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SOFT MEASURES AND THE EXISTENCE OF RENORMALIZED
SOLUTIONS TO BOUNDARY-VALUE PROBLEMS FOR
PARABOLIC PARTIAL DIFFERENTIAL EQUATIONS
INVOLVING VARIABLE EXPONENTIAL OPERATOR AND
GENERAL MEASURE DATA

MYKOLA IVANOVICH YAREMENKO

ABSTRACT. We study properties of variable exponential capacity connected with
variable exponential Laplacian operator; we prove the representation theorem for
measures that vanish on subsets of null capacity. We establish that if bounded
measure p does not charge the subsets of null capacity then the boundary problem
ulyq = 0 for elliptic partial differential equation with the variable exponential
operator
—div (a(z, Vu)) +b () [u]"™2u=p

under modified Leray-Lions conditions has a unique entropy and renormalized
solutions.

1. INTRODUCTION

In this article, we consider boundary problem for a nonlinear elliptic partial
differential equation with the variable exponential operator

—div (a (z, Vu)) +b(z) |u' 2w = F — div (©) = 4,
in the open domain Q C R*, n > 2, where F € L'(Q) and © € (Lq(') (Q))n,

q(x) = pgjm()wll and p € P (Q), b€ L®(), 0<b(x), z € Q and function
a : §x R"— R" satisfies the modified Leray-Lions conditions.

The boundary problems for partial differential equations of this type often arise
in the theory of liquid materials such as electrorheological fluids and highly loading
ceramic or polymeric composite systems, also these mathematical tools often use
to formalize models of signal processing [1,3]. The variable exponential conditions
can be considered as an important generalization of the standard fractional Laplace
operator. We mention some pioneering papers dealing with these kinds of math-
ematical models [3,4,6-8,10,12,16,17,19,21]. If p is constant then we can use
Poincare and Sobolev inequalities, in the general situation X. L. Fan, Q. H. Zhang,
and D. Zhao have proven that the modular Poincare inequality does not hold even
for general continuous variable exponentials so that we employ additional condition
p € P8 (Q) under which Poincare and Sobolev inequalities can be applied.

In order to study problems with the general measure data, we need to generalize
the concept of the solutions to include less regular functions in the pool of possible
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solutions. Entropy and renormalized solutions present two possible ways of such
generalizations [2] authors studied the renormalized solutions in the case when the
exponent p is a constant; in [19] C. Zhang and X. Zhang considered the existence
and uniqueness of renormalized and entropy solutions for nonlinear parabolic par-
tial differential equations with variable Laplacian; in [18] C. Zhang and X. Zhang
proved the existence of unique nonnegative renormalized solution to the fractional
Laplacian problem; the regularity of solutions to in variable spaces were considered
in [2,4-6,10,11,13-15]; in [17] J. X. Yin, J. K. Li, Y. Y. Ke applied the Krasnoselskii
fixed point theorem on the cone to show global regularity of positive solutions to
p (z)-Laplace equation with the good right side, authors also proved the Harnack
inequality and the Liouville theorem.

In the present article, we extend L. Boccardo, D. Giachetti, J. I. Diaz, F. Murat,
C. Zhang, S. Zhou C. Zhang, and S. Zhou results [2,18,19] to consider bound-
ary problem for a nonlinear elliptic partial differential equation with the variable
exponential operator (3.1), (3.2) under the generalized Leray-Lions conditions, we
establish the existence and uniqueness of the renormalized solution in the case p €
P98 (Q). To formulate precise restrictions on the right side of the differential equa-
tion (3.1), we studied the properties of the variable exponential variational capacity,
which is connected with the minimization of the modular function of the gradient or
the norm of variable exponential Sobolev space Wﬁ ((')) (Q) for the functions greater
than one on give set. We establish that the bounded Borelian measure Mg (2) does
not charge zero capacity sets if and only if u € L' (Q) + Wf(l') (©), namely if there
are two elements F € L' (Q) © € (Lq(') (Q))n such that p = f — div(©). This
paper’s main result is the existence and uniqueness of the renormalized solution to

a boundary problem for a nonlinear elliptic partial differential equation with the
variable exponential operator with general integrable data.

2. SOME PRELIMINARY INFORMATION

We assume Q C R"™ is a bounded domain, p € P (Q), and denote p,, =
infyeqp () and pg = sup,cqp (). We define a modular function by

(2.1) oy () = [ @) da.
The norm ||-|[ 1p() () of variable exponent Lebesgue space LP0) (Q) is given by

(2.2) lll o s = inf {on (5) <1}

Definition 2.1. A Banach space Wf(') (Q) consists of all elements u of LP() (Q)
such that |Vu| € LP0) () and is equipped with the norm

(2.3) lllype) gy = Nl pocr ) + 1Vl Loty (@) -

The Sobolev space Wi(') () is the closure of C§°(€2) in the norm of Wf(') (Q)
such that embedding W7 ) (Q) — LP1) (Q) is continuous. The dual Sobolev space
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(Wf(')(Q))* is Wz(l') (©) equipped with the norm

fiu
(2.0 [l = s il
u e Wf(') (), WP (@)
u#0
where q(z) = p(px()mzl for all x € Q.
For pg < oo, we have inequalities
(2.5) min {[Jull o "™ ull oo P9} < ppey (w) < max{|[ull ooy P75 flull oo P53

for all u € LPO) (Q).

Theorem 2.2 (Poincare inequality). Let variable exponent p belong to P8 ().
Then, the inequality

(2.6) [ull o) < const (n, p) diam (2) [|Vul| L)
holds for all elements u € Wﬁ(g (Q).

To deal with renormalized solutions to elliptic partial differential equations, we
introduce some formal definitions, which are similar to J. Heinonen, T. Kilpelainen,
and O. Martio.

Definition 2.3. An elliptic variable exponential capacity of a compact subset K
of Q is defined by

(2.7) Capyy (K) = inf {pyy (Vu) : ue C(Q), u> 1k}

and an elliptic variable exponential capacity of a Borelian subset B of € is defined
by

(2.8)  Capy) (B) = sup {Capp(,) (K), K is compact in Q, KC B} )

The elliptic variable exponential capacity of a Borelian subset B of €2 can be
calculated as

- p(:) Cap <ap
(2.9) Cappy (B) =1inf ¢ ppy (Vu), u € Wiy () : w=1on B, u>00nQ¢,

where =¢® means equality Cap,()-quasi everywhere.

Proposition 2.4. The elliptic variable exponential capacity set function E +—
Capy(.y (E) for all Borelian subsets ' C §) has the properties:

1) assume Ey C Ey then Capyy (E1) < Capyy (E2);
2) assume sets K1 and Ko are compact then the

(2.10) Capy(, (K1 UKs) + Capy (K1NKy) < Capy, (K1) + Capy. (K3);
3) assume B =\J,_;  Ej then

(2.11) Capyy (B) < Y Capyy (Ej).
j=1

Proof. Statement 1) is obvious. g
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Let K1 and Ko be compact sets. We denote a functional set
W(EK)={ueC°(Q) : u>l1g},
and assume u € W (K7) and v € W (K7) then we have
Pp(y (Vmax {u, v}) + ppey (Vmin{u, v}) = ppey (v) + ppy (v) -

The functions min {u, v} and max {u, v} are admissible for condensers K; U K>
and K7 N K9 so we obtain

Capy(y (K1 U K2) + Capyiy (K1 N K2) < pyy (u) + ppy (v)
and
C'app(.) (K1 U KQ) + Capp(_) (K1 N Kg) < i%f (pp(.) (u)) + ilgf (pp(_) (’U))
= Capp(.) (Ky) + C(Ipp(,) (K3).
Let K, D and F be a compact subsets of € such that K C D then
Capp(_) (DUF)+ Capp(_) (K) < Capp(,) (DU(KUF))+ Capp(_) (DN (KUF))
< Capp(,) (D) + Capp(.) (KUF)
SO
Capp(_) (D U F) — Capp(,) (K U F) < Capp(,) (D) — Capp(_) (K) .
By induction, we have
Capyir (U Dj)=Cany (U Kj) < D2 (Capypy (D)) = Capyy (K)))
ij=1,....m Jj=1,....,m j=1,...m
Assume F; and F}j are open sets. Assume szl,m,m E; O D and F; D K; are com-
pact sets such that (J;_; ,, K; DD, then compact set Dj=D\U .. _;  KiC

b4

E; contains K; and D = Uk:l,...,m Dy,. Therefore, for open sets E;, we have
Cappr( U By) = Canyy (U Fi) < D2 (Capyy (B) = Capy, ()
7j=1,....m 7j=1,....m 7j=1,....m

Fj) < 00. Thus, for sets Ej
Fj) < 00, we conclude

where F; C E;, j=1,...,m and C'app(.)(Uj:Lm,m
such that F; C Ej, j=1,...,m and Capp(A)(U

1=1,....m
Capy (U Bi) =Cary (U B) £ D (Capye (By) = Capyy ().
Jj=1,....m Jj=1,....m 7j=1,....m

So, we have

Capp(-)< U EJ’)S Z Capy() (Ej) -
Jj=1,....m

7j=1,....m
Proceeding as above, we can pass to the limit as m approaches infinity and obtain

Capy(y (E) < > Capyy (Ey).
j=1

Let Mp (€2) be the space of all bounded measures on the Borelian o-algebra of
subsets of ) and Mg (©2) be the subset of all non-negative measures of Mp (£2).
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Definition 2.5. A set My (Q2) consists of all measures y € Mp (2) such that u (E)
0 for all subsets £/ C €2 such that Cap,.) (F) = 0. Non-negative measures of M (2)
is denoted by M ().

Proposition 2.6. Let Capy.y (E) = 0 then mes (E) = 0.

Proof. Assume Cap,.) (E) = 0 then for each ¢ > 0 there is an open neighborhood
O of E such that Cap,.) (O) < e. We find a compact set K and a function v €
W(K)={ueC(Q) : wu>1g} such that

Pp() (Vu) < Capp(,) (K)+¢e < 2e.
Since p € P°8 () we can employ the Poincare inequality and obtain
mes (K) < pyy (1) < clog (p) diam () pp(.) (Vu) < clog (p) diam (Q2) e

since mes (0) < ciog (p) diam () e, we conclude mes (E) = 0, which proves the
proposition. O

Remark. Some demands of the general variable exponential regularity are neces-
sary. For general variable exponential functions, the statement of Proposition 2.6
does not hold hence the Poincare inequality fails.

Theorem 2.7. Let p € Mp () then for u € My () it necessary and sufficient that
pe L Q)+ wi ().

Proof. From p € L' () + W) (Q) straightforwardly follows 1 € Mg ().

Applying arguments of the Hahn decomposition theorem, we can assume that
 is a positive measure. Assume p € My (€2) then there are a positive Borel mea-
surable function ¢ € L' (Q, n) and a positive measure 7 in Wf(i) (©). We take
a sequence {K;} C 2% of compact sets K; C € such that U; K; = Q, we de-
note g; = T} (1/11 Kj) 1, where the truncation operator 7;, : R — R given
Tj(s) = max{—j, min{j, s}}, j >0 and for all s € R. We put pp = fip and
1y = ftj — fj—1 so that p =37,y pj € Mp (Q) since 3 ey HMHMB(Q) < 0.

q(-) QO
We denote a sequence of mollifiers {#;} such that 6; % i, —>;V_;;o( ),um. We
So, we can write fim = (0; * pn) + (ftm — 0 * fim) = frn+gm so that g =3,y g5 €
Wg(i) (Q). We have f = > .y fj € L' (Q) since [y = 105 % tmll 1) <
I ,uj||MB @ Therefore, we obtain the decomposition u = f + g, which proves the
theorem. O

choose j a large enough so that 6%, € C§° () and ||6; * pm

Theorem 2.8. Let u be a nonnegative Radon measure on ). Then, there ex-

ist elements po € Wg(l') (Q), F € L'(Q) and a positive measure ps such that
2 (E) = p(ENN) for all p-measurable sets E and for some Borel sets N such
that Capy.) (N)=0.

Proof. Each o -finite measure [i can be presented in the form i = fig + ji1, where
fip € My (Q) and fi; such that fi; (E) = i (E N N) for all y-measurable sets E and
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for some Borel sets N such that Capy,. (N) = 0. Indeed, assuming that the measure
b is finite, then we denote

a=sup {u(N) : Capyy(N) =0} < oc.

Let {E;} be an increasing sequence of Borelian sets E; such that Capy.)(E})
= 0 and limj ,oofi(E;) = a. We obtain J;cy Ej is Borelian set such that
Capyy(Ujen Ej) = 0 and i(Ujey Bj) = o We have M(E\U]EN ;) = 0 for
all Borelian sets I such that i(E) = 0. We define measures fip = 1o\ Ujen E; b and
1 = 1U],€N E; b, where we can assume N = U ien Ej The application of Theorem
2.2 proves Theorem 2.7. U

3. FORMALIZATION OF THE BOUNDARY ELLIPTIC PROBLEM

We consider an elliptic partial differential equation with variable exponent in the
form

(3.1) —div (a (z, Vu)) +b(z) [u]"@2u =y,

(3:2) ulyg =0,

where z € Q, Q C R", n > 3 is a smooth domain, and the measure y does not
charge sets of null capacity, and 0 < v(x) < p(x). Assume p € P (Q), pg < oc.
We assume that the structural coeflicients satisfy the Leray-Lions type conditions:
1) a function @ : Q2 x R™ — R™ such that a (-, £) is measurable in €2 for each
€€ R"and a(x, -)is continuous on R" for almost every x in €
2) a(x, )E>v|EfP @) for all ¢ € R™ with some constants v > pyp;
3) la(z, €] <a\€|”)) +on (2);

4) (a(z, &) —a( ) (61— &) >0
hold for almost all z € €, and for all &1, & € R™, & # &, with some

constants v > p,, a > 0, and positive function oy € L) (Q).

4. ENTROPY AND RENORMALIZED SOLUTIONS

First, we generalized notions of the gradient and weak solutions to partial differ-
ential equations.

Definition 4.1. We assume 7} (u) € Wﬁ ((')) (Q), j > 0 for an almost everywhere
finite measurable function w. Then, the gradient Vu : € — R" of u is defined by
(4.1) VT (u) = Lijuj<jyVu

almost everywhere in 2 and for each j > 0.

Such a gradient operator is uniquely defined if we presume the standard almost
everywhere equivalence argument.

Definition 4.2. Let € Mp (©2). A function u is called an entropy solution to the
problem (2.1), (2.2) if

1) Ty (w) e Wi (), j > 0and [u™ ™" € L0 (0) for g (z) = 7
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2) the identity

/ a(z, VT (u)) VT; (u— ¢) dx + / b|u" 2Ty (u — ¢) da
(4.2) @ @

:/FT] (u—qﬁ)dﬂ:—I—/ OVTj (u— ¢)dx

Q Q

holds for all ¢ € CgF (2), where the given measure u € Mp () is presented
in the form p = F — div (©) where F' € L' (Q) and © € (LI) (Q))n
Definition 4.3. Let p € Mp (€2). A function u is called a renormalized solution to
the problem (2.1), (2.2) if

1) Tj (u) € WG (@), 5> 0and [Vu™ " € L90(Q) for g (2) = 2

(4.3) lim a(z, Vu) Vudzx =0
17700 J{j<|u|<j+1}
and
(4.4) b PO | € Ll (9);
2) for all functions h € W' *° (R) with compact supports, the identity

/a(x, Vu) h(u) Vqﬁd:):—i—/ a(x, Vu)h' (u) pdz
Q

Q
(4.5) +/Qb|u|7(w)_2 uh (u) ¢pdx

= / oh (u) Fdx + / OV (¢h (u)) dz
Q Q
holds for all ¢ € C& ().

5. PROOF OF EXISTENCE AND UNIQUENESS OF ENTROPY AND RENORMALIZED
SOLUTIONS

We are going to show the existence and uniqueness of entropy and renormalized
solutions to the elliptic partial differential equations with a variable exponential
elliptic operator.

Theorem 5.1. Let variable exponent p belong to P'°8 (Q). Let measure u € Mp ()
does not charge sets of null capacity. Then, there exists a uniquely defined entropy
solution u to the problem (12), (13) under the conditions 1) — 4).

Proof. The existence of an entropy solution can be proven by considering the ap-
proximating problems and obtaining a solution to the problem (3.1), and (3.2) as
the limit of solutions of approximate problems, the existence of a solution to ap-
proximate Dirichlet problems follows from the variational method.

We consider the sequence of the approximations of (3.1), and (3.2) by problems

—div (a (z, Vug)) + b (2) |up] "2 up = F — div (0}),
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L'(Q)
k—o0

where sequences {F} C C& () and {O;} C (CF (Q))" such that Fj, —

(LQ(‘)(Q))R
Ok — oo © and ”FkHLl(Q) < HFHLl(Q)’ Pa() (Ok) < pg() (©).

Applying variational methods, we establish the existence of a unique weak so-
lution uy, € Wﬁ (8 (©) to each problem indexed by k € N. All these solutions are

F,

entropy solutions. We are going to show that a subsequence {ux} C Wi @ (Q)
converges to an entropy solution to the problem (3.1), (3.2).

For each fixed j, a sequence {Tj (u;), k€ N} is bounded in Wﬂ(') (©)-norm
since we take the test function T} (u;) and apply the definition of the gradient,
structural coefficients conditions, and Young’s inequality, we estimate

vpp() (VT (ug)) < /ﬂFkT] (ug) dx + /Q O, VT (uy) dz

< I1Fl o) + Ppe) (W) T Pa) <q@(k)>

since v > p,, we obtain
—1\—1 . @k
oot (VT () < (v = pm ™) (y 1Fell oy + Pac) (q()>) |
So, there exists a subsequence {ukj} of {ukjfl} and a sequence of functions
{w;} ¢ L) (Q) such that |w;| < j and T} (ug?) 0@
Lq(')(Q) '

k—o00
subsequence {uz} as ug = ui” for all k € N. Thus, we obtain T (ug) —p oo~ Wy
for all indices j. Since for all indices m, j such that j < m we have T (T,ux) =
Tjuy, we deduce

wj. We can reindex the

Jim Ty (T () = T (w) = i T (i) = ;.

We define a function u by u (z) = w; (z) forallz € {j — 1 < |w; (z)| < j,j € N}
and u (x) = 0 on a negligible set. For this function u, the identity 7} (u) = w; holds
for all j € N.

In the definition of an entropy solution, we take a test function ¢ equal 0 and
obtain

/a(m, VT (u)) VT (u) dx—i—/ b |uf"@)~2 uTj (u) dx
Q Q

_ /Q FT (u) de + /Q OVT (u) da,

applying the Young inequality, we obtain

ooty (VT3 (1)) < (v = p=) " (j 1l + Pty (q@()» (R, ©).

Employing Sobolev’s embedding lemma and set equality {j < |u|} = {j <|T} (u)|},
we conclude the following estimate

mes{zx € Q : j<|u(x)|} <const(p, F, @)jprn(p;}*l).
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Since Tj (ux,) € L0 (Q), k€ N the estimate

lim supmes {z € Q : |u; (x) —w; (z)| > e} < const (p, F, @)jpfn(p,;l,l)

i, [—o0
holds for all j € N thus passing to the limit as j — co we deduce

lim supmes{x € Q@ :  |u; (x) —w (x)] >} =0.

i, [—o0

a.e. in

k—o0 .

Therefore, we can choose a convergent subsequence {uy} such that u; —
We define

vk = Toj (u, = T (ur) + T (ug) = Tj ()

for all j € N and for all m > j. Then, we choose d = 45 + m and obtain Vv, = 0
for |ug| > j, we take a test function vi and have

/a(:c, VTy(ug)) Vvkdx—i—/ b\ukW(x)_z upvEdr = / Fkvkd:c—i—/ O, Vurdz.
Q Q Q Q
We split the integral on the left-hand side into two
/Q a (e, VT () V (Toy (g — T () + T (ug) — T () de
> /Q o (. VT (u)) V (T (ug) — T (w) dc
- / la (. VT3 (u)| VT ()| de
{lug|>5}
so that we obtain
| (@t VT () = a o VI 0) (T () = T () d
< / la (2, VT (up)| VT ()| de
{Juel>5}
- /Q o (. VT (ur)) V (T (ug) — T () da
+ /QFkT2j (wp — T (ug) + Tj (ug) — Tj (u)) do
+ / 0, VTy; (ug — T (ug) + T; (ug) — T; (u)) dz
0
= [ Bl T (= T () T (1) = T ) e

We take m = m (¢) sufficiently large, since |a (z, VT, (uz))| € LI (Q) and

ot [VT; ()] —E" @0 wj e N we obtain

lim la(x, VT4 (ug))| VT (u)| dx = 0.

k=00 J{jug | >4}
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Next, we put v, = To; (ur, — Tin (ug)) and obtain
/Q a (2, VT () V (Toy (g — Ty (ur))) d
+ / b ’Uk’fY(x)72 ’LLkTQj (uk - Tm (uk)) dx
Q

= / FkTQj (uk — Tm (uk)) dxr + / @kV (ng (uk — Tm (uk))) dx
Q Q
repeating the previous calculation, we deduce
19 T = T ()P i < 25 41)

with positive constant ¢; independent on m. Since

weakly Wﬁ(d) ()
—

Toj (up — T (ug)) Tyj (u = T (u))

k—o00
we have
/ IV (T (u = T ()P dar < 1 (25 + 1)
Q
S0
10119 (1w Tl < es) [ e
. {luf>m}
therefore,

lim OV (Tz; (u — Try, (u))) dz = 0.

m—r0o0 Q

By the Lebesgue theorem, we get

lim / FTy; (u = Ty (u) do = 0
Q

m—0o0

and the inequality
/ FTyj (u— T (u)) do + / OV (Tyj (u— Ty (u)) dz < e
Q Q

holds for all large enough m = m ().
Since
weakly Wﬁg)(Q)
Taj (u = Ton (u) + T (ur) = Tj (u)) — Toj (u = T (u))

k—o0

we conclude
| (@l VT, ) = a o VT () V(T () = T () d
< / FTy; (u— Ty (u)) da +/ OV Ty, (u— T (u)) dz <
for all large enougﬂh k thus )

lim | (a(e, VT () — a (e, VT; () V (T} (ug) — T (u) dz = 0.

k—oo J
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(LP(‘)(Q))”

By the Vitali theorem, we conclude Vup—

wiG @)
Tj (ug) — o Tj(u) holds for each j € N.
Thus, we have obtained

Vu, thus the limit

a.e. in
Uk —
k—o0

7y VIO
i (ug) P (u) -
Finally, in
—div (a (z, Vug)) + b (2) |up] "D 2wy = F, — div (0})
we take a test function wy = T} (ux, — ¢) for j € N with ¢ € Wﬁ(') (Q) N L*®(Q)
then we can choose s = j + [¢[| (), & > s and obtain

/ a(z, Vug) VT (uy — ¢)dx = / a(z, VT (ug)) VT (up — ¢) dx
Q Q

so that
[ a@ VI @) VT (= ) e+ [ bl T (ux — ¢) da
- /QFk:/y (ux — §) da +/QekV<Tj (ux — 0)) d
passing to the limit as k goes to infinity, we deduce
/Qa (z, Vu) V (Tj (u — ¢)) dx + /Q b|u" 72Ty (u— ¢) da
— [ Friu-s)de s [ 0V (T - 0)da

for all ¢ € WG (2) N L (Q) and all j € N. O

The uniqueness can be shown from the definition of the entropy solution. Let
us assume that there are two entropy solutions u and w then we take test functions
T (w) and T}, (u), respectively, and obtain

/ _a(z, Vu) VT (u— T (w)) da
{lu=Tm (w)|<j}
_|_/ ' a(z, Vw) VT (w — Ty, (u)) dx
{lw—Tm (u)|<j}
U (x)—2u_ (u— w)) dx
_‘_/Q (b|w\7($)_2w _ F) Tj (w — Ty, (w)) dz
:/@VTj (u—Tm(w))der/@VTj (w =Ty, (u)) dx
Q Q
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We have

/ a(x, Vu) VT (u — Ty, (w)) dx
{lu—Tm (w)|<s}

a(z, Vu)V (u —w)dx

/{IUISm}ﬂ{Iu—wISJ} lw|<m}

—/ a(x, Vu) Vwdx
{lul>min{lu—w|<j, |w|<m}

and

/ a(z, Vw) VT (w —Tp, (u)) dx
{lw—="Tm (u)|<j}

/ a(z, Vw)V (w —u)dx
{lwlsmin{lu—w|<j,  |u|<m}

—/ a(z, Vw) Vudz.
{lwi>min{lu—w|<j,  |ul<m}

By the Holder inequality, we estimate

/ a(z, Vu) Vwdz
{lul>m}n{lu—w|<j, |w|<m}

<

/ )a|Vu]p(x)71+a1 (x)‘ |\Vw| dz
{lul>mIn{ju—w|<j, |w|<m}

< kol (||a1|qu(.)(Q) +[Ivup@-1]

Lq0(9n<htgm+jh> IVeliro gnes<iutzm)

and

/ a(x, Vw) Vudx
{lwl>min{lu—w|<j, |u|<m}

< / ‘a V@t 4 ay (x)’ |Vu| dx
{lw[>m}n{|lu—w|<j,  |u|<m}

< kol (HalHLqM(m +|[ivwre (el m) IVl o (st <my) -
We have
/ Vo) de < (v =) (1A + o (55 ) )
{m<|p|<m-+j} q(-)

for each entropy solution 1.
Thus, we obtain

lim a(z, Vu)V (u — Tp, (w)) dz

M0 J{ lu—Tym (w)|<j}

:/ a(xz, Vu)V (u —w) dx
{lu—w|<j}
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and

lim a(z, Vw) VT (w — Ty, (u)) dx

0 S {|w—Tom (w)|<5}
= / a(z, Vw) VTj (u — w) dx.
{lu—w|<j}
Since
Tj (u = Tn (w)) + Tj (w = T (u)) = 0

in {[u] < m, | < m} we get

/Q F (2) (T (u = Ty (w)) + T (w0 — Ty () dt

< krolj (/ | (z)] dz +/ | ()] dw) :
{lul>m} {leo|>m}

The measures mes {|u| > m} and mes {|w| > m} approach zero as m approaches
infinity so that

/ a(z, Vu) —a(x, Vw)V (u —w)dr =0
{lu—w|<j}

for all j € N, therefore, we deduce Vu=%¢ ™ V.
Since p € P'°8 () we employ the Poincare inequality and conclude

15 (0 — w)l| oy < const [ VT (u = )] oy = 0

for all j € N, therefore, we deduce u=%¢ ™ 4 thus the entropy solutions u

and w coincide.

Theorem 5.2. Let variable exponent p belong to P'°8 (Q). Let measure i € Mp ()
does not charge sets of null capacity. Then, there exists a unique renormalized
solution u to the problem (3.1), (3.2) under the conditions 1) — 4), which coincides
with the entropy solution.

Proof. Let a function u be an entropy solution to (3.1), (3.2) then T} (u) € Wﬁ(') Q)
for all j € N and

lim IVulP® dz =0
37200 J{j<|u|<j+1}

since

1// IVulP®) d
{7<u|<i+1}
WU|P(1") ‘@‘Q(ﬂﬁ)

g/ Fd:c+/ d:c+/ dx
Gi<lul} G<lu<i+y P() G<hu<ity 4()
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Let {ui} C Wﬁ (b) (©) be a proximation sequence as in the proving of Theorem

10 (9]
5.1 then T} (ug) —>Zﬁ>go( )Tj (u) for all j € N. Let h € W1 > (R) with compact

support on [—M,  M] for some positive number M. For all ¢ € CZF (), we write
/ a(x, Vug)h (u) Vodr
Q
+ [ e, Vug) () ddo+ [ bl O ugh () 6o
Q Q

:/¢h (uk)de$+/ O,V (oh (uy)) dx
Q Q

Since
h(ug)a(x, Vug) = h(ug)a(x, VI (ug)),
h(u)a(z, VI (u) = h(u)a(z, Vu),
B (ug)a (z, Vug) = b (ug) a(z, VT (ug)),
K (w)a(z, VT () = B (u)a(z, Va)
and
ae. in Q
Uk k—o0
WG (@)
T; (u) kjo j(u),

Q)

VT (ug) [P 2 VT () VT (u) P2 VT (u)

we conclude

(Lq(')(Q))"
h(ug)a(x, VTa (ug)) — h(u)a(x, VI (u)),

k—o0

(Q)

W (ug) a (e, VTar () —3 B () a (2, VT (w)

and

h(ug)a(x, Vug) (th)ig))" h(u)a(z, Vu),

k—o0

)

b (ug) a (z, Vuk)k B (u)a(x, Vu).

Therefore, we deduce

a(x, Vu)h(u T a(x, Vu) b (u) pdx ul"® 2 uh (u) dda
[ ate ont)Vods+ [ ate, Tuyn wyods + [ bl un () od
- / oh (u) Pz + / OV (6h (u)) dz
Q Q

The uniqueness can be proven similar to the previous theorem. Theorem 5.2 is
proven. O
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