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associated with the given parameter, under such situation, their interpretation and
analysis may not be uniform.

In this research, we first define a new efficiency measure to regularize whereby we
try to regularize an efficient score of DMUs. DMUs with the efficient performance
have that their score is one. To compare and rank these efficient DMUs, we present
an extension of the GDEA model, determining a super-efficiency from Andersen and
Petersen’s idea [1]. This study also suggests an inverted GDEA model to evaluate
DMUs from the aspect [11] that how inefficient they are. Through an illustrative
example with 1-input and 1-output, the efficiencies by the proposed evaluation
methods are demonstrated and finally, compablack with the basic DEA models.
The rest of this paper is organized as follows: Chapter 2 presents some notations
and a brief explanation of basic DEA models. In Chapter 3, a new evaluation
method and two models based on the assessment will be introduced. Finally, the
conclusion will be described in Chapter 4.

2. Basic DEA model

To begin with, for explanation, the notations used in this paper are summarized:

- ℓ, m, n : the number of DMUs, outputs and inputs, respectively
- DMUi : the i-th DMU
DMUo : DMU of the object to be evaluated

- yji : the j-th output data of DMUi

xki : the k-th input data of DMUi

- Y ∈ Rm×ℓ : output matrix for all DMUs
X ∈ Rn×ℓ : input matrix for all DMUs

- yi := (y1i, . . . , ymi)
T : output vector of DMUi

xi := (x1i, . . . , xni)
T : input vector of DMUi

- ϵ : a sufficiently small positive number (for example, 10−7).

Data envelopment analysis (DEA) [4] is a method for measuring the relative
efficiency of DMUs performing similar tasks in a production system that consumes
multiple inputs to produce multiple outputs. The basic efficiency in the DEA is
measublack by the ratio of the weighted sum of outputs to the weighted sum of
inputs without preassigned weights for the inputs and outputs, defined as follows:

(2.1)

m∑
j=1

µjyj

n∑
k=1

νkxk

,

where µj and νk denotes a weight to the jth-output and kth-input, respectively.
Therefore, DEA is induced to the problem for finding the weights µj and νk to

maximize the above ratio (2.1) for a DMU. By transforming the measure into a
linear programming problem, the form of the CCR model [3] can be derived as the
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following:

maximize
µj ,νk

θ :=

m∑
j=1

µjyjo (CCR)

subject to
n∑

k=1

νkxko = 1,

m∑
j=1

µjyji −
n∑

k=1

νkxki ≤ 0, i = 1, . . . , ℓ,

µj ≥ ϵ, νk ≥ ϵ, j = 1, . . . ,m; k = 1, . . . , n.

Solving the above problem (CCR) for a DMUo, o = 1, . . . , ℓ, the efficiency θ for the
DMUo can be assessed.

The dual form (CCRD) to the above primal form (CCR) is derived as follows:

minimize
θ,λ,sx,sy

θ − ϵ(1Tsx + 1Tsy) (CCRD)

subject to Xλ− θxo + sx = 0,

Y λ− yo − sy = 0,

λ ≥ 0, sx ≥ 0, sy ≥ 0,

θ ∈ R,λ ∈ Rℓ, sx ∈ Rn, sy ∈ Rm.

Adding the constraint 1Tλ = 1 to the dual form (CCRD) can lead to the linear
form of the BCC model [2]

minimize
θ,λ,sx,sy

θ − ϵ(1Tsx + 1Tsy) (BCCD)

subject to Xλ− θxo + sx = 0,

Y λ− yo − sy = 0,

1Tλ = 1,

λ ≥ 0, sx ≥ 0, sy ≥ 0,

θ ∈ R,λ ∈ Rℓ, sx ∈ Rn, sy ∈ Rm,

and imposing the constraints λi ∈ {0, 1} (i = 1, . . . , ℓ) as well, the form of the FDH
model [5] is conducted below:

minimize
θ,λ,sx,sy

θ − ϵ(1Tsx + 1Tsy) (FDHD)

subject to Xλ− θxo + sx = 0,

Y λ− yo − sy = 0,

1Tλ = 1;λi ∈ {0, 1}, i = 1, . . . , ℓ,

λ ≥ 0, sx ≥ 0, sy ≥ 0,

θ ∈ R,λ ∈ Rℓ, sx ∈ Rn, sy ∈ Rm.
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3. An illustrative example

In order to illustrate DEA analysis by using the efficient frontier in the DEA
models, we consider the numerical example shown in Table 1, where the aim is to
evaluate six DMUs with 1-input and 1-output.

Table 1. Example with 1-input and 1-output

DMU A B C D E F

input 3 4 9 7 6 8
output 2 4 7 3 5 5.5

Basically, DEA models optimize the performance of all DMUs with respect to the
efficient frontier (in a sense) derived from the observed data. From the constraint
for λ in the DEA models, the feasible set (production possibility set) alters, which
yields the diverse types of the efficient frontier (see Fig.1–3).

Figure 1. Efficient frontier in the CCR Model

Figure 2. Efficient frontier in the BCC Model
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Figure 3. Efficient frontier in the FDH Model

Based on DMUs’ location from the DEA-efficient frontier, DEA calculates their
efficient values (scores). For example, the efficient value θD becomes θD = PD′/PD.
This value is obtained by solving the above DEA formulations, and for all DMUs,
their efficient values are shown in Table 2.

Table 2. Efficient values by the basic DEA models for Table 1

DMU A B C D E F

CCR model 0.67 1 0.78 0.43 0.83 0.69
BCC model 1 1 1 0.50 0.94 0.81
FDH model 1 1 1 0.57 1 1

As seen from the figures of the efficient frontiers and the table of the values, all
of the DMUs on the efficient frontier have the efficient values of one (θ = 1), and
are called DEA-efficient; conversely, the DMUs not located on the efficient frontier
are defined as DEA-inefficient.

Later, the GDEA model [13] suggested, and treats the basic DEA models such
as the CCR model, BCC model, and FDH model in a unified way by adjusting the
parameter α. Table 3 shows various GDEA-efficient values, where the DMU with
the efficient values of zero is defined GDEA-efficient; the GDEA-efficient DMUs
have a positive value.

Table 3. Efficient values by GDEA model for Table 1

DMU A B C D E F DEA-efficiency

(i)
α = 15

(xT
o ν = yT

o µ)
11.00 0 4.50 31.00 4.46 9.61 CCR

(ii) α=15 0 0 0 26.50 0.13 7.28 BCC
(iii) α=5 0 0 0 9.33 0 1.75
(iv) α=1 0 0 0 2.67 0 0 FDH
(v) α=0.1 0 0 0 1.17 0 0
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As shown in the above table, the GDEA model provides the same efficiencies by
the basic DEA models, and particularly, the efficiency for the case of (iii) between
the BCC model and the FDH model is evaluated by only the GDEA model (see
Fig.4). However, even though the DMUD for the case (iv) and (v) is GDEA-
inefficient in terms of the FDH model, the efficient values of the DMU are different.
Since the GDEA-efficient values are associated with the given value α, under such
situation, their interpretation and analysis may not be uniform.

Figure 4. Efficient frontier in the GDEA Model (α = 5)

4. Generalized DEA model

In this section, we define a new efficiency measure whereby the efficient value of
DMUs is regularized not relying on the value of the parameter α. DMUs with the
efficient performance have their score of one.

Extended GDEA model. To compare and rank these efficient DMUs, we present
an extension of the GDEA model, using the concept a super-efficiency from Ander-
sen and Petersen’s idea [1]; for a given value α(≥ 0),

minimize
∆,µj ,νk

∆ (ex-GDEA)

subject to ∆ ≥ d̃i + α

 m∑
j=1

µj(yji − yjo) +
n∑

k=1

νk(−xki + xko)

 ,

i = 1, . . . , ℓ, i ̸= o,
m∑
j=1

µj +

n∑
k=1

νk = 1,

µj , νk ≥ ϵ, j = 1, . . . ,m; k = 1, . . . , n,

where d̃i = min {yji − yjo,−xki + xko}, i = 1, . . . , ℓ, i ̸= o.
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In order to build a new assessment method of the efficiency in the above ex-GDEA
model, we consider two virtual DMUs (see Fig.5):

• DMUNp with the worst outputs and inputs
• DMUIp with the best outputs and inputs

Then, finding the optimal value ∆∗
Np

, ∆∗
Ip

and ∆∗
i (i = 1, . . . , ℓ), a DMU is evaluated

based on the following measure:

(4.1) σ∗
i := 1− sign(∆∗

i )max

(
∆∗

i

∆∗
Np

,
∆∗

i

∆∗
Ip

)

(a) the case for an inefficient DMU with ∆i > 0

(b) the case for an efficient DMU with ∆i ≦ 0

Figure 5. Efficiency evaluation in the ex-GDEA model
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The formula (4.1) implies that a DMUi with ∆∗
i > 0 is evaluated by

σ∗
i = 1− ∆∗

i

∆∗
Np

,

which indicates that it is inefficient in terms of the ex-GDEA-efficiency, as seen
from Fig.5 (a).

For the case with ∆∗
i ≦ 0 of Fig.5 (b), the formula (4.1) becomes

σ∗
i = 1 +

∆∗
i

∆∗
Ip

,

which yields that a DMU is defined ex-GDEA-efficient.
By the first constraint of the form of the ex-GDEA model i ̸= o, the efficient

frontier is generated by the DMUs excluding the DMUo, which allows an efficient
DMU to take a value greater than one. For example, B is evaluated based on the
frontier which is represented with the dotted line (A–E–C) in Fig.5(b).

Inverted ex-GDEA model. To also assess DMUs from the aspect that how inef-
ficient a DMU is, this research considers an inverted ex-GDEA model by exchanging
the positions of inputs and outputs. Fig.6 illustrates the meaning of the evaluation
by the inverted ex-GDEA model (in-ex-GDEA), and for the example shown in Table
1, the efficient values by the ex-GDEA and in-ex-GDEA model are summarized in
Table 4. Thus, if a value σ of a DMU is smaller than one, the DMU is efficient from
the viewpoint of the assessment with the in-ex-GDEA model.

Figure 6. Efficiency evaluation in the in-ex-GDEA model
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Table 4. Efficient values by the proposed GDEA models

Model DMU A B C D E F

ex-GDEA
α = 15

(xT
o ν = yT

o µ)
0.82 1.35 0.93 0.49 0.93 0.84

α=15 1.43 1.25 1.64 0.45 0.99 0.85

α=5 1.41 1.31 1.61 0.48 1.08 0.90

α=0.1 1.34 1.63 1.51 0.65 1.34 1.17

in-ex-GDEA
α = 15

(xT
o ν = yT

o µ)
0.78 0.52 0.71 1.58 0.62 0.76

α=15 1.58 0.67 1.58 1.69 0.68 0.98

α=5 1.55 0.70 1.55 1.78 0.70 1.04

α=0.1 1.50 0.75 1.50 2.00 0.75 1.50

Comprehensive Assessment. To support a decision maker to comprehensively
evaluate DMUs under her/his various value judgments, considering the evaluation
by the proposed two models, we classify DMUs into four categories as follows. The
scatter plot is shown in Fig.7, where the efficient values in the in-ex-GDEA model
are taken as a reciprocal:

- Standard : good from the viewpoint of both ex-GDEA in-ex-GDEA
- Unique : good from the viewpoint of ex-GDEA and bad from in-ex-GDEA
- Ordinary : bad from the viewpoint of ex-GDEA and good from in-ex-GDEA
- Need to improve : bad from the viewpoint of both ex-GDEA and in-ex-
GDEA

As also known from the figure, D is poorly appraised for all judgments, which in-
dicates that it strongly needs to make an effort to blackuce inputs/increase outputs.
B and E got a good evaluation because they have a good balance of output and
input. A and C are evaluated as (good, bad), which means that they are evaluated
with their characteristics.

5. Concluding remarks

In this study, we suggested two forms in the GDEA model, and defined the
efficiency measures. The extensions of the GDEA model, the ex-GDEA model and
in-ex-GDEAmodel, were proposed to evaluate the efficiency of DMUs corresponding
to a decision maker’s various value judgement. In addition, through an illustrative
example, the efficiencies by the proposed evaluation method were demonstrated
and compablack with ones by the basic DEA models. It can be expected that the
proposed GDEA method will be helpful for decision makers to evaluate the efficiency
more comprehensively in DEA. As a future work, we will apply for more and various
cases, and investigate the effectiveness of our assessment measure.
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(a) α = 0.1 (b) α = 5

(c) α = 15 (d) α = 15 (xT
o ν = yT

o µ)

Figure 7. Scatter plot with the efficient values by the proposed models
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