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ABSTRACT. We study optimality conditions for nonsmooth minimax fractional
optimization problems with an infinite number of constraints. Employing some
advanced tools of variational analysis and generalized differentiation, we estab-
lish necessary conditions for local optimal solutions under the limiting constraint
qualification and the constraint qualification. Sufficient conditions for the exis-
tence of global solutions to the considered problem are also obtained by means
of proposing the use of generalized convex functions. In addition, some of these
results are applied to nonsmooth fractional multiobjective optimization problems.

1. INTRODUCTION

Let X be the Asplund space (i.e., Banach spaces whose separable subspaces have
separable duals), and € be a non-empty locally closed subset of X. We consider
the following minimax fractional optimization problem of the form:

. pr(z)
P = —
(P) minmax fi(z) (@)
where the set C' is defined by
(1.1) reC:={reQ|gqx)<0,teT},

and pg, gx, k € K :={1,...,m} and g, t € T are locally Lipschitz on X and T is an
(possibly infinite) index set. For the sake of convenience, we assume that g;(z) > 0,
k € K for all x € Q, and that pi(Z) < 0, k € K for the reference point z € .
In what follows, we use the notation gr := (g¢)ier- Note that R’ stands for the
non-negative orthant of R™.

The following linear space is used for semi-infinite optimization.

R™) = {Xx = (A)ter | Ay = 0 for all t € T but only finitely many A, # 0}.

With A € R its supporting set, T(\) := {t € T'| A\; # 0}, is a finite subset of T.
The non-negative cone of R) is denoted by

R .= (A= \)er eRD | N, >0, t €T}
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Then, with {2 };er C Z, Z being a real linear space, we understand that

Z )\tZt _ { ZtET )\tzt lf T()\) ?é @,

P it T\ =0.
For g;,t €T,
Z)\tgt _ ZtGT )\tgt lf T()\) 7é @,
p it T(\) =0,
and for {Y;}ser, a family of nonempty subsets of R,
Z LY — ZteT MY: it T(N) #0,
B it T\ =0.

teT

The framework, which is modeled by problem (P), includes “minimax program-
ming (see e.g., [1, 2,9, 13, 15, 16, 25, 26])” and “fractional programming (see e.g., [4—
6, 8, 14, 23-25])” as special cases. A remarkable feature of a fractional optimization
problem is that it usually admits an appealing feature that its objective function is
generally not a convex function, even under very restrictive convexity /concavity as-
sumptions. Also, it is worth noting that a great number of ground-breaking results
and applications on fractional programming were contributed by Dinkelbach [11]
and Schaible [21] (see e.g., [3, 8, 14, 17-19, 22]) and the references therein.

In this paper, we focus on the study of the theoretical aspects of problem (P). Us-
ing some advanced tools of variational analysis and generalized differentiation (e.g.,
the nonsmooth version of Fermat’s rule, the limiting subdifferential of maximum
functions, and the sum rule for the limiting subdifferential), we establish necessary
conditions for local optimal solutions of problem (P) under the limiting constraint
qualification and the constraint qualification. Also, we propose sufficient conditions
for global solutions for problem (P), by means of introducing generalized convex
functions defined in terms of the limiting subdifferential for locally Lipschitz func-
tions. In addition, we employ optimality conditions which are obtained for minimax
fractional optimization problem to apply the corresponding ones for multiobjective
optimization problem.

The rest of the paper is organized as follows. In Section 2, we provide some
notations and preliminaries. Section 3 presents some results on minimax fractional
optimization problem, including necessary conditions for locally optimal solutions
and sufficient conditions for globally optimal solutions under the limiting constraint
qualification and constraint qualification. And we perform applications to multiob-
jective optimization problem in Section 4.

2. NOTATIONS AND PRELIMINARY RESULTS

Throughout the paper we use the standard notation of variational analysis; see
e.g., [20]. Unless otherwise specified, all spaces under consideration are assumed to
be Asplund. The canonical pairing between space X and its topological dual X™* is
denoted by (-, -), while the symbol || - || stands for the norm in the considered space.
As usual, the polar cone of a set 2 C X is defined by

(2.1) 0° = {2* € X* | (2*,2) 0, Yz € Q).
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Let F': X = X* be a multifunction. The sequential Painlevé-Kuratowski up-
per/outer limit of F' as x — 7 is defined by

Limsup F(x) := {x* cX*|3a, =z, 2 Lot
T—

with z) € F(z,) for alln € N := {1,2,...}},

where the notation “_ indicates the convergence in the weak™ topology of X*.

A set 2 C X is called closed around Z € 2 if there is a neighborhood U of Z such
that QNclU is closed. € is said to be locally closed if €2 is closed around « for every
x € . We assume that sets under consideration are locally closed.

Given z € Q, define the collection of regular/Fréchet normal cone to 2 at Z by

limsup 0% 8 o 0}7

N P

N(z:Q) = {l’* e X*

where = <% 7 means that  — 7 with z € Q. If z ¢ Q, we put N(w, Q) = 0.

The limiting/Mordukhovich normal cone N (z;Q) to Q at & € Q C X is obtained
from regular normal cones by taking the sequential Painlevé-Kurotowski upper
limits as

N(z; Q) := Limsup N (z; Q).
zﬁ):f
If ¢ Q, we put N(z;Q) := 0.

For an extended real-valued function ¢ : X — R := [~o0,00], its domain is

defined by
dom ¢ :={zx € X | ¢(x) < o0},
and its epigraph is defined by

epi¢ = {(x,u) € X xR | p 2 ¢(z)}.
The limiting/Mordukhovich subdifferential of ¢ at z € X with |¢(Z)| < oo is
defined by
0¢(z) :=={z" € X* | (2%, —1) € N((Z,9(2)); epi¢)}.

If |¢(Z)| = oo, then one puts 9¢(z) := 0.
(

Considering the indicator function d(+;2) defined by

0, if x €Q,
400, otherwise,

5(;9) = {

we have a relation between the limiting/Mordukhovich normal cone and the limiting
subdifferential of the indicator function as follows [20, Proposition 1.79]:

(2.2) N(z;Q) = 06(z;Q), Vz € Q.

The generalized Fermat’s rule is formulated as follows [20, Proposition 1.114]: Let
¢: X — R be finite at z. If T is a local minimizer of ¢, then

(2.3) 0 € 0¢(z).
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For establishing optimality conditions, the following lemmas which are related to
the limiting/Mordukhovich subdifferential calculus are quite useful.

Lemma 2.1. [20, Theorem 3.36] Let ¢;: X — R, i =1,2,...,m, m = 2 be lower
semi-continuous around Z € X, and let all but one of these functions be Lipschitz
continuous around z. Then

(24)  OG1+ b2+ ..+ (@) C 001() + Da(&) + ... + Iba(2).

Combining this limiting subdifferential sum rule with the quotient rule (cf. [20,
Corollary 1.111(ii)]), we get an estimate for the limiting subdifferential of quotients.

Lemma 2.2. Let ¢;: X — R for i = 1,2 be Lipschitz continuous around # with
¢1(z) <0 and ¢2(z) > 0. Then we have

$1\, . 02(%)0¢1(Z) — P1(T)0P2(Z)
o)< G |

(2.5)

3. OPTIMALITY CONDITIONS

This section is devoted to studying optimality conditions for minimax fractional
optimization problems. By using the nonsmooth version of Fermat’s rule, the lim-
iting/Mordukhovich subdifferential of maximum functions and the sum rule as well
as the quotient rule for the limiting subdifferential, we first establish necessary con-
ditions for (local) optimal solutions of a minimax fractional optimization problem.
And then we provide sufficient conditions for the existence of such global solutions
by imposing assumptions of generalized convexity.

Definition 3.1. Let ¢(z) := maxgex fr(x),z € X. A point Z € C is a local optimal
solution of problem (P) iff there is a neighborhood U of z such that

(3.1) o) < p(x), Ve e UNC.

If the inequality in (3.1) holds for every x € C, then T is said to be a global optimal
solution of problem (P).

To obtain the necessary optimality condition of the Karush—-Kuhn-Tucker (KKT)
type for a local optimal solution to problem (P), the following constraint qualifica-
tions are needed.

Definition 3.2. (see [7, 10]) Let z € C. We call that the limiting constraint quali-
fication (LCQ) is satisfied at z iff

(3.2) N@ECo)c
AEA(T)

where A(z) :={\ € Rf) | Aege(z) =0 for all t € T'}.

Definition 3.3. We say that the constraint qualification (CQ) is satisfied at z € C

if A € R such that

> Xdgi(x)

tel

+ N(z;Q),

06> Mdgi(z) + N (%),
teT
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then A\ = 0 for all ¢ € T'(\), which is equivalent to T'(\) = 0.

It is worth to mention here that when considering z € C defined in (1.1) with
Q=XandT(z):={t € T | g:(x) = 0}, T is finite in the smooth setting, the above-
defined (CQ) is guaranteed by the Mangasarian-Fromovitz constraint qualification
(see e.g., [20] for more details).

Theorem 3.4. Let the (LCQ) be satisfied at z € C. If z € C is a local optimal
solution to problem (P), then there exist multipliers o € R'\{0} and A\ € A(Z)
such that the inclusion

(3.3) 0€ Z ag <8pk(:z:) _ Bk (‘T gk () ) + Z)\ﬁgt + N(z;Q)

keK teT

holds.

Proof. Suppose that € C is a local optimal solution of problem (P). Then z is a
local minimizer of the following problem

mipn o(z),

where p(z) := max fr(z). Thus, z is a local minimizer of the following unconstrained
€
optimization problem

(3.4) :lgél)I(l o(x) +d(x; C).

Applying the nonsmooth version of Fermat’s rule (2.3) to problem (3.4), we have
(3.5) 0€d(p+46(+50))(2).
Since the function ¢ is Lipschitz continuous around z and the function §(-;C) is

lower semi-continuous around this point, it follows from the sum rule (2.4) applied
o0 (3.5) and from the relation in (2.2) that

(3.6) 0 € dp(z) + N(z;C).

Employing the formula for the limiting subdifferential of maximum functions (see |20,
Theorem 3.46(ii)]) and the sum rule (2.4), we obtain

dp(r) =0 <maxfk> (@) TS D Bdfu(z ’ Br >0,k e K(z Z Br=1p,

keK
keK(Z) keK(z

where K () :={k € K | fx(Z) = p(z)} # 0.
Taking (2.5) into account, we arrive at
(3.7)

2 mEla
The (LCQ) being satisfied at Z entails that

(3.8) Nz o) c Y [Zutagt(f)

AeA(z) LteT

keK(z

N(z;9),
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where the set A(Z) was defined in (3.2). It follows from (3.6)-(3.8) that

B < _y P(T)
0eq Y = (pk(z) - 8qs(2) ) | Be >0,k € K(z ZﬁkA
keK (z) 9(7) 9(7) keK (z
U [Z )\tagt(f) N(E,Q)
AeA(z) LteT
Now, by letting ay, := (m) for k € K(z) and Sy := 0 for k € K\K(z). It is clear

that the above inclusmn implies

0e Y ax (apk(x)—zz(‘; > 3" Mdge(@) + N(39),

keK teT
and so the proof is complete. O

Theorem 3.5. Let the (CQ) be satisfied at = € C. If z € C is a local optimal

solution to problem (P), then there exist multipliers o € R7"\{0} and A € Rf) such
that the inclusion

(39) 0¢€ Z af <8Pk($) - Dh (x an > + Z)\t(?gt + N CC Q)

keK () teT

holds.

Proof. Suppose that z € C' is a local optimal solution to problem (P). Then Z is a
local minimizer of problem (3.4).
Similar to the proof of Theorem 3.4, we have

{ Z quk ka([q)k( )] Pi(Z)0qr (T ‘Bk>0 ke K(z Z ﬁkl}-

keK(z keK(x)

The (CQ) being sa‘msﬁed at T entails that

0€> MIgi(T) + N(%;9)
teT

has Ay = 0 for all t € T'(\). Thus, we obtain

0e Z /Bki <8pk(a;)— k()

Gy 6@ (@)

kS

dqi (T >‘ﬁk>0keK Zﬁk:1

keK(z

+ Z M0g(z) + N(z; Q).
teT

Then, by letting ay : ﬁ for k € K(z) and B := 0 for k € K\K(z). It is clear
that the above inclusion implies

OGZak@p (Zj ) > Mdgi(@) + N(3:9).

keK teT

Thus, the proof is complete. Il
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The following example shows that the conclusions of Theorem 3.4 and Theo-
rem 3.5 may fail if the (LCQ) and the (CQ) are not satisfied at the point under
consideration, respectively.

Example 3.6. Let f : R — R? be defined by f(z) := (Zig;, i;gg) , where py(x) :=

p2(z) ==z, q1(x) == qgo(x) :=22° + 1, 2 € R, and let g, : R — R be given by
gi(x)=tx®, x€R, tecT:=]0,4+00).

We consider problem (P) with m := 2 and Q := (—o00,0] C R. Then C' = {0} and
thus Z := 0 is a local optimal solution of problem (P). Since N(Z;) = [0, +00)
and 0g¢,(z) = {0} for all t € T, we have

U [Z A:Og: ()

AeA(z) LteT

+ N(2;9Q) = [0, +00).

Hence, the (LCQ) in Theorem 3.4 is not satisfied at & due to N(z; C') = R. Actually,
condition (3.3) fails to hold.

On the other hand, since dg;(Z) = 0 for all t € T, there exist A\; > 0 for t € T'(\)
such that

0€ Y Ndgi(T) + N(7:Q) = [0, +00).
teT

So, the (CQ) is not satisfied at z, which means that (3.9) fails to hold.

In order to obtain sufficient condition for the existence of (global) optimal so-
lutions of problem (P) presented in the next theorem, we recall [6] the notion of
generalized convexity for a family of locally Lipschitz functions.

Definition 3.7. (i) We say that (f, gr) is generalized convex on Q at & € Q if for
any x € Q, & € Opi(T), Ck € Oqr(T), k € K and any n; € 0g:(T), t € T, there exists
v € N(z;Q)° such that
pk(x) _pk(:ﬁ> > <§/€7V>7 Qk(x> - qk(j) > <<k7y>7 ke K:
g1(x) — ge(T) = (m,v), t €T
(ii) We say that (f, gr) is strictly generalized convex on 2 at & € Q \ {z} if for any
x € Q, & € Opi(T), (x € 0qx(Z), k € K and any n, € 0g:(Z), t € T, there exists
v € N(z;Q)° such that
pr(®) = pe(Z) > (& V), an(z) — ai(@) = (G, V), k € K,
gi(x) = ge(2) > (m,v), t € T.

We are now ready to provide sufficient condition for a feasible point of problem (P)
to be a global optimal solution.

Theorem 3.8. Let 7 € C. Assume that = satisfies condition (3.3). If (f,gr) is
generalized convex at T, then Z is a global optimal solution of problem (P).
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Proof. Since  satisfies condition (3.3), there exist multipliers v € R\ {0}, A € A(Z)
and & € Opi(T), Ck € Oqr(T), k € K, n € 0gi(Z), t € T such that

(3.10) - [Z a (fk - E 3 @) + > Ay

keK teT

€ N(z;9Q).

Assume that z is not a global optimal solution of (P), then there exist & € C
such that

(3.11) p(2) < p(2),
where p(z) := max fr(z).

Since (f, gr) is generalized convex on €2 at z, for & above, there exists v € N(z;Q)°
such that

Zak<<€k,V>— k:f >+Z)\t77tu

keK qk(w teT
« T)— T —Lﬂ(f) —
<3 o [pu®) ~ elo) ~ D aule) - ] ;At (@) - ()
Pr(Z)
= o + Ae( (x)).
keZK k(pk q( ) tEZT t gt

By definition of polar cone (2.1), it follows from (3.10) and the relation v € N(z;Q)°

that
(7)
0< Zak(fk, (_ )"‘Z)\tnt)
keK t teT
Thus,
(3.12) 0< Z Qg (pk E ) + Z)\t (9¢(2) — 9:(2)).
keK ar teT

In addition, due to the fact that A\gi(Z) = 0 and M\gi(2Z) < 0 for t € T, we get
by (3.12) that

(3.13) 0< Z (e%% (pk(i’) _ 2el®) qk(:i')> .
By (3.13), we have

(3.14) Z akpk(f) < Z akpk(@)‘

According to the fact that oy, > 0 for k € K(Z) with 37 cgzyar =1and ap =0
for k € K\K (), the inequality in (3.14) is equivalent to

(&) > (T),

which contradicts (3.11) and, therefore, the proof is complete. O
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4. APPLICATIONS TO MULTIOBJECTIVE OPTIMIZATION PROBLEM

We consider the following constrained multiobjective fractional optimization prob-
lem

om0 (30 2]

where the constraint set C' is defined by (1.1), and “mingp” is understood with
respect to the ordering cone R}

More clearly, one says that & € C is a local weak Pareto solution of prob-
lem (MOP) iff there exists a neighborhood U of Z such that

(4.1) f(z) — f(z) ¢ —intRT", Ve € UNC,

and T € C' is a local Pareto solution of problem (MOP) iff there exists a neighbor-
hood U of z such that

(4.2) f(x) = f(7) ¢ —RT\{0}, V2 e UNC,

where intR'] stands for the topological interior of R'[’.
If the inclusion in (4.1) and (4.2) holds for every = € C, then Z is said to be a
weak Pareto solution and Pareto solution of problem (MOP) (see [12]), respectively.
The following results are the KKT necessary conditions for local weak Pareto
solutions of problem (MOP).

Theorem 4.1. Let the (LCQ) be satisfied at z € C. If Z is a local weak Pareto
solution of (MOP), then there exist multipliers o € R7"\{0} and A\ € A(Z) such
that the inclusion

(4.3) 0¢ Z Qk <8pk(£) _ 2(@) 0q(Z) ) + Z)\tagt + N(z:9Q)

keK ¢(%) teT

holds.
Proof. Let T be a local weak Pareto solution of (MOP), and let
fol@) == fr(z) — fu(@), k€K, z€ X.

We will show that Z is a local optimal solution of the following problem

(P) min max fr(@).

To do this, let us put ¢(z) := maxpex fz(x) and prove that
(4.4) &(z) < p(x), Ve e UNC.

Indeed, if (4.4) is not valid, then there exists 9 € UNC such that $(Z) > H(xp).
Since ¢(z) = 0, it holds that

r]%a;{c{fk(xo) — fe(z)} <O0.
Thus,
f(zo) — f(Z) € —intRY,

which contradicts the fact that z is a local weak Pareto solution of (MOP). Then we
can employ the KKT condition in Theorem 3.4, but applied to problem (P ) Since
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K(z) = K due to fx(z) := maxpe fr(Z), then we find multipliers o € R\{0} and
A € A(Z) such that

0e Z Qg (8}%(5) _ Pk E 6qk ) Z /\tagt + N(Q? Q)
kK Qv teT
Thus, we complete the proof. O

Theorem 4.2. Let the (CQ) be satisfied at z € C. If 7 is a local weak Pareto

solution of (MOP), then there exist a« € R'\{0} and A € Rf) such that the
inclusion

(4.5) 0e) <8pk(a‘c) _ ) 8% ) + > \dgi() + N(7:9)

ke K () teT

holds.

Proof. Suppose that  is a local weak Pareto solution of (MOP). Then we will show
that Z is a local optimal solution of (P).

Similar to the proof of Theorem 4.1, let us prove that the inequality in (4.4) holds
for every x € U N C. If (4.4) is not valid, then there exists zy € U N C such that
&() > p(x). Since ¢(Z) = 0, we obtain

I]?G%{fk(l’o) — fr(2)} <O0.
Thus,
f(zo) — f(Z) € —intRY,

which contradicts the assumption at the beginning of the proof. Let us employ the
KKT condition in Theorem 3.5, but applied to problem (P). Then we can find

multipliers o € R7"\{0} and A € R(T) such that

0e> o <8pk( ) — z’;( > > Xdgi(T) + N(%;9Q),

keK teT

which completes the proof of the theorem. O

Remark 4.3. We consider problem (MOP) with € := (—o00,0] in Example 3.6.
Then C' = {0} and thus z := 0 is a local weak Pareto solution of problem (MOP).
Hence, the (LCQ) in Theorem 4.1 is not satisfied at z, and (4.3) fails to holds. Also,
the (CQ) in Theorem 4.2 is not satisfied at z, which means that (4.5) fails to hold.

The next result is a sufficient condition for the existence of a weak Pareto/or
Pareto solution of problem (MOP).

Theorem 4.4. Let € C. Assume that T satisfies condition (4.3).
(i) If (f,gr) is generalized convex at Z, then Z is a weak Pareto solution
of (MOP).

(
(
(ii) If (f,gr) is strictly generalized convex at Z, then Z is a Pareto solution
of (MOP).
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Proof. We put

fol@) == fr(z) — fu(@), k€K, z€ X.
Let f := ( fi,.ns fm) Since (f, gr) is generalized convex on ) at z, it follows that
(f,gr) is generalized convex at this point as well.
We first prove (i). We apply the sufficient criteria in Theorem 3.8 to conclude
that T is a global optimal solution of the following problem

~

p i ().
P) min max fi(z)

It means that
&(z) < ¢(x), Yz € C,
where ¢(z) := maxex fr(2). In other words, we obtain
0 < max{fy(z) - fu(2)}, Yz €C,
which entails that
f(z) — f(z) ¢ —intRT, Vz € C.

Consequently, Z is a weak Pareto solution of problem (MOP). Therefore, the proof
of (i) is complete.
Then, we prove (ii). Similar to the proof of (i), we conclude that

¢(@) < p(x), Yz € C,
So, we have
0 <max{fy(z) - fu(2)}, Yo € C.
Thus,
flx) — f(Z) ¢ ~R™{0}, Vz € C.

Hence, Z is a Pareto solution of problem (MOP), which completes the proof of
(ii). O

5. CONCLUSIONS

In this paper, we investigated optimality conditions for nonsmooth minimax frac-
tional optimization problems with an infinite number of constraints. Employing the
Fermat’s rule, the limiting subdifferential sum rule and the limiting subdifferential
quotient rule, we establish necessary optimality conditions for local optimal solu-
tions under the limiting constraint qualification and the constraint qualification.
Sufficient conditions for the existence of global solutions to the considered prob-
lem are also provided by means of introducing the concepts of generalized convex
functions. In addition, some optimality results are applied to nonsmooth fractional
multiobjective optimization problems.
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