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SOME FAMILIES OF HYBRID-TYPE FRACTIONAL-ORDER
KINETIC EQUATIONS BASED UPON THE HILFER-TYPE AND
OTHER RELATED OPERATORS OF FRACTIONAL
DERIVATIVES

H. M. SRIVASTAVA

ABSTRACT. This article is motivated essentially by the fact that, in the cur-
rent literature, many different kinds of operators of fractional calculus (that is,
fractional-order integrals and fractional-order derivatives) have been and con-
tinue to be successfully applied in the modeling and analysis of a considerably
large number of applied scientific and real-world problems in the mathematical,
physical, biological, engineering and statistical sciences, and indeed also in other
scientific disciplines as well. We aim here at investigating a general family of
hybrid-type fractional-order kinetic equations, which is associated with the Hilfer-
type fractional derivative. The main results, which we have presented herein, are
sufficiently general in character and are shown to be capable of furnishing solu-
tions of a remarkably large number relatively of simpler fractional-order kinetic
equations.

1. INTRODUCTION AND MOTIVATION

The recent as well as the current literature has witnessed the fact that the subject
of fractional calculus, as a calculus of integrals and derivatives of any real or complex
order, has gained considerable popularity and importance, which is due mainly to
its successfully-demonstrated applications in the modeling and analysis of applied
mathematical problems and real-world situations occurring in many seemingly di-
verse and widespread fields of science and engineering. It does indeed also provide
several potentially useful tools and techniques for solving differential and integral
equations, and various other problems involving special functions of mathematical
physics and applied mathematics as well as their extensions and generalizations in
one and more variables.

The most commonly-used fractional-order integrals and fractional-order deriva-
tives are defined by the right-sided Riemann-Liouville (RL) fractional integral oper-
ator RUT!'. and the left-sided Riemann-Liouville fractional integral operator ®UTY
and the corresponding Riemann-Liouville fractional derivative operators ® D! . and
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RLDE " as follows (see, for example, [4, Chapter 13], [14, pp. 69-70] and [21]):

M) (V)@ = s [T 0 (o> a R >0),

(1.2) ("RIf) (2) =

and

1 . -1 .
F(u)/ (-2 ) dt (x<a; R(p) > 0)

13 (0Lf) @)= (+5) ()@ R 200 = RG]+ 1)

where the function f is locally integrable, R (i) abbreviates the real part of the
complex number p € C and [R (u)] denotes the greatest integer in R (1), and I'(2)
is the classical (Euler’s) Gamma function of argument z, defined by

( /Oo et de (R(z) > 0)
0

(zGC\Za;nGN),

(z+7)
j=0

which happens to be one of the most fundamental and the most useful special
functions of mathematical analysis, N, Ng and Z; being the sets of positive, non-
negative and non-positive integers, respectively.

Such Eulerian integrals as in the definition (1.4) occur also in defining the familiar
operator L of the Laplace transform as follows:

(1.5) LA{f(r):s}:= /DOO e ™ f(7)dr =: F(s) (R(s) > 0),

where the function f(7) is so constrained that the Eulerian integral in (1.5) exists.

In the case of the right-sided Riemann-Liouville fractional derivative operator
RL Dy ', of order 41 in the definition (1.3), it is readily seen that (see, for example, [20,
p. 105, Eq. (2.248)])

(6)  £{(Dbf) W isp =5 Fl) = sF (R0gF) (04)

k=0

3
—_

(n—1<R(p) <n; neN)
or, equivalently, that (see, for example, [14, p. 84, Eq. (2.2.37)])

c{(UDhs) 05} = P o) = 3 st S (Rrg) ) 0
k=0 t=

(L7) -3 () @ 0
k=0 t=
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where, for convenience,

(00t 1) 0002 i { (405 5) 0) = (S0t ) o

t=0
and

=t () 0)

= g { (015 o)
(k€{0,1,2,...,n—1}).

On the other hand, for the ordinary derivative f((t) of order n € Ny, it is known
that

(1.8) z{ﬂw()g}—g F(s §25kﬂ”k1 ) (n € No)

t=0
or, equivalently, that

n—1
(1.9) ﬁ{ﬂm@ys}—s F(s §jsnk1fk>&m (n € Np),

where, as well as in all of such situations in this paper, an empty sum is to be
interpreted as 0

It should be remarked here that, upon comparing the Laplace transform formulas
(1.6) and (1.8), it is observed that the initial values such as those that occur in (1.6)
are usually not interpretable physically in a given initial-value problem. Besides,
unfortunately, the Riemann-Liouville fractional derivative of a constant is not zero.
Some of these and other situations and disadvantages are overcome at least partially
by means of the Liouville-Caputo fractional derivative which was considered in an
earlier work dated 1832 by Joseph Liouville (1809-1882) [16, p. 10] and which has
arisen in several important recent works, dated 1969 onwards, by Michele Caputo
(see, for details, [20, p. 78 et seq.]; see also [14, p. 90 et seq.] and [5]).

In many recent works, especially in the theory of visco-elasticity and in hereditary
solid mechanics, the following type of the definition dated 1832 of Liouville [16] and
the definition dated 1969 of Caputo [2] is adopted for the fractional derivative of
order i (R(p) 2 0) of a causal function f (), that is,

f#)=0  (t<0),

given by
TAT@) = (ODk1) (@)
7 () (1 =n € No)
(1.10) =

T (n
P(nl—,u)/o (xft)”(t)nﬂ dt (n—1<§R(u)<n; nGN),
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where

[R(p)] +1 (1 # No)

1 (1 € No),

f@™(t) denotes, as before, the usual (ordinary) derivative of f(t) of order n and T
is the familiar (Euler’s) Gamma function defined by (1.4).

Unlike the Laplace transform formula (1.6) for the Riemann-Liouville fractional
derivative (RLDS f ) (t), the following analogous formula holds true for the Liouville-
Caputo fractional derivative (LCDS . f) (t) defined by (1.10) (see, for example, [20, p.
80, Eq. (2.140)]; see also [14, p. 98, Eq. (2.4.62)]):

(1.11) n=

n—1 k
c{(“Dh ) @) sh = P i) - 3w Lr )
k=0

t=0

n—1
(1.12) =5 F(s)— > s 1 fM(0+)
k=0

(n—1<R(p) <n; neN),

which does have the distinct advantage that, just as in the Laplace transform for-
mula (1.8) or (1.9), the initial values at the lower terminal ¢ = 0 involve the ordinary
derivative f*)(t) of integer order k given by

ke{0,1,2,....n—1}  (neN).

We turn now to an interesting two-parameter family of fractional derivatives of
order 1 (0 < p < 1) and type v (0 £ v < 1), which was introduced and studied
recently by Hilfer in the following form (see [7], [8] and [9]; see also [10] and [42]).
Indeed, the right-sided Hilfer fractional derivative ™D/’ and the left-sided Hilfer
fractional derivative "D of order 1 (0 < p < 1) and type v (0 < v < 1) with
respect to x are defined, in terms of the Riemann-Liouville fractional integrals in
(1.1) and (1.2), by

(L) (Dif) (o) = (i npon € (RLféi_”)(l_“)f» (@),

where it is tacitly assumed that the second member of (1.13) exists.

The generalization in the equation (1.13) yields the classical Riemann-Liouville
fractional derivative operator when v = 0. Moreover, in the case when v = 1,
it leads to the fractional derivative operator introduced by Liouville [16, p. 10],
which is quite frequently attributed to Caputo [2], but which should more appropri-
ately be referred to as the Liouville-Caputo fractional derivative, giving due credits
to Joseph Liouville (1809-1882) who considered such fractional derivatives many
decades earlier in 1832 (see [16]). Many authors (see, for example, [18] and [41])
called the general two-parameter operators in (1.13) the Hilfer fractional derivative
operators. Several applications of the Hilfer fractional derivative operators Dg‘f
can indeed be found in [9] (see also [24] and [25]).
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By applying the formulas (1.1) and (1.2), together with the equation (1.3), we
find for the fractional derivative operator D! that

(1.14) (p2zs) (o) - ( £ g (R f>> (x)

(0</L<1; 0§V§1).
The difference between fractional derivatives of different types becomes clearer
from their Laplace transformations. For the right-sided Hilfer fractional derivative

operator DY of order p and type v in the definition (1.13), it is readily seen
from the relationships in (1.13) and (1.14) with 0 < g < 1 and 0 < v < 1 that

(1.15) z:{(Hz)éff)(t):s}::sﬂz:{f@);s}-sﬂﬂ—n (RLISg”“*“”f)(o+)

(O<p<l; 0Sv<1),

(RLIélJr—V)(l—u)f> (04)

is the Riemann-Liouville fractional integral of order (1—v)(1—p), which is evaluated
in the limit when ¢ — 04 just as we have already explained above.

Here, in this article, we investigate some general families of hybrid-type fractional-
order kinetic equations involving the Hilfer derivative operator HDgf, which is
given above by the equation (1.13), as well as including a remarkably general class
of functions as a part of the non-homogeneous term. The main results, which are
established here, are stated as Theorem 3.1, Theorem 3.3 and Theorem 3.4 in this
article. Fach of these main results is capable of producing solutions of a significantly
large number of relatively simpler fractional-order kinetic equations. Some of this
deductions from the main results (Theorem 3.1, Theorem 3.3 and Theorem 3.4 in
this article) are presented here as corollaries and consequences.

where

2. CONVENTIONS, DEFINITIONS AND PRELIMINARY RESULTS

In this section, we choose first to remark that most (if not all) of the various
claimed one-variable and multi-parameter (or multi-index) “generalizations” of the
familiar Mittag-Leffler function E,(z) and its two-parameter extension FE, 5(2),
which are defined as follows:

o0 k o0 k
z z
2.1 E = T = d E = A ———
21) (%) g;rmk+n “ x5 (2) Z;rmk+m
(z,a,ﬁ € C; R(a) > 0),

are no more than fairly obvious specialized or limit cases of the substantially much
more general Fox-Wright function ,¥, (p,q € No) or ,¥7 (p,q € Np). As a matter
of fact, the familiar and widely-investigated Fox-Wright function ,¥, (p,q € Ny) or
»¥y (p, q € Ny) happens to be the Fox-Wright generalization of the relatively more
familiar hypergeometric function ,F, (p,q € Np), with p numerator parameters
ai,...,ap, and g denominator parameters by, ..., b, such that

a;€eC (j=1,...,p) and bjeC\Z, (j=1,...,q).
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These general Fox-Wright functions ,¥, (p,q¢ € No) and ,¥; (p,q € Np) are
indeed defined by (see, for details, [3, p. 183] and [39, p. 21]; see also [13, p.
65], [14, p. 56] and [23])

(alvAl) Yoy (avaP);

(2.2) -

<§R(Aj)>0 (j=1,...,p); %(Bj)>0 (jzl,...,q);

1+§R<‘q Bj—ZAj)zO),

7j=1 7j=1
where, and elsewhere in this article, (), denotes the general Pochhammer symbol
or the shifted factorial, since
(1), =n! (n e Np:=NU{0}; N:={1,2,3,...}),

which is defined (for A v € C and in terms of familiar Gamma function in the

equation (1.4)) by

(23) (A, = Ty
AA+1D...A+n=-1) (v=neN;AxeC),

in which we have assumed conventionally that (0)g := 1 and understood tacitly that
the I'-quotient exists. In general, we suppose that

aj,AjE(C (jzl,...,p) and bj,BjE(C (j:1,...,q)

and that the equality in the convergence condition in the definition (2.2) holds true
only for suitably-bounded values of |z| given by

p q
il <ve=T]A% |- (T] B
j=1 1

The above-mentioned generalized hypergeoemtric function ,F, (p,q € Np),
with p numerator parameters a,...,a, and ¢ denominator parameters by,..., by,
happens to be a widely- and extensively-investigated and potentially useful special
case of the general Fox-Wright function ,¥, (p,q € Ng) when

Ai=1 (j=1,...,p) and Bi=1 (j=1,...,q).
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We find it to be important to turn now to a series of monumental works (see,
for example, [43], [44] and [45]) by Sir Edward Maitland Wright (1906-2005). For-
tunately (for me, of course), during my visit to the University of Aberdeen in the
year 1976, I had the privilege to have met and discussed with Sir Wright researches
emerging from his publications on hypergeometric and related functions. In fact, as
long ago as 1940, Sir Wright introduced and systematically studied the asymptotic
expansion of the following Taylor-Maclaurin series (see [43, p. 424]):

NS ), .
(2.4) Cop(h;2) = nz:% Fan 1 7]~ (a, B € C; R(a) > 0),

where ¢(t) is a function satisfying suitable conditions. Remarkably, it was my proud
privilege to have also met many times and discussed mathematical researches, espe-
cially on various families of higher transcendental functions and related topics, with
my Canadian colleague, Charles Fox (1897-1977) of birth and education in Eng-
land, both at McGill University and Sir George Williams University (now Concordia
University) in Montréal, mainly during the 1970s (see, for details, [23]).

The above-cited contributions by Sir Wright were motivated essentially by the
earlier developments reported for simpler cases by Magnus Gustaf (Gosta) Mittag-
Leffler (1846-1927) in 1905, Anders Wiman (1865-1959) in 1905, Ernest William
Barnes (1874-1953) in 1906, Godfrey Harold Hardy (1877-1947) in 1905, George
Neville Watson (1886-1965) in 1913, Charles Fox (1897-1977) in 1928, and other au-
thors. In particular, the aforementioned work [1] by Bishop Ernest William Barnes
(1874-1953) of the Church of England in Birmingham considered the asymptotic
expansions of functions in the class which is defined below:

25) B2 =Y (n—l—/ﬁ)szlf(an—l—ﬁ) (a8 € C; R(a) > 0)
n=0

for suitably-restricted parameters x and s. Clearly, we have the following relation-
ship:

lim {E® (s} = L&

QL%{ a,ﬁ(saz)} - F(ﬁ) (ZaS)K’)
with the classical Lerch transcendent (or the Hurwitz-Lerch zeta function) ®(z, s, )
defined by (see, for example, [3, p. 27, Eq. 1.11 (1)]; see also [37] and [38])

n

(2.6) O(z,8,Kk) = 278
2 e

(k€ C\Zy; s€C when |z]<1; R(s)>1 when [z/]=1).

The Hurwitz-Lerch zeta function ®(z, s, k) defined by (2.6) contains, as its special
cases, not only the Riemann zeta function ((s) and the Hurwitz (or generalized)
zeta function ((s, k):

(2.7 Zni =d(1,s,1) and C(s, k) ::Z# =d(1,s, k),
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and the Lerch zeta function ¢4(§) defined by (see, for details, [3, Chapter I] and [37,
Chapter 2])
e eQTLﬂ'i£
(2.8) L&) =) —
n=1
i=Vv-1; £€R; R(s) > 1),
but also such other important functions of Analytic Number Theory as the Polylog-
arithmic function (or the de Jonquiére’s function) Lis(2):

—— = o2 G <627ri§’ s, 1)

o0 zn
(2.9) Lis(z) == — =2®(z,s,1)
n=1 n®

(s€eC when |z <1; R(s)>1 when |[z]=1)
and the Lipschitz-Lerch zeta function (see [37, p. 122, Eq. 2.5 (11)]):

e2n7ri§

o0
N _ 27mi€ .
(2.10) O(E, K, 8) == ,;)(nm) —® (e i ,5,,.;) = L(¢,s, k)
(RGC\Zg; R(s) >0 when £eR\Z; R(s) >1 when §€Z),

which was first studied by Rudolf Lipschitz (1832-1903) and Maty4s Lerch (1860
1922) in connection with Dirichlet’s famous theorem on primes in arithmetic pro-
gressions (see, for details, [27] and [28]).

A natural unification and generalization of the Fox-Wright function ,¥ defined
by (2.2) as well as the Hurwitz-Lerch zeta function ®(z, s, k) defined by (2.6) was
indeed accomplished by introducing essentially arbitrary numbers of numerator and

denominator parameters in the definition (2.6). For this purpose, in addition to the
symbol V* defined by

p

q
(2.11) vio=IIe” |- T]e7 |
J Jj=1

1

the following notations will be employed:

q P
(2.12) A= Zaj - ij and
j=1 j=1

1
M=

pP—q
=S5+ ,U«j—Z/\j-i-iQ .

Jj=1 Jj=1
Then the extended Hurwitz-Lerch zeta function
(plv--pr;O—lv---vUQ)
A17"'7AP;/‘L17"'7N‘Q (z’ S’ K)

is defined by (see [40, p. 503, Equation (6.2)]; see also [26] and [38])
p

( | . Hl(Aj)npj -
Plse3Pps01 550, L J=
(2.13) (I)AL---»)\:;ML---»M: (2,8, k) = Z q (n+ kK)s
w0 nt- T1 (1),
‘]:

(p,qGNo; NeEC(G=1,....p); k,uj €EC\Zy (j=1,...,9);
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pj,crkER+ Gj=1,....p; k=1,...,9); A > —1 when s,z € C;
A =—1 and s € C when |z| < V¥

1
A=-1 and R(E) > B when |z| = V*).

An interesting and potentially useful family of the A-generalized Hurwitz-Lerch
zeta functions, which further extend the multi-parameter Hurwitz-Lerch zeta func-
tion

(plv"?pp;o'l:"wo-q)
)\17~--,)\p§ﬂ17~--,ﬂq

defined by (2.13), was introduced and investigated systematically by Srivastava
[26], who discussed their potential application in Number Theory by appropriately
constructing a presumably new continuous analogue of Lippert’s Hurwitz measure
and also considered some other statistical applications of these families of the A-
generalized Hurwitz-Lerch zeta functions in probability distribution theory (see also
the references to several related earlier works cited by Srivastava [26]).

We now introduce some general families of the Riemann-Liouville type fractional
integrals and fractional derivatives by making use of the following interesting unifi-
cation of the definitions in (2.4), (2.5) and (2.13) for a suitably-restricted function

©(7) given by

(z,8,K)

o0

¢(n)
2.14 & 12,8, K) 1= 2"
(2.14) o ) nz% (n+ K)* T(an + B)
(a,ﬁ € C; R(a) > 0),
where the parameters «, 5, s and x are appropriately constrained as above. The
resulting general right-sided fractional integral operator Z% +(¢;2,5,k,) and the

general left-sided fractional integral operator Z!' (i; 2, s, k,v), and the correspond-
ing fractional derivative operators

Dg+(30;z787’%7y) and IDZ,(QO;Z,S,K},V),

each of the Riemann-Liouville type, are defined by (see, for details, [30], [31], [32]
and [22, Chapter 1])

215) (@ (pizsmi)f) (@) = s [ @0 Euplista—t)s.m) 10 dt

(z>a; R(p) >0),

(2.16) (Ig_(cp;z,s, K, V)f) (x) = 1) /a (t— x)“fl EaB (90; z(t—x)", s, f-s) ft)dt

and
(2.17) (D (32, 8,5, 0) ) (z) = (i) (Zoi " (g5 2,8,k,0) f) ()

(R (1) 2 0: m = [R ()] + 1),
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where the function f is in the space L(a,b) of Lebesgue integrable functions on a
finite closed interval [a, b] (b > a) of the real line R given by

(2.18) L(a,b) = {f: \|f||1=/ab|f(w)\dx<oo},

it being tacitly assumed that, in situations such as those occurring in conjunction
with the usages of the definitions in (2.15), (2.16) and (2.17), the point a in all such
function spaces as (for example) the function space L(a,b) coincides precisely with
the lower terminal @ in the integrals involved in the definitions (2.15), (2.16) and
(2.17).

Next, in terms of the operator £ of the Laplace transform given by the equation
(1.5), it is easily seen for the function &, g (go; Z, S, n), defined above by the equation
(2.14), that

o0

k vk z\k
(219)  L{m" " Eap(ps 27" 5,K) 5} :5% > (/ﬁ( 2>£(r<a}ff)ﬂ> (?)
k=0

(min {R(s), R(), R(v), R(a)} > 0),
provided that each member of (2.19) exists. Obviously, upon setting u = /5 and
v = a, the Laplace transform formula (2.19) simplifies to the following form:

_ Lo~ p(k) [z
B—1 - P _PW) (2
(220) L {T ga,,@ (QD, 2T, 8, KJ) . 5} GH kzo (k + K)s <5a>
(min {R(s), R(), R(B)} > 0).
In case we apply the limit formula given by
(2.21) Cop(¢32) = lim {€a (3 2,5, 0)} | =y

or, alternatively, if we make use of the definitions in (2.4) and (1.5), we find for
Wright’s function &, g (gb; z) that

1 = (k) T'(vk z\k
22) L (o) ek = o S NPT (2)
k=0

(min {R(s), R(n), R(v),R(a)} > 0),

which, in the special case when v = a and pu = j, yields

_ o 1 & z\k
(2.23) E{Tﬂ 1 ea,,@(ﬁb; 2T ) :5} = 7 kzo o(k) (5—(1)
(min {R(s), R(a), R(B)} > 0).
Moreover, in the case when the sequence {¢p(n)}52, is given by
P

['(an + B) 1:[ ()‘j)npj
(2.24) o(n) = 7 =1 (n € Np),
nl - TT (1j)no;

J=1
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the Laplace transformation formula (2.20) would yield the following result:

;C {7_;1,71 (Dg\Pllwn’Pp?Ulrwo'q) (Z’TV, S,Ii) :5}

7---7Ap;,u'17"'7“q
T(p) o0 : i
_ 7P17-~'7pp70'11""0-(1) -
(2-25) - 5“ ¢M,)\17---7>\p;u‘17“'7u‘q <5V75’ K/)

(min {R(s), R(x), R(v),R(a)} > 0)
for the extended Hurwitz-Lerch zeta function

(P1y-sPpiT15e,0g)
ALy Apifseens g

defined by the equation (2.13).

(z,8,K)

3. GENERAL HYBRID-TYPE FAMILIES OF FRACTIONAL-ORDER KINETIC
EQUATIONS

Given an arbitrary reaction, which is characterized by a time-dependent quantity
N = N(t), it is possible to calculate the rate of change % to be a balance between

the destruction rate 9 and the production rate p of N, that is,
v _ 0+
dt P

By means of feedback or other interaction mechanism, the destruction and the
production depend on the quantity N itself, that is,

0=20(N) and p=p(N).

Since the destruction or the production at a time ¢ depends not only on N(¢), but
also on the past history N(n) (n < t) of the variable N, such dependence is, in
general, complicated. We may formally represent this by the following equation
(see [6]):

dN

(31) TN (),

where N; denotes the function defined by
N (t") =N (t—t") (t* > 0).

Haubold and Mathai [6] studied a special case of the equation (3.1) in the following
form:

dN;
(3.2) ditj = —¢ Nj (1),
that is,

AN (1)
33 TN — 'dt
(33) N

with the initial condition given by

Nj (t) ‘t:O = No,
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where Nj(t) is the number density of the species j at time ¢ = 0 and the constant
c; > 0. This is known as a standard kinetic equation. The solution of the equation
(3.2) is readily seen to be given by

(3.4) N;(t) = Noe 9",

which, upon integration, yields the following alternative form of the solution of the
equation (3.2) (without the subscript j):

(3.5) N(t)—No=c- oD; " {N ()},

where oD; ! is the standard (ordinary) integral operator and c is a constant of
integration.

A fractional-order generalization of the equation (3.5) is given as in the following
form (see [6]):

(3.6) N (t) = No = ¢ (RMI§ N) (t)

in terms of the familiar right-sided Riemann-Liouville fractional integral operator
RLJ¥. of order v defined, as in (1.1), by (see, for example, [14])

37 (VI (1) = ng) /O (-0l ) du (£ 0; R() > 0).

For a notably large number of extensions and further generalizations of the
fractional-order kinetic equation (3.6), the interested reader should refer (for ex-
ample) to [15], [29] and [30] as well as to the other relevant references which are
cited in each of these earier publications. We propose here to investigate the solution
of a general hybrid-type family of the fractional-order kinetic equations which are
associated with the general function &, g(¢; 2, s, k) defined by the equation (2.14),
as well as with the Hilfer-type fractional derivative operator HDgf defined by
the equation (1.13) with u and v replaced by o and w, respectively. The results
presented here are sufficiently general in character and are indeed capable of be-
ing specialized appropriately to include solutions of the corresponding (known or
new) fractional-order kinetic equations associated with a wide variety of simpler
functions.

Theorem 3.1. Let each of the parametric constraints c,pu,v,p € RT, 0 < o < 1
and 0 £ w = 1 hold true. Suppose also that the general function E,p(p;2,s,kK),
defined by the equation (2.14), exists. If we set

(33) xo(o.w) = (1N (04)

(0<o<1;0Sw=1),
then the solution of the following general hybrid-type family of the fractional-order
kinetic equations:

(3.9) N (t) = No t" ' Ea (3 2t”,5,5) = —c” ("D N) (t)

is given by

N () = Nt~ i (—1)" (Z)TH
r=0
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N o(k) T'(vk + w) Dk
kZ:O (k+r)* T(ak+B) T(vk+ (r+1)o + p) (2t")
+ X, (0, w) totei=a)-1
N (—1)" o\
(3.10) Tz% F(a(r +1) +w(l - 0')) (Cp> (t > O),

provided that the second member of the solution given by the equation (3.10) exists.

Proof. Under the hypotheses involving the various parametric constraints in The-
orem 3.1, we first apply the operator £ of the Laplace transform on both sides of
the kinetic equation (3.9). Thus, upon setting

(3.11) N(s) = L{N(t) : s} = / e N (1) dt,
0
we make use of the formula (2.20) and the formula (1.15) in the following form:
oW . (o— (1-w)(1—0)
c{("DFYN) (1) s} =7 LIN(E) 1 s} — 527D (RELGl N) (0+)
(3.12) =57 N(s) —°Y y,(0,w)
(O<0<1; O§w§l),
where, as in the equation (3.8),

(1-w)(1—o0)
("1 N) (0+4) = X0 )

is the Riemann-Liouville fractional integral of order (1—w)(1—0), which is evaluated
in the limit when ¢ — 0+ just as we have already explained above. We then find
that

Wi - Mo 3o BT 2t

st = (k+ k)s I'(ak + B)
=—c [5“ N(s) — ¥l XO(U,W)}
(3.13) = —c” s N(s) + ¢ x,(0,w) s*D,
which leads us to the following result:
No ~= ok)Twk+p) 2 xl00) oo
3.14 = wl(o .
( ) N(s) 1+cPso kzzo (k + k)s T(ak + B) svktr 1+cPs? °

We now apply the series expansion given by

L=y BV (o>,

1+ crse — (cp 50)”1

so that the equation (3.14) can be rewritten as follows:

(k) D(vk + p) 2
= No Z r+1 Z (k+ ) (ak+ﬁ) gvk+o(r+1)+u
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(3.15) + X, (0, w) Z (=1

cpr go(r+l)+w(l—o)’
r=0

Finally, if we invert the Laplace transforms occurring in (3.15) by means of the
following well-known identities for the operators £ and £~ of the Laplace transform
and the inverse Laplace transform, respectively:

E{t)‘:s}:M

PO
A
(3.16) — ! (5A1+1> = F()\t+ ) (R(N) > —1; R(s) > 0),

we obtain the solution (3.10) asserted by Theorem 3.1. This evidently completes
the proof of Theorem 3.1. O

Remark 3.2. The use of the general function &, g(¢; 2, s, k), defined by the equa-
tion (2.14), in the non-homogeneous term of the fractional-order kinetic equation
(3.9) in Theorem 3.1 provides a distinct advantage in its generality so that solutions
of other kinetic equations involving relatively simpler non-homogeneous terms can
be derived by appropriately specializing the solution (3.10) which is asserted by
Theorem 3.1. In what follows, we choose to record two relatively simpler versions
of Theorem 3.1.

Theorem 3.3. Let each of the parametric constraints c,p,v,p € RT, 0 < 0 < 1
and 0 = w = 1 hold true. Suppose also that the general function €, 5(¢;2), defined
by the equation (2.4), exists. If x,(o,w) is defined by the equation (3.8), then the
solution of the following general hybrid-type family of the fractional-order kinetic
equations:

(3.17) N (1) = No "7 € (i3 2t) = —c# (“DZ€ N) (1)
is given by

> o\ r+1

3 oK) T(vk + ) -

kzo T(ak + B) T(vk + (r + 1)o + p) (2t")
+ x, (0, w) trFe=o)—1

00 (71)7" 4o r

(3.18) : ; F(o(r +1) +w(l - J)) <Cp> (t >0),

it being assumed that the second member of the solution given by the equation (3.18)
exists.

Proof. Our demonstration of Theorem 3.3 is indeed analogous to that of Theorem
3.1. Here we make use of the definition (2.4) and the Laplace transform formula
(2.22). The details involved in the proof of Theorem 3.3 are being omitted here. [



SOME FAMILIES OF HYBRID-TYPE FRACTIONAL-ORDER KINETIC EQUATIONS 2661

Theorem 3.4. Under the parametric constraints c,p,v,p € RT, 0 < o < 1 and
0 < w £ 1, let the extended Hurwitz-Lerch zeta function:

(P15+0p3T150-,04)
ALy Ap3 i 5eeefhg (Z’ 55 ’{)’

defined by the equation (2.13), exist. If xo(o,w) is defined by the equation (3.8),
then the solution of the following generalized hybrid-type fractional-order kinetic
equation:

(3.19) N (t) = No th=t @1nprimeada) (w4 s ) = —¢ (TDGE N) (#)

s given by
- AV T(u)
N (t) = Nott? —1)" ()
(V,01,-sPp3Vs01 5---,0¢q) v
u,)\ll,...,)\:;a(ril)+z,u1,...,uq (Zt § ’{)
Fxylow) 17701
: e ()
3.20 . — t>0),
(3.20) TZ:;] L(o(r+1)+w(l—o0)) \¢ ( )

provided that the second member of the solution in the equation (3.20) exists.

Proof. Theorem 3.4 can be proven, along the lines which are parallel to those of
our demonstrations of Theorem 3.1 and Theorem 3.3. In this case, we apply the
definition (2.13) and the Laplace transform formula (2.25). We choose to omit the
details involved in our proof of Theorem 3.4. O

4. COROLLARIES AND CONSEQUENCES

We begin this section by presenting the following sequel to Remark 3.2 of the
preceding section (Section 3).

Remark 4.1. As we observed above, since
RL 1o H 40,0 LCpo ._ Hpol

for the operators of the Riemann-Liouville and the Liouville-Caputo fractional-order
derivatives, each of our main results (Theorems 3.1, 3.3 and 3.4) can be specialized
to deduce the solution of the corresponding hybrid-type fractional-order kinetic
equations involving these simpler and relatively more familiar fractional derivatives
(see, for details, [30], [35] and [36]). Here, in this section, we state each of these
corollaries and consequences of Theorems 3.1, 3.3 and 3.4. Corollaries 4.2, 4.3 and
4.4 below would follow when we appropriately apply the first relationship in (4.1).

Corollary 4.2. Let each of the parametric constraints c, u,v,p € RT™ and0 < o < 1
hold true. Suppose also that the general function E,g(p;z,s,k), defined by the
equation (2.14), exists. If we set

(4.2) T,(0) = (RLJ(I];"N) 0+) (0<o<1),
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then the solution of the following general hybrid-type family of the fractional-order
kinetic equations:

(4.3) N (1) = No 47 &0 s (i3 247, 5,5) = —c (RLDG, N) (1
s given by
> i r+1
V=Nt - 1y ()
r=0
. i (p(k) F(U]C + M) (Zty)k
k=0 (k—i-/i)s F(Oék‘-i-ﬁ) F(I/k—l—(r—|—1)a—+u)

(4.4) o) tot Z - +r1 (Z) (t > 0),

provided that the second membeT of the solution given by the equation (4.4) exists.

Corollary 4.3. Let each of the parametric constraints c, pu,v,p € R™ and0 < o < 1
hold true. Suppose also that the general function €, g(¢;z), defined by the equation
(2.4), exists. If Y,(0) is defined by the equation (4.2), then the solution of the
following general hybrid-type family of the fractional-order kinetic equations:

5 N (t) = No t'™! €q (3 2t") = —c” ("VDE, N) (¢)
is given by
> o\ r+1
v =met 3 (%)
r=0
. - Qb(ki) F(I/k‘ + M) (Ztl/)k
— T(ak + ) F(uk +(r+ D)o+ p)
) e Z r+ 1)) <Z> (t>0),

it being assumed that the second member of the solution given by the equation (4.6)
exists.

Corollary 4.4. Under the parametric constraints c,ju,v,p € R*, 0 < 0 < 1 and
0 S w £ 1, let the extended Hurwitz-Lerch zeta function:

(P15+0p;T150-,0q)
Z,8,K
)\17---7)\17§H17---7Nq ( )7

defined by the equation (2.13), exist. If Y, (o) is defined by (4.2), then the solution
of the following generalized hybrid-type fractional-order kinetic equation:

(A7) N(t) = No th= @Pfrioteao) (v s i) = ¢ (UDg, N) (2)

is given by

I L (o r
N (t) = Nyth! Z_;(_l) <cp> F(U(T—ﬁﬂl))—l—,u)

(VP15 PpiV,01,..,0q) Y
1AL A3 (P 1) F 1,115 g (22", 5, %)
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+ 7T, (o) t°?
oo -1 e T
(4.8) Iy el <) (t > 0),
—~ F(O’(T + 1)) cP
provided that the second member of the solution in the equation (3.20) exists.

Remark 4.5. In the case when we apply the second relation in the equation (4.1)
in conjunction with Theorems 3.1, 3.3 and 3.4, we are led to Corollaries 4.6, 4.7 and
4.8, respectively.

Corollary 4.6. Let each of the parametric constraints c, u,v,p € RT and0 < o < 1
hold true. Suppose also that the general function &, g(p;z,s,k), defined by the
equation (2.14), exists. If we set

(4.9) Z, = N(0+) :== N(t)|,_,0.

then the solution of the following general hybrid-type family of the fractional-order
kinetic equations:

(410) N (t) — Ny 1 506”3 ((p; ztY, s, ,{) = _cP (LCD8+ N) (t)

is given by
> o\ r+1

vw=xe 3 (4)
r=0
N (k) T(vk + pr) "
kzzo (h+r) Dok + 8) Tk + (- Do p) )
= 5 _CU ey
(4.11) +E, ZZ:O For 1) <Cp> (t > 0),

provided that the second member of the solution in the equation (4.11) exists.

Corollary 4.7. Let each of the parametric constraints c, i, v,p € R* and0 < o < 1
hold true. Suppose also that the general function €, g(¢;z2), defined by the equation
(2.4), exists. IfE, is defined by the equation (4.9), then the solution of the following
general hybrid-type family of the fractional-order kinetic equations:

12 N () = No "7 €o 51 2t") = —¢” (VD N) (t)
is given by
o o\ T+1
N(t) = N() tM-l Z (_1)7‘ <ip> +
r=0
3 o(k) T(vk + ) -
kzzo ok +9) Dk + (r+ Dotp) )
(4.13) +5, Z::D F((U_Tlll) (Z) > 0)

it being assumed that the second member of the solution given in the equation (4.13)
exsts.
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Corollary 4.8. Under the parametric constraints c, u,v,p € RT and 0 < o < 1, let
the extended Hurwitz-Lerch zeta function:

(P15+40p3T150-,0q)
ALy ApiHseesllg (Z’ 55 H)’

defined by the equation (2.13), exist. If 2, is defined by the equation (3.8), then the
solution of the following generalized hybrid-type fractional-order kinetic equation:

(4.14) N (t) = No th=t @{Prprio) (o4 s ) = —c (“CDg, N) (t)

is given by

) . (e r+1 T
N (t) = Not! 2% (=1) <0p> I(o(r +(M1)) + 1)

(Vuplr":pp;yvo'l1--'7aq) v
(I);w\l,---7/\p;0(r+1)+u,u17---7uq (Zt 15 K)

(4.15) +5, Y F((;J)rl) (Z) (t > 0),

r=0

provided that the second member of the solution in the equation (4.15) ewists.

5. CONCLUDING REMARKS AND OBSERVATIONS

In our present investigation, we have established the explicit solution of some
significantly general hybrid-type families of fractional-order kinetic equations in-
volving the Hilfer-type fractional derivative operator HDSL_’:, which is given (for
convenience) by (1.13) or (1.14) for a = 0, and also involving a remarkably gen-
eral class of functions as a part of the non-homogeneous term. Our main results
(Theorem 3.1, Theorem 3.3 and Theorem 3.4 in this article) include, as a part of
the non-homogeneous term, such general functions as the functions &, g (cp; Z,8, K,),
(S (qﬁ; z) and

(917-~~7pp§0'17---70'q)
)\1:~~~:)\p§ﬂlz~~~:ﬂq

which are defined by the equations (2.14), (2.4) and (2.13), respectively. We have
also shown as to how each of these main results is indeed capable of yielding solutions
of a significantly large number of (known or new) simpler fractional-order kinetic
equations.

(z7 87 KZ)?

As corollaries and consequences of our main results (Theorem 3.1, Theorem 3.3
and Theorem 3.4 in this article), we have successfully deduced the explicit solu-
tions of the corresponding general hybrid-type families of fractional-order kinetic
equations involving the Riemann-Liouville fractional derivative operator RLD(’)‘ s
which are stated as Corollaries 4.2, 4.3 and 4.4, and also the explicit solutions of
the corresponding general hybrid-type families of fractional-order kinetic equations
involving the Liouville-Caputo fractional derivative operator LCDS ., which are
stated as Corollaries 4.6, 4.7 and 4.8. Each of these corollaries itself is sufficiently
general in character and can yield the solution of many relatively simpler fractional-
order kinetic equations.



SOME FAMILIES OF HYBRID-TYPE FRACTIONAL-ORDER KINETIC EQUATIONS 2665

We choose to conclude this article by remarking that the current literature is
being flooded unnecessarily by seemingly amateurish-type publications in which
several obviously false and misleading claims to generalization are made by trivially
and inconsequentially introducing some parametric and argument variations in the
well-established and widely-investigated known definitions and known theories. The
following two of many such false and misleading claims are concerned with the
Eulerian integrals defining the classical (Euler’s) Gamma function in the equation
(1.4) and the classical Laplace transform in the equation (1.5).

For the first example, we can cite the so-called k-Gamma function I'y(z) with a
trivially forced-in redundant (or superfluous) parameter k& by making the following
inconsequential change of the variable of integration in the integral definition in the
equation (1.4) (see, for details, [31, Section 3]):

t:% and dt =7F"1dr (k> 0),

so that, upon trivially replacing the argument z by 7 (k > 0), we have

oo k
(5.1) Tp(z) = ki ' T (Z) = / e ® dr (R(z) > 0; k> 0).
0

It is indeed regrettable to observe further that, by replacing the classical (Euler’s)
Gamma function I'(z) by this rather inconsequential k-Gamma function I'y(z) in
the standard definitions of the such operators of fractional calculus as (for example)
the Riemann-Liouville fractional integral and derivative operators and the Liouville-
Caputo fractional derivative operator, which we have worked with in this article,
many seemingly amateurish-type authors and researchers are being fooled or mis-
led to believe that they have produced a “generalization” of the corresponding
extensively-studied fractional integral and fractional derivative operators.

Our second example pertains to the Eulerian integral defining the classical Laplace
transform in the equation (1.5) as well as its following s-multiplied version studied
by the American transmission theorist, John Renshaw Carson (1886-1940):

(5.2) LC{f(T):s}:=5 /OOO e ™" f (1) dr =: Fre (s),

which has one distinct advantage over the familiar Laplace transform in the equation
(1.5) in the fact that the Laplace-Carson transform of a constant in the equation
(5.2) is the same constant (see, for details, [19]). Remarkably, many obviously trivial
and inconsequential variations have been and continue to be made in the parameter
(or index) s or in the integration variable 7 (or in both s and 7), ridiculously giving
a “new” name to each of such parametric and argument variations of the classical
Laplace transform in the equation (1.5) or its s-multiplied version in (5.2) by forcing-
in some obviously redundant (or superfluous) parameters. Some of these examples
can be found in [31, pp. 1508-1510] and in [33, Section 5, pp. 36-38] and, more
recently, in [34, pp. 2341-2346] and [36, pp. 58-60]. Yet another somehow missed-
out instance of such trivialities can be exemplified by Yang’s attempt to produce
what he called a “new” integral transform by replacing the parameter (or index)
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s in the equation (1.5) by % (see, for details, [46] and [47]). Furthermore, several
presumably amateurish-type researchers are misled (or ”fooled”) by the obviously
false claims that the classical (Euler’s) Gamma function as well as its various re-
lated special functions (such as, for example, the Beta function, the hypergeometric
series and their numerous associated functions, and so on) can be ”generalized” by
making some rather trivial, redundant and inconsequential variable and/or param-
eter (index) changes in the defining integrals and series. Such demonstrably trivial
and obviously inconsequential parametric and argument variations as those that we
have recalled above continue to flood the literature merely to unnecessarily repeat
or translate the already-published remarkably successfully developments using the
original integrals and the original special functions themselves.

Finally, we recall a recent publication by Jafari [11] in which the following vari-
ation of the classical Laplace transform was shown to be useful for solving higher-
order initial-value problems, integral equations and fractional-order integral equa-
tions in just about the same way as it has already been done widely and extensively
by means of the classical Laplace transform itself (see [11, p. 134, Definition 1}):

T s} =pis) [ T e () dt

0
(5-3) =:p(s) L{f(t) :a(s)}  (min{p(s),q(s)} > 0),

the extension of which to suitably-constrained complex-valued functions p(s) and
q(s) of s € C is a trivial matter. The case of the equation (5.3) without the
obviously inconsequential multiplying factor p(s) was considered independently by
Yang [48, p. 866, Definition 7.73].

Two sequels to the above-mentioned work [11] are worth mentioning here. One
by Meddahi et al. [17] dealt essentially similarly with an analogous double-integral
version of the definition (5.3). The other by Khan and Khalid [12] trivially re-
produced the well-established theory of the classical Laplace transform itself by
simply replacing the complex parameter s (?R(ﬁ) > O) by a positive real parameter
s" >0 (n € {1,3,5,...}) and they named it rather strangely and ridiculously
as “Fareeha transform”, which obviously is a special case of the so-called “Sadik
transform” (with v = s) when « =n (n € {1,3,5,...)} and 8 = 0 (see, for de-
tails, [33, p. 38, Eq. (52)]). It is unfortunate to observe numerous erronecous and
misleading claims and statements throughout the paper [12]. All such obviously
unnecessary and demonstrably inconsequential flooding of the literature by some
amateurish-type publications with the sole aim to somehow produce “new” papers
with hardly any new or nontrivial content should not be encouraged by the editors
and reviewers of respectable journals.
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