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COMPLEMENTARY RESULTS FOR h—~CONVEX FUNCTIONS
WITH APPLICATIONS

MOHAMMAD SABABHEH, NICUSOR MINCULETE, HAMID REZA MORADI,
AND SHIGERU FURUICHI*

ABSTRACT. In this paper, we present several new properties of h—convex func-
tions in a way that complements those known properties for convex functions.

The obtained results include, but are not limited to, Mercer—type inequali-
ties, gradient inequalities, Jensen—type inequalities, Mean-like bounds, Hermite—-
Hadamard inequalities, external behavior, and super-additive inequalities.

The obtained results, then, are employed to obtain some applications related
to matrix inequalities, including unital positive mappings, weak majorization,
and trace inequalities that generalize the celebrated Klein inequality.

1. INTRODUCTION

In [31], Varosanec introduced the notion of h—convexity. Let I, .J be intervals in
R, [0,1] € J and let h : J — R be a non-negative function, h Z 0. We say that
f I — Ris an h—convex function, if f is non-negative and for all a,b € I and
0 < v <1, we have

(1.1) f((1=v)a+vb)<h(l—v)f(a)+h(v)f(D).

We point out that the original definition in [31] required (0,1) C J. However, we
will need h to be defined on [0, 1], following [23].
For v = %, (1.1) reduces to the following inequality

12) / <“j"> <h (%) ( (@) + 1 ().

Ifo<h (%) < % and f : I — R is a continuous h-convex function, then f is

convex. This follows from Jensen’s theorem [22]. When h(v) = v, the h—convex f
1

becomes convex and positive. For h(t) = ; in (1.1) we say that f is a Godunova—
Levin function [10]. For h(t) = t°, s € (0,1] and t € [0,1] in (1.1) we say that
f :[0,00) = [0,00) is s—convex (in the second sense) function [10]. This concept
was introduced by Breckner [6].

If the inequality in (1.1) is reversed, then f is said to be h—concave.

A function h : J — R is said to be a supermultiplicative function if h(xy) >
h(z)h(y) for all z,y € J with zy € J. A function h : J — R is said to be a

superadditive function if h(x 4+ y) > h(z) + h(y) for all z,y € J with z +y € J.
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In [12], Ighachane and Bouchangour found a result that generalizes another im-
portant result due to Sababheh [26], as follows. If f is a positive h—convex function
for a non—negative supermultiplicative and superadditive function h, then we have

h(ﬂ) _h-v)f@+h@)f () = f(L-v)a+vh)
T h(l=p) fla)+h(p) fO)—f(Q-v)a+rvb)

,u
<h<1—1/)7
< =

where 0 < v < p < 1.

Let wy,...,w, be positive real numbers (n > 2) with > ;w; = 1 and h a
non—negative supermultiplicative function. If f is an h—convex function, then

(1.4) f <Z wm) <Y h(wi) f(a)
=1 =1

for all z1,...,x, € I. This is the Jensen—type inequality for an h—convex function
[31]. We know that Jensen’s classical inequality is the following:

f (Z wwi) <> wif ()
=1 =1

for all z1,...,z, € I, where f is a convex function on /. In [21], Mercer showed an
inequality of Jensen type given by

(1.3)

(L5) f ( - Zwixi> < fla) + F0) = 3 wif (x:)
=1 =1

for all z1,...,x, € [a,b], where f is a convex function on [a, b].

In [28], Sarikaya et al. or Bombardelli and Varosanec [5] proved the Hermite—
Hadamard-Fejér inequalities for an h—convex function. Namely, when f : [a,b] — R
and h is Riemann integrable on [0,1] with & (3) > 0, we obtain the Hermite-
Hadamard inequality for an h—convex function f, as follows

1 a+b 1t !
! (550) <5t [ roa < g so) [

We remark that, if h is a non-negative function such that h(r) > v for any
v € [0,1] and f is a non—negative convex function on I, then f is an h—convex
function on I. If h(rv) < v for any v € [0, 1], then any non-negative function f,
which is hA—convex on [ is a convex function on I.

In [23], Olbrys gave a characterization of h—convex functions under the condition
h(v)+h(l1—v) =1, where v € [0, 1]. In [25], Rostamian Delavar et al. investigated a
characterization of an h—convex function via Hermite-Hadamard inequality related
to the h—convex functions. It is determined under what conditions a function is h—
convex if it satisfies the h—convex version of Hermite-Hadamard inequality. Other
properties of h—convexity are given in [2] and [8]. Recently, in [13], Jin et al. gave
other characterizations of h—convex functions and provided some basic applications.
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We refer the interested reader to [2-5,7,8,11-14, 16-21, 23,25-30] as a list of ref-
erences that treated h—convex functions and other types of convex functions, with
related applications like the Hermite-Hadamard inequality and others.

Our target in this paper is to discuss further properties of h—convex functions in
a way that complements those existing properties and aligns with our knowledge
about convex functions. For example, we will extend the Mercer inequality (1.5) to
the context of h—convex functions as follows:

! (55) 7 (B
<f (a#—b—imm)
=1
<(f(a)+ f<b>>§h<wi> (n(5=2) v (522)) - gmwi)m».

Another interesting result will be the hA—convex version of the well-known gradient
inequality

(1.6) fla) + f'(a)(b—a) < f(b),

valid for the differentiable convex function f : I — R, where a,b € I. Using
the obtained gradient inequality, we will be able to present a Jensen inequality for
h—convex functions that is simpler than (1.4). Many other results will be shown
too.

As applications of the obtained results, we discuss possible matrix versions that
include unital positive mappings, weak majorization, and traces.

2. MAIN RESULTS

In this section, we present our results on h—convex functions. Then, we present
the possible application in the matrix setting.

First, we have the following simple Merer—type inequality that will enable us to
obtain the general form of Mercer—type.

We emphasize that according to the definition of h—convex functions, if f is h—
convex, then f,h > 0 and h is defined on an interval that contains [0, 1].

Lemma 2.1. Let f : [a,b] — [0,00) be an h—convex function, a < x < b and
h (%) > 0. Then

h(lé)f (“;b) ~f@) < fla+b—2)
2.1
o <(n(5=2) + 1 (525)) v@+ s0) - fia)

Proof. Using inequality (1.2) we deduce
(50 = () < (5) Gt o-a 4 o).
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This proves the first desired inequality. For the second inequality, let a+b—x =1y,

so that a + b = = +y. Since a < z < b, there is v = 2 2 € (0,1) such that

x = va+ (1 — v)b, which implies also y = (1 — v)a + vb. Using h-convexity of the
function f, we have

f@) <h (W) fla)+h(1—v)f(b)
and

fly) <h (1 —=v) f(a)+h(v)f(b),
where v € (0,1). Adding the above inequalities, we get the second desired inequality
of the statement. This completes the proof. O

Now we are ready to present the Mercer—type inequality for h—convex functions.

Theorem 2.2. Let f : [a,b] — [0,00) be an h—convex function, where h is a non—
negative super—multiplicative function with h (%) >0. Ifa<z;<bfori=1,...,n
and n > 2, then

' () (ZW’>
<f (a+b—Zwixi>
<t son ncon (0 (525) +1 (5=

for all w; € [0,1], wzth Zi:1 w; = 1.
Proof. In (2.1), let x = ;" ; w;z;. Then we obtain

i/ (137) (B o S

Further, letting = z; in (2.1), we deduce

))- > )G

(2.2) fla+b—ai) < (h(vi) +h(1 = wi)) (f(a) + f(b)) = f(=2),
where v; = l;;_‘zi € (0,1) and z; =via+ (1 — )b, i =1,...,n and n > 2. Thus, we
have

f <a+b—zwixi> =f (sz‘(aer—l‘i))
=1 i=1
< Zh(wi) fla+b—=z) (by (1.4))
< ( Zhwz (i) + h(1 — 1))

—Zhwz (z:)  (by (2.2)).

This completes the proof. Il
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In what follows, we will give a result similar to inequality (1.3), but without
the condition v < pu. We should remark that such results are applied in matrix
inequalities, as seen in [12,26].

Theorem 2.3. Let f : [a,b] — [0,00) be an h-convex function, where h is a super—
multiplicative and super—additive function. Then

h(m) (h () f(a) +h (1= p) f(b) = f(pa+ (1= p)b))
<h@)f(a)+h(1—=v)f ()= f(va+(1-v)d)

<t (h () (@) + R (L= 1) F(6) — F (pat (1 b))
h(37)
where 0 < v, u < 1, m = min{ - M} and M = max{” 1= ”} provided that

h() #0.

Proof. Since m = Inin{ - u} we deduce that v—pm > 0and 1—v—(1—p)m > 0.

Using the following equahty m+ (v —pm)+ (1 —v—(1—p)m) =1 and inequality
(1.4) for three terms (z1 = pa + (1 — p)b, x9 = a, x3 = b), we obtain

B(m) f (ua+ (1 — )b) + h(v — pm) f @) + B(1 — v — (1 — ) £(b)

> f(mpa+ (1 — pb) + (v — pma+ (1 v — (1 — pym)b)

= f(va+ (1 —v)b).
It follows that

h(v) f(a)+h(1—v)f(®)—f(va+ (1 —-v)b)
>h( ) (B () f(a) +h(1—p) f(b)—f(ua+(1—pb))
+ f(a) (h(v) — h(m)h(p) — h(v — pm))
+ f(b) (h(1 —v) = h(m)h(1 —p) = h(1 —v — (1 — u)m)).

But, the function A is a non—negative super—-multiplicative and super—additive func-
tion, so we find

h(v) = h(v —mp +mp) = h(v —mp) + h(mp) = (v —mp) + h(m)h(u).
Similarly, we obtain
B = v) = h(m)h(1 — ) = h(1 = v — (1 = p)m) = 0.
Because, by assumption, the function f is non—negative, we deduce

h(w) f(a)+h(1—=v)f(b)—fvat(1-v)d)
2 h(m) (h(p) f(a)+h(L—p)f®)—f(pat (1 —pb).
v 1—-v

-
the following equality 4 + (1 — %) + (1 — p — —) =1 and mequahty (1.4) for

Further, since M = max{ } we have p — 17 > 0 and 1 — p — =7 > 0. Using
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three terms (x1 = va+ (1 — v)b, x2 = a, x3 = b), we deduce

1—v

h<]\14> f(ya+(1_y)b)+h(u_A’})f(a)m(l—u_ - >f(b)

2f<]\14(1/a+(1—u)b)+ (u—%)aju <1—u— 1]\_/) b>
= f(pa+ (1= p)b).

This means that

#56@ (160 = (57 ) 1) =1 (- 17))
+ 1) <h(1—,u)—h<]\14) h(l—y)—h(l—u— 1}\‘/)).

We know that h is a non—negative super—multiplicative and super—additive function.
Thus, we have

= (a2 ) 2 (o ) () 2 o ) ()

Similarly, we find

1 1—-v
1—p)— — 1—v)— 1—p— > 0.
h(1 —p) h<M>h( V) h( w M)_O
Since the function f is non—negative, we deduce

hi(p) f(a)+h(1—=p)f(b) = f(pa+ (1= p)bd)

Zh<]\1/[> () f (@) + B (1—v) f (5) — f (va+ (1—w)b)).

This completes the proof. O

Remark 2.4. It is easy to see that if ¥ < p in Theorem 2.3, then we have h(m) =
(%) and h() = h(1=2).

o 1—v

The gradient inequality (1.6) has been an important inequality that characterizes
convex functions. We present a possible gradient inequality for h-convex functions
in the following.

Theorem 2.5. Let f : I — [0,00) be a differentiable h—convex function on I, where
h:J 20,1] — R is differentiable at 0 and 1. Then for all a,b € I,

(b—a) f'(a) + 1" (1) f (a) < H'(0) f (D)
and

W' (1) f(b) — (b—a) f(b) < W' (0) f (a)
provided that h(0) = 0 and h (1) = 1. The above inequalities are reversed if f is
h—concave.
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Proof. Tt follows from (1.1) that
flatv(b—a)—h(@A-v)fla) _

v 1%

when v € (0,1). Now, by the assumptions h(0) = 0 and h(1) = 1, one can write
 fatvb-a) —h(-v)f (@)

v—0 14

—hm (f’(a—l—z/( a,))(b—a)—l—h'(l—l/)f(a))
(b
h (v

( ) (b—a)+ 1 (1) f(a)

< tim "W ) = 1 (0) £ (1),

v—0 vV

which completes the proof of the first inequality. In the same way, from (1.1) we
obtain

fla+vb—a))—h)f(® h(l—v

( (b-a)—h@)f®)  h{1-v) f(a),

1—v 1—v

when v € (0,1). Taking the limit for v — 1 above inequality, we deduce the second

inequality of the statement. O

We employ Theorem 2.5 to show a Jensen—type inequality for h—convex functions.
We remark here that the Jensen inequality (1.4) is given for super—multiplicative
functions. In the following, we present Jensen inequality with a possible reverse
without imposing the super—multiplicativity condition on h.

Theorem 2.6. Let f and h be as in Theorem 2.5 and let x1,x9,...,x, € 1. If

w1, W, ..., wy are positive scalars such that Y " | w; =1, then
n n
(1) f (Z wx) <H(0) Y wif (w),
i=1 =1
and

<<Z wiu’ﬂi) <Z w; f’ (%‘)) =) wiif’ (%’)) + 0 (1) wif (2:)
=1 i=1 i=1 i=1

! 0 f (f: wixi> .
=1

Proof. For i =1,...,n, if x; € I, then

(2.3) f'(a) (i —a) + 1 (1) f (a) < 1 (0) f (2:)
for any a € I, thanks to the first inequality from Theorem 2.5. Multiplying (2.3)
by w; (i =1,...,n), then adding over ¢ from 1 to n, we infer that

"(a) (Z wiT; — a> + (1) f(a) <K (0)) wif ().
=1 i
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Letting a = Y " | w;z; in the above inequality yields

n n
W (1) f <Z wil'i) <H(0)) wif (1),
i=1 i=1
which proves the second inequality. For the first inequality, we have

(2.4) bf (z;) — f (z) wi + 0 (1) f (x;) <A (0) f(b),1<i<nm,

due to Theorem 2.5. Multiplying (2.4) by w; (i = 1,...,n), then adding over i from
1 to n, we get

b wif! (w:) = S wif (wi) s + 1 (1) S wif (w5) < W (0) f (5).
i=1 i=1 i=1

Allowing b = """ | w;z; in the above inequality, it makes
((Z wil'z) (Z w; f’ (%’)) = wiif! (l"i)) + 0 (1) wif (x:)
i=1 i=1 i=1 i=1
S h/ (0) f (Z wixi> .
i=1

This completes the proof of the theorem. O

For a,b > 0 and 0 < v < 1, the weighted arithmetic mean is denoted by aV,b,
where aV,b := (1 — v)a + vb. We use the symbols V instead of V;,. We also

introduce the h—quasi-weighted arithmetic mean aVip = h(1 —v)a + h(v)b to
simplify the expressions of our results. We see that VY = V,,.

In the following theorem, we present an integral inequality that extends many
results from the literature.

Theorem 2.7. Let a,b € I such that a,b >0 and 0 <v <1 Let f: I — [0,00) be
an integrable h—convex function and let h : [0,1] — [0,00). Then

ra=varm < ([ rawana) vt ([ 76900 @)
< f(a) /0 R — o) VIR — )yt

1
+ f(b)/o h(t)VEIR(1 — (1 — v)t)dt.

Proof. Since
A—va+vb=(1-v)v(tb+(1—-t)a)+(1-v)a
+v(1—=v)((1—1t)b+ta) + b
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with the definition of h—convex function, we have
1
F(L=v)a+uvb) < h(l—u)/ F(th+(1=t)a) +(1—v)a)dt
/ f(1=v)(1—t)b+ta) +vb)dt
h(l—v / fv(b—a)t+a)dt
y)/o f((1=v)(a—>b)t+b)dt

1 1
=h(l—-v) /0 f(aVyb)dt + h(v) /0 [ (bV(1_pya) dt

Now, using the fact that f is h—convex, and noting the definition of Vi, we can
write

F1=v)at+vh) <h(l —u)/ol (h(t) F () + h (1 —tv) f (a) dt
00 [0 P @+ 0= (=00 )
~ f(a) /01 (h(1 = )AL — vt) + h()R((1 — 1)8)) dt
+ 1) /01 (h(1 = )h(wt) + h)h( — (1 — v)1)) dt.

This completes the proof. O

Remark 2.8.
(i) The right hand side of the inequalities in Theorem 2.7 can be written by

fa)Ri(v) + f(O)Ra(v), (0 <v<1),

Ri(v) = 1Y) /Olyh(t)dwr 1= v) /11 h(t)dt

1—v v

Ry(v) := Pl = v) /OV h(t)dt + hv) /1 h(t)dt.

where

and

v 1—-v
Note that Ri(rv) = 1 — v and Re(v) = v if h(z) := x. Thus, if we take
h(z) := z in Theorem 2.7, then the inequalities in Theorem 2.7 are reduced
to [24, Theorem 2.1]:

f(A=v)a+vb) <Cpyla,b) < (1—-v)f(a) +vf(b),

where

Cy.(a,b) =</ faV,,tbdt> (/ FOV - Vta)dt)
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(i) If we take v := % in Theorem 2.7, then the inequalities are reduced to
1 a+b ! !
S < | f(A=ta+tb)dt < (f(a)+f(b) [ h(t)dt,
2h(3)" \ 2 0 0

which gives the original Hermite-Hadamard inequality for the case h(z) :=
T

Allowing the derivatives, we have the following interesting Hermite-Hadamard
inequality for h—convex functions. When h(x) = =z, this reduces to the original
version of Hermite-Hadamard inequality for convex functions.

Proposition 2.9. Let f : I — [0,00) be a differentiable h—convex function, where
the function h : J — R is differentiable at 0 and 1 with h(0) = 0 and h(1) = 1. If
R'(0),h'(1) > 0, then for all a,b € I,

(1), (a+b 1 * R (0) f (a) + £ (b)
h/(O)f( 2 )Sb—a/af(t)dygh’(l) 2

Proof. 1t follows from the first inequality in Theorem 2.6 that
(2.5) W (@) f(A=v)a+vb) B (0)((1-v)f(a)+vf(b))
for 0 < v < 1. This indicates, by taking integral over 0 < v <1,

1 a
(2.6) % (1)/0 F((1=v)a+vb)dv < I (0) <f<)'£f(b)) |

s (45) <wo (KO,

we conclude, by substituting ¢ and b with (1—v)a+vb and (1—v)b+va, respectively,

a 1
(2.7) h’(l)f< ‘2”’) <i (0)/0 F((L=v)a+vb)dv,

due to

Moreover, since

1

1
; f((l_’/)a‘i‘l/b)dv:/o f((1—=v)b+va)dv.
Therefore, if '(0), /(1) > 0 and using relations (2.6) and (2.7), then we deduce
W), (a+b I W (0) f(a) + f (b)
h’(O)f< 2 )Sb—a/af(t)dygh’(l) 2

as desired. O

We give supplemental inequalities for (2.5).

Lemma 2.10. Let f: I — [0,00) be a differentiable h—convex function, where the
function h : J — R is differentiable at 0 and 1, with h(0) = 0 and h(1) = 1. Then
for all a,b € I,

(2.8) R (1) (1—v) f(a)+R 0)vfd) <h(0)f((1-v)a+vb), (v<DO0)
and
(2.9) R0)(1—v)f(a)+h )vfd) <A ) f((1-v)a+vb), (¥>1).
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Proof. Assume that g > 0. Then by (2.5), we have

h'(l)f(a):h’<1>f(lju<<1+u>a—ub>+ Hﬁﬂb)

< (0) <1iﬂf((1 Fwa— b+ ljjufa»)) |

Then, we prove that

W (1) (14 p) f (a) = B (0) puf () < 1(0) f (1 + ) a — pub).

Putting p := —v with v < 0, we have (2.8). Assume that u < —1. Then by (2.5),
we have
1+

Wb = H(1)S (—; (4 )a — ub) + M“)

< 1) (17 (@ +a =) + L ).
which implies
ph' (1) f(6) = B'(0) (1 + p) f(a) = f (L + p)a—pb)), (< —1).
Putting p := —v with v > 1, we have (2.9). O

Note that we both inequalities (2.8) and (2.9) recover the following inequality for
convex function f:

(1=v)f(a) +vf(b) < f(1 —v)atvb), v¢][01],

when h(z) := x.

When dealing with convex functions, it is interesting to find refinements and
reverses of the existing inequalities. In the following, we present possible refinement
and reverse for the Jensen inequality shown in Theorem 2.6 when n = 2.

Proposition 2.11. Let f : I — [0,00) be a differentiable h—convex function, where
the function h : J — R is differentiable at 0 and 1 with h(0) = 0 and h(1) = 1.
Then for all a,b € I,

W (1) £ (1= v)a+vb)

< K (0) <(1—v)f(a)+vf(b>—27“ (W‘f(a;b»)’

and

(1—V)h’(0)f(a)+uf(b)—2R(h/(o)f(;Hf(b) Y (a—;b))

<h ) f(1-v)a+vd)

(2.10)

where R =max{v,1 —v}, r =min{r,1 —v}, and 0 <v < 1.
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Proof. Let 0 < v < 1/2. In this case, we have by (2.5) that
(1) f((1 —v)a+vb)

:h’(l)f<(1—2y)a+2ya;b>
<) (-2 f @20 (457
=1 (-0 @+ w0 -2 (HOTIE - (220))),

2
The same inequality holds when 1/2 < v < 1. This completes the proof of the first
inequality.
To prove the second inequality, notice that by Lemma 2.10,

(1—v) 1 (0) f (a) + vf (b) — 2R <h' (O)f(;)Jrf(b) W) f (a;b))
=200/ (1) f <a—|-b> (1= 20) K (0) f (a)

<K (0)f((1—v)a+vb)

for 1/2 < v < 1. The same approach shows the inequality (2.10) holds when
0<v<1)2 O

Remark 2.12. From the second inequality in Theorem 2.6, we have for any 0 <
v <1,

(L =v)a+wvb) ((L=v)f (a) +vf (b))
(2.11) — (X =v)af (a) +vbf (b)) + 1 (1) (1 = v) f (a) +vf (b))
<Rk ) f(1-v)a+wvd).

In particular, we deduce

iz WOUOZF@) g <f(a)+f(b)> < h'(0) f <a+ b) :

4 2 2
Taking integral over 0 < v <1, in (2.11), we obtain

() = F@)@=b) <f<>;f<b>> ghl(m/lf((l_wam)dy.
0

6
By (2.12), we also have

1 1
/ 1)/0 f((l—y)a—l—ub)du—i—i/o (20— 1) (b—a)) f' (1 — v) b+ va) dv

—1/0 ((2y—1)(b—a,))f’((1—y)a+yb)du§h’(O)f(a;b).

Proposition 2.13. Let f and h be as in Theorem 2.5 and let x1,29,..., 2, € I,
Y1, Y2, - -y Yn € 1. If wi,wo, ..., wy are positive scalars, then

(2.13) sz T (yi) <K (0 szf (z;) —h’(l)Zwif(yi).
=1
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Proof. If we employ (1.1) for the selection b = x;, a = y; (i = 1,...,n), we may
write

(2.14) F (i) (i — i) + 17 (1) f (i) < B (0) f (25) -
Multiplying (2.14) by w; (i = 1,...,n) and summing over i from 1 to n we may
deduce (2.13). O

Corollary 2.14. Let the assumptions of Proposition 2.18 hold. Let x1 — 1,
T2 — Y2,y Tp — Yn and f(y1), f (y2),- .., f (yn) be both non-decreasing or non-
increasing. If Y 0 wiz; = Y i wiy;, then
n n
W)Y wif (i) < B 0)D wif (x).
i=1 =1
Proof. Chebyshev’s inequality says that

(2.15) WL (Zn: wiai> (Zn: wibi> < (resp. Z)Zn:wzalbZ
™ \i=1 i=1 i=1

provided that a1, as,...,a, and by, b,...,b, are monotonic in the same (resp. op-
posite) sense, W, = > ; w; > 0. We reach

0= WL (Z w; (x; — yi)) (Z w; f' (%)) (Since > wir = sz%)
o\ ;=1 i=1 1=1 i=1
<D wif(y:) (ri — i) (by (2.15))
i=1

<H(0)Y wif (i) — 1 (1) Y _wif (yi) (by Proposition 2.13).
=1 =1

This completes the proof. O
Remark 2.15. Let W, =3 ", w; > 0.
i) fwetakeyy = o= - =y, = > + , wix; /W, , in Proposition 2.13, we get
(i) yi=y Y i1 ; p , we g
LTI R’ (0) n
B (1) f (st o if ().
()f< Tl ;wf(:v)
ii) If wetake x1 =29 = -+ =2, = > - w;y; /Wy, , in Proposition 2.13, we get
=1
i wiyi \ (i wif W)\ i wivif (vi)
W, W, W,
s B (1) n
< h/ O ZZ—I wly’b _ i i)
<H ) (ZE) IS s )

It is well-known that a convex function f : [0, 00) — [0, 00) with f(0) = 0 satisfies
the super—additive behavior

fla+b) = f(a) + f(b).
In the following, we present an interesting super—additive inequality for h—convex
functions.
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Theorem 2.16. Let f : [0,00) — [0,00) be h—convex such that f(0) = 0. Ifa,b >0,

" f(a)+f(b)§<h<a:ib>+h(ab“)>>f(a+b).

Proof. By (1.1), one can write

(2.16) fWh) <h(L=v)f0)+h()f(b)="h()[f(®).
Using (2.16), we reach

=1 (G5 @) <n( 5) v,

Similarly, we find

b
b) <h|—— b).
o =n( ) e
Adding the last two inequalities together shows the desired inequality. U
The inequality (1.1) can be written in the following format

[ (na+wv2b) < h (1) f(a) +h(v2) f (D),

provided that v; 4+ o = 1. In the following result, we present this inequality under
the assumption v + 19 < 1.

Theorem 2.17. Let f : [0,00) — [0,00) be h-convezr such that f(0) = 0, and let
v1,v9 > 0 be such that 11 +vo < 1. If a,b > 0, then

f(u1a+va)§h(z/1+y2)<h< “ >f(a)+h< 2 )f(b)).

v+ 12 v+ 1

Proof. Employing (1.1) two times, we obtain
f (Vla + I/Qb) = f <(V1 + VQ) (

1% 1%}
a—+
V1 + g V1 + 1o

b> + (1= (nn +1/2))~0>

Sh(yl—i—yg)f(mﬁwa—i— mfwb) +h (1= (1 + 1)) £ (0)
:h(u1+u2)f<yl”+1y2a+ Vlfy2b>
< h (v + 1) <h(yllﬁy2> f(a)+h<yllf1/2>f(b)>,

as desired. O

3. MATRIX INEQUALITIES

Let H be a complex Hilbert space, endowed with the inner product (-,-) and as-
sociated norm || -||. Let B(H) denote the C*—algebra of all bounded linear operators
on H, with identity operator I;. We say that an operator T' € B(H) is positive if
(Tz,x) >0 for all z € ‘H, and then we write T' > 0. If a bounded linear operator T’
on H is positive, then there exists a unique positive bounded linear operator denoted
by T%/? such that T = (T"/?)2. Furthermore, the absolute value of T', denoted by
T, is defined by |T'| = (T*T)"/2. We remark that |T| > 0.
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To study the eigenvalues of a Hermitian matrix 7', we use the notation A;(7)
to mean the i-th eigenvalue of T, when written in decreasing order. A way to
compare matrices is given by the Lowner partial order <”. In other words, when
T and S are Hermitian such that 7' < S, we have that \,(T) < A;(S) for all
i € {1,...,n}, which is another perspective to compare between 7" and S. We
remark that the relation \;(7) < X\;(S), for all ¢ € {1,...,n} prove the inequality

Ni(T) < 3P, N(S) for all p € {1,...,n}. The last comparison is what we
call Weak rnaJorlzatlon and is denoted by “-<w”. Thus, if we have T' < S, then
Ai(T) < Ni(S) for all ¢ € {1,...,n}, which then implies T' <,, S. When H is finite
dimensional of dimension n, we identify B(H) with the algebra M, of all n x n
complex matrices.

In the sequel, a positive linear map ® : B(H) — B(#) is a linear map that satisfies
®(T") > 0 whenever T' > 0.

In the following result, we present a possible h-convex version of the celebrated
Jensen inequality that asserts f ((T'xz,x)) < (f(T")z,z) whenever T is a self-adjoint
operator with spectrum in the domain of the convex function f, and where z € H
is a unit vector.

Lemma 3.1. Let f : I — [0,00) be a differentiable h—convex function on an interval
I that contains [0,00), where h : J 2 [0,1] — R is differentiable at 0 and 1. Let
Ty, Ty,...,T, € B(H) be positive operators and let @1, Do, ..., D, be positive linear
map on B(H) such that Y ;| ®; (Iyy) = Iyy. Then for any unit vector x € H,

4! f(<;@i(ﬂ)x,x>> <K (0 <Zq> >

In particular, we have

W (1) f(Tz,z)) < B (0)(f(T) 2, 7).

Proof. By employing functional calculus for the self-adjoint operators T;, we have
from Theorem 2.5 that

Fa) (T — aly) + 1 (1) f (@) Iy < 17 (0) f(T5) -

Applying positive linear maps ®; and adding, it follows that

’a)(Z@(ﬂ)am)M’(l)f( ) Iy < (0 Z@
i=1

Hence for any unit vector = € H,

"(a) <<zn:<1>i(7})x,x>a>+h'(l)f ) < B (0 <Z<1> >
=1

Putting a = (3" | ®; (T;)x, x) in the above inequality, gives the desired result. [

Theorem 3.2. Let f and h be as in Lemma 3.1. Let T1,Ts,...,T, € M, be
positive semidefinite matrices and let @1, Po, ..., P, be positive linear map on M,
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such that 37" | ®; (Ipm,,) = Im,, . Then

A <h’ (1) f (Z o, (n))) <w A <h' 03 @ (f (ﬂ))) .
i=1

=1

Proof. Let A1, Az, ..., A, be the eigenvalues of Y ' | ®; (T;) and let ui,ug,...,uy
be the corresponding orthonormal eigenvectors arranged such that f(A;)>
f(A2)>--->f(A\). Let k=1,...,n. Then using Lemma 3.1, we deduce

k n k n
> (h'(l)f (Z‘I’i (T»)) =Y <<<Z<I> <n>) uu>)

k n
<> K (0) <Z ®; (f (Ti))uj»uj>
k n
=y < <h’ (0)> @i (f (Ti))> uy‘vuy‘>

1=1
k n
<HON (h’ (0)) @ (f (ﬂ-))) ,

where the last inequality follows from the fact that when X € M,, is Hermitian,
one has

k
D ON(X) =sup Y (Xaxj,35),
j=1 j=1
where the supremum is taken over all possible choices of orthonormal vectors
{z1, -+ ,z} C C".
That is, for 1 < k <n,

k n k n
A (h’ (1) f (Z o (m)) <N (h’ 0)> @i (f (T»)).
=1 j=1

i=1 i=1

J
This proves the desired result. O
The following extends an outstanding result about weak majorization under con-

vex functions to the context of h-convex functions. We refer the reader to [3] for
the original version for convex functions.

Theorem 3.3. Let f and h be as in Lemma 3.1. Let A,B € M, be positive
semidefinite matrices and let 0 < v < 1. If b’ (1) > 0, then

A=A+ 0B) <0 (3B -0 7@+ 0 (8).

Proof. Let A1, A2, ..., A\, be the eigenvalues of (1 —v) A+ vB and let uy,us, ..., u,
be the corresponding orthonormal eigenvectors arranged such that f (A1) > f (A2) >
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-+ > f(A\n). Let k=1,...,n. Then, implementing Lemma 3.1,

k
Y N (f(1-v)A+vB))

<.
Il
—

fU((1=v) A+vB)uj, uy))

<
Il
-

I

f (1 =v) (Auj, uj) + v (Buj, uj))

<
Il
—

I I
= 1]~

(h (1 =v) f ((Auj,u5)) + h (V) f ((Buj, u5)))

<
Il
—_

(h(1— ) (f (A)ujyus) +h () (f (B) uj,uj>>)

((FRaa-nr@+r0)1£5))u)))

(h(1—v) f (A) + h(V)f(B))>-

[
Il
-

IN
1~
7N 7 N
x| =
cc
S— | —

<
Il
—

I

|
(]~

>
<.
N
| <
—~|—
= O

<.
Il
-

Thus, for 1 <k <n,

k k ’
SN (=0 A+ wB) < YA () (1= 0) £ (4) 40 ().
J=1 j=1
This completes the proof. O

Proposition 3.4. Let f : I — [0,00) be a differentiable h—convex function on an
interval I, where h: J 2 [0,1] — R is differentiable at 0 and 1, and let A, B € M,,
be Hermitian matrices with spectra in I. If h'(1) > 0, then

W (OTr [f (1 =v)f(A) +vf(B)] <K (O0)Tr[h(1—v)f(A)+h(v)f(B)],
forany 0 <v <1.

.....

vB. Since Sp (1 —v)A+vB) C (1 —v)Sp(A) + vSp(B), where Sp(-) denotes the
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spectrum, we have

W()Tr [f (1 =v)f(A)+vf(B))]
=h(1)Y f((((1=v)A+vB)¢p, ¢r))

k=1
< ST (WM ) f ((Adk, é)) + B (Dh(v) f ({(Béw, 6x)))
k=1
<37 (WO)(L = v)(f (A) bk, dk) + 1 (OVh(w)(f (B) dg, b))
k=1

1'(0) Y ((A(1 = v)f(A) + h(v) f(B)z) b, ér)
k

=1
= h(0)Tr [h(1 —v)f(A)+ h(v)f(B)].

In the first and second inequality, we used (1.1) and Lemma 3.1, respectively, noting
that A/(1) > 0. This completes the proof. O

Remark 3.5. We call the function f a quasi—h—convex, if we have

P (1 =v)a+vb) <1'(0) (h(1 —v)f(a) + h(v)f (b)),

for any 0 < v < 1. Then Proposition 3.4 states that A — Tr[f(A)] is quasi-
h—convex whenever f is h—convex, provided that h is differentiable at 0,1 and
R(1) > 0.

One can show the following proposition by the standard method [9, 14].
Proposition 3.6. Let f : I — [0,00) be a differentiable h—convex function on an

interval I, where h : J 2 [0,1] — R is differentiable at 0 and 1, and let A, B € M,,
be Hermitian matrices with spectra in I. Then

Tr [(B— A)f'(A) + K (1) f(A) - ' (0)f(B)] <0.

The above inequality is reversed if f is h—concave.

Proof. Let A:= 71" A\;jP; and B := 37 | 1;Q; be spectral decompositions. Since
Yo P =370,Q5 = I, PP = 6P and Q;Q; = 0;5Q;, where I, is the
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identity matrix in M,, and ¢;; is Kronecker delta, we have from Theorem 2.5,
Tr[(B—A)f'(A)+ K (1)f(A) - h'(0)f(B)]
=Tr [f'(A) (B~ A)+ 1 (1) f(A) -1 (0) f(B)]

=N TR [P (f(A) (B - A)+ 1 (1) £ (A) — B (0) £ (B)) Q]

i=1 j=1

= " Tr [P (/) (15— Xo) + B (1) F(Ni) = 1'(0) f (115)) Q]

i=1 j=1

=) (g = Xo) F/ () + W (1) f(N) = B (0) f (1)) Tr[P@Q,] <0,

i=1 j=1
because T'r[P;Q;] > 0. O

For the case h(x) := z in Proposition 3.6 is often called Klein inequality [1,
Lemma 9.5]. Proposition 3.6 can be regarded as a generalization of Klein inequality.
We should note that the usual Klein inequality is given for a differentiable convex
function as an opposite inequality.

REFERENCES

[1] R. Alicki and M. Fannes, Quantum Dynamical Systems, Oxford University Press, 2001.

[2] M. W. Alomari, A note on h—convez functions, e-J. Anal. Appl. Math. 2019 (2019), 55-67.

[3] J. S. Aujla and F. C. Silva, Weak majorization inequalities and convex functions, Linear
Algebra Appl. 369 (2003), 217-233.

[4] S.-P. Bai, F. Qi and S.-H. Wang, Some new integral inequalities of Hermite—Hadamard type
for (o, m; p)—convez functions on co—ordinates, J. Appl. Anal. Comput. 6 (2016), 171-178.

[5] M. Bombardelli and S. VaroSanec, Properties of h—convex function related to the Hermite—
Hadamard—Fejés inequalities, Comput. Math. Appl. 58 (2009), 1869-1877.

[6] W. W. Breckner, Stetigkeitsaussagen fir eine Klasse verallgemeinerter konvezer funktionen in
topologischen linearen Rdaumen, Publ. Inst. Math. 23 (1978), 13-20.

[7] P. Chen, and W.-S. Cheung, Hermite—Hadamard inequality for semiconvex functions of rate
(k1,k2) on the coordinates and optimal mass transportation, Rocky mountain J. Math. 50
(2020), 2011-2021.

[8] S.S. Dragomir, Inequalities of Hermite—Hadamard type for h—convex functions on linear spaces,
Proyecciones J. Math. 34 (2015), 323-341.

[9] S. Furuichi, K. Yanagi and K. Kuriyama, Fundamental properties of Tsallis relative entropy,
J. Math. Phys. 45 (2004), 4868-4877.

[10] E. K. Godunova and V. I. Levin, Neravenstva dlja funkcil sirokogo klassa, soderzascego vypuk-
lye, monotonnye I nekotorye drugie vidy funkii, Vycislitel. Mat. i. Fiz. Mezvuzov. Sb. Nauc.
Trudov, MGPI, Moskva (1985), 138—-142.

[11] A. Hassan and A. Khan, Fractional Ostrowski type inequalities via (s,r)—convex functions,
Jordan J. Math. Stat. 15 (2022), 1031-1047.

[12] M. A. Ighachane and M. Bouchangour, New inequalities for (p,h)-convez functions for -
measurable operators, Filomat 37 (2023), 5259-5271.

[13] X. Jin, B. Jin, J. Ruan and X. Ma, Some characterizations of h-convex functions, J. Math.
Inequal. 16 (2022), 751-764.

[14] M. Kian and M. W. Alomari, Improvements of trace inequalities for convez functions, Ann.
Funct. Anal. 13 (2022): article number 64.

[15] M. Latif, Weighted Hermite—Hadamard type inequalities for differentiable GA-convex and ge-
ometrically quasiconver mappings, Rocky Mountain J. Math. 51 (2021), 1899-1908.



2862 M. SABABHEH, N. MINCULETE, H. R. MORADI, AND S. FURUICHI

[16] M. Latif and S. S. Dragomir, Generalization of Hermite—Hadamard type inequalities for n—

times differentiable functions through preinvexity, Georgian Math. J. 23 (2016), 97-104.

[17] M. Latif, S. S. Dragomir and E. Momoniat, Féjer type inequalities for harmonically—convex

functions with applications, J. Appl. Anal. Comput. 7 (2017), 795-813.

[18] W. Li and Q. Xu, On the properties of a certain subclass of close—to—convez functions, J. Appl.

Anal. Comput. 5 (2015), 581-588.

[19] B. Meftah and C. Marrouche, Some new Hermite-Hadamard type inequalities for n-times

log—convex functions, Jordan J. Math. Stat. 14 (2021), 651-669.

[20] N. Mehreen and M. Anwar, Some integral inequalities of (s, p)—convez functions via fractional

integrals, Jordan J. Math. Stat. 14 (2021), 411-435.

[21] A. McD. Mercer, A variant of Jensen’s inequality, J. Ineq. Pure and Appl. Math. 4 (2003):

Paper No. 73.

[22] C. P. Niculescu and L.-E. Persson, Convez Functions and Their Applications, Second edition,

Springer, New York, 2006.

[23] A. Olbrys, Representation theorems for h—convezity, J. Math. Anal. Appl. 426 (2015), 986—

994.

[24] R. Pal, M. Singh, M. S. Moslehian and J. S. Aujla, A new class of operator monotone functions

via operator means, Linear Multilinear Algebra 64 (2016), 2463—2473.

[25] M. Rostamian Delavar, S. S. Dragomir and M. De La Sen, A note on characterization of h—

[2

convex functions via Hermite—-Hadamard type inequality, Probl. Anal. Issues Anal. 8 (2019),
28-36.

] M. Sababheh, Convezity and matriz means, Linear Algebra Appl. 506 (2016), 588-602.
] M. Sababheh, Improved Jensen’s inequality, Math. Inequal. Appl. 20 (2017), 389-403.
] M. Z. Sarikaya, A. Saglam and H. Yildirim, On some Hadamard—type inequalities for h—convex

functions, J. Math. Inequal. 2 (2008), 335-341.

[29] K.-L. Tseng, S. R. Hwang and S. S. Dragomir, Fejér—type inequalities (II), Math. Slovaca 67

(2017), 109-120.

[30] T. Tung, Hermite-Hadamard type inequalities for interval-valued fractional integrals with re-

spect to another function, Math. Slovaca 72 (2022), 1501-1512.

[31] S. Varosanec, On h—convezity, J. Math. Anal. Appl. 326 (2007), 303-311.

M.

Manuscript received November 22, 2023
revised November 24, 202/

SABABHEH

Department of basic sciences, Princess Sumaya University For Technology, Al Jubaiha, Amman
11941, Jordan

N.

E-mail address: sababheh@psut.edu. jo

MINCULETE

Department of Mathematics and Computer Science, Transilvania University of Brasov, Brasov,
500091, Romania

H.

E-mail address: minculeten@yahoo.com

R. MORADI

Department of Mathematics, Mashhad Branch, Islamic Azad University, Mashhad, Iran

S.

FE-mail address: hrmoradi@mshdiau.ac.ir

FuRruicHI

Department of Information Science, College of Humanities and Sciences, Nihon University, Setagaya-

ku,

Tokyo, Japan; and

Department of Mathematics Saveetha School of Engineering, SIMATS Thandalam, Chennai -
602105 Tamilnadu, India

E-mail address: furuichi.shigeru@nihon-u.ac.jp



