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TWO-STEP INERTIAL ALGORITHMS FOR SOLVING SPLIT
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ABSTRACT. In this paper, we consider general inertial algorithms for finding a
common solution of split feasibility problem and fixed point problem of a k-
strictly pseudocontractive mapping in real Hilbert spaces. We construct two
inertial steps to accelerate the convergence of the algorithms with Armijo-like
step size rule. We also prove the weak and strong convergence theorems of these
algorithms under some mild conditions without prior knowledge of the Lipschitz
constant of the cost mappings. In addition, we provide numerical experiments
to illustrate the efficiency and advantage of the proposed method compared with
other recent methods in the literature.

1. INTRODUCTION

Let H be a real Hilbert space with inner product (-,-) and induced norm || - ||,
respectively, and let C' and () be nonempty closed convex subsets of H. The split
feasibility problem (SFP) was first proposed by Censor and Elfving [9] in 1994. Since
then, it has attracted much attention due to its applications in image reconstruction,
intensity modulated radiation therapy, etc, see [7,10,11]. The SFP is formulated as
follows: find a point z* € H with the property:

(1.1) ¥ eC and Azx*€Q,

where A : H — H is a bounded linear operator. The solution set of SFP (1.1) is
denoted by S. It is found that the CQ algorithm proposed in [6] is the most effective
algorithm to solve SFP (1.1), the iterative process of which is defined as

(1.2) Tnt1 = Po(zn, — NA*(I — Pg)Azy,), n >0,

where the step size A is chosen in the open interval (O, W), Pc and Pg are metric

projections onto C' and (@), respectively, A* is the adjoint operator of A. If Po
and Pg have closed form expressions, such as C' and @ are half spaces or closed
balls, then the algorithm is easier to implement. If there is no such situation, the
implementation of the algorithm needs a lot of complicated calculation processes,
although the performance of the algorithm can be proved in theory. Furthermore,
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the choice of step size depends on the operator norm, which is not always an easy
task.
In what follows, we define the convex objective function f by

(13) f(#) = I~ Po)Aal?, ze B,

where I is the identity operator. Then f is differentiable and has a Lipschitz gradient
given by

(1.4) Vf(x)=A"(I— Py)Az, x¢€ H.

It turns out that the CQ algorithm (1.2) can be written in the form of a gradient
projection algorithm

Tn+1l = PC(xn - )\nvf(-rn))a n > 0,

where A, € (0, 2) and L = ||A||? is the Lipschitz constant of V.

Qu and Xiu [29] introduced Armijo-line searches in Euclidean spaces to solve SFP
(1.1) by modifying the relaxed CQ algorithm. Thereafter, Yang [19] extended it to
Hilbert spaces as follows

15 Yn = P@n(xn — MV fn(2n)),
(15) Tntl = Pan(xn = A Vin(yn)), VYn=>1,

where A\, = I, with v > 0, [ € (0,1), p € (0,1), and m,, being the smallest
nonnegative integer such that

(1.6) AV fl@n) = Vi (yn)ll < pllzn — ynll-

Here C,, and @, are defined by C,, = {z € H | c(an) + (&n, @ — ) < 0}, with
&n € Oc(zy,), and Qn, = {y € H | q(Azy) + (Cnyy — Axy) < 0}, with ¢, € 9q(Axy,).
Moreover, f,(z) = [|(I — P@n)AJUHQ so that Vf,(x) = A*(I — P@n)Ax for x € H.
They proved that {z,} weakly converges to a solution of (SFP). Many authors
constructed variable step sizes without knowing the prior knowledge of operator
norm, see [21,22,26,30,38-40,42].

To improve the performance of the algorithm, Alvarez and Attouch [2] introduced
the inertial technique, which is also widely used as an accelerating method to solve
monotone inclusion problems, see [4,5,23-25,27,35,43]. Dang et al. [12] proposed an
inertial relaxed CQ algorithm. The iterative scheme is as follows: for any xg,z1 € H,

{wn =y + en(xn - xn—l)a

1.7
( ) Ln+1 = Pén(wn - Anvfn(wn))a Vn > 1,

where 0 < 0, <0 <1, C, = {x € H | c(wy) + {(£n, 2 — wy) < 0}, &, € dc(wy),
Q, = {y € H | q(Awy,) + (Cnyy — Awy) < 0}7 Cn € Oq(Awy,) and, Vf,(z) =
A*(I — P@n)Am for x € H. A relaxed projection algorithm with a line search
process was also constructed to solve (SFP), see [34]. The convergence result was
also obtained under some suitable assumptions.

Let T': H — H be a nonexpansive mapping. The fixed point problem (FPP) is
expressed as finding a point x € H such that

(1.8) Tr =x.
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The set of fixed points of T is denoted by F(T). It is known that Mann iterative
algorithm is more efficient among many iterative algorithms for solving fixed point
problems involving nonexpansive mappings in the form of

(1.9) Tpt1 = (L= Ap)zp + ATz, n >0,

where {\,} is a sequence of nonnegative real numbers in [0,1]. If F(T) # (), then
it is known that the sequence {x,} generated by (1.9) converges weakly to a fixed
point of T under the divergence condition Y>> A, (1 — Ay,) = 0.

Inertial-type algorithms were originated from the heavy ball method (an implicit
discretization) of the second-order time dynamical system [1, 28], which has at-
tracted much attention, due to its acceleration of the speed of the convergence of
the original algorithms [15,17].

Tan and Cho [36] proposed an inertial Mann-like algorithm for fixed points of
nonexpansive mappings in Hilbert spaces. Their algorithm reads as follows

Wy = Tp + an($n - $n71),
(1.10) Yn = (1 — ap)wn,
Tnt+1 = (1 - /Bn)yn + 62 TYn, Vn >1,

where T': H — H is a nonexpansive mapping such that F(T') # (). Tt is also proved
that the iterative sequence {z,} generated by (1.10) converges to a fixed point of
T in norm under some appropriate assumptions. We notice that inertial techniques
were used to construct a number of iterative algorithms [16,18,33,37].

Ceng et al. [8] introduced and analyzed an extragradient method for finding a
common element of the solution set S and the fixed point set F'(T") of a nonexpansive
mapping 7" in Hilbert spaces. The algorithm is formulated as follows:

ro=x € C,
(1.11) Yn = Po(I — MV fa, )20,

Tn1 = Bn¥n + (1 = Bp)TPo(xn — AV fa,yn),  Vn >0,
where T : C' — C' is a nonexpansive mapping with F(T) NS # 0 and f,, (z) =
f(@) + (an/2)||z|* so that Vfa, = Vf+ anl = A*(I — Pg)A + a,I. This al-
gorithm combined the extragradient algorithm with the regularization algorithm.
They proved that the sequence {x,} generated by (1.11) converges weakly to an
element of F/(T') N S under mild conditions.

Dong et al. [14] introduced a general inertial Mann algorithm and proved the
weak convergence of proposed algorithm under some conditions. The scheme is
given by:

Yn = Tp + O‘n(mn - xnfl)a
(112) Zn :mn+ﬁn(xn _xnfl)a

Tnt1 = (L= X)) yn + AT 2y
for all n > 1, where T': H — H is a nonexpansive mapping. It is easy to show
that the general inertial Mann algorithm includes other algorithms as special cases.

They [14] proved that the sequence {z,} generated by (1.12) converges weakly to
a point of F(T).
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In this paper, motivated and inspired by the above-mentioned work, we provide
weakly or strongly convergent algorithms for solving split feasibility problem and
fixed point problem of a s-strictly pseudocontractive mapping. In Section 2, we
recall some basic definitions and existing lemmas to be used in our proofs. In Section
3, the weak and strong convergence of the proposed algorithms are analyzed. We
present in Section 4 some numerical experiments to compare our methods with other
methods in the existing literature. A conclusion is also included in Section 5.

2. PRELIMINARIES

Let H be a real Hilbert space with inner product (-, -) and norm || ||, respectively.
Given a sequence {z,} in H and a point € H. We use the standard notation:
xn — x means that {z,} converges in norm to z, and respectively, z,, = = means
that {z,} converges weakly to x. Also given a nonempty closed convex subset C' of
H. The normal cone to C' at a point z € H is defined as

{reH: (z,y—2)<0 Vyel}, ifzeC,
Noz = .
0, if 2 ¢ C.
A set-valued mapping T : H — 2¥ is said to be monotone if, for all =,y € H,
f€Tx and g € Ty, one has (x —y, f —g) > 0. A monotone mapping 7" is maximal
if its graph G(T') is not properly contained in the graph of any other monotone
mapping. It is known that a monotone mapping 7' is maximal if and only if, for

(2,f) € Hx H, (x -y, f —g) > 0 for every (y, 9) € G(T) implies (x, f) € G(T),
ie, felx.

Lemma 2.1. (i) For any xz,y € H, we have
lz +ylI* < llz ]| + 2{y, @ + ).
(ii) For x,y € H, t € R, we have
[tz + (1 = t)yll* = tllz[* + (1 = )llyl* — t(1 = t)l|l= - y]*.

Definition 2.2. Let C' be a nonempty closed convex subset of H. For every x € H,
there exists a unique nearest point in C, denoted by Pgoxz, such that

| — Pox|| = min{|lz —y| [ y € C}.
The operator P¢ is called the metric projection from H onto C.

Definition 2.3. Given a mapping T : H — H is a mapping.
(1) T is said to be L-Lipschitz if there exists a nonnegative constant L such that
[Tz =Tyl < Lljz -yl Vz,y < H.

If L =1, then T is said to be nonexpansive. If L < 1, then T is said to be
contractive. It is known that Py is nonexpansive.
(2) T is said to be firmly nonexpansive if

(Tzx —Ty,x—y) > ||Te = Ty|* Va,y € H.
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(3) T is called co-coercive (or inverse strongly monotone, ISM for short) on H
with a modulus o > 0 if

<T.’E—Ty,.’L'—y> ZQHT'CC_T:U’P vxvyEH
In this case, we say that T is a-co-coercive, or a-ISM. We know that I — P
is 1-co-coercive (i.e., firmly nonexpansive).

(4) T is said to be k-strictly pseudocontractive if there exists 0 < k < 1 such
that

|72 = Ty|]? < |l — |2 + wll(Z = T)a — (I = T)y|> Va,y € H.
Every nonexpansive mapping is clearly 0-strictly pseudocontractive.

Lemma 2.4 ([20]). Let C be a nonempty closed and convex subset of a real Hilbert
space H and Pg be the metric projection from H onto C. Then, for all xz,y € H
and z € C, we have
(i) (z — Pcx,z — Poz) <0
(i) [|[Pex — Peyll < [lz —yl;
(iii) | Pox — Poyl® < (@ — y, Pex — Poy);
(iv) [[Pow — 2| < llz = 2] = I( — Pc)z|®.

Lemma 2.5 ([3]). If T : H — H is a k-strictly pseudocontractive mapping for some
0 < k<1, then T satisfies the following properties:

(1) T is Lipschitz continuous with Lipschitz constant L = (1 + k)/(1 — k).

(2) F(T) is closed and convez.

(3) I—-T is demiclosed at 0, that is, if {x,} is a sequence in H such that x,, — &
and (I —T)x, — 0, then T € F(T).

Lemma 2.6 ([8]). Let a point x* € C be given. Then the following statements are
equivalent.

(a) z* solves SFP (1.1).
(b) x* solves the fixed point equation (for each A > 0):

" = Po(x® — AV f(2")) = Po(a™ — NA*(I — Pg)Ax™).

(c) =* solves the variational inequality (VI) with respect to the gradient of f,
that is,

(2.1) (Vf(z*),z —a*) >0, zeC.
We will use VI(C,V f) to denote the solution set of VI (2.1).
Lemma 2.7 ([1]). Let {t{n},{0n} and {a,} be the sequences in [0, +00) such that
Unt1 < ¥n + o (Yn — Yn-1) + on

for each n > 1. Suppose > > | 6, < 400 and there exists a real number o with
0<a, <a<l forallneN. Then the following hold:

(1) S0y [vn — T/Jn—l]+ < 400, where [t]+ = max{t,0};
(i) there exists ¥* € [0,400) such that lim, oo n = Y*.
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Lemma 2.8 ([44]). Let C be a nonempty closed convex subset of a real Hilbert space
H and let T : C — H be a k-strict pseudocontraction with a fived point. Define
S:C — H by St =ax+ (1 —a)Tx for each x € C. Then, for a € [k,1), S is
nonezpansive and F(S) = F(T).
Lemma 2.9 ([3]). Let K be a nonempty subset of H and {x,} be a sequence in H.
Suppose that the following two conditions are satisfied:

(i) for each x € K, limy, 0 ||z, — x| exists;

(i) every sequential weak cluster point of {xy} lies in K.
Then the sequence {x,} converges weakly to a point in K.
Lemma 2.10 ([32]). Assume that {s,} is a sequence of nonnegative real numbers
such that

Sn+1 S (1 - 7n>3n + ’Y’n(snv n Z 07

where {1} is a sequence in [0, 1] and {5, } is a sequence in R. Suppose the conditions
below are satisfied:

(1) D202 Y = 0,
(ii) imsupy_,o On, < 0 whenever {ny} is a subsequence of positive integers such
that lim infy_ o0 (Sp,+1 — Sn,) > 0.

Then lim,,_,o0 Sy, = 0.

3. ALGORITHMS AND CONVERGENCE ANALYSIS

In this section we introduce two two-step inertial iterative algorithms for finding
a point in the set S N F(T), that is, a common solution to SFP (1.1) and FPP
(1.8). We shall prove the weak convergence of the first algorithm, and the strong
convergence of the second algorithm.

3.1. Algorithm 1. Let xg, x1 be arbitrarily chosen in H. Given constants v > 0,
1 €(0,1) and p € (0, %). Our algorithm generates a sequence {z,} by the following
iteration process:

Up = Ty + an(mn T

- *1)7
Wn, :xn“‘bn(:fn_ 71)
zn = Po (wn - )\nvf(yn))a

Tn41 = (1 - Bn)un + BnThzn,

where A, = vI{"™" and m,, is the smallest nonnegative integer such that
Anmax {[Vf(zn) = VS )|l [V () = VS (wn)lI}

(3.2) < 1(llzn = yall + lym — wall)-

Moreover, T,, = v + (1 —7,)T, {7n} C (0, 1) fulfils the condition lim inf, o (5 —
k) >0, and T : C — H is a k-strictly pseudocontraction for some x € [0,1).

To analyze the convergence of Algorithm 1, we assume the following two condi-
tions:

Tn )
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C1) {an} C[0,a] and {b,} C [0, b] are nondecreasing with a; = by =0, b, —a, <
bn+1 —apt1 <0 and a,b € [Oa 1);
(C2) B, 0,6 >0, {B,} is nonincreasing, and
a(1+¢&) +ao d—al§(l+&) +ad+ 0]
0> ———5—, 0<B<B, < )
1—a? p<b S1+&(1+&) +ad+ o]
where £ = max{a, b}.
Lemma 3.1. Let v > 0, [ € (0,1) and p € (0,3). Then the line search rule (3.2)
is well defined and

(3.3)

l

where L = || Al|?.

Proof. From (1.3) and (1.4), we have f(z) = 3||(I — Pg)Az||*> and V f(z) = A*(I —
Pg)Az. Noting the fact that I — Pg is (firmly) nonexpansive, we obtain that V f is
L-Lipschtiz and moreover, %—co—coercive. So, we get

IVf(zn) = VEn)ll < Lllzn —ynll, (VF(yn) = VI (wn)|l < L|yn — wal-
It turns out that

max {7/ (z0) = VS ) I, 1V £ (5n) = VS @)l } < L(1120 = il + g = wall).

By definition, A,, = 7" and since [ € (0, 1), we trivially see that \,, <. However,
since Ay, is the largest value that satisfies (3.2), we get

s {517 22 10)) -5 255000
fos(ren - stun)) - Sr0un]

o 7= 2295000) ~ om0

A
TV f(wn)) = wal|)-
Consequently, we have AT" - L > p, that is, Ay, > %l The proof is complete. g

l
Theorem 3.2. Assume that {\,} satisfies the line search condition (3.2). Assume
also SN F(T) # 0. Then the sequence {x,} generated by the Algorithm (3.1)
converges weakly to a point of SN F(T).

Proof. Let p e SN F(T); thus p € C, Ap € @, and Tp = p. Using Lemma 2.4, we
obtain

Iz = I = | Pe(wn = XV f(ya)) = 2l
< [Jwn = AV f(yn) _pH2 — |lwn = AV f(yn) — Zn||2
= [Jwy — p”2 — [lwn — ZHHQ + 20V f(yn), P — 2n)
(3.4) = ||wn — pH2 — [lwn — an2 + 22V f(Yn), 2 = Yn) + 22V f(Yn), Yn — 2n).
According to the fact that I — P¢ is firmly nonexpansve and V f(z) = 0, we derive
(VfWn)syn —p) = (VI (yn) = V() yn —p)

Y

e (e -
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= (I — Po)Ayn — (I — PQ)Ap, Ayn — Ap)
(3.5) > ||(I = Po)Aya|*.
Combining (3.4) and (3.5) yields
lzn = 2l < llwn = plI* = wn = 201> = 2\l (1 = Po) Ayal|* + 20 (V f (Yn), yn — 20)
= llwn = I = lwn = yall® + lyn = 2all* + 2(wn = Y, yn — 2n)]
—2\,[|(1 - PQ)AynHQ + 20V £ (Yn), Yn — 2n)
= wn = pl* = llwn = yall® = lyn = 2al1* = 22al|(I — Pg) Aynl|?
+ 2(wn = AV f(Yn) = Yn, 20 — Yn)
= lwn = pl* = llwn = yall® = g0 — 2al1* = 22al|(I — Pg) Aynl|?

(3.6) + 2(wn — AV f(Wn) = Yns 20 — Yn) + 22XV f(wn) = VI (yn)s 20 — Yn)-
As y, = P¢ (wn — )\an(wn)) and z, € C, it follows from Lemma 2.4 that
(37) <wn - )\nvf(wn) — Yn,y Zn — ?/n> <0.

Moreover, by virtue of (3.2),
200 (V f(wn) = V[ (yn)s 2n — yn) < 20|V f(wn) =V f(yn)l| - |20 — yal|
< 2u([|zn = ynll + lyn — wall) - [[20 — ynll
(3.8) < 3pllzn = yall® + nllyn — wall*.
Substituting (3.7) and (3.8) into (3.6) and keeping x € (0, %) in mind, we get
l2n = pII* < [lwn = plI? = llwn = yall® = lyn — 2all® = 22l (I — Po) Aynl?
+ 3pllzn = yl* + pillyn — wnl]?
= lwn = pl* = (1 = )|y — wal* = (1 = 3p) 120 — yul®
= 2X[|(I — Po)Aya|®
(3.9) < Jlwn = p[*.

Recalling that 7}, is nonexpansive and F(T,) = F(T), we immediately have, for
p e F(T),

(3.10) | Tnzn = plI* < llzn — plI*.
From (3.1), we get
Hwn_pH2 = [[(1+bn)(zn —p) — bn(Tn-1 —p)”2
= (1+by)llzs — pH2 — bnllTn—1 _pH2 + bn (1 + bp) |77 — mn—1||2
and
lun —plI> = (14 an)(zn —p) = an(zn-1 - p)|?

= (L+an)|zn - pH2 — ap||Tn-1 — p”2 + an(1 + an)||7n — $n71”2-
Then, from (3.9) and (3.10),
lZn1 — pH2 = [|(1 = Bn)(un — p) + Bn(Tnzn _p)H2
= (1= Bn)llun _pH2 + BallTnzn — pH2 = Bn(1 = Bu) | Tnzn — UnH2
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< (1= Bo)lun =PI + Bullwn = plI* = Bull = B)l| Tz = un?
= (1= B)[(L+ an)ll@n = pI* = anllzn—s - p?
+ an(1l+ an)|zyn — xn—IHQ]
+ Bal(L+ bo)7n =PI = bullns — pI
b1+ bo) e = @1 ] = Ba(L = BTz — wa®
= [(1 = Bu)(L+ an) + Bu(1 + ba)]n — pI*
(1= Bu)aan + Buba] llzn-1 — I
+[(1 = Bu)an(L+ an) + Bubn(1 + bo)]2n — o |
(3.11) = Ba(L = Bu) [Tz = un

Let 0,, = an(1 — Bn) + bpBn. Then from (C1), (C2) and B, € (0,1), it follows that
0, C [0,£] is nondecreasing with #; = 0. Then (3.11) is reduced to

Zn+1 — pH2 < (140w, — pH2 = Onllzn-1 _pH2 — Bn(L = Bu) | Tnzn — unH2
(3.12) -ﬂu-mm&uw@+mma+mmmfmwﬂ?

On the other hand, by (3.1), we get
2

1 a
HTnZn - unH2 == ’ F(xn—i-l - xn) + l(‘rn—l - xn)
n

B

LL2

1 a
= 55| Tn+1 — Tn 5 [ fn—1 — Tn 7”<-Tn+1 — Tp, Tpn—1 — xn>
B2|| 1% + BZH ”2+252
n n n

1 a
> —lleni1 — zall® + Z5llen-1 — zal?
By

o

a 1
(3.13) + Z <_anxn+1 - anz — —||zn-1— xnuz) )
B P

n

where p, = m. Substituting (3.13) into (3.12) yields

41 = Pl =1+ ) l2n — pII* + Onllwn—r — p]*

1_571 Qnp n_l
(3.14) < ﬁ" Nlznss = 2al + inllzn — 2noslP,

n

where
Hn = (1 - 5n)an(1 + an) + Bnbn(l + bn)
)1 — AnpPn
Pnbn

By the definition of p,, we get § = 1;:755". From (3.15),

pn = (1 = Bp)an(1+ an) + Bnbp(1 + bn) + an(l — Br)d
(3.16) <E(1+€) + ad.

(3.15) + an(1— B > 0.
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Let ¢n = ||zn — p||? and ¥, = ¢p — Ondn_1 + pinl|zn — 2n_1]|? for all n € N. Since

{6,} is nondecreasing and ¢,, > 0, from (3.14), we get

¢n+1 - wn < ¢n+1 - (1 + 9n)¢n + 9n¢n—1 + Mn—i—l”xn—l-l - an2 - /lonn - xn—luz

(1— Bn)(anpn —1)
Bn

(3.17) < + g1 | Tt — xn”Q

Next, we show that
(1 = Bn)(anpn — 1)

(3.18) 3, + finy1 < —0.

Since p, = m, then,
(1- Bn)g;npn - fy < —0
© Bn(pnt1 +0) + (1= Bn)(anpn —1) <0
& Bu(pnt1 +0) — W <0

& (an +68n) (g1 + o) + 08, < 4.
From (3.3) and (3.16), we have

(an + 08:) (1 +0) + 3By < (a+08,) [§(1+€) +ad + 0| +38, < 4.
Hence, (3.18) is verified. From (3.17) and (3.18)

(3.19) Uni1 = tn < —0||Tnt1 — 2,
which implies that {4} is nonincreasing. Furthermore,
(3'20) _&bn—l < QZ)n - €¢n—1 < wn < wl-

Since Y1 = ¢1 >0 (61 = a1 = by =0), we get

Ll
1-¢

n—1
(321)  ¢n < Epn1 it < <o+ Y EF <€ +

k=1
From (3.19), (3.20) and (3.21), we have

Y1
1-¢&

n
oY llwner — zull® < 1 — Popr <1+ Edn < €0 +
k=1

which implies that

oo
(3.22) Z |Zn41 — Tnl]? < +oo.

n=1

From (3.14), (3.22) and Lemma 2.7, we conclude that lim,,_, ||z, — p|| exists. We

also have lim,, o ||Zn+1 — 5 || = 0. From (3.1),
lun = Zpall < [lon = Zpgall + anl|on — zn |
< Nz — 2ol + allzn — zn—al
(3.23) = 0 (n— ).
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Similarly,

(3.24) ||wn, — Zpt1] — 0 (0 — o00).

On the other hand, from (3.9), we get

11 = Bn) (tn = ) + Bu(Tnzn — p)|I”

(1= Ba)llun = plI* + Ballzn = plI* = Bu(1l = Ba) I Tnzn — unl®
< (L4 00) |20 = pl* = bnllzn—1 = I = Ba(l = Ba) | Tnzn — unll?

+ [0 = Bu)an(1 + an) + Buba(L 4 b0) |0 = 7 |
= B[ (1 = Wl = gl (1 = 3p0)20 = v+ 27| (1 = P) Ay

+ (1= 90) (9 = )| T20 = 2l

which implies that

Bn(1 = Bu)l| Trzn — UnH2 + Bn [(1 — ) |lwn — ynH2 + (1 = 3u) ||z — yn”2

+ 22l = Po)Aynl® + (1= 1) (1 — M| T20 — 2]

11 = plI?

< llan = pI2 = I@ns1 = pI? + O (2 = pI2 = 201 = pI?)
(1= Bu)an(1+ @n) + Buba(1+by) ||z = 2pa|2 0 (1= o0).

So, as n — 00, we get

|Tnzn — unl| = 0, [lwn —yull =0, |[2n —ynll = 0,

(8:25) 17— Po)Ayall = 0, [Tz — 2]l — 0.

Let = be a sequential weak cluster point of {z,,}. There exists a subsequence {zy, }
of {z,,} such that z,, — x; thus, w,, — =, yn, — T, 2z, — x as k — co. Now, we
show that = € F(T). Since z,, — z, ||Tzn, — 2n, || = 0 (n — 00), using Lemma 2.5
we obtain z € F(T).

Next, we show that z € S. Let

T Vf(w)+ Nev, ifvedC,
v 0, ifvégC.

Then, 7" is maximal monotone and 0 € T"v if and only if v € VI(C,Vf) (see
[31] for more details). Let G(T”) be the graph of 7" and (v,w) € G(T"). Then
w € T'v = Vf(v) + Nev for v € C, and w — Vf(v) € Nov. By the definition of
Ncow, we get

(v —u,w—Vf) >0, YueC.
Since z, = Po(wn — AV f(yn)) and v € C, we have
Zn

%ﬂ“’” + Vf(yn)> > 0.

(Wn, — AV f(yn) — 2n,v — 2p) <0 = <v — Zn,
From w — V f(v) € Ncv and z,, € C, we get
>

<1) - znm Vf(v))

(v — 2z, w)
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Zn

> <U - an,Vf(U» - <U — Zny Lwnk + vf(ynk)>

= (v — 2z, V) — <U — Zng» ZM_wnk> = (v = 2zny, V. (yny))
= (v — 2y, VI(v) =V f(2,))

+ <’U o an,Vf(an) - vf(ynk)> o <’U — Zny an)\_wnk> .

Hence, from (3.25) we have (v — xz,w) > 0. Since 7" is maximal monotone, then
0 € T'z, and hence € VI(C,Vf). Thus it is clear that x € S from Lemma 2.6,
that is, z € SN F(T). From Lemma 2.9, it follows that {z,} converges weakly to
a point in SN F(T). This completes the proof. O

3.2. Algorithm 2. In order to introduce an algorithm that converges in norm, we
employ a viscosity approximation technique. Let xg, x1 be arbitrary in H, ¢ : H —
H be a contraction mapping with constant 7 € [0,1). Assume that a,b € [0,1) and
{en}, {nn} are positive sequences such that Y 7 €, < 00,> >";n, < co. Given
constants v > 0, [ € (0,1) and p € (0, %) Choose a,, and b, such that 0 < a, < @,
and 0 < b, < b, respectively, where

. €n
Y A
an = |z — Zn—1]|
a, Tn = Tp-1
fenf )
by, = |z — Tn-1]|
b, Tn = Tp—1
Compute:
(Up = Tp + an(l‘n - $n,1),
Wy, = Ty, + bn(mn - Jjnfl)a
(3.26) yn = Po(wn — XAV f(wy)),

(
zn = Po(wn — AV f(yn)),
Tn+1 = Bn%p(un) + (1 - 5n)Tnzna
where A, is as defined in (3.2), T, = vl + (1 —v,)T, W € [k, 1), and T : C — H is

a k-strict pseudocontraction with x € [0,1). Suppose the following conditions are
satisfied:

(C3) limy,— 00 E—Z =0 and lim, g—: =0;

(04) {an} C (Oa 1)7 {bn} C (07 1)7 {ﬁn} C (07 1)> limy, 00 ﬁn = Oa ZZO:[) Bn = 00.
Theorem 3.3. Assume that {\,} satisfies the line search condition (3.2), the con-
ditions (C3)-(C4) hold, iminf, o (v, — k) > 0, and SN F(T) # 0. Then, the
sequence {x,} generated by the Algorithm 2 converges strongly to p € SN F(T),
where p = Psnpryp(p)-




TWO-STEP INERTIAL ALGORITHMS FOR SOLVING SFP AND FPP 2805

Proof. First, we show that the sequence {z,,} is bounded. Let p € SN F(T). Since
¢ is a contraction mapping, from (3.9), (3.10) and (3.26), it follows that
|zns1 —pl = H/Bn(SO(Un) - p) + (1 - pn) (Tnzn - p) |
< Bullle(un) = @) + lle(p) —pll) + (1 = Ba)llzn — pll
< B lun — pll + Balle(p) = pll + (1 = Bn)l[2n — P
< Bt ([lzn = pll + anllen — zn-1ll) + Bulle(p) — Pl
+ (1= Bu)([[2n = pll + ballzn — 2n-1])
< BuTllzn = pll + anllzn — zn-1ll + Bulle(p) — pll
+ (1= Bo)llen — pll + ballzn — 201 ]|
=[1=Bn(1 = 7)]lzn —p

an by,
(3.27) + B (@) = pll+ G ln =zl + 5 lan — 7).
According to (C3) and the definition of ay, b,, we get
Qp bn Mn

€
2 = 2p1]l £ 2= = 0 (n — o), [2n = Zn-a] < 2= = 0 (n = o0).

Bn Bn Bn Bn
Let constants My, My > 0 satisfy §*[|zn — zn—1]| < M, Z—ZH&:R —Zp—1]| < My. From
(3.27), we find that

—pll+ My + M
ftain ol < (1= Bull = Pl —pl + Bu(1 — ) PP PIH AR A
—pll + My + M.
< maX{HfEn—pH, ng(p) p”+ 1+ 2}
1—71
—pll + My + M
< maX{lla:o—pH, e (p) pl||_+T 1+ 2}‘

This sufficiently implies the boundedness of {z,}, and so are {wy}, {z,}, {un} and

{p(un)}-

Next, we show that

1
ln41 = plI2 < [1= Bl = D)lln = p* + (1 = 7) - =

a b
(328 - ["nxn — | My 4 22 — @ | - M+ 2((p) = po @1 — )
n

n

where M3, My > 0 are constants (which will be made clear later on). As a matter
of fact, using Lemma 2.1 and (3.10), we obtain

201 = plI* = 1Bn((un) = p) + (1 = Bn)(Tnzn — p)|I?
= Ball(un) = 0(p) + ¢(p) — plI?
+ (1= Bu) I Tnzn — plI> = Ba(1 = Ba) | Tnzn — o (un) ||
< Bu(llp(un) = @@I° + 2(0(p) — p,p(un) — p))
+ (1= 8a) (llzn = plI” = @ =) (0 = £) 1T 20 — zal?)
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— Ba(1 = Bu)|I Tnzn — o(un) ||
< Bu (72|l — pI* + 2llo(p) — ol - 0(un) = pll) + (1 = Ba)llzn — p|I?
= (1 =821 =) — K) T2 — Zn||2
(3.29) ~ Bn(1 = Ba)ll Tzn — o (un)|*.

Set M5 := (2]|o(p) — pl|) sup,,>1 ||o(un) —pl|. From the definitions of u,, and wy,, we
get

A

2
lun = pl* < (lzn = pll + BnM1)
= |lzn — pll* + 2llzn — pl - Bu M1 + 7 M
< lzn = pl* + Bu M,

where Mg = sup,,>1 (2[|zn — p|| - M1 + B, M7). Similarly,
[wn =pl* < l#n = pl* + B,
where My = sup,,>1(2||z, — pl| - Mo + BnM2). From (3.9) and (3.29), it follows that
Zns1 — ol < Bulllzn — plI* + BaMs + Ms) + (1 = 50) (|20 — pl|* + 52 Mr7)

1= Bn)(1 = m)llyn — wnll® = (1 = Ba) (1 = 31)l|2n — yall?
1= Ba)2Xall(I — Po)Ayal?

— (1= B2)(1 =) (v — &) T20 — 2a?

= Ba(1 = Bl Tuzn — plun)|®

< ln = plI* + BaMs — (1= Ba) (1 = 1) lyn — wa?

— (1= Ba)(1 = 3p)]lzn = yall® = 2(1 = Bu)Mnll(I — Po)Aya|®

— (1= B2)(1 =) (yn — &)1 T20 — za?
(3.30) = Bl = Bl Tuzn — o(un) |,
where Mg = sup,,~(8,Me + M5 + (1 — 3,)Mz). On the other hand,

=
—

2
lun =l < (llzn = 2l + anllzn — zp-1]])
< ||«Tn_pH2+an||xn_xn—1H - Ms,
where M3 = sup,,>1 (2|7 — pl| + anl|zn — 25-1]]) > 0. Similarly,
Hwn_p||2 < Hxn—p||2+bn||xn—xn,1\| - My,

where My = sup,,>; (2||zn — pl| + bz — 25-1]]) > 0. Using Lemma 2.1, (3.9) and
(3.10), we get

2n11 = plI* = 1Bn(e(tn) — @(0)) + (1 = Bu)(Tnzn — ) + Bu((p) — p) |
< 1Bn(e(un) — (1) + (1 = Ba)(Tuzn — P> + 2Bn{p(p) = P, Tnt1 — )
< Bulle(un) = P)? + (1 = Bl Tuzn — plI> + 280 (2(p) = P, Tnt1 — )
< BuTl|un — pH2 + (1 = Bn)|lwn — pH2 + 2Bn(0(p) — P, Tni1 — p)
< Bul|zn — pH2 + an|lTyn — w1l - Mz + (1 = Bp) ||z _pH2
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+bullzn — o1l - Ma + 2B0{0(P) — P; Tnt1 — p)
=1 - (1~-7)8n) |z —p||2 + Mzap ||vn — zn—1|] + Mabp ||z — 201
+ 280 {p(p) — P, Tnt1 — D).

This is obviously equivalent to (3.28).
Now let p be the unique fixed point of the contraction Pg~pr)p; thus p =
Psnp(r)¢(p), or the unique solution to the variational inequality:

(3.31) (p(p) —pa—p) <0, g€ SNF(T).
Setting s, = ||z — plI?, yn = (1 — 7)fn, and

1 {anMg by, Ma
1—7 bn Br
we then rewrite (3.28) in the form

(3.32) $n+1 < (1= 9n)sn + Yndn.

In order to use Lemma 2.10 to prove that s, — 0, we take a subsequence {s,, } of
{sn} such that liminfj_,oc(Spn,+1—5n,) > 0. In order to verify that lim sup;_,, dn, <
0, we observe that

571 = ||xn - xn—l” + Hxn - :En—l” + 2<S0(p) — P, Tn4+1 — p>} )

b
I g — nca | € 2 50 (= 00),  l|zn —zno1] < 2250 (n— o00).
Br Bn Br Bn

It turns out that
(3.33) lim sup 6, = —— - limsup(p(p) — p, Tn,+1 — D).
k—o00 1—7 k—o0

In the meanwhile, an easy observation of (3.30) is sy, +1—Sn, < Msgfn, — 0. Hence,
we must have limy_, o (Sp,+1 — Sp,) = 0. Then again from (3.30) we obtain

(1) ||y”k - wnk” - 07

(i) {20y = yny |l = 0,

(ili) |(I = PQ)Ayn, || — 0,

(iv) (| Tz, = 2n, || =0,

(V) 1Ty 2 — o(umy )|l = .
With no loss of generality, we may assume z,, — x*. We shall show that z* €
SN FE(T). Since Tpzn = Ynzn + (1 — vn)T 2, for all n, we derive that

1T 2n — 2l = (1 = Y M T2ny — 20 | < W20y — 20, | = 0,
Znp+1 = Ty zng | = Bry llp(tny,) — Ty 2, || — 0,
41 = T | < N2nge+1 — Do zni | + [ Ti 2ny — 20|l
+ 12, = Uil + 1Yy, = Wi, || + lwn, — @, || = 0.

Consequently, it follows that x,,+1 — %, wy,, — =¥, yp, — «* (thus Ay,, — Az*),
and z,, — z*. Furthermore, by (iii) and (iv) together with the demiclosedness
principle of nonexpansive mappings, we arrive at (I — Pg)Az* = 0 and T2* = z*.
This yields that z* € SN F(T) and (3.34) is then reduced to

(3.34) limsup d,, = ——(p(p) —p,z* —p) <0
k—o0 1—7
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due to VI (3.31) with ¢ = z*.
Therefore, Lemma 2.10 is applicable to (3.32) to get s, — 0 as n — 0o; namely,
Zn — p in norm. The proof is complete. U

4. NUMERICAL EXPERIMENTS

In this section, we provide some numerical experiments in signal recovery to
compare our algorithm with those of Suantai [34] and Gibali [19]. Our numerical
experiments have been performed in Windows 10 using MATLAB R2016b. Let
H=R: C={recH||z| <1}, Q ={xr € H| z = 0} and the matrix
A be randomly generated by a standardized normal distribution. Suppose that
f: H — R is defined by

1
f@) = Slal?, e H.

We define T' by Tx := x — %sinx for all z € C. (Note that sinx is defined com-
ponentwise for z € H.) Then T is a 0.8-strictly pseudocontractive mapping. It is
readily seen that (0,0)" is the unique common solution of problems (1.1) and (1.8).

The nearest point projection onto C' is

x, ifxeC,
Pe(r) = i, otherwise.
]

To show the efficiency of our algorithm, we compare it with the algorithms pro-
posed in Suantai [34] and Gibali [19]. For the sake of convenience, we denote
Algorithm 1 by Algo I, the algorithm in [34] by Algo II, and the algorithm in [19]
by Algo III, respectively. Furthermore, we use ||z,|| < 107° as a stopping criterion.

It is easy to see that our proposed algorithm Algo I converges faster than both
Algo IT and Algo III, which indicates that our algorithm can indeed accelerate the
convergence of some existing algorithms.

—Aigll i —Aigll
Agl o Agl
A 10° ¢ ——Alg 1

50 100 150 200 250 300 350 350

FiGURE 1. The number of FI1GURE 2. The number of
iterations for a, = 0.5, iterations for a, = 0.4,
b, =0.5, 8, =0.5 b, =0.0, 8, =0.5
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5. CONCLUSION

In this paper, we proposed and studied the convergence of the general inertial
algorithms with Armijo type step sizes in real Hilbert spaces to solve the split
feasibility and fixed point problems for x-strictly pseudocontractive mappings. In
addition, we also established the weak and strong convergence theorems of these al-
gorithms under mild conditions. Finally, we presented some numerical experiments
on our methods in comparison with other existing methods. The results showed
that our methods improve and extend the corresponding results in Suantai [34] and
Gibali [19] to a certain extent.
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