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COMMON FIXED POINT THEOREMS FOR MULTIVALUED
GENERALIZED («,3)-NONEXPANSIVE MAPPINGS IN BANACH
SPACES

ATIT WIRIYAPONGSANON, WARUNUN INTHAKON,
AND NARAWADEE PHUDOLSITTHIPHAT*

ABSTRACT. The purpose of this paper is to introduce new iteration schemes and
establish weak and strong convergence theorems for the common fixed points
of multivalued generalized («,8)-nonexpansive mappings. Furthermore, we pro-
vide an illustrative example to demonstrate that our algorithm results in faster
convergence compared to several existing iteration processes.

1. INTRODUCTION

One of the fastest-growing research areas in nonlinear functional analysis is fixed
point theory, which can be applied to find solutions to many problems such as
ordinary and partial differential equations, variational inequalities, and nonlinear
optimization. For more details, see [4-6,10,13,14,21,26,29,30], as well as the refer-
ences therein. As a consequence, several researchers in nonlinear analysis have been
actively developing faster and more efficient iterative algorithms. Some well-known
iterative schemes were introduced by Mann [15], Ishikawa [11], Agarwal et al. [2],
Nakajo and Takahashi [16], Thakur et al. [31,32], Ritika and Khan [20], and Ullah
and Arshad [34]. In 2018, Ullah and Arshad [35] introduced the M-iteration process
and provided an example to verify that it converges faster than Picard-S [9] and
S iteration [2]. Later, Garodia et al. [8] extended the results of [35] to estimate
common fixed points of two mappings, achieving a faster rate of convergence for
Suzuki generalized nonexpansive mappings. Nowadays, for supporting good health
and well-being, fixed point theory can be applied to image restoration problems
and some data classification problems involving noncommunicable diseases (NCDs),
see [27,28,33] for examples.

In case of multivalued mappings, in 2005, Sastry and Babu [22] studied the con-
vergence of Mann and Ishikawa iterative processes in Hilbert spaces. Later, Pa-
nyanak [19] generalized the result of Sastry and Babu to the framework of uniformly
convex Banach spaces by assuming the endpoint condition. To avoid this condition,
Shehzad and Zegeye [24] defined Pr(x) = {y € T(z) : d(z,Tz) = ||z — y||} for
multivalued mapping T : K — P(K), where P(K) is the class of all nonempty
bounded proximinal subsets of K, and presented convergence results of Ishikawa
iteration process in a uniformly convex Banach space. Recently, Ullah et al. [36]
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modified the M-iterative process for a multivalued version as follows: let K be a
nonempty convex subset of E, «, € (0,1).

r1 € K,

Tp41 = ln,

(1.1)

Wp = Onp,

mp = (1 — ap)zy + anunp,

where u,, € Pr(zy,), on, € Pr(my,) and l,, € Pp(wy,).

This scheme was employed for finding fixed points of multivalued generalized (a,3)-
nonexpansive mappings. They also gave an example to guarantee that M-iterative
scheme converges faster than the iteration of Noor [17], Picard-Mann hybrid [12],
Abbas and Nazir [1] and of Picard-S [9].

Motivated by the research going on in this direction, we instigate a new modified
algorithm for approximating common fixed points of two multivalued generalized
(cv,8)-nonexpansive mappings. Moreover, a numerical example is provided to show
that our algorithm leads to a faster convergence comparing to a number of existing
iteration processes.

2. PRELIMINARIES

Let T and S be two multivalued mappings defined on a nonempty subset K of a
Banach space E. The set of fixed points of T" is denoted by
F(T)={xe K:zeTx}.
A mapping T is said to satisfy the endpoint condition [7,19] if Tp = {p} for any
p € F(T). The set of common fixed points of 7" and S is denoted by
CF(T,S)={rze K:x € F(T)and x € F(S)}.

We call K a proximinal if for each x € E, there exists an element k£ € K such

that

|lz — k|| = inf{[|z —y[| : y € K} = d(z, K).
It can be seen that set of all proximinal includes weakly compact and convex subsets
of a Banach space and closed convex subsets of a reflexive Banach space. Let CB(K)
be the class of all nonempty bounded and closed subsets of K. It is not difficult to
show that every proximinal subset K of E is closed. Hence, P(K) C CB(K). The
Hausdorff metric on CB(F) is defined by

H(A, B) = max{sup d(z, B),sup d(y, A)},

€A yeB

for every A, B € CB(FE), where d(z, B) = infpep ||z — b||. A multivalued mapping
T : K — P(K) is said to be nonexpansive if

H(Tz,Ty) < ||z —yl],
for all z,y € K. If F(T) # () and
H(Tx,Tp) < ||z —pl],
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for all z € K and p € F(T'), then T is said to be quasi-nonexpansive.

Definition 2.1 ([37]). Consider a multivalued mapping T : K — 2K. Then, T is
called generalized (a,)-nonexpansive if there exist two positive real constants «,
with o + 8 < 1 and for all x,y € K, we have

1
id(:v, Tz) <||x — y|| implies that
H(Tz, Ty) <ad(x, Ty) + ad(y, Tx) + fd(z, Tz)
+Bd(y, Ty) + (1 = 2a = 2B)|[x — yl|.

Lemma 2.2 ([37]). Suppose a Banach space E and ) # K C E and also consider a
multivalued mapping T : K — CB(K). If T is generalized (o, )-nonexpansive with
F(T) # 0 and satisfies the endpoint condition, then T is quasi-nonexpansive.

Lemma 2.3 ([37]). Let K be a nonempty subset of a Banach space E and let
T: K — CB(K) be a generalized (o, )-nonexpansive multivalued mapping. Then,

3
o1 < (FE2ED dta 1) + o -l for e K.

The following results are necessary for proving our main theorems.

Proposition 2.4 ([25]). Let K be a nonempty subset of a metric space E and T :
K — P(K) be a multivalued mapping. Then the following conditions are equivalent:
(i) z € F(T), that is, x € Tx,
(ii) Pp(xz) = {x}, that is, x =y for each y € Pp(x),
(iii) x € F(Pr), that is, x € Pp(x).

Further, F(T) = F(Pr).

By Proposition 2.4, it is clear that Pr satisfies the endpoint condition. The
following results also play essential roles in this paper.

Lemma 2.5 ([23]). Let E be a uniformly convex Banach space and 0 < p < t, <
q <1 for alln € N. Suppose that {x,} and {y,} are two sequences of E such that
limsup,, o ||Zn|| < 7, imsup,, o ||ynl] < 7 and limy, o0 [|(1 — tn)2n + taynl| = 7
hold for some r > 0. Then lim,, o ||xn — yn|| = 0.

Definition 2.6 ([18]). Let E be a Banach space. The space F is said to be endowed
with Opial’s condition if for any sequence {x,} C E, with x,, — z, it follows that

limsup ||z, — z|| < limsup ||z, — y|,
n—00 n—00

where y € E and y # .

Definition 2.7 ([37]). A multivalued mapping 7' : K — C'B(K) is called demiclosed
at y € K if for any sequence {z,} in K that is =, — z for some z € K and
yn € T(zy), n € N, which converges strongly to y then we have y € T'(x).
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3. MAIN RESULTS

We begin this section by modifying the iteration process given by (1.1) to ap-
proximate common fixed points of two mappings, i.e., let K be a nonempty convex
subset of F and T, S : K — P(K) be two multivalued mappings and «,, 3, € [0, 1].
Let {z,} be a sequence defined as:

T € K,
Tn+l1l = lna
(3.1) my = (1 — ap)zy + anup,

Sp = (1 - 5n)mn + /annv

\ Wn = On,
where u,, € Pr(x,), v, € Ps(my,), o, € Pr(s,) and [, € Ps(wy,).

Note that our algorithm can be reduce to M-iteration when Pr = Pg and 3, =0,
for all n € N.

Lemma 3.1. Let K be a nonempty closed convex subset of uniformly convex Ba-
nach space E and let T,S : K — P(K) be two multivalued mappings such that
CF(T,S) # 0. Assume that Pr, Ps are generalized (o, )-nonexpansive mappings.
Suppose that {x,} is a sequence defined by (3.1) such that 0 < a < ay, B < b < 1.
Then, for p € CF(T,S),lim, 0 ||z — p|| exists and limy,— o0 d(zy, Pr(zy,)) =0 =
limy, 00 d(zp, Ps(x4)).

Proof. If p € CF(T, S), then by Proposition 2.4 and Lemma 2.2, we have
M, — pl] < (1 = an)|[zn — pl| + anl|un — pl|
< (1 —an)||lzn = pll + anH(Pr(zy), Pr(p))
< (1= ap)l|lzn — pl| + an||lzn — pl|
(3.2) = ||zn — pl|-
By the same token, we obtain
[Isn = pll < (1 = Bn)llmn — pl[ + Bullvn — |
< (1= Bu)llmn = pl| + BrH (Ps(mn), Ps(p))
< (1= Bu)llmn — pl| + Bullmn — pl|

(3.3) = ||man — pl|.
Furthermore,
[lwn = pl| = [[on — pll
< H(Pr(sn), Pr(p))
(3.4) <lsn = pll.

By (3.2), (3.3) and (3.4),
[#n11 = pll = |[ln — p|
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< H(Ps(w), Ps(p))

< ||lwn — p|
(3.5) < [sn —pl|
(3.6) < |lmn — pl|
(3.7) < |z — pl|

By (3.7), we have {||x,, —p||} is bounded and nonincreasing, lim,,_,~ ||, — p|| exists
for p e CF(T,S). Suppose that

(3.8) Jim [z, —p|| = c.
Then,
limsup ||z, — p|| < e
n—oo
Since
|lun = pl| < H(Pr(zn), Pr(p)) < |lzn —pll,
we obtain

limsup ||u, — p|| < e
n—o0

By (3.6) and (3.8), we have
¢ = lim [|zaer — p
< lim [|m, — p||
n—oo
= lim [|(1 — an)(Tn — p) + an(us, — p)||
n—oo
<ec
From Lemma 2.5, we get
(3.9) nh_)rlgo ||zn, — unl|| = 0.
Hence,

lim d(x,, Pr(xz,)) = 0.

n—oo

By (3.9) and 0 < a < o, < b < 1, we have

lim ||z, —my|| = lim ||z, — (1 — an)x, — anugl|

n—oo n—o0

< lim ayl|zn — uy|
n—oo
(3.10) —0.
From (3.2), we get
limsup ||my,, — p|| < limsup ||z, — p|| < c.
n—oo n—oo
Since
[lvn = pl| < H(Ps(mn), Ps(p)) < ||lmn —pll,

we obtain
limsup ||v, — pl| < c.
n—oo
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By (3.5), we have
c= lim [z, —pll
< lim ||s, — p|
n—o0
= lim [|(1 = Bn)(mn — p) + Ba(vn — p)||
n—oo
<ec.

From Lemma 2.5, we get

lim ||my — v,|| = 0.
n—oo
Hence,
(3.11) lim d(my,, Ps(my)) = 0.
n—o0
From (3.10) and (3.11), we can conclude that lim,,_,o d(zy, Ps(x,)) = 0. O

Theorem 3.2. Let E be a uniformly convex Banach space and K be a nonempty
compact and convex subset of E. LetT,S : K — P(K) be two multivalued mappings
such that CF(T,S) # (. Assume that Pr, Ps are generalized (., )-nonexpansive
mappings. Let {x,} be a sequence defined by (3.1) such that 0 < a < ay,, B < b < 1.
Then, {x,} converges strongly to a common fixed point of T and S.

Proof. By Lemma 3.1,
lim d(z,, Pr(z,)) =0 and lim d(xy, Ps(xy,)) = 0.
n—o0

n—0o0

Since K is compact, there exists a subsequence {z,,} of {z,} that converges to
p € K. By Lemma 2.3, it follows that

d(zn,, Pr(p)) < (zHO‘T""ﬁT

d n.,P n; ng )
ST s Pran) + e, ~

and

A(n,, Ps(p)) < (?’M’”ﬁs) 0@y, Ps(n,)) + [[2n, — ]I
1—as—Bs

Letting ¢ — oo, we derive p € F(Pr) N F(Ps). By Proposition 2.4, CF(T,S) =
F(Pr)N F(Ps). Therefore, {x,} converges strongly to p € CF(T,S). O

Theorem 3.3. Let E be a uniformly convex Banach space and K be a monempty
closed convex subset of E. Let T,S : K — P(K) be two multivalued mappings
such that CF(T,S) # (. Assume that Pr, Ps are generalized (o, )-nonexpansive
mappings. Let {x,} be a sequence defined by (3.1) such that 0 < a < ay,, B < b < 1.
Then, {x,} converges strongly to a common fized point of T and S if and only if
liminf, o d(zy, CF(T,S)) = 0.

Proof. 1f the sequence {z,,} converges to p € CF(T,S5), then lim,_, ||z, — p|| = 0.
Since 0 < d(zy,,CF(T,S)) < ||z, — p||, we have liminf,_,~ d(z,, CF(T,S)) = 0.
Conversely, assume that lim inf,,_,~ d(z,, CF(T,S)) = 0.

By Lemma 3.1,

d(ny1, CF (T, S)) < d(w,, CF(T,S)).
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Thus, {d(z,, CF(T,S))} is a nonincreasing sequence which is bounded below imply-
ing that lim,, o d(z,, CF(T,5)) exists. By hypothesis, lim,_,~ d(x,, CF(T,S)) =
0.

Next, we want to show {xz,} is Cauchy. Let m,n € N and m > n. From (3.7), it
follows that

[#ns1 = pll < llon — pll for all pe CF(T, S).
Then,
|2m = @n|l < |{lzm = pll + [Jen = pl| < 2[|zn = pl|.
Taking infimum all over p € CF(T, S) on both sides, we obtain
l|Zm — znl|| < 2inf{||z, —p|| : p € CF(T,S)} = 2d(x,,CF(T,S)).

Since limy, o0 d(xy, CF(T,S)) = 0, we can conclude that lim, 0 || — z,|| = 0.
Therefore, {x,} is a Cauchy sequence in E. As a result, there exists z € E such
that lim,_, ||z, — 2|| = 0. Next, we will show that z € CF(T,S). Consider,

d(z, Pr(z)) < ||z — @n|| + d(@n, Pr(zy)) + H(Pr(zs), Pr(z))
< ||z = nl| + d(@n, Pr(zn)) + [|zn — 2],
and
(s, Ps(2)) < |2 = @l + d(zn, Ps(an)) + H(Ps(an), Ps(2))
< |2 = all + d(@n, Ps(n)) + |20 — 21|
By Lemma 3.1 and taking n — oo on both sides, we infer that
d(z,Pr(z)) =0 and d(z,Ps(z)) =0.
Then,
Pr(z) ={z} and Ps(z) ={z}.
By Proposition 2.4, z € CF(T,S). Therefore, {x,} converges strongly to z €
CF(T,S). O

Definition 3.4. Let ) # K C E, where F is a Banach space. Then T,S : K —
P(K) be two multivalued mappings with CF (T, S) # (. Then, T and S are said to
satisfy condition (I’). If there exists a nondecreasing function f : [0,00) — [0, 00)
with f(0) =0 and f(r) > 0 for all » > 0 such that

fld(x,CF(T,S))) <d(x,Tx) or f(d(x,CF(T,S))) <d(x,Sz),
for all z € K.

Theorem 3.5. Let E be a uniformly convex Banach space and K be a nonempty
closed convex subset of E. Let T,S : K — P(K) be two multivalued mappings
satisfying condition (I') and CF(T,S) # 0. Assume that Pr,Ps are generalized
(o, 3 )-nonexpansive mappings. Let {x,} be a sequence defined by (3.1) such that
0<a<anpBn<b<1l. Then, {z,} converges strongly to a common fized point of
T and S.
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Proof. Let the sequence {z,} be iteratively generated as in (3.1). By Lemma 3.1,
lim d(zy, Pr(z,)) =0= lim d(x,, Ps(zy)),
n—00 n—oo
which imply that
lim d(zy,,T(x,)) =0= lim d(z,,S(z,)).

n—0o0 n—o0

Consider,
|nt1 = pll < |lzn = pl|
inf{||zp4+1 —p|| : p€ CF(T,S)} < inf{||x, —p|| : p€ CF(T,S)}
d(xp4+1,CF(T,S)) < d(x,,CF(T,S)).
Thus, {d(z,, CF(T,S))} is a nonincreasing sequence which is bounded below,
limy, 00 d(xp, CF (T, S)) exists. Since T and S satisfy condition (I’), we obtain

that there exists a nondecreasing function f : [0,00) — [0,00) with f(0) = 0 and
f(r) > 0 for all » > 0 such that

fld(zn, CF(T,S))) < d(zyn,Txy,) or f(d(xn,, CF(T,S))) < d(zy,Szy).
It follows that
0< Ji_)ngof(d(wn,CF(T, S))) < lim d(xy,, Tx,) =0,

n—oo
or
0< ILm fld(zn, CF(T,S))) < ILm d(zp, Sxy,) = 0.
Thus,

lim f(d(za, CF(T, S))) = 0.
Due to the nondecreasing function of f and f(0) = 0, we get
nli_)Igod(a:n,C’F(T, S)) =0.
Therefore, {x,} converges strongly to p € CF(T,S). O

Theorem 3.6. Let K be a nonempty closed convex subset of a uniformly convex
Banach space E which satisfies Opial’s condition. Assume that T, S : K — P(K)
be two multivalued mappings such that CF(T,S) # 0 and Pr, Ps are generalized
(a, B )-nonexpansive mappings. Let {x,} be a sequence defined by (3.1) such that
0<a<aypB,<b<l Letl—Pr and I — Pg be two demiclosed at zero, then
{zn} converges weakly to a common fized point of T and S.

Proof. Let p € CF(T,S). Then, lim, , ||z, — p|| exists as proved in Lemma
3.1. Now, we prove that {z,,} has a unique weak subsequential limit in CF (T, S).
Since FE is uniformly convex, it is reflexive. Therefore, there exist subsequences
{#n;} and {xn;} of {z,} converge weakly to some z; and 2z in K, respectively.
By Lemma 3.1, limy, o0 d(2y, Pr(z,)) = 0 and I — Pp is demiclosed at zero, then
z1 € F(Pr) = F(T). Similarly, zo € F(Pr) = F(T). In the same way, we can prove
that z; € F(Ps) = F(S) and 22 € F(Pg) = F(S). Therefore, 21,20 € CF(T,S).
Next, we prove the uniqueness. To this end, suppose that z; # z9. Then by Opial’s
condition, we have

lim sup ||, — 2| = limsup [z, — 21|
n—o0 1—00
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< limsup ||z, — 2|
i—00

— limsup| |z, — 2]|
n—oo

= limsup |[zn; — 2|
Jj—00

< limsup ||z, — 21|
j—00

= limsup ||z, — 21|,
n—oo

which is a contradiction. Therefore, {z,,} converges weakly to a common fixed point
of T'and S. O

Now, we employ the following example to confirm that our convergence result is
effective.

Example 3.7. Let E =R, K = [0,00) and let T, S : K — P(K) be two multivalued
mappings defined by,

{0}, if 2 €10, 505),
T(x)=<10,%], if x€ (2000,00) — {%},
[0, 5], if =€ {5},

“H"E

and,

S(@) = {{0}, if @€ [0, ).

[0,%], if z € (;0,00).

' 4 1000°

Then, Pr and Ps are generalized («a, )-nonexpansive mappings.

Proof. Let o = 8 = % and we have

{0}, if z €0, 53],
PT(aj) = {%}v if re (2000700) - {%}7
{go), if ze {3},

and,

{5}, ifze (TIO()?OO)-
Now, we will prove that Pr is a generalized («, #)-nonexpansive mapping for o =
e
Cas

Ps(a) = {{0}, if 2 € [0, ),

e(1) : If z,y € [0, 555, then
1
7d(y7PT(x))

4
(e, Pr(e)) + 7d(y, Pr(y)

t(1-2 -2l -yl

H(Py(e), Pr(y)) =0 < (e, Pr(y)) +

_l’_

=
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Case(2) : If 2,y € (5~

m,OO) — {%}, then

14, Pr(y)) + ;dly, Pr(x))

b 2d(e, Pr(e)) + gy, Pri) + (1- 2 =2
1 Y 1 T 1 T 1 Y
=qle=glr il gl a5+ 2§
1 Y T 1 T
> 1l -5) - -5+ ile-5) -
LTz Ty 1|5z by
=106 6| T1le 6
6z oy
—ia‘d
254
6 6
= H(Pr(z), Pr(y))

Case(3) : If 2 € [0, 5055] and y € (5555, 0) — {2}, then

Ly, Pr(z)

+ id(m, Pr(x))

%M%&@D+

4

1 Y 1 1 1 Y
4“” 6‘+4’y [+ gle=0l+7]y—3
1 Y 11y =z

12 :f‘ —7( YT

(3.12) 117761 T2 Ty

Consider two cases of |z — %\,
_ Y : Y
|$7g|: T 6> 1f$'267
6 y
6

—z, if <.
For the first case (i.e., z > %), from (3.12) implies that:

Jd(e, Pr(y)) + 30y, Pr(z)

1 1
+ ;d(@, Pr(@) + dly, Pr(y) + (1= 5 = 5

_r oy Ay oz
4 24+24+4

T oY

2712
>2

12

+ 40, Pr(y) + (1~

2
4

Y
6

2
4

)

2
4
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il
_ — — x_
4 Yy

iz =yl
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For the second case (i.e., z < §), from (3.12) implies that:

14 Pr(y)) + dly, Pr(x))

2 2

+ (e, Pr(@) + 74, Pr) + (12 = 2) |z —y)

Case(4) : If 2 € [0, 505) and y € {3}, then
1

(e, Pr(y)) + 3y, Pr(z)

1 1 2 2
“d(z, P “d(y, P (1—7—7) —
+4d(w T(fv))+4d(y r(y)) + 11 ||z —yl|
7215 4" 415 20

7 +1+$—|—9
r— a2y 2
20 5 4 &0

2
= H(Pr(z), Pr(y)).

Case(5) : If z € (5055,00) — {2} and y € {2}, then

1 Pr(y)) + dly, Pr(2)

1 T

im0
24 80

[V
N
8
\

Do
o‘\]
N——
+
N
(SN
\
| 8

6

N N e Y N
)
o
=
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oz 9 bz 9
24 80 24 80

X 9
1T
T 7
6 20

= H(Pr(z), Pr(y)).
Case(6) : If 2,y € {2}, then

14, Pr(y) + 3d(y, Pr(z)

+ d(e, Pr(@) + 70, Pr) + (1 = 2) |z —y)
14 7 114 7 114 7 114 7
—4‘5‘2()*4‘5‘%*4’5‘%*4‘5‘%

4 7
:‘5—20
>0

= H(Pr(z), Pr(y)).

Therefore, Pr is generalized («, )-nonexpansive. Moreover, Pg is generalized

(a, B)-nonexpansive for o = f§ = %. Indeed,

Case(1) : If 2,y € [0, 1g55), then
1 1 1
H(Ps(), Ps(y)) = 0 < Zd(w, Ps(y)) + 7d(y, Ps()) + 7d(z, Ps(x))
1 2 2
+ 7l Ps(w) + (1= 5 = 7)lle =l
Case(2) : If 2,y € (1559, 00), then

L, Ps(y) + 1d(y. Ps(@) + yd(z, Ps(a))

2 2

d(y, P (1—7—7> -

+4(y s(y)) + 171 |z —yl|
PO P (PO P
S Y I O B I RVH K
1 Y x 1 z Y
> = _Z) _ _Z Z _ ) - _Z
—4(:"' 4) (y 4)‘+4‘(x 4) (y 4)‘
_Libz 5yl 1|3z 3y
4 4 4 414 4

Ty
:2‘7_,

14
N
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Case(3) : If 2 € [0, 1055] and y € (1g5g, °0), then

14, Ps(y) + 0y, Ps(2))

1 1 2 2
—d(z, P, ~d(y, P (1_7_7> _
+ 7d(@, Ps(x)) + 2d(y, Ps(y) + (1= 7 = 7 ) llz = ol
_1 Y 1 1 1 y’
1z =Y+ gy —ol+gle—o0/+ 7|y
1 Y Ty «x
1 — = _7‘ v,z
(3:49) 78 I R TR
Consider two cases of |z — %],
|_g|_ x ) 1fx2%,
4 g—uz, if z< ¥

For the first case (i.e., z > ¥), from (3.13) implies that:

1 1 1
19, Ps(y)) + 7 d(y, Ps(x)) + Jd(z, Ps(x))
1 2 2
+ . Ps(y) + (1= 7= 7 )l =yl
_r_y Ty =
4 16 + 16 + 4
T 3y
2 + 8
2y
> —_
8

For the second case (i.e., z < ¥), from (3.13) implies that:

id(:c, Ps(y)) + id(y,Ps(w)) + %d(w, Ps(x))

1 2 2
Lty Pot) + (1= 2= 2)lla -
+4(y s(y)) + 171 ||z —yl|
_y T Ty
16 4+16+4
_Y
2
y
>7
4

= H(Ps(x), Ps(y))-

Therefore, Pg is a generalized («, §)-nonexpansive mapping. Moreover, we can see
that 0 € CF(T,S). Next, we give three different initial values z; = 0.8,z; = 1.0
and x; = 10.0. Table 1 and Figure 1 illustrate the convergence behavior of {z,,}.
We can see that the sequence generated by our algorithm converges to 0. g
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TABLE 1
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Step

when 21 = 0.8

when 1 = 1.0

when 1 = 10.0

1

© 00 O UL Wi

[
o

0.8000000000000000
0.0232747395833333
0.0006237913061071
0.0000000000000000
0.0000000000000000
0.0000000000000000
0.0000000000000000
0.0000000000000000
0.0000000000000000
0.0000000000000000

1.0000000000000000
0.0268012152777777
0.0007183051403658
0.0000000000000000
0.0000000000000000
0.0000000000000000
0.0000000000000000
0.0000000000000000
0.0000000000000000
0.0000000000000000

10.00000000000000
0.268012152777777
0.007183051403658
0.000000000000000
0.000000000000000
0.000000000000000
0.000000000000000
0.000000000000000
0.000000000000000
0.000000000000000

Finally, Table 2 and Figure 2 show that the sequence generated by our algorithm
converges the fastest as compared to other algorithms by setting S = T with the

10

The values of x|

9
8
7
6
5
4
3
2
1
0

Value of x,_ when x, =0.8

Value nfx" when x, =1 0

Value nfx" when X =100

1

initial value 10.

2 3 4 5

6

7 8 9 10

Iteration Number

FiGURE 1

TABLE 2

Step

New Iteration

M-Iteration

Abbas Iteration

Picard-Mann

1

© 00 O UL Wi

—
(es)

10
1.7409 x 10~ 1
3.0308 x 1073

OO O OO OO

10
2.1991 x 10!
4.8359 x 1073
1.0635 x 104

OO OO OO

10
5.2734 x 101
2.7809 x 102
1.4665 x 1073
4.8374 x 107°

O OO oo

10
1.3194
1.7409 x 1071
2.2971 x 102
3.0308 x 1073
3.9990 x 10~*

OO OO
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—————— Newlaration

—————— Pradiam

The values ofx,,

FIGURE 2

4. CONCLUSIONS

We have provided weak and strong convergence theorems of common fixed point
for two multivalued generalized («, 3)-nonexpansive mappings in uniformly convex
Banach spaces. We also presented a numerical example to support our main result.
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