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PARALLEL INERTIAL PROXIMAL ALGORITHM WITH
APPLICATIONS TO IMAGE RECOVERY PROBLEMS

PHAM NGOC ANH, AVIV GIBALI, AND NGUYEN DUC TRUONG

ABSTRACT. We study variational inequality problems defined over the intersec-
tion of fixed point sets in a real Hilbert space. By using inertial extrapolation,
we propose a parallel proximal algorithm for solving the problems. By incor-
porating several ideas of proximal projection and parallel methods, we present
a strongly convergent method that can be easily implemented, for example for
solving image restoration problems via proximal operators. Primary numerical
experiments illustrate and compare the performances of the proposed algorithm.

1. INTRODUCTION

Let H be a real Hilbert space with inner product (-,-), norm || - ||, respectively.
Let C C H be a nonempty, closed and convex set. For a sequence {wk }, we denote
by ¥ — Z (resp. 2* — Z) the strong (resp. weak) convergence to Z. Denote N,R*
the set of natural numbers (including zero) and the s Euclidean space, respectively.

We start by focusing on the following problem, first introduced by Yamada
[21]. This problem is applied for various applications such as image reconstruc-
tion, computerized tomography, data compression and many more, see for exam-
ple, [2-4,6,7,14,16,18,22].

Problem 1. Leti € I :={1,2,...,n}, and for each i € I, consider the self-mappings
S; : H — H. Denote the fixed point set of S; by Fiz(S;) := {z € H: S;(x) = z}.
Given this data, we consider the variational inequality problem, shortly VI(Q, F),
of finding a point z* € Q := N Fiz(S;) such that

(F(x*),x —2*) >0, Vze.

Moreover, Problem 1 has several important special cases as seen below.
1. Convex Minimization Problem. Let C be a nonempty, closed and convex subset
of H, S; = 0(i € I) and ¢ : C — R be subdifferentiable and convex. We consider
the optimization problem (OP):

min{p(z) : z € C}

Setting F(z) := Vy(x), it is easy to see that the problem (OP) becomes a case of
VI(Q,F).
2. Classical Variational Inequality Problem. Let C be a nonempty, closed and
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convex subset of H and Fiz(S;) = C for all i € I. Problem VI(Q, F) is equivalent
to the variational inequality problem:

Find z* € C such that (F(z*),z —2*) >0, VzeC.

3. Common Fized Point Problem. Let F(x) = 0. The following problem is called
the common fixed point problem (CFPP):

Find z* € Fiz(S;), Viel.

We can easily see that the problem (CFPP) becomes a case of VI(, F).

Clearly Problem 1 is a generalization of the classical variational inequality prob-
lem in which the feasible set 2 is not given explicitly, and thus, standard fixed
point/projection methods cannot be applied directly. In [21], Yamada introduced
the following cyclic procedure:

(1.1) 2 = Spyny (@) = M1 F (Speyyy (%)), k>0,

where {\; }ren and p are parameters fulfilling certain conditions and S(k] = Skmodn
for £ € N with the mod function. Inspired by (1.1), many iterative methods for
solving VI(Q2, F') have been developed, see for example [8, 20, 23].

As seen above, a differentiable convex minimization problem is a special case
of Problem 1, but in many applications the objective function is the sum of two
functions, not necessarily differentiable and thus direct translation to Problem 1 is
not obvious. Due to this reason we recall the next problem 2 and its relationship
to Problem 1.

Problem 2. Let f; : R® — R be a convex and differentiable function with
a L—Lipchitz continuous gradient Vf; and fo : R® — R a proper lower semi-
continuous and convex function. With this data the convex minimization problem
is formulated as

min{ fi(x) + fo(x) : x € R°}.

Clearly when f5 is differentiable, one can see that Problem 2 is equivalent to Problem
VI(C,F) with F :=V f1 + Vfy and C := R".

Combettes and Wajs [7] showed that a solution of Problem 2 is characterized by
the fixed point of the proximity operator:

Sx(z) = 2 — prozpf* (Id — AV f1) (=),

where Id is the identity mapping and prox is the proximity operator that is defined
in the next section.

Returning to the general Problem 2, the Forward-Backward Splitting Algorithm
(shortly FBSA) of Lions and Mercier [13] is a classical method for solving Problem
2. Choose arbitrary starting point 2 € R® and Ay € (0,2/L). The algorithm
generates a sequence {x*} according the following rule:

(1.2) M =8y, (2F), Vk>o0.
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For solving Problem 2, Beck and Teboulle [5] introduced the following Fast Iterative
Shrinkage- Thresholding Algorithm (shortly FISTA):

20 =y0 c Rty =1,

Yt =84 (a%),
(1.3) PR 1483 g, — il
k+1 — 2 ) — tpr1

M=y 0" -y, k>0

Problem 2 received a lot of attention and many iterative methods are introduced
for solving it, for example, iterative denoising method of Figueiredo and Nowak [10],
fixed point continuation algorithm of Hale et al. [11], improved FISTA of Liang
et al. [14], Fast Viscosity Forward-Backward Algorithm (FVFBA) [12], viscosity
approximation method [19].

Motivated and inspired by the above algorithms, as well as the proximal pro-
jection method [4, 9], the parallel techniques [3] and the inertial proximal ap-
proach [6], for solving Problems 1 and 2, the purpose of this paper is two-fold.
First, we present a new strong convergence algorithm for solving Problem 1 in a
real Hilbert spaces. One of the main theoretical and practical advantage of our
proposed method, compared with other related algorithms, is that there is no need
to compute/approximate any metric projection onto the VI’s feasible set €2, espe-
cially since such task might be computationally expansive due to the structure of
Q. Second, by using the properties of the proximal operator we apply our proposed
method to the image restoration problem (4.1) reformulated as Problem 2.

The outline of the paper is as follows. In Section 2 we recall some useful def-
initions, notations and results. The new algorithm and its analysis are presented
in Section 3 and then in Section 4, numerical testings are presented including
application to image recovery problem.

2. PRELIMINARIES
As before, H is a real Hilbert space and C' C H nonempty, closed and convex set.
Definition 2.1. Given a mapping 7" : H — H.
(1) T is called f-strongly monotone on C with constant 8 > 0, if
(T(x) = T(y),z —y) > Blly — «||*, Va,yeC.
(2) T is called L-Lipschitz continuous on C' with constant L > 0, if
|F(x) = Fy)ll < Lllz —yll, Va,yeC.

It is called nonexpansive if it is 1-Lipschitz.
(3) T is called quasi-nonexpansive on H, if

IT(x) —z|| < ||z — 2|, V(z,z)e€HxFix(T).
(4) T is called firmly nonexpansive, that is, for all x,y € H,
(T(x) = T(y),x —y) > |T(x) = T(y)|*
(5) T is called T—strictly pseudocontractive on H, where 7 € [0, 1), if
IT() = TW)* < lle =yl + 7l (x = y) = [T(x) = TWI|? Va,y € H.
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(6) T is called f—demicontractive on H where 8 € [0,1), if
IT(2) = &) < llo = &l* + Blla - T(x)|*, V(z,2) € H x Fix(T).

(7) T is called demiclosed at zero, if {z*¥} weakly converges to z and {(I —
T)(z*)} strongly converges to 0, then Z € Fix(T).

Let f:H — RU{+oc} be a convex function. The function f is called proper if
its effective domain D(f) := {x € H: f(x) < 400} # 0. f is lower semicontinuous
at zo € D(f) if f(xo) < liminf, ,,, f(z). It is called lower semicontinuous if it is
lower semicontinuous at every xg € D(f). The subdifferential Of of a proper convex
function f at x € H is defined by

Of(z) :={z e H: f(x) + (z,y —x) < f(y), Vy € H}.
The following lemmas are useful for our algorithm’s analysis.
Lemma 2.2. Let C' be a nonempty, closed and convex subset of H, f : C — R

be proper, convex and lower semicontinuous function. The proximity operator of f
with v € R is defined as

) 1
proa:é(:n) = argmingec {f(y) + g”-f - ?JH2} -

Now for any x,y € C, the following are equivalent.
(a) u = proz,.(z);
(b) z —u € df(u);
(c) {x—u,y—u) < f(y) — fu), VyeC.

Further properties of the proximal operator of f on C are collected in the next
lemma.

Lemma 2.3. Let C be a nonempty, closed and convexr subset of H, f: C — R be
proper, convex and lower semicontinuous function. Then, we have

(i) The operator proa:é 18 firmly nonexpansive and thus clearly nonexpansive;

(ii) For any x € H and y € C the following inequality holds.
Iprozfi(z) =yl < lle = ylI? — ll& = prozl,@)|1* — 2 | £ (prozl()) - Fw)] .

Lemma 2.4 ([19, Lemma 2.5]). Let {s;} be a sequence of nonnegative real numbers
and {pr} a sequence of real numbers. Let {ay} be a sequence of real numbers in
(0,1) such that Y 72, ap = co. Assume that

Sky1 < (1 — ak)sk + appr, k€N
If limsup;_, o Pk, < 0 then limy_,o 55 = 0.

Lemma 2.5 ([15, Remark 4.2]). Let S : H — H be a 5-demicontractive mapping
with Fixz(S) # 0 and set S,, = (1 —w)Id + wS for w € (0,1]. Then S, is quasi-
nonexpansive if w € [0,1 — 5] and

1S0(2) = 2|* < [lz — 2|* —w(l - B —w)||S(z) — z|?, Vi € Fix(5),z € H.
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Lemma 2.6 ([15, Remark 4.4]). Let {ax} be a sequence of nonnegative real num-
bers. Suppose that for any integer m, there exists an integer p such that p > m and
ap < apt1. Let ko be an integer such that ay, < ap,+1 and define, for all integer
k > ko,

T(k) = max{i eEN:k<i<k,a; < ai+1}.

Then, 0 < ax < a4 for all k > ko. Furthermore, the sequence {T(k)}x>k, s
nondecreasing and tends to +oo as k — oo.

3. MAIN RESULT

In this section, we introduce a new iteration algorithm for approximating a solu-
tion of Problem 1 and prove its strong convergence. The algorithm uses a parallel
technique and combines the inertial iteration method with an explicit self adaptive
stepsize rule.

The parameters setup for the algorithm is as follows.

ac(0,1), {M)Claalc (o, %ﬁ) : \/1 oA+ AL2 < 1—a,
(3.1) Gk € (0,1), D22 G = +00, limg o0 G =0,

OSTkS€]37 /’Lk)>0)

Vi € (b,b) € (0,1 —max{p; :i e I}), Viel,

The Parallel Inertial Proximal Algorithm (PTPA) is presented next.

Algorithm 3.1. Choose starting points 29, z' € H.

Step 1. Given the iterates =1 and ¥, compute
(3.2) wh = 2 + ag (2 — 21,

where

(3.3) ak:{min{mkjgﬁklaﬂk}, if |t — 25| £ 0,

Lk otherwise.

Step 2. Take uf = (1 -y )w® +75:Si(wP). Set tk := ufo, where ig € argmax{||uf —
w| :i e I}.

Step 3. Compute zF+ = (1 — Gtk + ¢ [tF — M F(t%)]. Let k :== k+ 1 and go to
Step 1.

Note that, computing w” is used by inertial technique and t* is by parallel tech-
nique. Then, the iteration point z**1 is based on the Mann iteration method and
the hybrid steepest-descent method. We call a point z* generated by Algorithm
3.1 e—solution of Problem 1 if ||z**! — 2F|| < .

For the convergence of the algorithm we assume the following.

Condition 3.2. The mapping F' : H — H is f—strongly monotone and L—Lipschitz
continuous.

Condition 3.3. For all ¢ € I the mappings S; : H — H are §8;—demicontractive
and demiclosed at zero and the set Q := N;erFix(S;) is nonempty.



2918 P. N. ANH, A. GIBALI, AND N. D. TRUONG

Theorem 3.4. Assume that Conditions 3.2 and 3.3 hold and consider the param-
eters setup ( 3.1). Then, the sequence {x*} generated by Algorithm 3.1 converges
strongly to a unique solution x=* of Problem 1.

Proof. Since F' is f—strongly monotone and L—Lipschitz continuous, we have

1[5 — MNeF ()] — [2* — M F(@)]))? =|1t* — 2*||? — 2\ (F(tF) — F(2*),t" — 2%)
MIF(tF) — F(2¥)|?
<(1 =208+ ALLY)||tF — 2|2

Consequently

(3.4) % = AP ()] — [ = AeF ()] < ollet — 27

where 0y, 1= \/1 — 28+ AZL2. Since (3.2) and (3.3), for every = € H we have

[w* — || =[la* — ap(a” — 2*71) - x|
k—lH

<||* — 2| + aglla* — =
(3.5) <||z* — || + 7.
For each z € , it follows from Step 2 and Lemma 2.5 that
185 = 2|* =|luf, — 2|
T
—H 7]@10 w +7k10Szo(w )_'rH
(3.6) <Jfw® = 21 = Va0 (L = hio — Bio) 1855 (w*) — w2,

Combining Step 3, (3.4), (3.5) and (3.6), we obtain

okt — )| = |[(1 = G + G [ = NP )] -
(1= QI = &) + G [t = AP (#9)] = 27]

<(1= Gl = )|+ G [ = NP ()] - 2 = MF (@)
+ GeMell Pl

<[1 = (1 = )" — 2*|| + GeArl| F(27)]]
<[l — (1 - 5k)]\/Hwk — 212 = Yio (1 = Vhsio — Bio) 1S (W) — wk ||
+ Gk [ F'(27) |

<[1 = (1 = p)]l[w* — 2| + QAR F (27|

<[1 = (1 = S)](J2* — 2¥|| + i) + Gk F (27|

=[1 = (1 = 6)]ll2" — ¥ + [l — G(1 = 6)] + GeAn || F (¥
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Then, using the conditions a € (0,1), 0y := \/1 — 2\ 4+ AL? <1 —aof (3.1) we

get

ka—s—l

— ||

1= Go(1 = )llz™ — 2% || + 71 — (1 — 6k)] + CeAl|F(z%)]]
1 — ag)llz® — 2*|| + 7e(1 — aci) + Geel| F ()|

<[
<(
(1 —aGp)llz® — 2*|| + G [1 — ale + Akl F (%))
(
(

IN

1-— agk + )\kHF(x*)
a

IA

1—ale)||=" — 2*|| + ag

IN

1-— (ILCk)HIk — {E*H + CLCkM
max{l«* — ¥, M}

VANRVAN

IN

maxc{]|o® — ", M)},

where M = sup{w k= 1,2,...} < 400 is deduced from the pa-

rameters setup (3.1). Thus, the sequence {z*} is bounded. Since the condition
limy, 00 7 = 0, (3.5) and (3.6), we deduce that both sequences {w"} and {t*} are
also bounded. Applying the inequality

lz+y|* < |zl +2(y,z +y), Vz,yeH,

for  := [tF — \p F(t*)] — [2* — M F(2*)] and y := — A\ F(2*), we obtain

a*+! — o2 = H(l C G — )+ G [tk CMF () - x*}

(3.7)

‘2
<O =G 2+ |~ wE ) ||
=(1 — G)lI¢*

=P G [ = MF(E) - (87 = MF (@) - MF (@)

2

<= Gl = 2P G 1 = M) - = M)
A (F(a®), o)
ST Gl = I — 2 — 20N (), a4 — %)
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Combining (3.5), (3.6) and (3.7), we obtain
ok = 2|2 <[t = G = DI — | = 20 A (F ("), 2"+ = a)
<[1 = Go(1 = )] [l = 212 = e (1 = Yiio — Bio) 1S () — w2
= 20 A (F (27), " — a7
<11 - G — 22| (I o)+ aglla® — o*1))°
o (1= Vo = Bio) 1810 (") = w¥|2] = 2 A (F (%), 2H+1 = 2)
<01 - e - R (e — o)+ 7))
~ o (1 = Yo — Bio)ISigtw® — w 2] = 26 A (F (%), 241 - 2%)
<01 - e - R (I — o)+ R)°
— Va1 = o = Bia)lISia (w") = wF|2| = 20 A (F ("), 2541 —a%)
=1 - Ge@wB = L) (lla* — 2|7 + 262" — ¥ + ck)
— rio(1 = Voo = Bio) i (10*) = w¥|2] = 26,04 (F (%), 24+

(
<[1 = Gu(2MB — N LA)][|2" — 2*|1 + (@M — MR L*)Tk
(3.8) — Yrsio (1 = Yiio — Bio)[1 — Ce(2AeB — AZL?)][1Sio () — w*|1?,

— %)

o GIU= G2 = AL (2]l2* — 2%l + () 2(F(at), ! —a%)
k' Me(28 — M L?) 3 — A L2
Since {z*} is bounded and (3.1), we have I' := sup{I} : & = 1,2,...} < +oo.
Consequently

24 — 21 <[1 = G20 — AL [l2* — 27 |* + G228 — AFLA)T
(39) ~ o1 = o — Bio) 1 = G2k — ML (wh) — w2
Set ay := ||z* — 2*||2. Let us consider two following cases.
Case 1. There exists kg such that ag1q < ai for all k¥ > kg. Then, limg_, a =
A < 400. Passing the limit (3.9) as k — oo, using limy_,o, (x = 0 and the conditions

(3.1), we obtain limy_, [|Si, (w*) — w*|| = 0. From the condition ~,; € (b,b) C
(0,1 —min{B; : i € I}) for all k € N,i € I, it follows that

0 < bllw* — Si(wh)|| < illw® = Si(w")]| < bllw* — Si (w?)[| = 0.

This implies limy . [|w* — S;(w*)|| = 0 for all i € I. Let {*1} be a subsequence
of {z*} such that

lim inf (F(z*), 8+ — 2*) = lim (F(z*), 2% — 2%).
k—o00 Jj—00
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By the boundedness of {zFi*1}, there exists subsequence {2} such that z*n 1 —

T as h — oo. Since S; is demiclosed at zero for each ¢ € I, we deduce & €
NierFiz(S;). This leads to

lim inf (F(z*), 81 — 2*) = lim (F(2*), zfntt — 2*) = (F(2"),Z — 2*) > 0.
k—oo h— o0

The last inequality is deduced from that x* is a solution of Problem 1. due to the
setup (3.1), (3.8) yields

limsup 'y <0.
k—o0

By Lemma 2.4, we can conclude that z* — z* as k — oo.

Case 2. There does not exist kj such that a1 < ay for all k > k;. So, there
exists an integer ko such that ay, < a,+1. By Lemma 2.6, Maingé introduced a
subsequence {a )} of {ax} which is defined as

7(k) =max{i € N:ky <i<k,a; <aj+1}, Vk>ko.
Then, he showed that
(3.10) T(k) / +00,0 < ap < ary115 Or(k) < ry1, VR 2> ko.
Since {a, )} is decreasing and bounded, there exists the limit limy o0 a1y = M <
+00. By the boundedness of {z7*)}, so there exists a subsequence which weakly

converges to Z. Without loss of generality, we may assume that z™*) — z. From
(3.9) and (3.10), it follows that

Qr(k) < ar(k)+1 — ||xT(k)+1 - ‘T*H2

<1 = Gy @A) B = A2y L) arry + Cogr) @Ar () B — A2y LT
— Yrkio (1 = Yr(kyio — Bio) 1 = Go(ry RAr(i)B = A2y L)1 Sip (™) — ™ B2,
Taking the limit as k¥ — oo and using limy o ar(x) = M, we deduce
lim [|Si, (w™™) — ™| =0,
k—o00
and hence
lim ||S;(w™™)) —w™®|| =0, Viel.
k—o00
Since S; is demiclosed, we get Z € (). By a similar way as the above case, we also
have

(3.11) limsup 'z 1) < 0.

k—o0

From (3.8), it yields
Ar (k) SOr(k)+1
:er(k)-i-l . x*H2
<[1 = Gy e (i) B = Ny L) ar k) + Cr) RAr () B — A2y L)) -

Consequently
0<arm <7k, VEk=ko.
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Combining this and (3.11), we deduce

limsup a, ) =0,
k—o0
and so limg o0 ar(k)+1 = 0. By (3.10), 0 < ap < ar)41 — 0 as k — oco. Which
completes the proof. O

4. NUMERICAL EXPERIMENTS

We start with a numerical example in which we compare our proposed Algorithm
3.1 with the parallel projection algorithm (PPA) introduced by Anh and Hong [1,
Scheme (3.1)] and the hybrid steepest descent algorithm (HSDA) suggested by
Yamada [21, Scheme (23)] where T := S,,S,—1 - -~ S251.

Example 4.1. We use a linear mapping F' : R"™ — R™ defined in the form
F(x) = Qr+q in [4] with ¢ € R™ and Q = BBT + D + E with B is a m x m matrix
with their entries being generated in (0,2), D is a m x m skew-symmetric matrix
with their entries being generated in [—11, 11|, E is a m x m diagonal matrix, whose
diagonal entries are positive in (0, 2). So, @ is positive semidefinite. It is clear that F’
is L—Lipschitz continuous and f—strongly monotone with L := max{t : t € eig(Q)}
and B := min{t : ¢t € eig(Q)}, where the set eig(G) represents all eigenvalues of Q.
Next, we consider the feasible set C and mappings S, So, S3 given as follows:

C:{xERm:ng,eT:cgg},eERm,geR,

Si(x) =2 Vxel,

Sa(x) = Pry(x),A=Cn {:B = (21,20, .., ) €ER™:2; <3 Vi=1,2, ,m} ,
S3(z) = (sin®zy, 1 + @2, &3, .oy ) |

where Pr4 is the metric projection onto A. Then, for each ¢ € I, the mapping
S; : C'— C is nonexpansive.

Test 1. Consider in R3. The matrices B, D, E and the vectors ¢, e and real
number g are chosen:

15 1 0 0 1 05 5 0 0
B=|1 13 125, D= -1 1 —-05[,E=|(0 3 0],
0 1 05 —-0.5 0.5 —-0.8 0 0 12
2 3
g= 1|3 |,e=|-5|,9="T.
—4 10

It is easy to evaluate that
eig(Q) = {5.5817,9.5633, 13.8076},
and hence

L:=max{t:t € eig(Q)} = 13.8076 and  := min{t : ¢t € eig(Q)} = 5.5817.
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The parameters satisfying (3.1) are set as follows:
a = 0.001 € (0,1), Ay = 0.001 + 102 ¢ (0, i—é) — (0,0.0586),

_ 1 _ _k _ 1 1
Gk = 1541 € (01 ik = o757 > 0,7k = @0k+7)2° Thi = 0k

We take 20 = (1,2,0)T, 2! = (1,1,1)7 and the tolerance ¢ = 10~3. The numerical
results are showed in Figure 1 and Table 1.

25

N

o

B

| —*Fk(1)

The value of xk(i)
¥
*

0.5 | x(2)
| —C- x*(3)

0 [ 0000966 6660000006 6660000000

05
0 5 10 15 20 25 30

Iter.(k)

FiGURE 1. Performance of PIPA with Test 1 setting. The approxi-
mate solution is 2* = (0.9371,2.0069, 0.0031).

Problems Ak Ck Tk L Vi, No. Iter. CPU times
1 0.0015 O GORT eI 50 20 0.7344
2 0.001 + ;g;i 1513—&-1 (201@14-7)2 101?—&-1 ﬁ 27 0.8438
3 0.04 + ?}2:; 15k1+1 (20k1+7)2 1OI§+1 ﬁ 57 1.5469
4 0.04 + él(c):i 55k1+1 (20k1+7)2 101§+1 ﬁ 24 0.6719
5 0.04 + 113%_—56 5513+1 (20k1+7)2 1015+1 %Ok- 18 0.5001
6 0.03 + 31?[1;0 51c1+1 (Gk«lw)2 301?+1 111c1+32 101 3,0002
7 0.0013 + 3}2:; 15k1+11 (20k«1+37)2 3k<k|r37 49k1+32 21 0.5469

TABLE 1. Test 1 with different parameters.

Test 2. Consider in R®. Compare the (PIPA) with the (PPA) and the
(HSDA). The stopping criterion of the algorithms is [|z**! — z¥|| < e. Let
e =(1,2,-3,4,—5)7,g = 6, all entries B, D, E and vector ¢ be randomly gener-
ated by using the commands in Matlab B = 2 x rand(5,5); D = skewdec(5,1); E =
3 diag(1 : 5) giving E = (ei;)sx5 where e;; = 0 for all ¢ # j and e; = 3i for all
i€{l,...,5}; ¢ =rand(5,1). The termination criterion is ||z*+! — z¥| < e. Data of
the algorithms are given as follows:

(a) (PPA): oy, :=0.001+ Tlloo foralli eI, e =0,7 =0,y = ﬁ, for all
k € N, the starting point z° = (0,0,0,1,1)T. The tolerance: ¢ = 1073.
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(b) (HSDA): p = 1.65% € (0,%’2) where 5 = min{m : m € eig(Q)} and

L = max{k : k € eig(Q)}. Parameters \, := \/311‘? (k=1,2,...) satisfy the

conditions

Ak — kg1

=0.
Akt1

o
i M =00 A = oo, lim,
The starting point: z° = (0,0,0,1,1)". The tolerance: e = 1072

(¢) (PIPA): Ny = &

1 _ 1 _ k _ 1 o
- mvgk = Tkr1 e = Tokt10 Tk = (@ok+m)20 Thi =

_1
40k+1"

The numerical results are showed in Figure 2 and Table 2.

Starting points: z° = (1,0,0,0,0)", 2! = (0,0,1,1,0)7.

No. Iter. CPU times
Problems | (PPA) (HSDA) (PIPA)| (PPA) (HSDA) (PIPA)
1 114 5918 32 8.9219 154.6094  1.1563
2 174 983 28 14.4688  28.8125 1.0313
3 85 2317 27 6.6563  56.1719 0.9375
4 86 8573 29 6.7344 219.3906  1.1563
5 101 3885 31 10.1250 102.0938  1.0625
6 124 3425 29 11.1719  88.9375 1.0313
7 130 2095 33 11.0938 97.1034 1.2188
8 138 4095 30 11.7344 173.0448 1.2188
9 83 6033 32 7.0313 195.36500 1.4063
10 126 5031 28 9.9688 168.4924  1.0938

Algorithm (PPA)
1 T T

TABLE 2. Comparison results.

Algorithm (HSDA)
1 T T

i

—%— Test1
—H—Test2| 4
—O Test3
—*—Test4

% Test5| |

*--Test 1

—O Test3
—#—Test4

——Test 2|

—*— Test5] |

20

200 400
Iter.(k)

) Algorithm (PIPA)

—%= Test 1
—#—Test 2
—O- Test3
—*—Test4

*-Test 5

i
X

x

%

%

X
\

20
Iter.(k)

40

FIGURE 2. Comparisons of successive iteration difference (||z* —
2F*1|) for 5 random tests (problems).
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4. Image recovery. Problem 2 is a useful mathematical model for many inverse

problems, one of them is signal/image restoration. In this problem, the goal is
to recover an original signal/image z € R® from a noisy observed signal/image
y € R™. Let B be the (linear) blurring operator (i.e., a m X s matrix) and € be a
sample of zero-mean white Gaussian noise with variance 0. It means that p(s) =
N(s|0,02Id), where N(g|u,Y) denotes a multivariate Gaussian density with mean
w and covariance Y, evaluated at g. The image restoration problem is formulated
as:

(4.1) y=DBx+e.

Examples of observation mechanisms which are adequately approximated by (4.1)
are optical or motion blur, tomographic projections, electronic noise, photoelectric
noise, and more. One classical approach for handling (4.1) is the following Least
Absolute Shrinkage and Selection Operator, mainly known as Lasso [16]:

1
(4.2) min {2||y —Bz|2+ Nz|1 : x = (z1, 22, .., x) | € RS} ,

where ||z||i = > ;_; |zx|. Under standard assumption, (4.2) is a special case of
Problem 2.

In this section we consider a special case of Problem 2 which is the image restora-
tion problem ( 4.1). We choose

file) = 3Bz~ yl%, fole) = Al

One can easily verify that fi : R® — R is convex and differentiable and its gradient
of f1is Vfi(x) = (B,Bx — y) which is L := ||B||?>-Lipschitz continuous. Moreover,
fo : R® — R is proper, lower semicontinuous and convex.

Now, choose ¢; € (0,2/L) and mappings S; : R® — R® be defined by S;(z) =
proxﬁgsﬁ(ld — ¢V fi)(z) for all z € R*,i € I. Via the fixed point characterization
of the proximity operator and by choosing F' = 0 in Problem 1, we treat the image
restoration problem ( 4.1) as a common fixed point problem with this nonexpansive
mappings S; (also 0—demicontractive on R®) and then apply Algorithm 3.1 for
solving Problem 2. We call this algorithm the Modified Parallel Inertial Proximal
Algorithm (MPIPA) and its strong convergence follows directly from Theorem 3.4.

All programming is implemented in Matlab R2016a running on a PC with In-
tel(R) Core(TM) i9-9900KS CPU @ 4.00GHz 32.0 GB Ram. The proximal oper-
ators evaluation is computed via the Matlab optimization toolbox (fmincon). The
stopping criterion for all tested algorithms is [|z*+! — 2¥|| <e.

Test 1. We test the convergence of the MPIPA for the image restoration problem
by means of Peak Signal-to-Noise Ratio (PSNR) in decibel (dB) in [17] and Struc-
tural Similarity Index Metric (SSIM) [22]. The parameters oy, Ty, ik, Yk, and (j are
different. The blurring operator is chosen as B := fspecial('gaussian’, [256 256],4).
Let F(z) := 0.7x,e; = 0.1,e2 = 0.3 and e3 = 0.7. Then, we have § = L = 0.7.
Case 1.2. Consider Gaussian blur of filter size with standard deviation ¢ = 4 and
noise 10™%. The values of PSNR (dB) and SSIM for the ”bird ” image corrupted
by Gaussian blur are PSNR = 20.532 dB and SSIM = 0.6803. For all £k =1,2,...,
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the parameters of the IPPA are chosen as follows:
k 1 1 1

— = L= =——, X\ =0,01.
M okt T G2 T e T iokpn w0
The numerical results are showed in Figure 3 and Table 3.
Case 143 Tk Vk,i Ck )‘k: PSNR SSIM CPU time/s
13 T

1 1

U ot Gonr s e 001 281825 09016 3677.0425
0.01 I o= toig 001 313307 0.9615 3402.5581

k 1 T —
o T s i 100 28.9304 09083 3677.7022
08 7 tor i 001 269910 07048 3633.9307

1 1 —
o Tooer 107% 323016 0.9204 35005501

(3k+2)2
1

T =] W N

__k 1
10k+300  (2k+1)°

TABLE 3. Results for the algorithm MPIPA with different parame-
ters and the tolerance error € = 1072.

Original image

Gaussian blur

FIGURE 3. Restoration results of Algorithm MPIPA with different parameters.

Test 2. In this experiment we compare the performances of the MPIPA with
the FBSA (1.2), the FISTA (1.3) and the Fast Viscosity Forward-Backward Al-
gorithm in [12] (shortly FVFBA) by means of PSNR and SSIM. First, we take
a color image of the Halong bay. Then, the blurring operator is chosen as B :=
fspecial('gaussian’, [288 288],13), i.e., size of the original image is 288 x 288 with

standard deviation ¢ = 13. Parameters in each algorithm are chosen as follows:

(i) In the FBSA: A = g for all k = 1,2, -

(ii) In the FISTA: y° = 2%, ¢y = 1.5;
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o — 1015 S -1 — 0.99.
(iii) In the FVFBA: 7, = S5, i = okr k= SotkTT) Br = T
(iv) In the MPIPA: The parameters are chosen as in Test 1.

The comparative results are shown in Figures 4-6.

Original image Gaussian blur

50 100 150 200 250 50 100 150 200 250
FBSA (PSNR=29.0362, SSIM=0.9052) FISTA (PSNR=34.7025, SSIM=0.9305)

50 100 150 200 250
FVFBA (PSNR=35.2280, SSIM=0.9573)

50 100 150 200 250

MPIPA (PSNR=36.0184, SSIM=0.9607) )

FIGURE 4. Restoration results using the different algorithms.
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The value of PSNR(dB)
8 8 8

8
3

0 2 4 6 8 10 12 14 16 18 20
Iter.(k)

FiGURE 5. The PSNR comparison.

o —0- —0- -0 0= O=&=

T ————3

o

085

The value of SSIM

075

—+—rBsa
—o- nsTA

#— FVFBA 1
—— woen

10 12 14 16 18 20
Iter.(k)

F1GURE 6. The SSIM comparison.

Test 3. In this experiment we use the same data as in Test 2 and compare
the previous three algorithms with the PSNR and SSIM quality measurement. We
take the ”flower” image and consider Motion blur B = fspecial("motion’,len,0)
specifying with Motion length 20 pixels (len = 20) and Motion orientation 45°(6 =
45). The results are showed in Figure 7.
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Original image Motion blur

100
150
200

250

50 100 150 50

200 2

FBSA (PSNR=28.3172, SSIM=0.8751)

N A |
=) y

200 1

250

50 100 150 200 250

FVFBA (PSNR=34.1042, SSIM=0.9167)
-4 = < ]

50 100 150 200 250
MPIPA (PSNR=34.8407, SSIM=0.9275)

;|

200 1

250
250

FIGURE 7. Restoration results using the different algorithms.

In the above experiments we tried to illustrate the performances of our scheme
besides its theoretical advantages, one of which is that no projections are com-
puted /approximated. We also decided to present results and comparison for the
image restoration problem since we think that the reader can have an idea on the
practical usage of our scheme.
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