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ABSTRACT. Stability analysis of the multi-source Weber problem, where the data
set is subject to perturbations, is studied for the first time in this paper. Under
suitable conditions, we establish the locally Lipschitz continuity of the optimal
value function, the upper semicontinuity of the global solution map, and the
inner semicontinuity of the local solution map. Examples are given to show
that the lower semicontinuity as well as the inner semicontinuity of the global
solution map may not be available under the assumptions guaranteeing the upper
semicontinuity of the map.

1. INTRODUCTION

Let there be given a finite number of demand points in an Euclidean space. The
problem of finding a location for a source (a facility) with the minimal sum of the
weighted Euclidean distances from the demand points is the single-source Weber
problem (SWP for brevity), which is also called the Fermat-Weber location prob-
lem or the Fermat-Torricelli problem. The basic properties of SWP and methods
for solving the problem can be found in the papers of Weiszfeld [23], Kuhn [11],
Vardi and Zhang [22], Beck and Sabach [1], Nobakhtian and Raeisi Dehkordi [17],
Mordukhovich and Nam [16], Cuong et al. [7], and the references therein.

If one wants to minimize the sum of the weighted minima of the Euclidean dis-
tances of finitely many demand points to some facilities, whose locations are to
be found, then one has deal with multi-source Weber problem (MWP for brevity),
which is also known as the location-allocation problem and the clustering problem
with Fuclidean norms. The MWP is a fundamental nonsmooth, nonconvex pro-
gramming problem; see, e.g., Cooper [4,5], Kuenne and Soland [10], Love et al. [13],
Brimberg and Mladenovié¢ [3], Tuy [20], Tuy et al. [21], Sabach et al. [19], and Raeisi
Dehkordi [18].

Very recently, various properties of the global solutions (resp., of the local solu-
tions) of MWP have been obtained in [7] (resp., in [8]).
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In this paper, we are interested in studying the stability of the optimal value
function, the global solution map, and the local solution map of the MWP when
the data undergoes small perturbations. We will show that, under some conditions,
the optimal value function is locally Lipschitz, the global solution map is upper
semicontinuous, and the local solution map is inner semicontinous. Several illustra-
tive examples are provided. To obtain these stability properties, we will apply the
results of [7] and [8] to the full extent.

The theorems and proofs herein are very different from those given in [6, Sec-
tion 4], where stability properties of the minimum sum-of-squares clustering prob-
lem were investigated. Actually, in comparison with the work done in the just cited
paper, the stability analysis of the MWP requires more delicate arguments and
tools.

The paper is organized as follows. Some preliminaries are provided in Section 2.
Section 3 establishes the locally Lipschitz continuity of the optimal value function of
the MWP. Upper semicontinuity of the global solution map is proved in Section 4,
while the inner semicontinuity of the local solution map is addressed in Section 5.
Concluding remarks and two open questions are given in Section 6.

2. PRELIMINARIES

By N we denote the set of positive integers. For any n € N, the Euclidean
space R™ is equipped with the scalar product (z,y) = >.._; 2,y and the norm

lz| = (X, x%)l/Q, where x = (21,...,2,) and y = (y1,...,yn). The open ball
(resp., the closed ball) with center z € R™ and radius p > 0 are denoted by B(x, p)
(resp., B(x,p)). The convex hull of a set 2 C R" is abbreviated to co). For
our convenience, vectors of finite-dimensional Euclidean spaces are interpreted as
columns of real numbers in matrix calculations, but represented as rows of real
numbers in the text.

2.1. The multi-source Weber problem. A data set A = {a',... a™} is a finite
subset of R™. Each element of A is a demand point. Let a positive integer k and
positive real constants si,..., S, be given. It is supposed that 1 < k < m. Put
I={1,...,m}and J ={1,...,k}. Every constant s;, i € I, is understood as the
weight corresponding to the demand point a’.

The multi-source Weber problem (MWP for brevity) or the clustering problem
with Fuclidean norms is one of minimizing the sum of the weighted minima of the
Euclidean distances of the data points to the facilities. To solve the problem, one
has to partition A into k disjoint subsets Al ..., A%, called clusters, and associate
to each cluster A7 a facility (also called a centroid) 7 € R™ so that the number

f(x,a):= (s-min at —at )

(.0) 1= 3 (5 i o’ = o]

is as small as possible. Therefore, solving MWP is to resolve the unconstrained
nonsmooth nonconvex optimization problem

(2.1) min{f(:v,a) | 2= (... 2" ¢ (R")k:Rnk}.

Let R™ be equipped with the Euclidean norm, which is denoted by || - ||.
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Definition 2.1. A vector # = (&',...,2%) € R is said to be a local solution
of (2.1) if there is £ > 0 such that f(x a) < f(z,a) for every x = (2,...,2%) € R"*
satisfying ||z — Z|| < e.

In what follows, (2.1) is considered as a parametric optimization problem with
a=(a',...,a") € (RM)" =R"

being the parameter. The global solution set (resp., the optimal value, and the local
solution set) of the problem is denoted by S(a) (resp., v(a), and S1(a)). Thus, a
vector Z = (Z!,...,Z") belongs to S(a) if and only if f(Z,a) < f(z,a) for every
r = (z',...,2%) € R™. In addition, v(a) = f(Z,a) for every Z € S(a). It is clear
that S(a) C S1(a). Since S(a) is nonempty by [7, Theorem 3.3], v(a) is a finite real
number.

In the case where £ = 1, (2.1) is known as the single-source Weber problem, or
the Fermat-Weber location problem. In this case, one has the convex minimization
problem

(2.2) min{f(ac,a):ZsiHai—xH ] xGR”}.
i€l
By definition, £ € R™ is a solution of the single-source Weber problem if and only if
D silla’ —z| < silla’ — 2| Vo e R
i€l el
To study the stability of of the multi-source Weber problem, we will need the
following notions of natural clustering and attraction set, which were proposed
in [6] for the minimum sum-of-squares clustering problem and successfully used

in [7] (resp., in [8]) to study of the global solution set (resp., the global solution set)
of (2.1).

Definition 2.2. (See [6,7]) Given a facilities system = = (2',...,2%) € R we
say that the component 27 of z is attractive with respect to the data set A if the
set
A@ﬂ:{f€A|Hd7ﬂH:mmmﬂmW}
qeJ

called the attraction set of a7, is nonempty.

Given a vector z = (x!,... ) € R™ we construct k disjoint subsets A, ..., A"

of A in the following way. Put AO 0 and let
2.3 Aj:{aiEA ( A”) a' — 27 || = min ai—xq} i=1,...,k).
(2.3) \ iii ] I = min | I G )

Then, for all ¢ € I and j € J, the data point a’ belongs to the cluster A7 if and only
if the distance ||a’ — 27|| is the minimal one among the distances ||a’ — z9||, ¢ € J,

and a’ QEUJ 1 AP By (2.3), one has A7 = A[x ]\(U] 1 AP) for every j € J.

Definition 2.3. (See [6,7]) The family {A!,..., A¥}, which is constructed by the
rule (2.3), is said to be the natural clustering associated with the facilities system
r=(xl,... 2").
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The inclusion S(a) C Si(a) can be strict even for low-dimensional multi-source
Weber problems having only a few data points; see, e.g., [8, Examples 2.5-2.7].

The next remark is similar to [6, Remark 2.9], which was given for the Minimum
Sum-of-Squares Clustering problem.

Remark 2.4. If z = (z',...,7%) € R is a global solution (resp., a local solution)
of (2.1), then the vector z7 := (z°M, ..., z°%)) is also a global solution (resp.,
a local solution) of (2.1) for any permutation ¢ of J. This observation follows
easily from the fact that f(z) = f(z7), where x = (2',...,2%) € R™ and 27 :=
(o™, 2ok,

Remark 2.4 allows us to simply the formulas of S(a) and S;(a). Namely, for a
concrete multi-source Weber problem, we need just to describe the sets S(a) and
S1(a) up to permutations.

2.2. Continuity properties of functions and multifunctions. Let 2 be a
nonempty subset of RP, where p € N. Equipped with the relative topology (see,
e.g., [9, p. 51] and [24, Definition 6.1], §2 is a topological space.

One says that a real-valued function g : 2 — R is said to be locally Lipschitz at
w € Q if there exist a neighborhood U of @w and a constant ¢ > 0 such that

l9(w) —g(W) < Lo’ —wl| Vw,u’ €U

Clearly, if g is locally Lipschitz at @ € €2, then g is continuous at every point in a
neighborhood of @.

Given a multifunction F : 0 = RY, where g € N, one defines the domain and the
graph of F respectively by domF := {z € Q | F(z) # 0} and

gphF :={(w,y) € A xR |y € F(w)}.

Definition 2.5. Let F : ) = RY be a multifunction.

(a) F is called upper semicontinuous [2, p. 109] at w € Q if for any open set
V C R? with F(w) C V there is a neighborhood U of @ such that F'(w) C V
for every w € U.

(b) One says that F' is lower semicontinuous [2, p. 109] at w € domF if for any
open set V C R? with F(@w) NV # 0 there exists a neighborhood U of @
such that F(w) NV # () for every w € U.

(¢) If F is both upper semicontinuous and lower semicontinuous at @, then it
is said that F'is continuous at @.

(d) F is said to be inner semicontinuous® at (@,7) € gphF if for any open set
V C R? with § € V there is a neighborhood U of @ such that F(w)NV # 0
for every w € U.

Clearly, F' is lower semicontinuous at w € domF' if and only if it is inner semi-

continuous at every point (w,y) with y € gphF'.

"p the finite-dimensional space setting, this definition is equivalent to the one given in [14,
Definition 1.63(i)] whenever domF = .
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3. LOCALLY LIPSCHITZ CONTINUITY OF THE FUNCTION v(.)

In this section, we will study the optimal value function v : R™ — R of (2.1)
which puts every data tube a = (al, .. .,am) € R™ in correspondence with a
nonnegative real value v(a). Thus, the multi-source Weber problem is perturbed,
and a plays the role of a perturbation parameter.

Using some theorems from [7] we will be able to prove the following result.
Theorem 3.1. The optimal value function v(.) of the multi-source Weber prob-
lem (2.1) is locally Lipschitz at every point a = (él, . ,dm) € R™ satisfying the
condition a' # aP for any i,p € I with i # p. Moreover, the value

2(km + 1) (Zs)

el

which does not depend on a, can be chosen as the Lipschitz constant for the locally
Lipschitz property In particular, the function v() 1§ continuous at every point
a= (al, .. ) € R™ satisfying the condition a* # aP for any i,p € I with i # p.

Proof. By deﬁnition, we have

(3.1) wv(a) =min {f(x,a) = Z <3z’ 51161?“@1 — g:ﬂ||> |z =(z,...,2" ¢ Rnk}

i€l
foralla = (a',...,a™) € R"™. For each pair (i,7) € I xJ, set p; j(x,a) = ||a"— a7 ||
for every (x,a) € R™ x R"", where z = (2!,...,2%) and a = (al, e ,am).

CrLAM 1. The function @; ; is Lipschitz on R™ x R™™ with the Lipschitz constant
V2, i, |0ij(Z,a) — pij(z,a)| < V2|(&a) — (z,a)| for all (Z,a) and (z,a) from
Rnk’ % R™

Indeed, to prove the desired inequality for any (Z,a),(z,a) € R™ x R™™ i
suffices to use the Cauchy—Schwarz inequality and notice that

[0i5(#.8) = pigl@,a)| = |l — @) - |lai - a9
< @ - @) — (a = a9)]|
< L@ —a'|| + 1.||&7 — 27|
. ‘ . CoN1/2
< @+ D)Y3(Jla - ol + 1 - 7))
< \/5”(.%,&)-(.@,&)”

Cram 2. If p1,...,0s : R" — R are Lipschitz functions with the Lipschitz
constants {1, ..., Ls, then p(z) := min,cp @, (2) for z € R" with P :={1,...,s} is a
Lipschitz function on R" with the Lipschitz constant £ := maxpe plp.

This standard fact can be proved easily if one puts P(z) = {p € P \ ep(2) = ¢(2)}
and observes that the following holds for any Z, z € ]RT and p € P(2):

p(2) = ¢(z) = (minpep @p(2)) — p(2) vp(Z) — p(2)
Cpl|Z — 2]
0z — z||.

Indeed, changing the roles of Z and z, one gets ¢(z) — ¢(Z) < {||z — Z||. Hence,
lp(2) — ()| < £)|2 —=||.

ININIA
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Applying Claim 1 with Claim 2 to the function f(z,a) in (3.1) yields the next
result.

CLAIM 3. The objective function f(z,a) = > ,c; (s; minjey |la’® — 27||) of the
optimization problem in (3.1) is Lipschitz on R™ x R™ with the Lipschitz constant
lo = V2 (Xies 5i)-

Let a = (dl,...,dm) € R™ be such that a’ # a? for any i,p € I with i # p.
Clearly, there exists a neighborhood U of @ in R™" with the property that for every
a= (al, .. .,am) € U we have a' # aP for any i,p € I with i # p. Hence, for each
a = (al, .. ,am) € U, by [7, Theorem 3.7] we can infer that if z = (z!,...,2%) €
S(a) then 27 € co A for all j € J, where A := {al,...,a™}. In other words,

(3.2) S(a) C (co A VaeU.

Moreover, by [7, Theorem 3.3], S(a) is nonempty. Therefore, from (3.1) and (3.2)
we can deduce that

(3.3) v(a) = min {f(x, a) | z € (co A)’“} Va € U.
CLAaM 4. For any a = (&1, ey &m) and a = (al, e ,am) from R™  one has
(3.4) coA CcoA+ (lat —al|| +-- +[|a™ — a™||) Brn

with A :={a',...,a™} and Bgn denoting the closed unit ball in R™.

To justify the claim, take any # € coA. Let A 2‘0, ...y Am > 0 be such that
Yoy Ai=1land z=>", \a'. Setting x =", \ja’, we have z € co A. Since

&=l = || T v = 2 a| = || @ - o)

INIA

i=1
So, T belongs to the right-hand side of (3.4). This establishes (3.4).

The above preparations allow us to show that the optimal value function v(.) is

Lipschitz on the chosen neighborhood U of @, hence completing the proof of the

theorem. Let @,a € U be given arbitrarily. Select a point = (&!,...,%*) from

S(a). For each j € J, since &’/ € co A (see [7, Theorem 3.7]), by (3.4) we can find
some 27 € co A and v/ € Bgn such that

(3.5) =2+ (@' —al| + -+ @™ —a™|) o
By the Cauchy—Schwarz inequality, one has
6 —alll ot am —am < i (- all2 et e )
— Jmla—al.
Therefore, (3.5) yields
(3.6) |27 — 27| < vmlla—all (V)€ J).
Setting z = (!, ...,2%), from (3.6) we get

(3.7) & —a? = &' — "2 + ... + & — ¥ < kmlja — a]®
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Since z = (z,...,2%) € (co A)¥, we see that z is a feasible point of the constrained

optimization problem
min {f(u, a) | ue (coA)k} .

Hence, from (3.3) it follows that v(a) < f(z,a). So, using Claim 3 and (3.7) we
have

(@) —v(a) = f(#,@) —v(a) > f(&a)— f(za)
> —lo)|(7d) — (x,a)]|
= —to(|F — @)+ [|a - a)2)"/?
—to (km [|@ — al® + [l — al|2)"/?

v

—lyvVEkm +1]ja— al,

where o = V2 (Y ,c;8:). It follows that v(a) — v(a) < lovVkm +1||a — al|. By
symmetry, one has v(a) — v(a) < o vVkm + 1||a — a||. Therefore,

lv(a) —v(a)| < lpvVEkm+1la—a| Va,ael.

Since one has £y vkm +1 = /2(km + 1) (Zie] s,-), this completes the proof of the
theorem. ]

Slightly modifying the proof of Theorem 3.1, we can obtain the next result on the
global Lipschitz continuity of the optimal value function of the single-source Weber
problem when the data points are subject to perturbations.

Theorem 3.2. The optimal value function v(.) of the single-source Weber prob-
lem (2.2) is Lipschitz on R™ with the Lipschitz constant \/2(m + 1) (Ziel si>,

1.€.,
[v(@) — v(a)| < V20m+ 1) (Y si) la - al
el
for all a,a € R™. In particular, the function v(.) is continuous on R™.
Proof. Note that the single-source Weber problem (2.2) is the same as the convex
optimization problem (3.2) in [7]. Hence, the arguments given in the proof of
Theorem 3.7 in that paper assure that, if x € S(a) with a = (al, .. .,am) e R

and S(a) standing for the solution set of (2.2), then € co A with A := {a*,...,a™}.
So,

(3.8) S(a) CcoA VaeR"™.
For problem (2.2), we have

(3.9) v(a) = min {f(:):,a) =Y sila’ -z yxeR"}.

el
Clearly, combining (3.9) with (3.8) yields
(3.10) v(a) =min{f(z,a) | x € coA} Va e R"™.

Using (3.10) instead of (3.3) and repeating the arguments of the preceding proof,
we obtain the desired result. O
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4. UPPER SEMICONTINUITY OF THE MAP S(.)

The subject of our study in this section is the global solution map S : R™™ — R"¥
of (2.1), which assigns every data point a = (al,...,am) € R™ to the global
solution set S(a).

Theorem 4.1. The global solution map S of (2.1) is upper semicontinuous at every
point a = (ELI, ceey ELm) € R"™ satisfying the condition @' # aP for any i,p € I with
1% p.
Proof. Let a = (al,...,am) € R™ be such that a* # aP for any i,p € I with
1 # p. Choose p > 0 to be sufficiently small such that for every a = (al, . ,am) €
[Lic; B(a', p), one has a* # a? for any i,p € I with i # p.

Suppose on the contrary that S is not upper semicontinuous at a. Then one can
find an open set V in R™ such that

(41) S(a) C V and for any neighborhood U of @ in R™™
' there exists a point a € U satisfying S(a) \ V # 0.

Set @ = [co (UielB(ai,p))]k, then observe by [20, Corollary 1.9] (see also [15,
Corollary 5.7]) and the Tychonoff Theorem (see, e.g., [9, Theorem 13, Chap. 5]
and [24, Theorem 17.8]) that @ is a compact set in R™.

CLAIM 5. For every a € [[,c; B(@', p), it holds that
(4.2) S(a) C Q.

Indeed, for any a € HieIB(&i,p), since a' # aP for any i,p € I such that
i # p, by [7, Theorem 3.7] we get S(a) C (coA)* with A := {a',...,a™}. So, to
obtain (4.2), it suffices to prove that

(4.3) (cod)* c Q.

Let z = (xl,....,a:k) € (coA)* be given arbitrarily. For each j € J, we choose
N >0,...,M, >0 such that Diel )\f =land o/ =3 ,.; Ma'. As a’ € B(a',p) for
all i € I, we have 27 € co (U,c; B(@', p)) for every j € J. Therefore,

k
z= (2t ..., 2™ € [CO (U B(c—zi,p)>] =Q.

i€l
This justifies (4.3). B
_ Choose £ € N to be sufficiently large such that ¢~ < p. For every £ € N with £ >
C, let us set U = [[,; B(@, %) and apply (4.1) to find a point ay € [[;c; B(a', %)
and a point

(4.4) T € S(am) \ V.

Since

ajg € HB(C_Li,f_l) C HB(di,p)

el el
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for all £ > 7, by (4.2) we have zp € Q for all £ > ¢. By the compactness of Q,
there exists a subsequence {.%'[g/]} of {Jﬁ[g] } > such that {xw]} converges to a point
z€Q. -

CLAIM 6. One has
(4.5) z € S(a).

To obtain (4.5), we deduce from (4.4) that f (2, ap]) = v(ay). Passing this
equality to the limit as ¢ — oo and using Theorem 3.1 give f(Z,a) = v(a). Thus
z € S(a).

Since {az[m} C R™ \ V, by the openness of V, we must have € R™ \ V. This
contradicts (4.5) and the inclusion in the first line of (4.1).

The proof is complete. O

In connection with Theorem 4.1, the following natural question arises: Whether
the global solution map S of (2.1) can possess some lower semicontinuity or inner
semicontinuity properties, or not? The next example shows that, even if a* # a?
for any i,p € I with ¢ # p, there may exist some z € S(a) such that S is not
inner semicontinuous at (a,z) with a := (dl, ce ELm) € R™, Hence, according to
Definition 2.5 and the subsequent observation, the solution map in question is not
lower semicontinuous at a.

Example 4.2. Letnz?m—3k—2 s1 =82 = s3 =1, and a' = (0,0), a% =
(1,0), @® = (0,1), and a = (a',a* a*). By [7, Example 3.9] we know that

S(a) = ([a a*] x {a3}) ({52} X [al,a?’])

(up to permutations of the coordinates of every z = (z!,z?) € S(a); See Re-
mark 2.4)) and v(a) = 1. Choose z = (z!,a®) € S(a) with z! := (%,0) Let al = at,
a? = a%, a® = a®(¢), and a(e) = (a',a?,a3(e), where a3(¢) := (1 — ¢)a® + ea® with

81

e € (0, %) Then, using Proposition 3.5(a) and Theorem 3.8 in [7], we can show that

S(a(e)) = {a?} x [a',a’()] e e (o, %)

(up to permutations). Hence, for the neighborhood V := B(z!, 7) x B(a3, %) of
z € R*, one has S(a(e)) NV =0 for all € € (0, 3). Since lim, o+ a(¢) = a, there
does not exist any neighborhood U of @ such that S(a) NV # () for every a € U.
By Definition 2.5(d), S is not inner semicontinuous at (@, z). This implies that S is
not lower semicontinuous at a.

The above method for proving Theorem 4.1 does not work if the assumption
a' # aP for any 4, p € I with i # p is violated. The reason is that the global solution
S(a) can be unbounded then. To justify this remark, let us consider the following
example.

Examp1e43 Choose n =2, m =3, k=3, and51252—33—1 Let a' = a®

and @ # a' be the given demand points. Put @ = (a1 a’,a ) Note that

S(a) = {z = (z",7°,7°) | z' =a', 2* =3a°, ° e R?}
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(up to permutations of the coordinates of ) and v(a) = 0. Clearly, S(a) is un-
bounded.

For the single-source Weber problem, we now obtain an analogue of Theorem 4.1
without the requirement a* # aP for any i,p € I with i # p.

Theorem 4.4. The global solution map S of (2.2) is upper semicontinuous at every
point a = (dl, .. .,dm) € R,

Proof. To obtain a contradiction, suppose that S is not upper semicontinuous at a.
Then one can find an open set V' in R™ such that (4.1) holds.

Set @1 = co (U;e; B(@',1)) and observe by [20, Corollary 1.9] (see also [15,
Corollary 5.7]) that @1 is a compact set in R™.

CLAM 7. For every a € [[;c; B B(a’,1), it holds that

(4.6) S(a) C Q1.
Indeed, the inclusion (3.8), where A := {a!,...,a™}, is valid for any
a=(a',...,a") € HB(di,l)
1€l

(see the proof of Theorem 3.2). Since co A C co (J;c; B(@', 1)), the inclusion (4.6)
follows from (3.8).
For every ¢ € N, setting U = [[,; B(a', %) and applying (4.1), we can get a
point ayy € [[;c; B ( i, %) and a point zjy € S(ayy) \ V. As
ag € [[B(@, ¢ ") c ][] B@,1),
i€l el
by (4.6) we have x|, € @1 for all /. By the compactness of Q1, there is a subsequence
{x[m} of {xm} that converges to a point = € Q1.
Since (¢ € S(ajp), one has f(x[k/],a[kq) = v(a[m) Letting ¢/ — oo and using
Theorem 3.2, from the last equality we obtain f(Z,a) = v(a). Hence Z € S(a).
Since {xw]} C R™\ V, by the openness of V, we must have z € R™ \ V. This

contradicts the property z € S(a) and the inclusion in the first line of (4.1).
The proof is complete. O

Let us show by an example that the global solution map S of (2.2) may not be in-
ner semicontinuous at a point in its graph. Hence, it cannot be lower semicontinuous
at a point in its effective domain.

Example 4.5. Consider the single-source Weber problem (2.2) with n =2, m =4,

s1 = s2 = s3 = s4 = 1, and demand points a',...,a* having zero ordinates such
that @’ = (1 — 7;)a®> + na*, 7, € (0,1) for i = 1,2, and 71 < 7». Note that the
chosen demand points are pairwise distinct. Set a = (dl, . ,@4) and note that
S(a) = [a',@%. For every € € (0, 3), put

a'(e) =a + (0,¢), a®(e) = a® — (0,¢), a®(e) = a®, a'(e) = a*,
and a(e) = (a'(e), a*(e), a3(¢), a*(¢)). Since there exist at least three points in the

set {al(e),a?(e), 3(5) 4(£)} which are not colinear (i.e., there is no straight line
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containing all the three chosen points), by the proof of [12, Lemma 1.1] (see also [15,
Proposition 8.2]) we know that the objective function of (2.2) with a(e) taking the
role of a is strictly convex. Thus, by [7, Theorem 3.3] (see also [15, Proposition 8.1]),
this single-source Weber problem has a unique solution, which is denoted u(e). By
the well-known necessary and optimality condition in convex programming, u(e) is
the unique solution of the inclusion 0 € 0, f(-,a(e))(u(e)) with 9. f(-,a(e))(u(e))
denoting the subdiferential of the convex function f(-,a(e)) at u(e). As noted in
the proof of [7, Theorem 3.7], if u(e) ¢ {a'(¢),a>(e), a3(5) a*(¢)}, then the inclusion
0 € 0xf(-,a(e))(u(e)) can be rewritten equivalently as

(4.7) ZHU e)lI7Mlae) - a'(e)ll = 0.

Put @ = 1(a' + @) and observe that u ¢ {a'(¢),a*(c),a’(e),a*(e)}. It is easy to
check that

1z —a'(e)| 7l — a' ()] + lla — a*(e)| 7 la — a*(e)| = 0
and

la —a*@)l " la - (@) + lla - a* ()]~ la - a*(e)]| = 0.

Hence, ﬁ(a) = u is the unique solution of (4.7). Therefore, S(a ( )) = {u} for every
e € (0,3). Choose z = a' and put V = B(z, p), where p € (0, 1||a*> — a'||) can be
taken arbltrarlly. Observe that 2 € S(a) and S(a(e))NV =@ for alle € (0, 5). Since

lim, g+ a(e) = @, one cannot find any neighborhood U of @ such that S(a) NV # ()
for every a € U. By Definition 2.5(d), S is not inner semicontinuous at (a,z). As a
consequence, S is not lower semicontinuous at a.

5. INNER SEMICONTINUITY OF THE MAP Si(.)

In this section, we are interested to know what properties the map S; : R"* =
R™  which puts every data point a = (al, . ,am) € R™ of (2.1) in correspondence

with the local solution set S1(a), may have.

Theorem 5.1. Suppose that (a,z) € gph Sy, where a = (dl, ce dm) € R™ js such
that @* # aP for any i,p € I with i # p. Let & = (z',...,7%), A = {a*,...,a™},
Jy = {5 € J| A7) # 0} with A[)'] being the attraction set of 7 with respect to
the data set A, and the following conditions be satisfied:

(i) @7t # 272 whenever j1,j2 € J and j1 # j2;

(i) 27 ¢ A for all j € J;

(iii) For each ji € Ji, the data points from A[z7'] are not colinear, i.e., they do

not belong to the same line.

Then, the local solution map S1 of (2.1) is inner semicontinuous at (a,T).

Proof. By our assumptions, a' # aP for any i,p € I with i # p. T hen, there exists
p > 0 such that for each a = (a',...,a™) € [[,c; B(@', p) one has a' # a? for any
i,p € I with i # p.

To prove that S; is inner semicontinuous at (a, z), given any € > 0, we need to
show the existence of a neighborhood U of @ in R™ having the following property:

(5.1) Si(a)NV #0 (VaeU)



2944 T. H. CUONG, C.-F. WEN, J.-C. YAO, AND N. D. YEN

with V := HjeJB(fj,s).

First, observe by the assumption (i) that Z is a nontrivial local solution of (2.1),
where a plays the role of a, in the meaning of [8, Definition 3.3]. Since 2/ ¢ A for
all j € J thanks to the assumption (ii), by [8, Theorem 3.5] we obtain the following
three properties:

(a) For every i € I, the index set
Ji(z)={jeJ|a eA]}
s a stngleton. - '
(b) For every j € J, if A[Z’] is nonempty, then T’ is a solution of the single-
source Weber problem defined by the data set A[z’].
(¢) For every j € J, if A[Z?] empty, then one has

(5:2) o ¢ Alzl,
where A[Z] is the union of closed balls B(aP, ||a? —29||) withp € I and q € J
satisfying p € 1(q), where I(q) :== {i € I | @' € A[z]}.
By (a), for every ¢ € I there is a unique index j(i) € J such that J;(z) = {j(i)}.
Moreover, by (a) we have

(5:3) la' = 2/D| < |la’ — 27| (vi' € T\ {i@)}).

Since all the inequalities in (5.3) are strict, there exists a constant d; € (0,¢) such
that for any a € [[,c; B(a',01) and for any x € [[;c; B(z7,461) the next property
holds:

(5:4) la* = 27D| < lla* = 27| (V5" € T\ {j(@)}).

Furthermore, the property (b) implies that for every j; € Ji, the facility z7! is a
solution of the single-source Weber problem defined by the data set A[z/!]. As the
latter set is not colinear, this single-source Weber problem has a unique solution
(see, e.g., [16, Proposition 8.2]).

Recall that the sets I(q) for ¢ € J have been defined in (c). Since

Ju={j € J| Alx”] # 0},
by the above property (a) we can infer that the nonempty sets I(j1), j1 € Ji, are
pairwise disjoint and I is the union of these sets. By the assumption (iii), for each
j1 € Ji, the data points {a’ | i € I(j;)} are not colinear. So, one can find a constant
d2 € (0,61) such that, for every a € [[;c; B(@',d2), the data points {a’ | i € I(j1)}
are not colinear for all j; € Ji. Hence, for every a € [[;c; B(@',d2), the single-
source Weber problem with the data set {a’ | i € I(j1)} has a unique solution,

which is denoted by x7(a). By Theorem 4.4 we know that, for each j; € Ji, the
single-valued mapping
21 () [[ B(@,62) = R", as 27*(a),
i€l
is continuous.
Put Jo = J\ J1 and observe by the property (c) that (5.2) holds for all j € Js.

Since A[Z] is a nonempty compact set, there exists p > 0 such that B(z7, p)N.A[z] =
() for all j € Jo.
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Let 27 (a)= 27 for all a € [[,; B(@',d2) and j € Jo. Put 2(a)=(z'(a),...,2"(a)),
where the functions x7(.) with j € J; have been defined above. By the continuity
of the function

z(-): [[ B@, 62) = R™, a x(a),
i€l
we can find d3 € (0, d2) such that z(a) € [[;; B(z,6y) for every a € [[,c; B(@', d3).
Therefore, from (5.4) we can deduce for each a € [[,.; B(a’,d3) that

(5:5) la' = 2D (a)]| < lla’ =27 (a)l|  (¥f" € T\ {5(i)}).

Thus, for each a € [],c; B(@,d3), the property (5.5) implies that the attraction
set A[z7(a)] of 7(a) with respect to the data set A := {a',...,a™} is nonempty
for every j € Ji, while A[2z/(a)] is empty for every j € Jo. Moreover, the facilities
system {z'(a),...,z%(a)} has the following properties:
() For every i € I, the index set Ji(z(a)) = {j € J | o' € A[2?(a)]} is a
singleton.
(b?) For every j € Ji, 27(a) is a solution of the single-source Weber problem
defined by the data set Alx?(a)].
(¢’) For every j € Ja, one has 2/ (a) ¢ Alx(a)], where A[z(a)] is the union of
closed balls B(aP, ||a? — x4||) with p € I and q € J satisfying p € I(q), where

I(q):={iell at € Alz9(a)]}.

Therefore, applying the sufficient conditions for nontrivial local solutions of the
multi-source Weber problem given in [8, Theorem 3.7] shows that z(a) € Si(a)
for each a € [[,.; B(a',d3). Since &1 € (0,¢) and z(a) € [lics B(z7,81) for every
a € [I;e; B(@', 83), choosing U = [[,c; B(@', d3), we get (5.1).

The proof is complete. O

6. CONCLUSIONS

Stability analysis of the multi-source Weber problem has been considered in detail
for the first time in this paper. Allowing the data set to change, we have obtained
sufficient conditions for the locally Lipschitz continuity of the optimal value func-
tion, the upper semicontinuity of the global solution map, as well as the inner
semicontinuity of the local solution map.

For further investigations, the following questions seem to be interesting.

(Q1) Whether the assumption @’ # aP for any i,p € I with i # p in Theo-
rems 3.1, 4.1 and 5.1 is redundant, i.e., there exist other proofs of the results
not relying on the condition?

(Q2) Is the assumption (ii) in Theorem 5.1 essential for the validity of the theo-
rem?
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