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ABSTRACT. In this paper, we investigate a pretty new concept of approximate
solutions, called quasi («, €)-solutions, for convex optimization problems, which
involve data uncertainty in the sense of its constraints. Using the robust opti-
mization approach (worst-case approach), approximate optimality conditions for
quasi («, €)-solutions to the considered convex optimization problems, are estab-
lished. Approximate duality theorems for e-Wolfe type dual model are discussed.
Finally, we propose some results on approximate saddle point theorems. Besides,
we design some examples to illustrate the obtained results.

1. INTRODUCTION

The study of convex optimization problems that are affected by uncertain data
is considered increasingly important in mathematical programming. Many research
papers investigated (approximate) optimality and duality theories for vector/scalar
linear or convex programming problems under data uncertainty with the worst-case
approach (the robust approach); see, for example, [1, 3, 5, 15-18, 21-25, 28, 29|
and the reference therein. It is worth noting that, according to [1, 15, 16], we know
that the value of the robust counterpart of the primal problem is equal to the value
of the optimistic counterpart of the dual problem; roughly speaking, “primal worst
equals dual best”.

1.1. Problems Formulation. Now, we recall the models from the standard convex
optimization problem to the robust one. A standard convex optimization problem
[4, 7] is the one:

(CP) min f(z) subject to gi(x) <0, i=1,...,m,

where f, g; : R" - R, i =1,...,m are convex functions.
The standard convex optimization problem (CP) in the face of data uncertainty
i the constraints can be captured by the one:

(UCP) min f(z) subject to gi(z,v;) <0, i=1,...,m,
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where f : R" — R, is still a convex function, g; : R" x R? — R is continuous such
that g;(-,v;) is convex and v; € R? is an uncertain parameter which belongs to some
set V, CR%, i=1,...,m.

Following the robust (worst-case) approach, the robust counterpart of prob-
lem (UCP) is stated as follows:

(RCP) min f(x) subject to gi(x,v;) <0, Vo, €V, i=1,...,m.

The feasible set F' of problem (RCP) (also known as the robust feasible set of
problem (UCP), see [37]) is defined by

(1.1) F:={zeR": gi(z,v;) <0, Vo € V;, i=1,...,m},

which is assumed to be nonempty. Then € F is called a (global) optimal solution
to problem (RCP), if f(z) < f(x), for all z € F.

1.2. Approximate Solution Concepts. It is well-known that an optimal solu-
tion to a convex optimization problem may not be exact but very near to it; for
instance, minimizing the convex function e® over (—oo,0]. This fact leads to the
notion of approximate solutions, which also play a key role in algorithmic study of
optimization problems. A large number of research papers studied the character-
izations of approximate solutions in mathematical optimization problems; see, for
example, [2, 6, 8, 9, 12, 18, 2024, 27, 30, 32, 33, 35, 36] and the references therein.
Below, we recall the definition of approximate solutions to problem (RCP).

Definition 1.1. Let o > 0 and ¢ > 0 be given, then Z is said to be

e an e-solution to problem (RCP), if f(z) < f(z) + ¢, for all x € F;

e a quasi a-solution to problem (RCP), if f(z) < f(z) + a|z — Z||, for all
z € F;

o a regular («, €)-solution to problem (RCP), if for any x € F, 7 is an e-solution
to problem (RCP) as well as a quasi a-solution;

e a quasi (a, €)-solution to problem (RCP), if

(1.2) f(@) < f(z) + allr — z|| + ¢, for all x € F.

z
Remark 1.2. (i) By definition, if Z is an e-solution to problem (RCP), then
it is a quasi («, €)-solution, but the converse is not true. Similarly, if Z is a
quasi a-solution to problem (RCP), then it is a quasi («, €)-solution, again
the converse is not true.

(ii) It is also apparent that, if &« = 0 (resp., € = 0), then the notion of a quasi
(c, €)-solution defined above coincides with an e-solution (resp., a quasi a-
solution); see, for example [18, 21-24]. Moreover, if a = € = 0, then a quasi
(e, €)-solution will reduce to an exact solution (if exists). Therefore the case
of o # 0 and € # 0 is often of interest, for such a reason, we always assume
hereafter that o > 0 and € > 0.

Now, we are going to explain the geometrical meaning of the mentioned approx-
imate solutions, and give two examples to show their differences.

o Geometrical meaning of an e-solution. Let € > 0 be given, by definition of
an e-solution to problem (RCP), we have f(z) < ingf(x) + €. Observe that
xre
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the e-solution set of problem (RCP) is {z € F': f(z) < ingf(x) + €}, ie.,
re
the intersection of (inlfr? f(x) + €)-(lower-)level set and the feasible set F.
re

o Geometrical meaning of a quasi a-solution. Let @ > 0 be given, it follows
from the definition that z is a quasi a-solution to problem (RCP) if

f(@) < f(z) + a||z — z||, for all x € F.

Clearly, a quasi a-solution means f(z) > f(z) — allz — z|| =: g(z) for all
x € F by means of their graphs. If in addition f is differentiable over its
domain, then ||V f(Z)|| < a due to [27]. It is also worth mentioning that the
notion of a quasi a-solution introduced by Loridan [27] is motivated by the
well-known Ekeland’s Variational Principle [10].

e Geometrical meaning of a regular (o, €)-solution. It is easy to see that
the regular (a,€)-solution set of problem (RCP) is the intersection of its
e-solution set and quasi a-solution set.

e Geometrical meaning of a quasi («,€)-solution. Let o > 0 and € > 0 be
given. By definition, it is true that (1.2) can be written as

f@)+allz—z|| < f(z)+allr —z||+€ forall zeF;

in other words, Z is an e-solution of function f(-)+«||- —z|| over F. Besides,

let g(x) = f(Z) — af|lx — Z|| — €, particularly, one has ¢g(z) = f(Z) — e. Thus,

a quasi («, €)-solution says f(x) > g(zx) for all z € F in view of their graphs.

Below, we give two simple examples with (detailed) calculations to show the differ-

ences of the mentioned approximate solutions. One may see [21] for the calculations

of the first three approximate solution sets in Example 1.3, while the calculation of

quasi (q, €)-solution set is new as we shall see in the following. Besides, we leave
the calculations of Example 1.3 to the reader.

Example 1.3. Consider the following unconstrained convex optimization problem:
(Py) min f(z):=2? subjectto x€R.

Observe that = = 0 is the (global) optimal solution to problem (P1). Let o > 0 and
€ > 0 be given, a simple calculation yields that
e I is an e-solution to problem (Py) if f(Z) < f(z) + ¢, for all x € R, which is
equivalent to f(z) < inlf&f(x) + ¢, and the e-solution set is [—+/€, /€];
Te

e I is a quasi a-solution to problem (P;) if f(z) < f(z) + afjz — z||, for all
x € R. Since f(z) = 22 is differentiable over R, it follows from Geometrical
meaning of a quasi a-solution that |V f(z)| = ||2z| < «a, hence the quasi
a-solution set is [~§, §];
e the regular (o, €)-solution set is [max{—5, —+/e}, min{/¢, §}].
Now, we will calculate the quasi («, €)-solution set with a detailed calculation. By
definition, we have 22 < 22 +a|r—Z|+¢, forallz € R. Let g(x) = f(Z)—a|z—Z|—€ =
72 —alr — | —e, clearly, g(z) = f(Z) —e. See the Fig. 1, since a quasi (o, €)-solution
says f(xz) > g(x) for all x € R in the view of their graphs, consider first z > 0,
so the slope of g, i.e., a should be no less than the slope of g; at the point a, i.e.,
Vf(a) = 2a, as shown in Fig. 1; in other words, o > 2a. Now, we calculate the
point a. Observe that g;(z) = 2a(z — a) + a2, and point (7,72 — €) locates in the
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FIGURE 1. A quasi (a, €)-solution & means f(z) > g(z) for allz € R
in the view of their graphs.

graph gi(z), then, we have a = Z — /¢, furthermore 0 < z < § + y/e. A similar
argument shows that —% — /e < Z < 0 if we consider x < 0.
E -

2
e Hence, the quasi (o, €)-solution set is [-§ — /€, § + \/€].

1.3. Motivations and Contributions. Very recently, approximate optimality
conditions and approximate duality theorems for e-solutions and quasi a-solutions
to problem (RCP) were studied by Lee and Lee [22] and Lee and Jiao [21], respec-
tively. In particular, if the feasible set F' is given by a linear matrix inequality with
data uncertainty (known as robust convex semidefinite programming problems), ap-
proximate optimality conditions and approximate duality theorems for e-solutions
and quasi a-solutions to such a robust model problem were studied due to its spe-
cial structure by Lee and Lee [23] and Jiao and Lee [18], respectively. Furthermore,
if the feasible set F' is given by an infinite number of constraints that is a convex
system with data uncertainty (known as robust convex semi-infinite programming
problems), some results for e-solutions of the robust convex semi-infinite program-
ming problems were studied by Lee and Lee [24]. Meanwhile, some recent works
on approximate solutions for robust convex optimization problems were also inves-
tigated by researchers; see, for example [11, 26, 34]. It is worth mentioning that all
the results in the above mentioned papers were obtained by employing the robust
version of respective Farkas’ lemmas.

On the other hand, in 2008, Beldiman et al. [2] introduced the so-called quasi
(c, €)-solution to a standard optimization problem; however, they didn’t explore
the approximate optimality conditions for such a solution. Since the concept of
a quasi (,€)-solution to problem (RCP) may provide a rather large range for a
better starting point when we design algorithms, in contrast to a quasi a-solution;
see, for example [9], this motivates us to consider the study on approximate opti-
mality conditions and approximate duality theorems for such a class of approximate
solutions to robust convex optimization problems (RCP). Besides, comparing with
the works in [18, 21-23], we also examine approximate saddle point theorems. We
mainly make contributions to robust convex optimization as follows.



e-WOLFE TYPE DUALITY FOR ROBUST CONVEX OPTIMIZATION PROBLEMS 2577

(i) We explore approximate optimality conditions and approximate duality the-
orems for a quasi (a, €)-solution to problem (RCP) by using the robust ver-
sion of Farkas’ lemma.

(ii) The results of this paper generalize the ones in [21, 22]. Nevertheless, the
results on a quasi («, €)-solution to problem (RCP) seem new, even though
the tools are from [15, 21, 22].

(iii) We propose some results on approximate saddle point theorems as well.

The rest of the paper is organized as follows. Section 2 gives some notations
and preliminaries. In Sect. 3, under the fulfilment of the robust characteristic cone
constraint qualification [15], we examine approximate optimality theorems for a
quasi (,¢€)-solution to problem (RCP). In Sect. 4, the e-Wolfe type duality is
formulated, and approximate duality theorems are established; we also design an
example to illustrate the approximate duality results. Finally, we give some results
on approximate saddle point theorems in Sect. 5. Conclusions are given in Sect. 6.

2. PRELIMINARIES

In this section, we recall some notations and preliminary results that will be
used in the paper; see [4, 7, 31] for more details. We abbreviate (z1,z2,...,x,) by
x. The Euclidean space R™ is equipped with the usual Euclidean norm || - ||. The
nonnegative orthant of R™ is defined by R} := {(x1,--- ,z,) € R" : 2; > 0}. The
inner product in R” is defined by (x, %) := 27y for all z,y € R™. We say that a set A
in R" is convex whenever Aaj + (1 — A)ag € A for all A € [0,1], a1,a2 € A. Besides,
for a given set A C R”, we denote the interior, closure and convex hull generated
by A, by int A, cl A and conv A, respectively.

Let f be an extended-real-valued function from R” to R, where R := [—o0, +-o0].
A function f is said to be proper if for all x € R™, f(z) > —oo and there exists
xo € R™ such that f(zp) € R. We denote the domain of f by dom f, and dom f :=
{zx € R": f(z) < +oo}. The epigraph of f, denoted by epi f, is defined by epi f :=
{(z,7) e R" xR: f(z) <r}. The function f is said to be convez if for all A € [0, 1],
F((A=XNz+Ay) < (1=N)f(z)+Af(y) for all z,y € R™; equivalently, epi f is convex.
f is said to be concave whenever — f is convex.

Let f : R® — R be a proper convex function. The (convex) subdifferential of f
at € dom f is defined by

of (x) == {z" e R": (z*,y —x) < f(y) — f(x), Yy € R"}.

We set 0f(x) = () whenever x ¢ dom f. More generally, for any € > 0, the e-
subdifferential of f at x € dom f is defined by

Ocf () :={z" e R": (a",y —x) < f(y) — f(z) +¢, Vy eR"}.
We set O, f (z) = () whenever x ¢ dom f. We say f is a lower semicontinuous function
if lim_>inf f(y) > f(z) for all x € R™. As usual, for any proper convex function
y—x

f on R™, its conjugate function f* : R™ — R U {400} is defined by f*(z*) :=
sup {(z*,z) — f(z): € R"} for any z* € R".

Let 04 be the indicator function with respect to a closed convex subset A of R™,
that is, da(z) =0if x € A, and d4(z) = 40 if z ¢ A.
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Definition 2.1. Let A C R" be a closed convex set and z € A. Then we denote
e N,(z) to be the normal cone to A at x € A, where

Ny(z) ={veR": (v,y—x) <0, Vy € A};
e N, a(z) to be the e-normal set to A at x € A, where
Nea(z) ={veR": (v,y—z) <e Vy e A}

A remarkable result of indicator function d4 is that its subdifferential coincides
with normal cone, and its e-subdifferential coincides with e-normal set. In summary,
see the following proposition.

Proposition 2.2 ([7, Chapter 2]). Let A C R™ be a closed convez set and x € A.
Then,

00a(x) = Na(zx), Ve € A; and 004(x) = Nea(z), Vo € A.

Now, we recall the following celebrated result due to Jeyakumar (see [13]), which
describes the relationship between the epigraph of a conjugate function of a proper
lower semicontinuous convex function and its e-subdifferential, and it also plays an
important role in deriving the main results in the paper.

Proposition 2.3 ([13]). Let f : R" — RU{+o00} be a proper lower semicontinuous
conver function. If a € dom f := {x € R™: f(z) < +o0}, then

epi f* = [ J{(v.(v,a) + ¢~ f(a)): v € Ocf(a)}.
€0
Next, we recall the epigraphical conditions for the sum rule of the conjugate

functions.

Proposition 2.4 ([14]). Let f,g : R — RU{+o00} be proper lower semicontinuous
convex functions. If dom f Ndom g # 0, then

epi (f +g)" = cl(epi f* + epig®).
Moreover, if one of the functions f and g is continuous, then
epi (f +g)" =epi f* +epig".
3. APPROXIMATE OPTIMALITY CONDITIONS

It is well known that optimality conditions play an important role in both the
theory and practice of mathematical optimization. In order to obtain (approximate)
optimality conditions, constraint qualifications are indispensable, since a constraint
qualification is a condition ensuring that every (approximate) optimal solution to
the considered problems satisfies the (approximate) optimality conditions.

In this section, we establish approximate optimality theorems for a quasi («, €)-
solution to problem (RCP) under the fulfilment of the closed convex cone constraint
qualification [15], that is, the cone

U eni (Z Nigi( vi))
=1

v; €V;, A >0
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is closed and convex. In fact, it follows from [15, Proposition 2.2] that the set
D :=U,,ev, x>0 €Pi (> Xigi(-,vi))* is a cone in R™™, which is called the robust
characteristic cone. Furthermore, it is also known from [15] that the robust charac-
teristic cone D is convex whenever g;(z,-) is concave and V; CRY, i =1,...,m, is
convex; and the robust characteristic cone D is closed whenever the robust Slater
condition, i.e., {x € R™: g;(zg,v;) < 0,Yv; € V;,i = 1,...,m} # 0 holds and
V; CR? 4=1,...,m, is compact.

Definition 3.1. We say a robust characteristic cone constraint qualification (RC-
CCQ, for short) holds if the robust characteristic cone D is closed and convex.

The following lemma was given in [15], which is the robust version of Farkas’
lemma for convex functions:

Lemma 3.2 ([15]). Let f: R™ — R be a convex function and let g; : R™ x R? — R,
i=1,...,m be continuous functions such that for each v; € R4, g;(-,v;) is a convex
function. Let V; C R, ¢ = 1,...,m be conver and compact and let F := {z €
R™: gi(xz,v;) <0, Yv; € Vy, i =1,...,m} # 0. Then the following statements are
equivalent:

(i1) (0,0) € epi f* +cl | conv U epi (Z/\igi(" vz)>
i=1

v;€V;,A; >0

As mentioned before, the above Lemma 3.2 is known as the robust version of
Farkas’ lemma for convex functions, and many results are obtained based on it;
see, for example, [18, 21-24]. Below, we give a result on quasi (a, €)-solutions to
problem (RCP) according to Lemma 3.2.

Theorem 3.3. Let o« > 0 and € > 0 be given, and consider problem (RCP). Let
T € F, where F is defined by (1.1). Suppose that the (RCCCQ) holds, i.e., the
robust characteristic cone D is closed and convex. Then the following statements
are equivalent:

(i) Z is a quasi (o, €)-solution to problem (RCP);
(i) there exist A; > 0 and v; € Vi, i = 1,...,m such that for any x € R™,

F@)+> Xigi(z, 0:) + allz — 2| + € > f(2).
=1

Proof. [(i) = (ii)] Let = be a quasi (a,€)-solution to problem (RCP), then by
definition,

flz)+allr—z||+e> f(z), Vo eF.
So F C{z eR": f(z)+al|z —z|+€— f(z) > 0}. Let ¢(x) = f(x) + a|lz — z|| +
e — f(z). It follows from Lemma 3.2 that

(3.1) (0,0) € epi¢™ +cl | conv U epi (Z)\igi(-,vi)>
i=1

v;€V;,Ai >0
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The above inclusion (3.1), along with the fulfilment of (RCCCQ), yields that
(0,0) €epig*+ [ J eopi <Z>\i.§7i('avi))
Uievi,)\izo =1
So, there exist A; > 0 and 7; € V;, i = 1,...,m such that
(32) (0,0) € epi¢* + epi (Z&fh('ﬁi)) :
i=1

Now, by Proposition 2.4,
epi¢” = epi(f(-) +all -zl +e— f(2))"

3.3) = opi f*+ cpi(al - 2] + ¢ — £(2)"
Since ) i '
(@l - =z + e f(@) o) = { A1 e FI@ Bl

which, along with (3.3), yields
epi ¢ = epi f* + aB x [af|Z]| — €+ f(T), +00).
Hence it follows from (3.2) that,

(0, —al[z|| + € — f(z)) € epi f* + epi (ZX@A-,@)) +aB x Ry,

i=1
Then there exist u € R™, § > 0, w; € R™, 5, >0,i=1,...,m, b€ B and r € Ry
such that

(0, —al|Z|| + € = £(7) = (u, [*(u) + ) + Z (wi, g (wi, ;) + ) + (ab, 7).
So, we have

m
0 = u+ ijiwi + ab,
i=1

—alzll +e—f(@) = [ +0+ Y Xl(gi( ) (wi) + Bi) + 7

=1

Hence for any z € R™,

<2Awu > (abz) - f(@) = (ua)— f(a)

< fH(u)
= —Oéllfll +e—f(z)—0

_Z)‘ gz Uz wz) + 62)



e-WOLFE TYPE DUALITY FOR ROBUST CONVEX OPTIMIZATION PROBLEMS 2581

Thus for any = € R,

f(@) < fla)+) Nilwi ) Z/_\ 9i (- 01))" (wi) + (ab,z) — a||7[ + € =6
=1 =1
< f@)+ ) Ni((wia) = (g0 00)" (wi)) + (ab,z) — |z + €
=1
< fla)+ Z Aigi(w,0;) + alblllle — z|| + allbll|Z]| — aflz] + e

< @)+ Y Ngi(z, ) +allz — 2| + e

[(i) < (ii)] Suppose that there exist A; > 0, ; € V;, i = 1,...,m such that for
any © € R", f(z) + Y i1 Nigi(z,0;) + allz — Z|| + € > f(Z). Then we have for any
rzeF,

f@)+allz -z +e= f(a +Z/\zgz z,0;) + allz — 7| + € = f(2).
i=1
Thus f(z) + a|lz — z|| + € > f(z) for any z € F. Hence 7 is a quasi («, €)-solution
of problem (RCP). O

Now, we are ready to give the approximate optimality condition (both necessary
and sufficient) for a quasi («, €)-solution of problem (RCP) under the fulfilment of
(RCCCQ).

Theorem 3.4 (Approximate Optimality Condition). Let o > 0 and ¢ > 0 be given,
and consider problem (RCP). Let & € F, where F is defined by (1.1). Suppose that
the (RCCCQ) holds. Then the following statements are equivalent:

(i) z is a quasi («, €)-solution to problem (RCP);
m *
(i) (0,—al|z| +e—f(z)) €epif*+ |J epi (Z Ai!]i(';”z’)) +aB X Ry;
’UiEVi,)liZO i=1
(iii) there exist €9 >0, € >0, v; € V; and \; >0, i =1,...,m, such that

(3.4) 0 € 0 f(Z)+ Zael i9i(-,0:))(Z) + oB,
(3.5) Z € — €< Z 5\192('% v )
i=0 i=1

Proof. [(i) < (ii)] is followed from Theorem 3.3.
[(ii) = (iil)] Let F := {z € R": gi(z,v;) <0, Yo; € V;, i = 1,...,m} # 0.
Assume that (ii) holds, i.e.,

0.~z + ¢~ (@) €epif + | epi (ingic,w)) +aB xRy
=1

v; €V;, A >0
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Then, there exist ¥; € V; and \; >0, i = 1,...,m such that

m *
(36) (0,—allzll + ¢~ /(&) € epi f* + epi <Z X@»gx-,m)) +aB x Ry.

i=1
Since g; : R® x R? — R, ¢ = 1,...,m are continuous functions, by Proposition 2.4,
the inclusion (3.6) can be written as

(0,—a||Z|| + € — £()) €epi f*+ > epi(Nigi(-,7:))* + B x Ry.

i=1
Furthermore, it follows from Proposition 2.3 that there exist ¢, > 0,7=20,1,...,m
such that
(0, —allzl| +e— f(z) ) € ({0, (€0, ) + €0 — £(2)): & € Oep f(2)}

€0>0

+Z U { 517 {u + € — zQz(-T ’Uz)): {z S 5515\7,91(,172)(3?")} + aB x R+.

i=1¢€;>0
It means that there exist o; € Vi, \i > 0, & € 0, f(%), & € 9e,Nigi(-, 0:)(%),
t=1,....m,beB,reRy and & >0,:=0,1,...,m, such that
€

0, —alz|| +e-f(z)) = (§o7<50,$> f(i“))
+ Z g,“ {z, + € — )\197,(37 vz)) + (Ozb,?“),

which is equivalent to say that

0 == ZZO 5_7, + Oéb B

Yomg& —e<allzl| —albz) —e+ D &+ => " XNigi(Z,7;) < 0.
Thus, [(ii) = (iii)] follows.

Now, we claim that [(iii) = (i)], this implication is known as “sufficient con-
dition”. Assume that (iii) holds, i.e., there exist é¢ > 0, & > 0, v; € V; and
Ai >0,i=1,...,m such that (3.4) and (3.5) hold. Then, there exist & € 0z, f(Z),
& € 0g,Nigi(-,0:)(Z), i =1,...,m and b € B such that

(3.7) 0==E+ Y &+ ab.
i=1
Since &y € 0-, f(%) and & € 0, \igi(+,v;)(Z), i =1,...,m, then
(3.8) fl)—f@) > (f,z—T)—&
8

Along with (3.5) and (3.7), summing (3.8) and (3.9) yields that

fl) = f@ = = [ Mg, ) = Nigi(®,0:)] + (o, 2 — T) — &
=1

Z 517 -z _gi)
=1
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IV 1V
|
L
=
|
il
|
™

Observe that z is a quasi (o, €)-solution to problem (RCP), and (i) holds. Thus,
the proof is completed. O

Remark 3.5. We mention here that Theorem 3.4 is still true if the robust Slater
condition, i.e., {x € R™: g;(xo,v;) < 0,Yv; € V;,i = 1,...,m} # ), holds. Further-
more, Theorem 3.4 also covers [22, Theorem 2.2] and [21, Theorem 2] if @ = 0 and
€ = 0, respectively.

4. APPROXIMATE DUALITY THEOREMS

In this section, we focus on the study of duality relations between the primal
problem (RCP) and its dual model. To this end, we now formulate the e-Wolfe
type dual model problem for the primal problem (RCP).

(WRD) (max) L(y,v,A\) subject to (y,v,\) € Fp,

Y,v,

where L(y,v,\) = f(y)+> -, Nigi(y,vi), which is essentially the Lagrangian func-
tion, and Fp is the feasible set of (WRD), which is given by

Fp:={(y,v,A)) eER" xVxR] : 0€0df(y)+ Z@Ei()\igi(-,vi))(y) + aB,
=1

ANi>0v,eV,i=1,...,ma>0,

m
262‘267 € > 0, izO,l,...,m}.
i=0
Note that v := (v1,...,vp), and V := V; X --- X V,; moreover, v € V stands for

(Ul,---,vm)EV1X"'XVm.

Definition 4.1. Let o > 0 and ¢ > 0 be given, then (7,9, ) is called a quasi
(a, €)-solution to (WRD) if for any (y,v,\) € Fp,

F@) +D Xigi@,0) > fy) + D Xigiy,vi) — allg —yll — e
i=1 i=1

The following theorem shows the approximate weak duality relationship be-
tween (RCP) and (WRD).

Theorem 4.2 (Approximate Weak Duality). Let z and (y,v,\) be any feasible
solutions of (RCP) and (WRD), respectively. Then,

F@) = fy) + > Nigily, vi) —alle —yl — e
i=1
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Proof. Let (y,v,\) be any feasible solution to (WRD). Then, there exist o > 0,
€0 >0,6>0,& € 0o f(y), & € Oei(Nigi(, i) (y), i = 1,...,m with > 1" & < e,

and b€ B such that
Z &+ ab=0.
i=0

Now, along with & € O, f(y), & € 9e;(Nigi(-,v:))(y), i = 1,...,m, we have

f(iE) - (f(y) + Z Algl(ya Uz)) > €0> — €0 — Z )\zgz yavz
i=1
= <Z§_ + ab,x — >—60—Z)\¢gi(y,vi)
i=1 i=1
> =Y A(gi(@v) — gily,v)) — (abiz —y)
i=1
> 6= > Nigiy,vi)
i=0 i=1
> =Y Ngila,v) —allp] -z -yl —e
i=1
> —allz—yl-e
Hence, the conclusion follows. O

In what follows, we investigate the approximate strong duality relationship be-
tween (RCP) and (WRD).

Theorem 4.3 (Approximate Strong Duality). Consider problems (RCP) and
(WRD). Suppose that the (RCCCQ) holds. If x is a quasi («, €)-solution to prob-
lem (RCP), then there exist A € R7 and v € RY such that (Z,0,)) is a quasi
(o, 2€)-solution to problem (WRD).

Proof. Let & € F be a quasi («,¢€)-solution to problem (RCP). It follows from
Theorem 3.4 that there exist a > 0, €9 >0,¢ > 0,7, € Viand \; > 0,i=1,...,m,
such that (3.4) and (3.5) hold. This implies that (Z,v, ) is a feasible solution to
problem (WRD). According to Theorem 4.2, for any feasible solution (y,v,\) to
problem (WRD),

(f(ff) + Zj\igi(fﬁi)) - (f(l/) + Z)\igi(ya Uz‘)) > —afz -yl -«
i=1 1=1
+25\z‘gi(f,’l_}z’)
i=1
> —alz—y| -
+Z€i —€
=0
> —al|lz —y|| — 2e.
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Thus (Z,v, ) is a quasi (o, 2€)-solution to problem (WRD). O

We close this section by designing an example, which is motivated by [21, Example
2], to illustrate the approximate duality theorems.

Example 4.4. Consider the following convex optimization problem with data un-
certainty:

(RCPy) min |z1| 425 subject to 2?7 — 2v1x <0, vy € [—1,1].

Let f(z1,22) = |z1| + 23 and g1((x1,72),v1) = 22 — 2v121. Then the robust feasible
set of (RCPy) is F' := {(x1,22) € R?: 21 = 0, x5 € R}, and the robust quasi
(cv, €)-solution set of (RCPy) is Sk := {(z1,22) € R®: 21 =0, —ye— § < a3 <
Ve+ §}. Clearly, the Slater condition fails for (RCPy). Moreover, it follows from

[21, Example 2] that the cone (J,,e(-1,1epi (A1g1(:,v4))* is closed and convex.
A1>0
Below, we formulate the e-Wolfe 1type dual model problem for the primal problem

(RCP;).

(WRD;) max E((yl,yg),vl,)\l) s.t. ((yl,yg),vl,/\l) € Iy,
(y1,92),v1,M1

where £((y17y2), v, )\) = f(y1,y2) + g1 ((yl,yg)7 vl), and F7, is the set of all robust
feasible solutions to problem (WRDj), which is given by
Fp = {((y1,y2),v1,\1) € R? x [-1,1] xRy : 0€ e f(y1,y2) +
9er (M191(+,v1)) (Y1, y2) + B,
€120, 220, e + € <€}
It is worth mentioning that the feasible set F7}, of the e-Wolfe type dual model
problem (WRD;) contains the one in [21, Example 2], since the solution type (quasi

(c, €)-solutions) studying here is different to the one (quasi a-solutions) in [21,
Example 2]. Now, we calculate the set F}, = Ff, U F]l:’) U F'5, where

F% = {((07 yz),’Ul, )\1): (070) € 860f(07y2) + 661 (Algl('avl))(ovzn) + OKB,
A >0, v €[-1,1], >0, e2>0, €1 +e2 <€}

ab
= {((07:92)77)17)\1): y2+72 < Veo, [2v1A1 —abi| <14/ ey,

b%+b§§1, A1 >0, ’1)16[—1,1], € >0, 61>0,€0—|—€1<6},

Fho= {((y1,92),v1,M): 91 >0, (0,0) € ey f (Y1, y2) + 9y (Mg1(+,v1)) (W1, y2)
+OCB, )\1 Z Oa V1 € [_171]7 €0 Z 07 €1 Z 07€0+61 S 6}

= {((y1,y2),vl,/\1)i y1 >0, T+ 2 \y1 —2Mv1 — 2/ Mer +aby <0< 1

+2M1y1 — 2 1v1 + 24/ Aer + aby,

ab
y2+22‘ S\/%?

b%—l—b%gl, A1 >0, UlE[—l,l], € > 0, 6120,60+61§€}
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{((y17y2)7vl,)\1)1 y1 <0,
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ab
Y2 + 22‘ < Veo, Myt — 2/ \ewyr + abiy

< —Myd - (1 =200y < Myf 2V ey + abyy,

b%—Fb%Ela)\lZOa (S [_171]3 60207 €1 207€O+61§6}3

{((y1,92),v1, A1) y1 <0, (0,0) € Oy f(y1,y2) + Ocy (A191(, 1)) (Y1, Y2)

+OJB, >\1 Zoa an )\1 207 VU1 € [_171]7 €0 207 €1 20760+61 Sﬁ}

{((ylaw)avla)\l)i y1 <0, =142 \y1 —2Mv1 — 2/ Mer +aby <0<

ab
=142 y1 — 2Mv1 + 24/ Aer + aby, y2+72 < Vo,

b4b3<1, A\ >0, vy €[-1,1], ¢ >0, € 20,60+61§6}

ab
Y2 + 22‘ < Veo, Myt — 2V Aerys + abiy

< =My 4+ (120010 < MyE 2 dewyn +abyyy, b2 b3 <1,

)\l ZO) V1 € [_171]7 60205 €1 20560+61 SG}

Then, for any (z1,z2) € F! and any ((yl,yg),vl, /\1) € Fp,

flxy,z2) = [f(yr, y2) + Arg1(y1, yo, v1) — all(z1, 22) — (Y1, y2)|| — €

=23 — Y5+ alzy — Y| + €

2
ab
> (33% + 22> — abax + abays + afze — Yol + €1
> —aby(z2 — y2) + ol — Y| + €1
> —a\bgHa:g — y2’ + Oé‘-%'2 — 3/2| + €
> —alry — yo| + alxe — ya2| + €1 > 0.

Moreover, for any (z1,22) € F' and any ((yl,yg),vl, )\1) € FY, if A\; =0, then

flzr,z2) = [f(y1,y2) + Ag1(yi, v, v1) — (21, 22) — (Y1, 42)|| — €

=25 —y1 — Y5+ oy + (z2 — )2 +e
2 0‘2173 2 2
> Xy —y1+ab2y2+T+a\/y1 +(r2 —12)? + e
> —y1 — abaxay + abays + ay/ v+ (w2 —y2)? + e
= abiy1 — abyxa + abayz + ay/yi + (x2 — 12)? + €1
> —a\/b% + bg\/y% + (22 —32)” + oy + (22— 12)% + 1
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> —a\/y% + (2 — y2)? + a\/y% + (22 —y2)? + €
=€ >0.
Otherwise, if A > 0, then

f(x1,22) — [f(y1,92) + Mg1(y1, y2,v1) — af/(z1,22) — (y1,92) || — €

=23 —y1 — Y5 — Myt + 200y +ay/yl + (v2 —y2)? +e
2 ang 2 2 2
> x5 + abays + < " Ayt + Mo — Dy + o /yy + (2 — 92)? + €

2

ab?
3 + abays + 1 2 4 Nyt —2v/ Metyn + abiyn + oy + (z2 — 1) + @

a(biyr — baza + bayo) + a\/m
—ay /B3 4 B3 + (02 — 0)? + ay [y + (2 — po)?
> —a\/yf + (22 — y2)? + ayJyf + (v2 — y2)?

=0.

Y

Y

v

Similarly, we can easily show that for any (z1,z2) € F! and ((yl, Y2), U1, )\1) € Fp,

f(z1,22) > fy1,y2) + Mg (y1, y2,v1) — of[(@1,22) — (Y1, 2)|| — €

The foregoing calculations imply that for any feasible solution (z1,z2) of (RCPq)
and any feasible solution ((y1,¥2),v1, A1) of (WRDy),

f(@1,22) > f(y1,92) + Mgr((y1,92), v1) — all(21, 22) — (y1,92)[| — €,
that is, Theorem 4.2 (Approximate Weak Duality) holds.

Furthermore, let (Z1, Z2) € St be a quasi («, €)-solution of (RCP1). Then Z; = 0
and —v/e — § < Ty < e+ §. Let A = 5, U1 = by. Then, we can easily check
that there exist suitable ¢g > 0,e; > 0 with ¢y + ¢; < € and (by,b2) € B and
((z1,Z2), 71, A1) € F}). Moreover, for any ((y1,y2),v1, A1) € Fb,

[f(@1,22) + Aig((Z1,32),01)] = [f(y1,y2) + Ag((y1, y2),v1)]
(4.1) > —e—al(@1,22) — (y1,92)ll + Mg((Z1,22), 1)
(4.2) > —2e—all(z1,72) — (y1, 92)ll,

where (4.1) is from Theorem 4.2 (Approximate Weak Duality), and (4.2) is based

on the condition —e < A1g1((Z1,%2),71). This means ((Z1,Z2),?1,A1) is a quasi
(a, 2¢)-solution of (WRD1), and thus Theorem 4.3 (Approximate Strong Duality)

holds.

5. APPROXIMATE SADDLE POINT RESULTS

Let a > 0 be given. The a-Lagrangian function (with respective to a reference
point § € R") associated to problem (RCP), denoted by L: R" x V x R" — R is

La(y,v,N) = f) + > Nigi(y,vi) + ally — gl
i=1
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In what follows, we give the definition of the so-called quasi («, €)-saddle point
to the a-Lagrangian function L.

Definition 5.1. Let € > 0 be given. A point (7,7,A) € R" x V x R’ is said to
be a quasi (o, €)-saddle point to the a-Lagrangian function £, if for any (y,v,\) €
R™ x ¥V x R,
ﬁa(@?”? )‘) — € S ﬁa(gv 'Da x) S Ea(y77_17 5‘) + €.
The following results are approximate saddle point theorems, which tell us the

necessary and sufficient relationships between a quasi («, €)-solution to problem (RCP)
and a quasi («, €)-saddle point to the a-Lagrangian function £,.

Theorem 5.2 (Necessity). Suppose that the (RCCCQ) holds. If y € F' is a quasi
(v, €)-solution to problem (RCP), then there exist v € V and A € R such that
(7,0, ) is a quasi (o, €)-saddle point to the a-Lagrangian function L.

Proof. Let §y € F be a quasi («, €)-solution to problem (RCP), then for all y € F,

f) +aly—gll+e> f(y).

Since the (RCCCQ) holds, by Theorem 3.3, there exist A\; > 0 and ©; € V;, i =
1,...,m such that

(5.1) F)+ D Nigily, o) + ally — gll + € > f(5), Yy eR™
i=1

Note that we always have X\;g;(7,7;) <0sincey € Fand \; >0,i=1,...,m
It follows from (5.1) that

(5.2) Lo(y,0,N) +e > f(§) +§:X-gi<y,@i)+a\\y—y\\
i=1
= La(,9,)).
Now, let y = g in (5.1), we have >, X;gi(¥,¥;) + € > 0, then also
(5.3) i Xigi(9,0i) = —€+ i Aigi(Y vi),
i=1 i=1
for any \; > 0, v; € V;, i = 1,..., m. Furthermore, along with (5.3), we have

La(7,0,N) —e=F@) + > Nigi(@,vi) +al|g— gl — e
=1

< @)+ D Nigi(@,m) + ollg -l
=1
= £a(y, 1_]7 5‘)

This, together with (5.2), yields the desired result. O

Theorem 5.3 (Sufficiency). If (7,7, \) is a quasi (a,€)-saddle point to the o-
Lagrangian function L, then § is a quasi («, 2¢€)-solution to problem (RCP).
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Proof. let (7,7, \) be a quasi (o, €)-saddle point to the a-Lagrangian function L.
Then it follows from the first inequality in Definition 5.1 that

m m B
D Xigi(@vi) — e <Y Nigi(, ).
i=1 i=1
Particularly, if ¥ € F, then the above inequality yields
m B m
(5.4) > Xigi(, 1) = > Xigil§vi) — € > —e.
i=1 i=1
On the other hand, from the second inequality in Definition 5.1, we have

(55)  F@+D_ Xgi@o) < Fy)+ D Nigily, v:) +allg - yll + e
=1 1=1

Then, along with (5.4) and (5.5), for any y € F,

F)+ally—gll+e> f) +ally— gl + > Nigi(y, 1) + €

i=1
> () + Y Nigi(y, o)
i=1
> f(y) —e
Thus, f(y) < f(y) + ally — g|| + 2¢ for any y € F. Consequently, § is a quasi
(e, 2€)-solution to problem (RCP). O

6. CONCLUSIONS

In this paper, we studied approximate optimality theorems (both necessary and
sufficient) and approximate duality results for a quasi (a,€)-solution to problem
(RCP). The results generalized the ones in [21, 22|. Besides, we explored some
approximate saddle point results to the a-Lagrangian function £, associated to
problem (RCP). It will be also meaningful to examine some characterizations of a
quasi («, €)-solution in some other mathematical settings.
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