttx− y) + bt(T

2
t x− y)‖(3.1)

for all x, y ∈ C.

In the case of at = a ∈ [0,∞) , bt = b ∈ [0,∞), ct = c ∈ [0,∞) and ωt = ω ∈
[0, at + bt + 1) for all t ∈ G, the family τ = {Tt : C → C | t ∈ G} is called an
(a, b, c, ω)-generalized weak enriched contraction semigroup on C. It is easy to see
that any (a, b, c, ω)-generalized weak enriched contraction semigroup is a generalized
weak enriched contraction semigroup.

Now, we give the following example, which is a generalized weak enriched con-
traction semigroup.

Example 3.2. Let X = R be equipped with the usual norm, C = [−1, 1] ⊆ X and
τ = {Tt : C → C | t ∈ N}, where Tt is defined for each t ∈ N by

Ttx =


xe−t if x ∈ [−1, 0) ,

−1
2xe

−t if x ∈
[
0, 12

)
,

0 if x ∈
[
1
2 , 1

]
.

(3.2)

First, we will show that the family τ satisfies (W1). Let x ∈ C and let s, t ∈ N.
Then there are three cases as follows:

• Case I: If x ∈ [−1, 0), we get

Ts+tx = xe−(s+t) = (xe−t)e−s = (Ttx)e
−s = TsTtx.
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• Case II: Assume that x ∈
(
0, 12

)
. From (3.2), we have

Ts+tx = −1

2
xe−(s+t)

and

TsTtx = Ts

(
−1

2
xe−t

)
=

(
−1

2
xe−t

)
e−s = −1

2
xe−(s+t).

• Case III: If x ∈ {0} ∪
[
1
2 , 1

]
, we get

Ts+tx = 0 and TsTtx = Ts0 =

(
−1

2

)
0e−s = 0.

Therefore, the family τ satisfies (W1). Next, it is easy to see that the family τ
satisfies (W2), i.e., for all x ∈ C, the mapping N 3 t 7→ Ttx is continuous.

Finally, we verify that for each t ∈ N, Tt is a generalized weak enriched contraction
mapping satisfying the condition (3.1) with at = 0.1, bt = 1, ct = 1 and ωt = 2. For
each x, y ∈ C, we employ the notation

LS := ‖at(x− y) + Ttx− Tty + bt(T
2
t x− T 2

t y)‖

and examine the following cases.

• Case I: If x, y ∈
[
1
2 , 1

]
, we get

LS = |0.1(x− y)|
≤ ωt‖x− y‖+ ct‖at(x− y) + (Ttx− y) + bt(T

2
t x− y)‖.

• Case II: If x, y ∈ [−1, 0), we get

LS =
∣∣0.1(x− y) + xe−t − ye−t + xe−2t − ye−2t

∣∣
=

∣∣(0.1 + e−t + e−2t
)
(x− y)

∣∣
=

∣∣0.1 + e−t + e−2t
∣∣ |x− y|

≤
(
0.1 +

1

e
+

1

e2

)
|x− y|

≤ 2|x− y|
≤ ωt‖x− y‖+ ct‖at(x− y) + (Ttx− y) + bt(T

2
t x− y)‖.

• Case III: If x, y ∈
[
0, 12

)
, we get

LS =

∣∣∣∣0.1(x− y) +

(
−1

2
xe−t

)
−
(
−1

2
ye−t

)
+

(
−1

2
xe−2t

)
−
(
−1

2
ye−2t

)∣∣∣∣
=

∣∣∣∣(0.1− 1

2
e−t − 1

2
e−2t

)
(x− y)

∣∣∣∣
=

∣∣∣∣0.1− 1

2
e−t − 1

2
e−2t

∣∣∣∣ |x− y|

≤ 2|x− y|
≤ ωt‖x− y‖+ ct‖at(x− y) + (Ttx− y) + bt(T

2
t x− y)‖.
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• Case IV: If x ∈ [−1, 0) and y ∈
[
0, 12

)
, we have

x ≤
(
2.1− 1.5(e−t + e−2t)

)
(0.1 + e−t + e−2t)

y,(
0.1 + e−t + e−2t

)
x ≤

(
2.1− 1.5(e−t + e−2t)

)
y,

1.5(e−t + e−2t)y ≤ 2.1y −
(
0.1 + e−t + e−2t

)
x.

By the above inequality, we have

LS =

∣∣∣∣0.1(x− y) + xe−t −
(
−1

2
ye−t

)
+ xe−2t −

(
−1

2
ye−2t

)∣∣∣∣
=

∣∣(0.1 + e−t + e−2t)(x− y) + 1.5(e−t + e−2t)y
∣∣

≤
∣∣(0.1 + e−t + e−2t)(x− y)

∣∣+ ∣∣1.5(e−t + e−2t)y
∣∣

≤ 2(y − x) + 2.1y −
(
0.1 + e−t + e−2t

)
x

= 2|x− y|+
∣∣−2.1y +

(
0.1 + e−t + e−2t

)
x
∣∣

= 2|x− y|+
∣∣0.1(x− y) + (xe−t − y) + (xe−2t − y)

∣∣
= ωt‖x− y‖+ ct‖at(x− y) + (Ttx− y) + bt(T

2
t x− y)‖.

• Case V: If x ∈
[
0, 12

)
and y ∈ [−1, 0), then(

1.9− e−t − e−2t
)
y ≤

(
1.9 +

1

2
e−t +

1

2
e−2t

)
x

and (
2.1 + e−t + e−2t

)
y ≤

(
2.1− 1

2
e−t − 1

2
e−2t

)
x.

This implies that(
0.1− 1

2
e−t − 1

2
e−2t

)
x−

(
0.1 + e−t + e−2t

)
y ≤ 2(x− y)

and

2(y − x) ≤
(
0.1− 1

2
e−t − 1

2
e−2t

)
x−

(
0.1 + e−t + e−2t

)
y.

These inequlities yield∣∣∣∣(0.1− 1

2
e−t − 1

2
e−2t

)
x−

(
0.1 + e−t + e−2t

)
y

∣∣∣∣ ≤ 2|x− y|.

By the above inequality, we have

LS =

∣∣∣∣0.1(x− y) +

(
−1

2
xe−t

)
− ye−t +

(
−1

2
xe−2t

)
− ye−2t

∣∣∣∣
=

∣∣∣∣(0.1− 1

2
e−t − 1

2
e−2t

)
x−

(
0.1 + e−t + e−2t

)
y

∣∣∣∣
≤ 2|x− y|
≤ ωt‖x− y‖+ ct‖at(x− y) + (Ttx− y) + bt(T

2
t x− y)‖.
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• Case VI: If x ∈ [−1, 0) and y ∈
[
1
2 , 1

]
, we get

x ≤
(
2.1− e−t − e−2t

)
(0.1 + e−t + e−2t)

y,(
0.1 + e−t + e−2t

)
x ≤

(
2.1− e−t − e−2t

)
y,(

e−t + e−2t
)
y ≤ 2.1y −

(
0.1 + e−t + e−2t

)
x.

By the above inequality, we have

LS =
∣∣0.1(x− y) + xe−t + xe−2t

∣∣
=

∣∣(0.1 + e−t + e−2t)(x− y) + (e−t + e−2t)y
∣∣

≤
∣∣(0.1 + e−t + e−2t)(x− y)

∣∣+ ∣∣(e−t + e−2t)y
∣∣

≤ 2(y − x) + (2.1y −
(
0.1 + e−t + e−2t

)
x)

= 2|x− y|+
∣∣−2.1y +

(
0.1 + e−t + e−2t

)
x
∣∣

= 2|x− y|+
∣∣0.1(x− y) + (xe−t − y) + (xe−2t − y)

∣∣
= ωt‖x− y‖+ ct‖at(x− y) + (Ttx− y) + bt(T

2
t x− y)‖.

• Case VII: If x ∈
[
1
2 , 1

]
and y ∈ [−1, 0), we get

(1.9− e−t − e−2t)y ≤ 1.9x,

−ye−t − ye−2t ≤ 1.9(x− y).

This implies that

LS =
∣∣0.1(x− y)− ye−t − ye−2t

∣∣
= 0.1(x− y)− ye−t − ye−2t

= 0.1(x− y) + (−ye−t − ye−2t)

≤ 0.1(x− y) + 1.9(x− y)

= 2|x− y|
≤ 2|x− y|+ |0.1(x− y) + (0− y) + (0− y)|
= ωt‖x− y‖+ ct‖at(x− y) + (Ttx− y) + bt(T

2
t x− y)‖.

• Case VIII: If x ∈
[
0, 12

)
and y ∈

[
1
2 , 1

]
, we get

0.1x ≤ 2.1y,

0.1x− (0.1− 1

2
e−t − 1

2
e−2t)x ≤ 2.1y − (0.1− 1

2
e−t − 1

2
e−2t)x,

1

2
x
(
e−t + e−2t

)
≤ 2.1y − (0.1− 1

2
e−t − 1

2
e−2t)x.

By the above inequality, we have

‖at(x− y) + Ttx− Tty + bt(T
2
t x− T 2

t y)‖

=

∣∣∣∣0.1(x− y) +

(
−1

2
xe−t

)
+

(
−1

2
xe−2t

)∣∣∣∣
=

∣∣∣∣0.1(x− y) +

(
−1

2
x
(
e−t + e−2t

))∣∣∣∣
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≤ 0.1|x− y|+
∣∣∣∣12x (e−t + e−2t

)∣∣∣∣
≤ 2|x− y|+

∣∣∣∣2.1y − (0.1− 1

2
e−t − 1

2
e−2t)x

∣∣∣∣
= 2|x− y|+

∣∣∣∣0.1(x− y) +

(
−1

2
xe−t − y

)
+

(
−1

2
xe−2t − y

)∣∣∣∣
= ωt‖x− y‖+ ct‖at(x− y) + (Ttx− y) + bt(T

2
t x− y)‖.

• Case IX: If x ∈
[
1
2 , 1

]
and y ∈

[
0, 12

)
, we distinguish two possibilities:

(i) Assume that 0.1x− 2.1y < 0. Then we get(
1

2

(
e−t + e−2t

)
− 0.2

)
y ≤ 1.8x

and so

1

2

(
e−t + e−2t

)
y ≤ 1.8x+ 0.2y = 1.9(x− y) + 2.1y − 0.1x.

By the above inequality, we have

LS =

∣∣∣∣0.1(x− y) +
1

2
ye−t +

1

2
ye−2t

∣∣∣∣
= 0.1(x− y) +

1

2
ye−t +

1

2
ye−2t

≤ 0.1(x− y) + 1.9(x− y) + 2.1y − 0.1x

≤ 2|x− y|+ |2.1y − 0.1x|
= 2|x− y|+ |0.1(x− y) + (0− y) + (0− y)|
= ωt‖x− y‖+ ct‖at(x− y) + (Ttx− y) + bt(T

2
t x− y)‖.

(ii) Assume that 0.1x − 2.1y ≥ 0. It yields that 1.9(x − y) ≥ 3.8y. Then
we have

LS =

∣∣∣∣0.1(x− y) +
1

2
ye−t +

1

2
ye−2t

∣∣∣∣
= 0.1(x− y) +

1

2
ye−t +

1

2
ye−2t

≤ 0.1(x− y) +
1

2
y(e−1 + e−2)

≤ 0.1(x− y) + 3.8y

≤ 0.1(x− y) + 1.9(x− y)

= 2(x− y)

≤ ωt‖x− y‖+ ct‖at(x− y) + (Ttx− y) + bt(T
2
t x− y)‖.

Thus, for all possible cases, it has been proven that for each t ∈ N, Tt is a generalized
weak enriched contraction on C satisfying the condition (3.1). Therefore, the family
τ = {Tt : C → C | t ∈ N} is a generalized weak enriched contraction semigroup on
C.
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Remark 3.3. Example 3.2 shows that for all t ∈ N, Tt is a generalized weak enriched
contraction mapping on C, but T1 does not satisfy a weak enriched contractive
condition (1.6) with x = 0.49 and y = 0.5.

Next, we introduce the new iterative process based on the Kirk’s iterative pro-
cesses for approximating the common fixed point of generalized weak enriched
contraction semigroups in Banach spaces. Under the setting where C denotes a
nonempty closed convex subset of a Banach space X, and G is an unbounded
subset of [0,∞) satisfying condition (1.10), let τ = {Tt : C → C | t ∈ G} be a gen-
eralized weak enriched contraction semigroup on C. The proposed iterative process
{xn} ⊆ C is defined by

(3.3) xn+1 = (1− λtn − λ̂tn)xn + λtnTtnxn + λ̂tnT
2
tnxn,

for all n ∈ N ∪ {0}, where x0 ∈ C and {tn}n∈N∪{0} ⊆ G such that λtn ∈ (0,∞) and

λ̂tn ∈ [0,∞) satisfy λtn + λ̂tn ∈ (0, 1] for all n ∈ N ∪ {0}.

Theorem 3.4. Let C be a nonempty closed convex subset of a uniformly convex
Banach space X, G be an unbounded subset of [0,∞) satisfying the condition (1.10)
and τ = {Tt : C → C | t ∈ G} be a (a, b, c, ω)-generalized weak enriched contraction
semigroup satisfying the following condition:

• for each s, t ∈ G and for each x, y ∈ C, we have

‖a(x− y) + Tsx− Tty + b(T 2
s x− T 2

t y)‖
≤ ω‖x− y‖+ c‖(Tsx− x) + b(T 2

s x− x)‖(3.4)

Then the following assertions hold:

(i) Fix(τ) = {z} for some z ∈ C, where τ :=
{
Tt|µt

µ̂t
| Tt ∈ τ

}
and Tt|µt

µ̂t
repre-

sents the double averaged mapping of Tt with parameters µt :=
1

a+b+1 ∈ (0, 1]

and µ̂t :=
b

a+b+1 ∈ [0, 1] for all t ∈ G.

(ii) for each x0 ∈ C and {tn}n∈N∪{0} ⊆ G, a sequence {xn} defined by the

iterative scheme (3.3), where λtn := µtn and λ̂tn := µ̂tn for all n ∈ N ∪ {0},
converges to a unique common fixed point of τ ;

(iii) if for each t ∈ G, one of the conditions (D1) − (D3) holds, then for each
x0 ∈ C and {tn}n∈N∪{0} ⊆ G, a sequence {xn} defined by the iterative

scheme (3.3), where λtn := µtn and λ̂tn := µ̂tn for all n ∈ N∪{0}, converges
to a unique common fixed point of τ .

Proof. For each t ∈ G, we obtain Tt is a generalized weak enriched contraction
mapping satisfying (2.1) with a, b, c ∈ [0,∞) and w ∈ [0, a+ b+1). Moreover, from
(3.4), we get

‖a(x− y) + Ttx− Tty + b(T 2
t x− T 2

t y)‖
≤ ω‖x− y‖+ c‖(Ttx− x) + b(T 2

t x− x)‖(3.5)

for all x, y ∈ C. From Theorem 2.4, for each t ∈ G, we obtain Tt|µt

µ̂t
, which is

represented the double averaged mapping of Tt has a unique fixed point, where
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µt :=
1

a+b+1 ∈ (0, 1] and µ̂t :=
b

a+b+1 ∈ [0, 1] for all t ∈ G. Moreover, for each t ∈ G,

from (3.4), we get

(3.6) ‖Tt|µt

µ̂t
x− Tt|µt

µ̂t
y‖ ≤ W‖x− y‖+ C‖Tt|µt

µ̂t
x− x‖

for all x, y ∈ C, where W := µ1w ∈ [0, 1) and C := c ≥ 0.

Next, we will verify Fix(τ) 6= ∅. Let s, t ∈ G. Suppose that zs ∈ Fix
(
Ts|µs

µ̂s

)
,

zt ∈ Fix
(
Tt|µt

µ̂t

)
and zs 6= zt. Then we have

‖(a+ b+ 1)(zs − zt)‖ = ‖(a+ b+ 1)(Ts|µt

µ̂t
zs − Tt|µt

µ̂t
zt)‖

= ‖a(zs − zt) + Tszs − Ttzt + b(T 2
s zs − T 2

t zt)‖
≤ ωt‖zs − zt‖+ c‖(Tszs − zs) + b(T 2

s zs − zs)‖

and so

(a+ b+ 1)‖zs − zt‖ ≤ ω‖zs − zt‖ < (a+ b+ 1)‖zs − zt‖,

which is a contradiction. This implies that zs = zt. This means that Fix(τ) = {z}
for some z ∈ C. This shows that (i) holds. Moreover, statements (ii) and (iii)
follow directly from statements (ii) and (iii) of Theorem 2.4. □
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