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ABSTRACT. In this paper, as the prox-Tikhonov regularization method, we con-
sider iterative algorithms for finding a zero of an accretive operators in Banach
spaces. Under weaker control conditions than previous ones, strong convergence
of the sequences generated by proposed algorithms to a zero of an accretive oper-
ator is established in a reflexive Banach space having a weakly continuous duality

mapping.

1. INTRODUCTION

Let E be a real Banach space with the norm || - ||, let E* be its dual and let C
be a nonempty closed convex subset of E. For an operator A : E — 2F we define
its domain, range and graph as follows:

D(A)={z e E: Az # 0}, R(A)=U{Az:z€ D(A)}

and
G(A)={(z,y) e EXE:z € D(A), y € A},

respectively. Thus we write A : E — 2 as follows: A C E x E. The inverse A~
of A is defined by

z e A Yy if and only if y € Ax.

The operator A is said to be accretive if, for each z; € D(A) and y; € Az; i = 1,2,
there is j € J(x1 — x2) such that (y; —y2,7) > 0, where J is the normalized duality
mapping form F into 2" defined by

J(@)={f € B": (z, f") = l|lz|* = | F*|*} = €E,

and (-, ) denote the generalized duality pairing. I will stand for the identity operator
on F. An accretive operator A is said to be maximal accretive if there is no proper
accretive extension of E and m-accretive if R(I + A) = E. (It follows that R(I +
rA) = E for all > 0) If A is m-accretive, then it is maximal accretive, but the
converse is not true in general. If A is accretive, then we can define, for each A > 0,
a nonexpansive single-valued mapping Jy : R(I + AA) — D(A) by

Jy= (I +AA)"L
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It is called the resolvent of A. In case of Hilbert space H, accretive operators are
also called monotone. It is well-known that a monotone operator A is maximal if
and only if R(I + AA) = H ([13]). The best-known example of maximal monotone
is the subgradient mapping 0y of a proper lower semicontinuous convex function
¥ : H—RU{oco} ([14)).

The following variational inclusion problem in Banach space E:

(P) find z € E such that 0 € Az,

plays an essential role in the theory of nonlinear analysis, where A : E — 2F ig
a multi-valued operator acting on E. In fact, the Problem (P) can be regarded
as a unified formulation of several important problems and covers a wide range of
mathematical applications: for example, variational inequalities, complementarity
problems and non-smooth convex optimization. In particular, if ¢ : H — R U {co}
is a proper lower semicontinuous convex function, then its subdifferential 0y is a
maximal monotone operator and a point z € H minimizes v if and only if 0 € 9 (z).

Iterative algorithms have extensively been studied over the last fifty years for
constructions of zeros of accretive operators (see, e.q., [2,3,7,10, 12, 15, 18, 23]).
One method for solving zeros of maximal monotone operators is proximal point
algorithm. Let A be a maximal monotone operator in a Hilbert space H. The
proximal point algorithm generates, for starting z; € H, a sequence {x,} in H by

(1.1) Tl = J;imn for all n € N,

where J,, = (I +r,A)~! is the resolvent operator associated with the operator A
and {r,} is a regularization sequence in (0,00). Note that (1.1) is equivalent to

Tp € Tpa1 + rnAzyy for allm € N.

This algorithm was first introduced by Martinet [12]. If ¢ : H — R U {oc0} is a
proper lower semicontinuous convex function, then the algorithm reduces to

n

1
Tpi1 = argminyeH{w(y) + 7||56n - y||2} for all n € N.

Rockafellar [15] studied the proximal point algorithm in the framework of Hilbert
space and proved that if A is a maximal monotone operator with A=10 # () and
if {x,} is a sequence in H defined by (1.1), where {r,} is a sequence in (0, 00)
such that liminf, o7, > 0, then {z,} converges weakly to an element of A~!0.
Rockafellar [14] has given a more practical method which is an inexact variant of
the method:

(1.2) Tp+en € Tpy1 + 1Az, for allm € N,

where {e,} is regarded as an error sequence and {r,} is a sequence of positive
regularization parameters. Note that the algorithm (1.2) can be rewritten as

Tpt1 = J,f:t (xn +e,) forallmeN.

The method is called inezact proximal point algorithm. Giler [7] gave an example
for which the sequence generated by (1.1) converges weakly but not strong. In
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order to modify the proximal point algorithm so that strongly convergent sequence
is guaranteed, the Tikhonov method which generates a sequence {z,} by rule

Ty = J;fn“ for allm € N,

where v € H and pu,, > 0 such that p, — oo, is studied by several authors (see, e.q.,
Wong et al. [22]). The detail of Tikhonov regularization can be found in [4,20,21].

In [11], Lehdili and Moudafi introduced the proz-Tikhonov method which gener-
ates the sequence {x,} by the algorithm

(1.3) Tptl = Jﬂ"azn for all n € N,

where A, = up,l + A, up > 0is viewed as a Tikhonov regularization of A. Note that
A,, is strongly monotone, i.e., (x — ',y — y) > pn|lz — 2'||? for all (z,y), (z',y) €
G(A;,). Lehdili and Moudafi [11] proved strong convergence of the algorithm (1.3)
for solving Problem (P) when A is maximal monotone operator on H under certain

conditions imposed upon the sequences {\,} and {u,}. Note that A4, is a maximal
monotone operator and hence (1.3) can be written as

(1.4) Zn € [(14+ Mppin)I + MyA]zpyr for all n € N.
If A v= 72~ and pp, := $%, then (1.4) reduces to

(1 —ap)xy € Tpy1 +1rpAzpy foralln e N,
equivalently,
(1.5) Tpy1 = J;i((l — ap)xy,) foralln e N.

In [16], Sahu and Yao investigated a prox-Tikhonov method which converges
strongly to solution of the Problem (P) in the framework of Banach space. In
particular, as a prox-Tikhonov method, they proposed the following algorithm:

(1 —ap)xn + anfry € Tpy1 + rmAxye  for all m € N
equivalently,
(1.6) Tpgl = Jqfi (anfrn + (1 —ap)z,) forall n e N.

where f : C — C is a contractive mapping (i.e., || fz — fy| < k|lx — y|| for all
z, y € C and some k € (0,1)) and A C E x E is an accretive operator such that
A710 # ) and D(A) C C C NysoR(I+\A), and obtained strong convergence of the
sequence {z,} generated by (1.6) to a zero of A in a reflexive Banach space with
a uniformly Gateaux differentiable norm. Jung [10] also study the algorithm (1.6)
under the different control conditions in a uniformly convex Banach space having a
weakly continuous duality mapping J, with gauge function ¢.

In this paper, as the prox-Tikhonov regularization method for proximal point
algorithm, we consider iterative algorithms for finding a zero for an accretive op-
erator A in a reflexive Banach space having a weakly continuous duality mapping
J, with gauge function ¢. Under weaker control conditions than previous ones, we
establish strong convergence of the sequence generated by the iterative algorithm
(1.6) to a zero of A, which solves a certain variational inequality related to f. As
an application, we study an iterative algorithm for inexact variant of the algorithm
(1.6) with error sequence. As a continuation of study in this direction, our results
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can be viewed as improvement, complement and development of the corresponding
results in [10,11,16,18,23] and the references therein.

2. PRELIMINARIES AND LEMMAS

Throughout the paper, we use notations: “ —” for weak convergence, A7 for
weak® convergence, and “ — 7 for strong convergence.

Let E be a real Banach space with the norm || - ||, and let E* be its dual. The
value of z* € E* at x € E will be denoted by (z,x*). The norm of E is said to be
Gateauz differentiable (and E is said to be smooth) if

et gl o]
t—0 t
exists for each z, y in its unit sphere S = {z € E : |z| = 1}.
By a gauge function we mean a continuous strictly increasing function ¢ defined
on RT := [0, 00) such that ¢(0) = 0 and lim, _,o ¢(r) = co. The mapping J, : E —
2F" defined by

Tp(x) ={f € E* : (z, f) = |z|[If I, I = ¢(ll=[]})} for all z € E

is called the duality mapping with gauge function . In particular, the duality
mapping with gauge function ¢(t) = ¢, denoted by 7, is referred to as the normalized
duality mapping. It is well known that a Banach space E is smooth if and only if the
normalized duality mapping J is single-valued. The following property of duality
mapping is also well-known:

(21)  Jy(\z) =sign A<¢(!AI )

]

where R is the set of all real numbers; in particular, J(—z) = —J(z) for all z € E
([1,6)).

We say that a Banach space E has a weakly continuous duality mapping if there
exists a gauge function ¢ such that the duality mapping 7, is single-valued and
continuous from the weak topology to the weak* topology, that is, for any {z,} C E

>J(x) for all z € E'\ {0}, X €eR,

with @, = z, Jp(z,) = J,(z). For example, every I space (1 < p < oo) has a
weakly continuous duality mapping with gauge function ¢(¢) = t*=! ([1,6,8]). Set

¢
O(t) = / o(r)dr for all t € RT.
0

Then it is known that J,(z) is the subdifferential of the convex functional ®(|| - ||)
at z, that is, J,(z) = 0®(||z)).
We need the following lemmas for the proof of our main result.

Lemma 2.1 ([1,6]). Let E' be a Banach space having a weakly continuous duality
mapping J, with gauge function @. Define

t
O(t) = / o(T)dr for all t € RT.
0

Then (i) the following inequalities hold:
O(kt) < k®(t), 0<k<1,
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O(llz +yll) < @(llz]) + (v, Tp(z +y)) for all 2,y € E.
(ii) Assume that a sequence {z,} in E converges weakly to a point v € E. Then the
following identity holds:

lim sup @( ||z, — y||) = limsup ®(||x, — z||) + (||ly — z||) for all z, y € E.
n—00 n—00

Lemma 2.2 ([24]). Let {s,} be a sequence of nonnegative real numbers satisfying
Snt1 < (1 — ap)sp + andy + Yn, for all n € N

where {an}, {0n} and {r,} satisfy the following conditions:
(i) {an} C[0,1] and > ;7 | o = 00 or, equivalently, [172 (1 — an) = 0;
(ii) Hmsup, oo 0n < 0 or Y07 1 apldn| < 0o,
(iii) 7, >0 for alln € N and >, | vn < 00.
Then lim,,_,os S, = 0.

An accretive operator A defined on a Banach space E is said to satisfy the range

condition if D(A) C R(I + AA) for all A > 0, where D(A) denotes the closure of
the domain of A. It is well known that for an accretive operator A which satisfies
the range condition, A710 = Fiz(J{') for all A > 0 (set of fixed points of Ji}).
We also know that if A is an m-accretive operator on a Banach space E, then
for each A > 0, the resolvent Jf = (I + MA)~! is a single-valued nonexpansive
mapping whose domain is the entire space FE. Let C' be a closed convex subset of a
Banach space E and let A C E x E be an accretive operator such that A=10 # ()
and D(A) C C C NysoR(I + MA). From Takahashi [19], we know that J4 is a
nonexpansive mapping of C into itself and Fix(JA) = A~10 for each r > 0.

Lemma 2.3 (The Resolvent Identity ([6])). For A, u >0,

JAzJM<’A‘I+ (1—§>JA>.

Let LIM be a continuous linear functional on [*° and (a1, az,...) € [*°. We
write LIM,(ay) instead of LIM ((a1,az2,...)). LIM is said to be Banach limit
if LIM satisfies ||LIM| = LIM,(1) = 1 and LIM,(an+1) = LIM,(ay) for all
(a1,az,...) €1, If LIM is a Banach limit, the following are well-known ([1]):

(i) for all n > 1,ay, < ¢, implies LIM,(a,) < LIM,(c,),
(ii) LIMy(anyn) = LIMy(ay,) for any fixed positive integer N,
(iii) liminf,, oo an < LIMy(ay,) < limsup,,_,. ay for all (ai,ag,...) € [*°.

Lemma 2.4 ([17]). Let a € R be a real number and a sequence {a,} € I°° satisfy the
condition LIM, (ay) < a for all Banach limit LIM . If limsup,,_,..(ant+1 —an) <0,
then limsup,, ,., an < a.

Finally, we recall that the sequence {x,} in E is said to be weakly asymptotically
reqular if
w— lim (xp41 —x,) =0, thatis, xp41 —x, —0
n—oo
and asymptotically reqular if
i |z — 2al =0,

respectively.
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3. MAIN RESULTS

In our first result, we utilize contractive mappings as the Tikhonov regularization
of resolvent JTA of accretive operator A. Define an operator @; : C' — C by

Q= JA(tfv+ (1 —tw) forallveC,

where ¢t € (0,1), 7 > 0 is a fixed constant and f : C — C is a contractive map-
ping with contractive constant k£ € (0,1). Then @ is a contractive mapping with
contractive constant 1 — (1 — k)¢t. By the Banach contraction principle, for every
t € (0,1), there exists a unique fixed point v; € C of the contractive mapping Q¢
defined by

(3.1) vy = JAtfog + (1 —t)vy)

Theorem 3.1. Let E be a reflexive Banach space having a weakly continuous duality
mapping J, with gauge function ¢ and let C' be a closed convexr subset of E. Let A C
E x E be an accretive operator such that A710 # () and D(A) C C C NysoR(I+)A)
and let f : C — C be a contractive mapping with contractive constant k € (0,1). Let
{v} be a path defined by (3.1). Then {v;} converges strongly ast — 0 to T € A~10,
which is the unique solution of the variational inequality:

(3.2) (I - )&, Tp(# —2)) <0 forall z€ A~10.

Proof. We first show the uniqueness of a solution of the variational inequality (3.2).
Suppose that both & and x* € A~10 are solution to (3.2). Then

(3.3) (I = 1)z, Tp(@ —2")) <0
and
(3.4) (I = f)a*, Tp(z" — 1)) <0

Adding up (3.3) and (3.4), we obtain

(I =flz == fla",T,(x — ")) <0.
Noticing that for any z,y € E

(U=l =T~ 1y, Tp(x—y) = (2 —y,Tp(x —y)) = (fr — fy,Tp(z —y))
> ||z —ylle(lz —yll) = kllz = ylle(lz —yl)
= O(|lz — yll) — k2(|lz — yl|)
= (1= k)@(|lz —y[) > 0,

we have £ = x* and uniqueness is proved. Below we use Z to denote the unique

solution of the variational inequality (3.2).

t(fve—vt)
T

Next, from (3.1), we obtain € Av; and hence

3.5 v — for, Tp(ve — 2)) <0 forall z€ A7'0 and t € 0,1).
©
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Take p € A~10. Using (3.5), we induce

[[ve = plle(l[ve = pll) = (v = p, Tp(ve — p))
= (v — foe + for — p, Tp(ve — p))
= (vt — fur, Tp(ve — p)) + (fvr — p, T (vt — p))
< {fve = p, Tp(ve — p)) < [[fve — pllo(l[ve — pl)),
and so
loe = pll < I fve — pll < [[foe = foll + [ fp — pll
< kllve = pll + [ fp — pll,

which implies

1
—pll < ——|lfp—pl.
lve = pll < 7= ll.fp = »ll
Thus {v;} is bounded and { fv;} is bounded. By boundedness of {v;} and{fv;}, one
can easily see

[or — Jvel| = T2 foe + (1= t)ve) — Ty
<|[tfor + (1 — )y — vg|| = t]| foe —v¢]| = 0 as t — 0.

It follows from reflexivity of E and the boundedness of sequence {v;} that there
exists {v, } which is a subsequence of {v;} converges weakly to w € C' as n — 0.
Since J,, is weakly continuous, we have by Lemma 2.1(ii) that

lim sup @(||vy,, — z||) = limsup ®(||vy, — wl|) + ®(||]z — wl|) for all x € C.

n—00 n—00
Let
H(g;) = lim sup (b(”'l}tn — xH) for all x € C.

n—oo

Then it follows that
H(z)=H(w)+ ®(||r —w|) forallzeC.
Since ||vg, — JAv, || < tallfvr, — vi, || — 0 as n — oo, we obtain

H(JHw) = limsup ®(||v,, — J w|)
n—oo

(3.6) = limsup ®(||J; vr,, — J/ wl])
n—oo

lim sup ®(||v¢,, — wl|) = H(w).

n—oo

IN

On the other hand, however
(3.7) H(J;'w) = H(w) + (|| 'w — w]).
It follows from (3.6) and (3.7) that

&(|Jw — wl) = H(J{w) — H(w) < 0.

This implies that wa = w, that is, w € A~10.
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Next, we show that vy, — w as n — oo. In fact using Lemma 2.1 (i) and (3.5),
we derive

O(|lve, —wll) = (llve, — foe, + foe, — fw+ fuw —wl)
< ©(|[for, — fwll) + (vr, = for, + fw —w, Tp(vr, —w))
< ®(kf[vr, — wl]) + (Ve = ft,, Tp(vr, = w)) +{fw = w, Tp(vr, —w))
< E®([|lvg, — wll) + (fw — w, Tp(vr, —w)).

This implies that

(3.8) B(|jon, — w]) < ——(fw — w, To(vr, — w)).

1-k
Now observing that vy, — w implies J,(vi, — w) X0, we conclude from the last
inequality (3.8) that
O (||vg, —w]) = 0 asn — oo.
Hence vy, — w as n — oo.
Moreover, we have from (3.5)

(I - HHw, T,(w —2)) <0 for all z € A~10.

So, w € A710 is a solution of the variational inequality (3.2) and hence w = Z by
the uniqueness.

In a summary, we have shown that each cluster point of {v;} as ¢t — 0 equals Z.
This completes the proof. O

In the proofs of the next theorems, we need the following result for the existence
of solutions of a certain variational inequality, which can be obtained by the similar
argument as in [5,9] and the argument of proof of Theorem 3.1. We omit its proof.

Theorem 3.2. Let E be a reflexive Banach space having a weakly continuous duality
mapping J, with gauge function ¢ and let C be a closed convex subset of E. Let A C
E x E be an accretive operator such that A710 # () and D(A) C C C NysoR(I+)A)
and let f : C — C be a contractive mapping with contractive constant k € (0,1).
Then for fized r > 0 and every t € (0,1), there exists the unique fized point z; € C
of the contractive mapping C > z — tfz + (1 —t)JA2 defined by

(39) 2t = tht + (1 — t)J:‘Zt,

and the path {z} defined by (3.9) converges strongly ast — 0 to ¢ € A~10, which
is the unique solution of the variational inequality:

(I- g, Ts(g—p)) <0 forallpe A0,

Motivated by algorithm (1.5) and Theorem 3.1, we present the prox-Tikhonov
method for solving Problem (P) in the Banach space setting. As in [16], our prox-
Tikhonov method is defined to generate a sequence {z,} in C as follows: for 21 € C,

(3.10) Tpt1 = J;i((l —ap)Ty + apfr,) foralln e N,

where {ay,} is a sequence in (0,1] and {ry,} is a regularization sequence in (0, c0).
We consider our prox-Tikhonov method under the conditions:
(C1) limy, o0 ay = 0;
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(C2) >0l an = oo;
(C3) limyyoomp =1 > 0.

First of all, using Theorem 3.2, we give the following result.

Theorem 3.3. Let E be a reflexive Banach space having a weakly continuous duality
mapping J, with gauge function ¢ and let C be a closed conver subset of E. Let A C
E x E be an accretive operator such that A710 # 0 and D(A) C C C NysoR(I+\A)
and let f : C — C be a contractive mapping with contractive constant k € (0,1).
Let {xn} be a sequence in C generated by (3.10), where {ay,} is a sequence in (0,1)
and {ry} is a regularization sequence in (0,00) satisfying conditions (C1) and (C3).
Let LIM be a Banach limit. Then

LIM,(((I = )¢, To(q = 2n))) <0,

where q = limy_,o+ z; with z; being defined by z = tfz + (1 — t)J;L‘zt for r =

lim,,— o0 T -

Proof. Let z = tfz + (1 — t)JA% for any t € (0,1). Then, by Theorem 3.2, we
know that {2} is bounded and {z;} converges strongly to a point in A=10 as t — 0,
which is denoted by ¢q := lim; ¢ 2.

From now, let y, = anfr, + (1 — ay)xy, for all n € N.

First, we show that {z,} is bounded. In fact, since A7'10 # ), we take p €
A0 = F(J3) for all A > 0. Noting that

lyn =Pl = lan(frn —p) + (1 = an)(zn —p)||

3.11
(8:11) < (1 - an)llzn - pll + anllfn — ol

from (3.10), (3.11) and the nonexpansivity of J,fi for all n, we obtain by induction

|2n1 = pll = T2 yn — o
< lyn —pl|
<ol fzn — foll + (1 — an)l|zn — pll + anllfp — pl]]
< [ankl|zn — pll + (1 — an)l|2n — pll + anll fp — pll]

Ifp—pll

(3.12) = (1= =Kan)llen =pl + (1 = k)an=5—

o e =l
maxy [z, = pll, =5

IN

pr—pH}.

A
=
o
"
-/
B
=

Hence {z,} is bounded. From (3.12), it also follows that {y,} and {fz,} are
bounded.
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Now, we show that LIM,({(I — f)q, J,(¢ —xy))) <0, where ¢ = lim; ,o+ 2 with
2z being defined by z; = tfz + (1 — t)JTAzt for r > 0. Indeed, since
2 — Tpy1 = (1 — t)(Jlet — Znt1) Ht(fre — Tng)
(3.13) = (L=1)(J2 2 = Jyn) + (1 = 1) (i yn — T yn)
+t(fzt — Tpy1),

applying Lemma 2.1 (i) with (3.13), we have
||z — wnpal) < D1 = )1 2 — g )

+ t(fxt — Tp+1, jap(xt - $n+1)>

< (1 =) (17742 = Tyl + 17 yn — T ynl))
+t(fre — Ty, jw(l‘t — Tn+1))-

We note from Lemma 2.3 that
r r
T <ryn + (1 - r) Jﬁ,%) — T

n n

S ' <Tyn + (1 - r) quiyn> —YUn
Tn Tn

(3.15) <1
B T

n

(3.14)

1T Y = T yall =

lyn = T yall

|7n — 7| A
< ”6 (lynll + (177, yull)

|70 — 7|

< —— My,
9

where 1, > ¢ for some € > 0 and some constant M; > 0. Also we observe that
[zt = ynll = llzt — (nfrn + (1 = an)zy)||

< llze = znll + anllon — fon|

< llze = @nll + an(llzall + [|fznl])

< |zt — @all + Mo,

(3.16)

where some constant My > 0. From (3.15) and (3.16), we derive
1922 = 2| = 172 = Tyl
< Ntz = Tyl + 11 Y — Tyl
(3.17) < Nz = ynll + 197 90 — i |

|70 — 7|

< |zt — zp|| + anMa + M,

= ||zt — @pl| + en,
where ¢, = a, My + @Ml — 0 as n — oo (by conditions (C1) and (C3)).
Moreover, we know that
(fzt — Tnya, jgp(zt — Tpt1)) = <f2t — %t jcp(zt - l’n+1)>

(3.18)
+ [lzt — zpralle(llze — znaa )
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Hence, by (3.14), (3.17) and (3.18), we derive

(|2t = zntall) < @((L = O)([[2t — @all +2n)) + E{f 2t — 2t, T2t — Tns1))
+ tllzt — zntalle(llze — Tniall)
(3.19) < @((1 =)zt — @nll) + ene(llze — 2l + €n)
+t(fze — 21, Tp(2t — Tpy1))
+ tllze = angallellze — 2naal])-

Applying the Banach limit LIM to (3.19) with lim, o en(||2t — znl| +&n) = 0,
we have

LIM(®(|[z¢ — 2nt1]))
< LIMp(@((1 = t)||lzt — znll) + LIMy(enp(l|2t — ol + €n))
(3.20) +tLIM,((fze — 2t, Tp(2t — Tng1)))
+ tLIMy (|2 — wntalle(llze — zniall))
< LIM(®((1 = )12 — ) + ELIM((f20 — 200 T2 — 7041)))
+ tLIMy (|2 — antallo(llze — znal]))-
Hence, using the property LI M, (an+1) = LIMy(ay) of Banach limit LI M to (3.20),
we obtain
LIM,((z — fzt, j@(zt —Tn)))
< SLIM(@((1— 1)~ a]) — B2 — )
s21) LMl zalle(lz — @)

. lze—zal
eyl (7)) + LIM, (12 = 2l = 7))

-

= LIMy(||lz — znl|(¢(ll2e — zal]) — (0n)))

for some 6, satisfying (1 — t)||zt — zn|| < 6, < ||zt — xy|. Since ¢ is uniformly
continuous on compact intervals on RT and

126 = @nll = On < t]l2t — @0

2
<t( {2 all o=l ) >0 ase 0,
we conclude from (3.21) and ¢ = lim;_,g+ 2; that

LIM,({((I-f)q, Ts(q — zn)))

< limsup LIM, ({2 — fz1, Tp(2t — xn)))
t—0

= 111;18(1)119 LIMy([|lze = xnll(e(llze — 2nl]) — ¢(0n))) < 0.
o

This completes the proof. ]

Using Theorem 3.3, we establish the main theorem for solving the Problem (P)
in the Banach space setting.
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Theorem 3.4. Let E be a reflexive Banach space having a weakly continuous duality
mapping J, with gauge function ¢ and let C' be a closed convexr subset of E. Let A C
E x E be an accretive operator such that A710 # () and D(A) C C C NysoR(I+)A)
and let f : C — C be a contractive mapping with contractive constant k € (0,1).
Let {z,,} be a sequence in C' generated by (3.10), where {ay,} is a sequence in (0,1)
and {r,} is a reqularization sequence in (0,00) satisfying conditions (C1), (C2)
and (C3). If {xy} is weakly asymptotically regular, then {x,} converges strongly to
q € A0, which is the unique solution of the variational inequality:

(3.22) (I =), Tplq—p)) <0 forall pe A~'0.

Proof. First, we note that by Theorem 3.2, there exists the unique solution ¢ of

the variational inequality (3.22), where ¢ := lim; oo z; € A7'0 and z; is defined by

2 =tfz + (1 —t)J32 for t € (0,1). Let y, = anfan + (1 — ap)z, for all n € N.
Now, we divide the proof into four steps.

Step 1. We obtain ||z, — p|| < max{||z1 — p|,|fp —pll/(1 —k)} for all n > 1

and p € A710 as in the proof of Theorem 3.3, and hence {z,}, {y,} and {fx,} are

bounded. As a consequence, it follows from condition (C1) that

(323)  llgn - 2all = awllfan — 2all < anllfzall + lleal) = 0 asn — oc.

Step 2. We show that limsup,, ,,(({ = f)q¢, Jpo(¢—2y)) < 0. To this end, put a, :=
((I = f)g,Jo(q—xy)) for all n > 1. Then, Theorem 3.3 implies that LIM,(a,) <0
for any Banach limit LIM. Since {z,} is bounded, Since {z,} bounded, there
exists a subsequence {xy,} of {z,} such that

lim Sup(an-i-l - an) = lim (anj—I—l - anj)
n—00 J—0

and z,;, — z € E. Since {z,,} is weakly asymptotically regular, this implies that
Tp;+1 — 2. Moreover, from the weak continuity of duality mapping J,,, we have
w— lm Jo(q — Tp,41) = w — lim J,(q — 2n;) = Tp(q — 2),
]—)OO ]—}()O
and so

limsup(an41 — an) = Jlggo«l - f)a, jso(q - xnj-i-l) - jcp(q - f’fnj» =0.

n—oo

Thus, by Lemma 2.4, we obtain limsup,, ,.. a, < 0, that is,

limsup((I — f)gq, Jp(q — x2)) < 0.

n—oo

Step 3. We show that limsup,,_,..(({ — f)q, Jo(q — yn)) < 0. In fact, let {y,,} be
a subsequence of {y,} such that y,, = v € E and

limsup((I = f)a, Tp(a = yn)) = Hm (I = f)q, To(q = yn,))-

n—oo

Since limp o0 ||Zrn, — yn|| = 0 by (3.23), we have also x,, — v. From the weak
continuity of .J,,, it follows that

w — Zliglo jcp(q - ym) =w— Zliglo jso(q - xnz) = Jso(q - U)‘
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Hence, by Step 2, we obtain
hran—>Solip<(I = a: Tela = yn)) = lim (I = [)a, To(d = yn:) = To(q = 20,))
+1im (1~ F)a, Tp(g — 22,)
= }ggo«l - f)a, jgo(q - xnz»
<limsup(( — f)g, Jo(q — xn)) < 0.

Step 4. We show that lim, . [|zn — ¢|| = 0. Indeed, we derive from Lemma 2.1
(i) that
(llyn —qll) = (11 = an)(zn — @) + an(fon — fq) + an(fa— gl
< (1 = an)(@n — @) + an(frn = fOl) + an(fa — ¢, To(yn — q))
< O((1 = an)l|ln — qll + ankllzn — ql) + anlfq = ¢ To(yn — @)
= (1= (1 =k)an)lzn — qll) + an(fq — ¢, To(yn — 9))

< (1= =k)an)®([|en — qll) + anl(T = f)a, To(q = yn))-

Hence, from (3.10), we obtain

(lzns1 —ql)

(|7 yn — all)
O(|lyn — all)
(1= (1 = K)an)®(|lzn — ql) + anom,

VARVA

where o, = (I — f)q, (¢ — yn)). Note > >, o, = oo by condition (C2) and
limsup,,_,., 0n < 0 by Step 3. Therefore, we conclude from Lemma 2.2 with v, =0
that lim,, oo @(||zn — ¢||) = 0, and hence lim,_, ||z, — ¢|| = 0. This complete the
proof. O

Corollary 3.5. Let E, J,, C, A and f be as in Theorem 3.4. Let {x,} be a
sequence in C' generated by (3.10), where {a,} is a sequence in (0,1) and {r,} is
a regularization sequence in (0,00) satisfying conditions (C1), (C2) and (C3). If
{z,} is asymptotically regular, then {x,} converges strongly to ¢ € A~10, which is
the unique solution of the variational inequality (3.22).

Remark 3.6. If {a,} and {r,} in Corollary 3.5 satisfy the following additional
conditions:
(C4) Y07 |amt1 — ag| < 0o; or limy, 00 % =0; or

(C5) |ant1—an| < o(ant1)+0n, Y ey on < 00 (the perturbed control condition);
(C6) > nty |rns1 —ral < oo,

then the sequence {x,,} generated by (3.10) in Theorem 3.4 is asymptotically regular.

Now we give only the proof in case when {«,} and {r,} satisfy the conditions
(C2), (C3), (Ch) and (C6). First, let y, = o fa, + (1 — o)y, for all n > 1. Then,
from Theorem 3.4, we note that {z,}, {yn} and {fz,} are bounded. In order to
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show that ||x,4+1 — x,|| = 0 as n — oo, we observe that

|Yyn — Yn—1]|

= [[(1 — an)zp + anfon — (1 = ap—1)Tp—1 — an—1fTn-1]|

= (1 —an)zn — (1 —an)xn_1 — (1 —an)rn_1+ an(frn — frn_1)
+anfrp—1 — (1 —an-1)Tn-1 — an-1frn_1|

< (= ap)llzn — -1l + ankllzn — 2|
+ lom — ana|([zn-al + [ f2n-l])

< A=A =kan)lzn — zp-all + o — an—1| K1

< (A=A =kap)lzn — zp-all + (o(an) + op-1) K1

(3.24)

for some constant K7 > 0. Let K9 > 0 be a constant such that HJ;iyn —ynl|l < Ko
for all n € N. Without loss of generality, we may assume that r, > ¢ for all n € N
and for some € > 0. If r,, < rp41, then by Lemma 2.3, we obtain

Tn—1 Tn—1
o= a4 ("t (1) )
n

n

and hence

1Ay — T2 gl < ‘
Tn

Tn—1 Tn—1
= (yn —Yn-1) + <1 - )(J:}Lyn - yn—l)

Tr— Tr—
Z l(yn_ynfl)‘k <1— i 1>(yn_yn1)

n Tn
Tn—1 A
+ (1 - )(Jrnyn - yn)
Tn
Tn — Thn—1
< yn — yn-1ll + %KZ'

If r, > rp41, then again by Lemma 2.3,

T T
Jé,lynfl = J::L< = Yn—1 + <1 e >Jé1yn1>a

T'n—1 Tn—1

and hence

A A
||Jrnyn - Jr

n—1

yn—l” S

Tn Tn
r (yn—l - yn) + <1 - >(J;i1yn—1 - yn)

n—1 T'n—1
Tn

n

(Yn—1 = yn) + (1 - )(yn—l ~ Yn)

Tn—1 T'n—1

r
+11- “ (J;i,lynfl - ynfl)
Tn—1

1 —Tn

r
< ||yn - yn71|| + - K.

Hence, from the above inequality, we have

|Tn - Tnfll

Hjéyn - Jqﬁi,lyn—lu < Yn — Yn-1ll + K.
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It follows from (3.10) and (3.24) that

|2Zn1 = znll = T2 yn — 2 yn-all
Tn — Tn—1
< llgn — gl + 2=
|Tn - Tn—1|
< (A=A =kan)lzn —znl + o — ana|[Ky + ——— K>
‘Tn - rn—l‘
<A -QA=kap)lzn — 2ol + (0(an) + on—1) K1 + —— K.

Using conditions (C2), (C3), (C5), (C6) and Lemma 2.2, we obtain ||,+1—zy| — 0.
In view of these observations, by Corollary 3.5, we have following results:

Corollary 3.7. Let E, J,, C, A and f be as in Theorem 3.4. Let {x,} be a
sequence in C' generated by (3.10), where {ay,} is a sequence in (0,1) and {r,} is a
reqularization sequence in (0,00) satisfying conditions (C1), (C2), (C3), (C5) and
(C6) (or, the conditions (C1), (C2), (C3), (C4) and (C6)). Then {x,} converges
strongly to ¢ € A0, which is the unique solution of the variational inequality
(3.22).

Corollary 3.8. Let E be a reflexive Banach space having a weakly continuous
duality mapping J, with gauge function ¢. Let A C E x E be an m-accretive
operator with A=10 # () and let f : E — E be a contractive mapping with contractive
constant k € (0,1). Let {x,} be a sequence in E generated by (3.10), where {a,}
is a sequence in (0,1) and {r,} is a regularization sequence in (0,00) satisfying
conditions (C1), (C2), (C3), (C5) and (C6) (or, the conditions (C1), (C2), (C3),
(C4) and (C6)). Then {x,} converges strongly to q € A='0, which is the unique
solution of the variational inequality (3.22).

Now, in order to study the pro-Tikhonov regularization for inexact proximal
point algorithm (1.2) in the Banach space setting, we define our inexact iterative
algorithm to generate a sequence {z,} as follows: for z; € E,

(3.25) (1 —an)zn+anfzn+en € 2ny1 +1Azpp1 foralln € N,
where A € E x E is an m-accretive operator with A=10 # 0, {a,} is a relaxation
parameter in (0, 1], {ry,} is a regularization sequence in (0, c0) and {e,, } is a sequence
of errors in E satisfying the condition:

(C7) 22021 llenll < 00, or limpoo [|en|/an = 0.

Note that the algorithm (3.25) can be rewritten as

(3.26) Zntl = J,ii((l — Qp)2n + anfzn +e,) foralln e N.

In case of Hilbert space H, if fx = u, then (3.26) reduces to the proximal point
algorithm studied by Xu [23] and Song and Yang [18].

Utilizing Corollary 3.8, we obtain the following result for inexact variant of algo-
rithm (3.10) with error sequence.

Theorem 3.9. Let E, J,, A and f be as in Corollary 3.8. Let {z,} be a sequence
in E generated by (3.26), where {au,} is a sequence in (0,1), {r,} is a regularization
sequence in (0,00), and {e,} is a sequence of errors in E satisfying conditions (C1),
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(C2), (C3), (C5), (C6) and (CT) (or, the conditions (C1), (C2), (C3), (C4), (C6)
and (C7)), respectively. Then {z,} converges strongly to ¢ € A~'0, which is the
unique solution of the variational inequality (3.22).

Proof. For ©1 = z1 € E, let {x,} be a iterative sequence in E defined by (3.10).
It follows from Corollary 3.8 that {x,} converges strongly to ¢ € A~10, where q is
the unique solution of the variational inequality (3.22). From (3.10) and (3.26), we
derive

lzn41 — Tl = Hjé((l —an)2n +anfan +en) — J;?L((l — Q)T + an fan)||
<A = an)(2n — zn) + an(fzn — fon) + enl|
< (1= (1—=k)an)||zn — zn| + |len|| for all n € N.

By Lemma 2.2, we obtain ||z, — x| — 0. Therefore, {z,} converges strongly to
q. O

Remark 3.10. (1) Theorem 3.1 is a new result for solving Problem (P) in this
direction in framework of Banach space. In particular, Theorem 3.1 develops
Theorem 3.1 of Xu [23] in the Banach space setting different from ones in
Sahu and Yao [16].

(2) Theorem 3.3 improves Theorem 3.1 of Jung [10]. In particular, the conver-
gence condition limy, e ||y — J7 yp|| = 0 in Theorem 3.1 of Jung [10] was
dispensed.

(3) Theorem 3.4 develops Theorem 3.5 in Sahu and Yao [16] to the Banach
space having a weakly continuous duality mapping J, with gauge function
¢ together with using weaker control conditions than ones in [16]. Theorem
3.4 also improves Theorem 3.2 and Corollary 3.1 of Jung [10] by assuming
only reflexivity instead of uniformly convexity on the space in [10].

(4) Corollary 3.8 extends the convergence result in Lehdili and Moudafi [11] to
the Banach space setting without using the variational distance between two
maximal monotone operator.

(5) Theorem 3.1, Theorem 3.2, Corollary 3.7 and Corollary 3.8 develop and
supplement the corresponding results of Sahu and Yao [16] to the Banach
space having a weakly continuous duality mapping J, with gauge function
®.

(6) Theorem 3.9 is an extension of Theorem 2 of Song and Yang [18] and Theo-
rem 3.3 of Xu [23] to the Banach space having a weakly continuous duality
mapping J, with gauge function ¢ together with error sequence {e,} which
doesn’t necessarily satisfy the convergence condition > > | |ley|| < co.
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