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a(k, s) = sp(k)−2, then we obtain the standard discrete p(·)-Laplacian operator,
that is,

△p(k−1)u(k − 1) := △
(
|△u(k − 1)|p(k−1)−2△u(k − 1)

)
.

Difference equations represent the discrete counterpart of PDEs and are usually
studied with numerical analysis. We refer the reader to [38] for a comprehensive
qualitative analysis of nonlinear PDEs with variable exponent using variational and
topological methods. The operator (1.3) can be seen as the discrete counterpart of
the following anisotropic operator

N∑
i=1

∂

∂xi
ai

(
x,

∣∣∣∣ ∂

∂xi
u

∣∣∣∣) ∂

∂xi
u.

The above operator was introduced by I.H. Kim and Y.H. Kim [20] to study a
homogeneous Dirichlet boundary problem.

The differential equations with variable exponent have been intensively studied in
the last few decades since they can model various phenomena arising from the study
of elastic mechanics [48], electrorheological fluids [37,40] and image restoration [13].

The presence of the non-local term ρ[u] is an important feature of this article.
Kirchhoff in 1876 (see [21]) suggested a model defined by the following equation.

(1.4) ρ
∂2u

∂t2
=

(
T0 +

Ea

2L

∫ L

0

∣∣∣∣∂u∂x
∣∣∣∣2 dx

)
∂2u

∂x2
,

where ρ > 0 is the mass per unit length, T0 is the base tension, E is the Young
modulus, a is the area of cross section and L is the initial length of the string.

Equation (1.4) takes into account the change of the tension on the string which is
caused by the change of its length during the vibration. After that, several physicists
also considered such equations for their research in the theory of nonlinear vibra-
tions theoretically or experimentally [9, 10, 33, 35], On the other hand, Kirchhoff’s
equation received much attention only after Lions in 1978 (see [25]) established an
abstract framework for the problem related to the stationary analog of the equation
of Kirchhoff type. Some important and interesting results can be found in [2, 11].
In recent years, discrete Kirchhoff-type problems have been widely investigated.
We refer the readers to papers [12, 18, 22, 34, 36, 43–45] and references therein. For
example, in [45] Yucedag studied the following problem

(1.5)


−M

(
|△u(k−1)|p(k−1)

p(k−1)

)
△
(
|△u(k − 1)|p(k−1)−2△u(k − 1)

)
= f(k, u(k)) for k ∈ N [1, T ] ,

u(0) = u(T + 1) = 0,

by using the variational approach and the Mountain Pass theorem to obtain the
existence of at least one nontrivial solution. In [22], Koné et al, proved, by using
the minimization method, the existence of a weak solution for the following problem

(1.6)


−M (A(k − 1,△u(k − 1))△(a(k − 1,△u(k − 1))

= f(k) for k ∈ N [1, T ] ,

u(0) = △u(T ) = 0.
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Discrete boundary value problems have been intensively studied by many authors
in the literature. For papers involving the discrete p(k)-Laplacian operator, we refer
the readers to the following works [3,5,6,14,15,23,26,30,31]. In the case where p(k)
is a constant (also called the discrete p-Laplacian operator), we refer the readers
to [1,7,8,17,19,42] and the references therein. The discrete p(k)-Laplacian operator
has more complicated nonlinearities than the discrete p-Laplacian operator; for
example, it is not homogeneous.

In [19], by using critical point theory, the authors considered the existence of
ground state periodic solutions of the following difference equations with discrete
p-Laplacian.

(1.7)

{
−△px(k − 1) = f(k, x(k)) for k ∈ N [1, T ] ,

x(0)− x(T + 1) = 0 = △x(0)−△x(T ).

For discrete problems with p(k)-Laplacian operator, in [4] the authors studied
the following problem.

(1.8)

{
−△p(k−1)x(k − 1) = f(k, x(k)), for k ∈ N [1, T ] ,(
hp(0)(△x(0)),−hp(T )(△x(T ))

)
∈ ∂j (x(0), x(T + 1)) .

By using the variational approach relying on Szulkin’s critical point theory, they
proved the existence of ground state as well as mountain pass type solutions for
problem (1.8).

For discrete problems with p(k)-Laplacian operator, in [24] the authors dealt with
the following problem which is a generalization of problem (1.8),

(1.9)

{
−△ (a(k − 1,△u(k − 1))) = f(k, u(k)) for k ∈ N [1, T ] ,

(a(0,△u(0)),−a(T,△u(T ))) ∈ ∂j (u(0), u(T + 1)) .

By using the variational technique relying on Szulkin’s critical point theory, the au-
thors showed the existence of solutions by ground state and mountain pass methods
for the problem (1.9).

In this article, we use the variational methods that rely on Szulkin’s critical point
theory to investigate the existence of solutions for the problem (1.1) by ground state
and mountain pass techniques.

The paper is organized as follows. In Section 2, the variational framework asso-
ciated with problem (1.1) is established. Some definitions and lemmas essential to
prove our main results are also stated. In Section 3, we use the direct variational
approach to obtain the existence of at least one nontrivial weak solution for problem
(1.1). Finally, in Section 4, we apply the critical point theory to obtain the existence
of at least two nontrivial solutions for problem (1.1) with a disturbance term.

2. Preliminaries

In this section, we first establish the variational framework associated with prob-
lem (1.1). We connect solutions to (1.1) with critical point theory developed by
Szulkin [41].
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Throughout this article, we will use the notations.

p+ = max
k∈N[0,T ]

p(k), p− = min
k∈N[0,T ]

p(k), p = max
k∈N[1,T ]

p(k), p = min
k∈N[1,T ]

p(k).

We introduce the space

X := {u : N [0, T + 1] → R}
equipped with the norm

∥u∥δ =

(
T+1∑
k=1

(
|△u(k − 1)|p− + δ|u(k)|p−

))1/p−

,

for some positive constant δ.
On the space X we also consider the norms

∥u∥ =

(
T+1∑
k=1

|△u(k − 1)|p−
)1/p−

,

∥u∥δ,p+ =

(
T+1∑
k=1

(
|△u(k − 1)|p+ + δ|u(k)|p+

))1/p+

and the Luxemburg norm

∥u∥δ,p(·) = inf

{
λ > 0 :

T+1∑
k=1

(
1

p(k − 1)

∣∣∣∣△u(k − 1)

λ

∣∣∣∣p(k−1)

+
δ

p(k)

∣∣∣∣u(k)λ

∣∣∣∣p(k)
)

≤ 1

}
for some positive constant δ.

On the other hand, the following inequalities hold true.

(2.1) L∥u∥δ,p+ ≤ ∥u∥δ ≤ 2
p+−p−

p+p− L∥u∥δ,p+ ,

where L := (max{T + 1, δ})
p+−p−

p+p− . Indeed, by using discrete weighted Hölder in-
equality (see [32]), one obtains

T+1∑
k=1

δ |u(k)|p
−

≤

(
T+1∑
k=1

δ{1}
p+

p+−p−

) p+−p−

p+
(

T+1∑
k=1

δ
(
|u(k)|p

−
) p+

p−

) p−

p+

≤ δ
p+−p−

p+

(
T+1∑
k=1

δ|u(k)|p+
) p−

p+

.

Similarly, one has

T+1∑
k=1

|△u(k − 1)|p
−
≤ (T + 1)

p+−p−

p+

(
T+1∑
k=1

|△u(k − 1)|p+
) p−

p+

.
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The above inequalities combined with p−

p+
≤ 1, imply that

∥u∥p
−

δ ≤ (max{T + 1, δ})
p+−p−

p+

×

(T+1∑
k=1

|△u(k − 1)|p+
) p−

p+

+

(
T+1∑
k=1

δ|u(k)|p+
) p−

p+


≤ 2

1− p−

p+ (max{T + 1, δ})
p+−p−

p+

×

(
T+1∑
k=1

|△u(k − 1)|p+ +
T+1∑
k=1

δ|u(k)|p+
) p−

p+

= 2
p+−p−

p+ Lp−∥u∥p
−

δ,p+
.

Therefore, ∥u∥δ ≤ 2
p+−p−

p+p− L∥u∥δ,p+ .
Moreover, we get from the fact that p+

p− ≥ 1, the following.

∥u∥p
+

δ,p+
≤ (max{T + 1, δ})

p−−p+

p−

×

(T+1∑
k=1

|△u(k − 1)|p−
) p+

p−

+

(
T+1∑
k=1

δ|u(k)|p−
) p+

p−


≤ (max{T + 1, δ})

p−−p+

p−

×

(
T+1∑
k=1

|△u(k − 1)|p− +
T+1∑
k=1

δ|u(k)|p−
) p+

p−

= L−p+∥u∥p
+

δ .

Therefore, L∥u∥δ,p+ ≤ ∥u∥δ. Then, relation (2.1) is satisfied.
We also consider another norm in X, that is,

∥u∥∞ := max
k∈N[0,T+1]

|u(k)|, for all u ∈ X.

For every u ∈ X, there exists τ ∈ N [1, T ] such that

|u(τ)| ≤
T+1∑
k=1

|△u(k − 1)|+
T+1∑
k=1

|u(k)|

and by using the discrete Hölder inequality, one has

∥u∥∞ ≤ (T + 1)
p−−1

p−

(
T+1∑
k=1

|△u(k − 1)|p
−

) 1
p−

+ (T + 1)
p−−1

p−

(
T+1∑
k=1

|u(k)|p
−

) 1
p−
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≤ (T + 1)
p−−1

p−

(T+1∑
k=1

|△u(k − 1)|p
−

) 1
p−

+

(
T+1∑
k=1

δ |u(k)|p
−

) 1
p−
(2.2)

≤ 2
1− 1

p− (T + 1)
p−−1

p−

(
T+1∑
k=1

(
|△u(k − 1)|p− + δ|u(k)|p−

)) 1
p−

= (2T + 2)
p−−1

p− ∥u∥δ.
Since X is of finite dimension, therefore there exist constants 0 < L1 < L2 such
that

(2.3) L1∥u∥δ,p(·) ≤ ∥u∥δ ≤ L2∥u∥δ,p(·).
For the variable exponent, we assume that.

(2.4) p(·) : N [0, T ] → (1,∞) .

We also assume that a and M satisfy the following assumptions.

(H1) There exist a1 : N [0, T ] → [0,∞) and a constant a2 > 0 such that

|a(k, |ξ|)ξ| ≤ a1(k) + a2|ξ|p(k)−1,

for all k ∈ N [0, T ] and ξ ∈ R.
(H2) For all k ∈ N [0, T ] and ξ > 0,

0 ≤ a(k, |ξ|)ξ2 ≤ p+
∫ |ξ|

0
a(k, s)s ds.

(H3) There exists a positive constant c such that

min

{
a(k, |ξ|), |ξ|∂a

∂ξ
(k, |ξ|) + a(k, |ξ|)

}
≥ c|ξ|p(k)−2,

for all k ∈ N [0, T ] and ξ ∈ R.
(H4) M : [0,∞) → [0,∞) is continuous, nondecreasing and there exist two posi-

tive constant m0 and m1 such that

m0 ≤ M(t) ≤ m1, for t > 0.

Now, let Ap(·) : X → R be given by

Ap(·)(u) =

T+1∑
k=1

1

p(k − 1)
|△u(k − 1)|p(k−1) .

If u ∈ X, as p+ < ∞, then the following properties hold.

∥u∥δ,p(·) > 1 imply that

(2.5) ∥u∥p
−

δ,p(·) ≤ Ap(·)(u) + δ

T+1∑
k=1

1

p(k)
|u(k)|p(k) ≤ ∥u∥p

+

δ,p(·),

∥u∥δ,p(·) < 1 imply that

(2.6) ∥u∥p
+

δ,p(·) ≤ Ap(·)(u) + δ
T+1∑
k=1

1

p(k)
|u(k)|p(k) ≤ ∥u∥p

−

δ,p(·).
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Next, we define the functional Ap(·) : X → R by

(2.7) Ap(·)(u) = M̂(ρ[u]), for all u ∈ X,

where M̂(t) =
∫ t
0 M(s) ds.

Using the functional j, we introduce the functional J : X → (−∞,∞] defined by

(2.8) J(u) = j (u(0), u(T + 1)) for all u ∈ X.

Note that, as j is proper, convex and l.s.c, the same properties hold for J .
We denote

(2.9) A = Ap(·) + J.

Let us also define

(2.10) B(u) =

T∑
k=1

F (k, u(k)) for all u ∈ X,

where F (k, s) =
∫ s
0 f(k, t) dt for every (k, s) ∈ N [1, T ]× R.

The energy functional corresponding to problem (1.1) is defined as E : X →
(−∞,∞], with

(2.11) E = A+B,

where A is introduced in (2.9) and B defined by (2.10),
We define a critical point of E as a point u ∈ X such that

M(ρ[u])

T+1∑
k=1

a(k − 1, |△u(k − 1)|)△u(k − 1)△v(k − 1)

+
T∑

k=1

f(k, u(k))v(k) + j′ ((u(0), u(T + 1)) ; (v(0), v(T + 1))) ≥ 0,(2.12)

which in turn is a classical solution of problem (1.1) for any v ∈ X. Since we work
in a finite-dimensional space, we see that any classical solution of problem (1.1) is,
in fact, a strong, i.e. a weak solution.

Let us also define the quotient associated with problem (1.1) as follows.

ν1 = inf

{(T+1∑
k=1

1

p(k − 1)
|△u(k − 1)|p(k−1)

)
/

(
T+1∑
k=1

1

p(k)
|u(k)|p(k)

)
:

u ∈ X \ {0} and (u(0), u(T + 1)) ∈ D(j)

}
.(2.13)

Proposition 2.1 ([29]). ν1 > 0.

Next, let C : X → R ∪ {∞} be a functional satisfying the following hypothesis.

(H5) C = D + E, where E : X → R is a functional of class C1 on X with
D : X → R ∪ {∞} convex, proper and lower semicontinuous.

Definition 2.2. A point u is said to be a critical point of the functional C if u ∈ X
such that D(u) < ∞ and〈

E′(u), v − u
〉
+D(v)−D(u) ≥ 0, for all v ∈ X.
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Theorem 2.3 ([27]). If the functional E : X → R is weakly lower semi-continuous
and coercive, i.e. lim∥x∥→∞ E(x) = ∞, then there exists x0 ∈ X such that
infx∈X E(x) = E(x0). Moreover, if E has bounded linear Gâteaux derivative on
X, then x0 is also a critical point of E, i.e. E ′(x0) = 0.

Theorem 2.4 ([28], Theorem 4.10). Let Eq(·) ∈ C1 (X,R) and Eq(·) satisfies the
Palais-Smale condition. Assume that there exist u0, u1 ∈ X and a bounded neigh-
bourhood U of u0, such that u1 ∈ X \ U ,

max{Eq(·)(u0), Eq(·)(u1)} < inf
u∈∂U

Eq(·)(u),

then there exists a critical point u of Eq(·), i.e. E ′
q(·)(u) = 0 with

max{Eq(·)(u0), Eq(·)(u1)} < Eq(·)(u).

Theorem 2.5 ([47], Theorem 38). For the functional F : M ⊆ X → (−∞,∞) with
M ̸= ∅, minu∈M F (u) = α has a solution if the following conditions hold.

(i) X is a real reflexive Banach space,
(ii) M is bounded and weak sequentially closed,
(iii) F is weak sequentially lower semi-continuous on M , i.e., for each sequence

{un} in M such that un ⇀ u as n → ∞, F (u) ≤ lim infn→∞ F (un).

Proposition 2.6 ([41], Proposition 1.1 ). If C satisfies the condition (H5), then
each local minimum of C is necessarily a critical point of C.

Lemma 2.7.
(i) The functionals Ap(·) and B are well-defined on X.

(ii) The functionals Ap(·) and B are of class C1(X,R) and

(2.14)
〈
A′

p(·)(u), v
〉
= M(ρ[u])

T+1∑
k=1

a(k − 1, |△u(k − 1)|)△u(k − 1)△v(k − 1),

(2.15)
〈
B′(u), v

〉
=

T∑
k=1

f(k, u(k))v(k),

for all u, v ∈ X.

Proof. (i) Since F is continuous, then

|B(u)| =

∣∣∣∣∣
T∑

k=1

F (k, u(k))

∣∣∣∣∣ < ∞.

By (H1) and (H4), we get∣∣Ap(·)(u)
∣∣ =

∣∣∣M̂(ρ[u])
∣∣∣

≤ m1

∣∣∣∣∣
∫ ρ[u]

0
dξ

∣∣∣∣∣ ≤ m1 |ρ[u]|

≤ m1

[
a+1

T+1∑
k=1

|△u(k − 1)|+ a2
p−

T+1∑
k=1

|△u(k − 1)|p(k−1)

]
< ∞,
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where a+1 = maxk∈N[0,T ] a1(k).
Then, Ap(·) and B are well-defined on X.

(ii) Clearly Ap(·) and B are in C1(X,R). In what follows, we prove (2.14) and
(2.15).

Choose u, v ∈ X, one has〈
A′

p(·)(u), v
〉
= lim

τ→0+

Ap(·)(u+ τv)−Ap(·)(u)

τ

and 〈
B′(u), v

〉
= lim

τ→0+

B(u+ τv)−B(u)

τ
.

Let us denote

|gτ | =

∣∣∣∣∣M̂(ρ[u+ τv])− M̂(ρ[u])

τ

∣∣∣∣∣ ;
we can find τk ∈ R with 0 < |τk| < |τ | < 1 such that

|gτ | ≤
∣∣∣∣M(ρ[u+ τkv])

∣∣∣∣ T+1∑
k=1

|a(k − 1, |△u(k − 1) + τk△v(k − 1)|)

×(△u(k − 1) + τk△v(k − 1))△v(k − 1)|

≤ m1

T+1∑
k=1

∣∣∣∣a1(k − 1) + a2|△u(k − 1) + τk△v(k − 1)|p(k−1)−1

∣∣∣∣|△v(k − 1)|

≤ m1

T+1∑
k=1

∣∣∣∣a1(k − 1) + a2(|△u(k − 1)|+ |△v(k − 1)|)p(k−1)−1

∣∣∣∣|△v(k − 1)|.

By the discrete Hölder inequality (see [16]), on déduit que

T+1∑
k=1

|gτ | ≤ Tm1

T+1∑
k=1

|a1(k − 1)||△v(k − 1)|

+a2Tm1

T+1∑
k=1

∣∣∣(|△u(k − 1)|+ |△v(k − 1)|)p(k−1)−1|△v(k − 1)|
∣∣∣

≤ C∥a1∥p′(·)∥△v∥p(·) + a2C∥(|△u(k − 1)|+ |△v(k − 1)|)p(·)−1∥p′(·)
×∥△v∥p(·) < ∞.

So, it follows that

limτ→0+
Ap(·)(u+τv)−Ap(·)(u)

τ

= limτ→0+
M̂(ρ[u+τv])−M̂(ρ[u])

τ

= limτk→0+ M(ρ[u+ τkv])
∑T+1

k=1 a(k − 1, |△u(k − 1)

+τk△v(k − 1)|)(△u(k − 1) + τk△v(k − 1))△v(k − 1)

= M(ρ[u])
∑T+1

k=1 a(k − 1, |△u(k − 1)|)△u(k − 1)△v(k − 1)
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and

lim
τ→0+

B(u+ τv)−B(u)

τ
= lim

τ→0+

T∑
k=1

F (k, u(k) + τv(k))− F (k, u(k))

τ

=
T∑

k=1

lim
τ→0+

F (k, u(k) + τv(k))− F (k, u(k))

τ

=

T∑
k=1

f(k, u(k))v(k).

Thus, we obtain (2.14) and (2.15). □

Now, we recall some auxiliary results to be used throughout the paper.

Lemma 2.8.
(i) Let u ∈ X and ∥u∥δ > 1. Then,

T+1∑
k=1

(
1

p(k − 1)
|△u(k − 1)|p(k−1) +

δ

p(k)
|u(k)|p(k)

)
≥

∥u∥p
−

δ

p+
− (1 + δ)(T + 1)

p+
.

(ii) Let u ∈ X and ∥u∥δ < 1. Then,

T+1∑
k=1

(
1

p(k − 1)
|△u(k − 1)|p(k−1) +

δ

p(k)
|u(k)|p(k)

)
≥ 2

p−−p+

p−

p+Lp+
∥u∥p

+

δ .

Proof. Let u ∈ X be fixed. By a similar argument as in [15], we define

αk :=

{
p+ if |△u(k)| ≤ 1

p− if |△u(k)| > 1
and βk :=

{
p+ if |u(k)| ≤ 1

p− if |u(k)| > 1,

for each k ∈ N [1, T ].
(i) For u ∈ X with ∥u∥δ > 1, one has

T+1∑
k=1

(
1

p(k − 1)
|△u(k − 1)|p(k−1) +

δ

p(k)
|u(k)|p(k)

)

≥ 1

p+

 T+1∑
k=1,αk=p+

|△u(k − 1)|p
+

+

T+1∑
k=1,αk=p−

|△u(k − 1)|p
−


+

δ

p+

 T+1∑
k=1,βk=p+

|u(k)|p
+

+

T+1∑
k=1,βk=p−

|u(k)|p
−


=

1

p+

T+1∑
k=1

|△u(k − 1)|p− −
T+1∑

k=1,αk=p+

(
|△u(k − 1)|p− − |△u(k − 1)|p+

)
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+
δ

p+

T+1∑
k=1

|u(k)|p− −
T+1∑

k=1,βk=p+

(
|u(k)|p− − |u(k)|p+

)
≥ 1

p+

(
T+1∑
k=1

|△u(k − 1)|p− − (T + 1)

)
+

δ

p+

(
T+1∑
k=1

|u(k)|p− − (T + 1)

)

=
∥u∥p

−

δ

p+
− (1 + δ)(T + 1)

p+
.

(ii) As |△u(k)| < 1 and |u(k)| < 1 for each k ∈ N [1, T ] since ∥u∥δ < 1, we deduce
that

T+1∑
k=1

1

p(k − 1)
|△u(k − 1)|p(k−1) ≥ 1

p+

T+1∑
k=1

|△u(k − 1)|p+

and
T+1∑
k=1

δ

p(k)
|u(k)|p(k) ≥ δ

p+

T+1∑
k=1

|u(k)|p+ .

Hence, by the above inequalities and the relation (2.1), we obtain

T+1∑
k=1

(
1

p(k − 1)
|△u(k − 1)|p(k−1) +

δ

p(k)
|u(k)|p(k)

)

≥ 1

p+

(
T+1∑
k=1

|△u(k − 1)|p+ + δ
T+1∑
k=1

|u(k)|p+
)

=
1

p+
∥u∥p

+

δ,p+

≥ 2
p−−p+

p−

p+Lp+
∥u∥p

+

δ .

□

Proposition 2.9. If u ∈ X is a critical point of the functional E in the sense that

(2.16)
〈
B′(u), w − u

〉
+A(w)−A(u) ≥ 0, for all w ∈ X,

then u is a classical solution of problem (1.1).

Proof. Let us fix u, v ∈ X. We consider w ∈ X defined by w = u+ sv for all s > 0.
Then, dividing the inequality (2.16) by s and passing to the limit as s → 0+, one

has 〈
B′(u), v

〉
+
〈
A′

p(·)(u), v
〉
+
〈
J ′(u), v

〉
≥ 0, for all v ∈ X,

where ⟨J ′(u), v⟩ = J ′(u, v) is the directional derivative of the convex function J at
u in the direction of v. Thus, from (2.8) and the above inequality, we obtain〈
B′(u), v

〉
+
〈
A′

p(·)(u), v
〉
+ j′ ((u(0), u(T + 1)) ; (v(0), v(T + 1))) ≥ 0, for all v ∈ X.
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Using the relations (2.14) and (2.15), we get

M(ρ[u])
T+1∑
k=1

a(k − 1, |△u(k − 1)|)△u(k − 1)△v(k − 1) +
T∑

k=1

f(k, u(k))v(k)

+j′ ((u(0), u(T + 1)) ; (v(0), v(T + 1))) ≥ 0.

Then,

T∑
k=1

f(k, u(k))v(k)−M(ρ[u])
T∑

k=1

△ (a(k − 1, |△u(k − 1)|)△u(k − 1)) v(k)

+M(ρ[u])a(T, |△u(T )|)△u(T )v(T + 1)−M(ρ[u])a(0, |△u(0)|)△u(0)v(0)

+j′ ((u(0), u(T + 1)) ; (v(0), v(T + 1))) ≥ 0,(2.17)

for all v ∈ X. So, it follows that

T∑
k=1

(−M(ρ[u])△(a(k − 1, |△u(k − 1)|)△u(k − 1)) + f(k, u(k))) v(k) = 0,

for all v ∈ X with v(0) = v(T + 1) = 0, which imply that

−M(ρ[u])△(a(k − 1, |△u(k − 1)|)△u(k − 1)) + f(k, u(k)) = 0,(2.18)

for all k ∈ N [1, T ].
It remains to prove that

(a(0, |△u(0)|)△u(0),−a(T, |△u(T )|)△u(T )) ∈ ∂j (u(0), u(T + 1)) .

Indeed, we multiply the equality (2.18) by v(k). Thus, summing up k from 1 to T
and using (2.17), we write

j′ ((u(0), u(T + 1)) ; (v(0), v(T + 1)))

≥ −M(ρ[u])a(T, |△u(T )|)△u(T )v(T + 1)

+M(ρ[u])a(0, |△u(0)|)△u(0)v(0),

for all v ∈ X.
Taking v ∈ X with v(0) = ǔ and v(T + 1) = v̌, where ǔ, v̌ ∈ R are arbitrarily

chosen, one has

j′ ((u(0), u(T + 1)) ; (ǔ, v̌)) ≥ M(ρ[u])

(
a(0, |△u(0)|)△u(0)ǔ

− a(T, |△u(T )|)△u(T )v̌

)
,

for all ǔ, v̌ ∈ R, which by assumption (H4), we deduce as M(·) is positive that

j′ ((u(0), u(T + 1)) ; (ǔ, v̌))

≥ C (a(0, |△u(0)|)△u(0)ǔ− a(T, |△u(T )|)△u(T )v̌)

≥ a(0, |△u(0)|)△u(0)tǔ− a(T, |△u(T )|)△u(T )tv̌

≥ a(0, |△u(0)|)△u(0)û− a(T, |△u(T )|)△u(T )v̂,
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where

C =

{
m0 if a(0, |△u(0)|)△u(0)− a(T, |△u(T )|)△u(T ) ≥ 0,

m1 if a(0, |△u(0)|)△u(0)− a(T, |△u(T )|)△u(T ) ≤ 0,

û = tǔ and v̂ = tv̌, where û, v̂ ∈ R are arbitrarily fixed. By Theorem 23.2 in [39],
we conclude that

(a(0, |△u(0)|)△u(0),−a(T, |△u(T )|)△u(T )) ∈ ∂j (u(0), u(T + 1)) ,

which ends the proof. □
Proposition 2.10. Suppose that the hypothesis (H3) holds. Then, the following
estimate

⟨a(k, |u|)u− a(k, |v|)v, u− v⟩

≥

{
c (|u|+ |v|)p(k)−2 |u− v|2 if 1 < p(k) < 2

42−p+c|u− v|p(k) if p(k) ≥ 2

holds for all u, v ∈ R and k ∈ N [1, T ] such that (u, v) ̸= (0, 0).

Proof. Let u, v ∈ R such that (u, v) ̸= (0, 0). Let us define φ(k, u) = a(k, |u|)u.
By assumption (H3), we obtain, for all u ∈ R\{0}, that

∂φ(k, u)

∂u
= |u|∂a

∂u
(k, |u|) + a(k, |u|)

≥ c|u|p(k)−2.(2.19)

Note that

(2.20) φ(k, u)− φ(k, v) =

∫ 1

0

∂φ(k, v + t(u− v))

∂u
(u− v) dt.

Firstly, we assume that k ∈ N [0, T ] such that p(k) ≥ 2. By (2.19) and (2.20), we
get

⟨a(k, |u|)u− a(k, |v|)v, u− v⟩ =

∫ 1

0

∂φ

∂u
(k, v + t(u− v))(u− v)(u− v) dt

≥
∫ 1

0
c|v + t(u− v)|p(k)−2|u− v|2 dt.

Thus, without loss of generality, we may assume that |u| ≤ |v|. Then, |u − v| ≤
|u|+ |v| ≤ 2|v|. For any t ∈ [0, 1/4], we can write

|v + t(u− v)| ≥ |v| − 1

4
|u− v|,

which imply as |u− v| ≤ 2|v| that

|v + t(u− v)| ≥ 1

4
|u− v|.

It follows that

⟨a(k, |u|)u− a(k, |v|)v, u− v⟩ ≥
∫ 1

0
c|v + t(u− v)|p(k)−2|u− v|2 dt

≥ 42−p+c|u− v|p(k).
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Secondly, we assume that k ∈ N [0, T ] such that 1 < p(k) < 2. Using the preceding
arguments, we obtain from condition (H3) that, for all u ∈ R\{0},

∂φ(k, u)

∂u
= |u|∂a

∂u
(k, |u|) + a(k, |u|)

≥ c|u|p(k)−2.

Consider t ∈ [0, 1/4], then, the following inequality holds.

|tu+ (1− t)v| ≤ |u|+ |v|.
Therefore,

⟨a(k, |u|)u− a(k, |v|)v, u− v⟩ ≥
∫ 1

0
c|v + t(u− v)|p(k)−2|u− v|2 dt

≥ c (|u|+ |v|)p(k)−2 |u− v|2.
Hence, the proof is complete. □
Lemma 2.11. Assume that (H1), (H3) and (H4) hold. Then, the operator A′

p(·) :

X → X∗ is strictly monotone on X and verifies the (S+) condition, i.e., for every
sequence {un} ⊂ X such that un ⇀ u in X as n → ∞ and lim supn→∞⟨A′

p(·)(un)−
A′

p(·)(u), un − u⟩ ≤ 0, one has un → u in X as n → ∞. Here, ⟨·, ·⟩ denotes the

duality pairing between X and its dual X∗.

Proof. We first show that A′
p(·) is a strictly monotone operator.

Let us introduce the functional T : X → R as follows.

T (u) = ρ[u] =

T+1∑
k=1

∫ |△u(k−1)|

0
a(k − 1, ξ)ξ dξ, for all u ∈ X.

Thus, T ∈ C1(X,R) and its Gâteaux derivative at the point u ∈ X is〈
T ′(u), v

〉
=

T+1∑
k=1

a(k − 1, |△u(k − 1)|)△u(k − 1)△v(k − 1),

for all u, v ∈ X.
For all u, v ∈ X such that u ̸= v, we infer that

⟨T ′(u)− T ′(v), u− v⟩

=

T+1∑
k=1

(a(k − 1, |△u(k − 1)|)△u(k − 1)− a(k − 1, |△v(k − 1)|)△v(k − 1))

× (△u(k − 1)−△v(k − 1)) .

By Proposition 2.10, one has

⟨T ′(u)− T ′(v), u− v⟩

≥

{
c
∑T+1

k=1 u(k − 1)p(k−1)−2|△u(k − 1)−△v(k − 1)|2 > 0 if 1 < p(k − 1) < 2,

42−p+c
∑T+1

k=1 |△u(k − 1)−△v(k − 1)|p(k−1) > 0 if p(k − 1) ≥ 2,

where u(k − 1) = |△u(k − 1)| + |△v(k − 1)|. Therefore, T ′ is strictly monotone.
Thus, by Proposition 25.10 in [46], T is strictly convex. Furthermore, as M is
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nondecreasing, then M̂ is convex in (0,∞). Thus, for all u, v ∈ X such that u ̸= v
and any s1, s2 ∈ (0, 1) with s1 + s2 = 1, one has

M̂ (T (s1u+ s2v)) < M̂ (s1T (u) + s2T (v)) ≤ s1M̂ (T (u)) + s2M̂ (T (v)) .

Then, it follows that Ap(·) is strictly convex and so A′
p(·) is strictly monotone in X.

Next, we verify that the operator A′
p(·) is of type (S+). Let {un} ⊂ X be a

sequence such that{
un ⇀ u in W as n → ∞,

lim supn→∞⟨A′
p(·)(un)−A′

p(·)(u), un − u⟩ ≤ 0.

We will prove that un → u in X. From the above inequality and the strict monotony
of A′

p(·), one has

lim
n→∞

⟨A′
p(·)(un)−A′

p(·)(u), un − u⟩ = 0.

Thus,

lim
n→∞

⟨A′
p(·)(un), un − u⟩ = 0,

which imply that

lim
n→∞

M(ρ[un])
T+1∑
k=1

a(k − 1, |△un(k − 1)|)△un(k − 1)△(un − u)(k − 1) = 0.(2.21)

On the other hand, by (H1) and the relation (2.2), one has

ρ[un] =
T+1∑
k=1

∫ |△un(k−1)|

0
a(k − 1, ξ)ξ dξ

≤
T+1∑
k=1

a1(k − 1)|△un(k − 1)|+
T+1∑
k=1

a2
p(k − 1)

|△un(k − 1)|p(k−1)

≤ ā1(2T + 2)
2− 1

p− ∥un∥+
a2
p−

T+1∑
k=1

|△un(k − 1)|p(k−1)

≤ C1 + C2

T+1∑
k=1

|△un(k − 1)|p(k−1),

where C1 and C2 are two positive constants.
It is easy to see that

T+1∑
k=1

|△un(k − 1)|p(k−1) ≤ ∥un∥p
∗
=

{
∥un∥p

+
if ∥un∥ > 1,

∥un∥p
−

if ∥un∥ < 1.

So,

ρ[un] ≤ C1 + C2∥un∥p
∗ ≤ C

(
1 + ∥un∥p

∗
)
,

which proves that the sequences (ρ[un])n≥1 is bounded. Since M is continuous, up
to a subsequence, there is s0 ≥ 0 such that

(2.22) M (ρ[un]) → M(t0) ≥ m0 as n → ∞.
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By (2.21) and (2.22), one has

lim
n→∞

T+1∑
k=1

a(k − 1, |△un(k − 1)|)△un(k − 1)△(un − u)(k − 1) = 0.

Hence,

lim
n→∞

⟨T ′(un), un − u⟩ = 0.

Thus,

(2.23) lim
n→∞

⟨T ′(un)− T ′(u), un − u⟩ = 0.

Moreover, we get, according to Proposition 2.10,

⟨T ′(un)− T ′(u), un − u⟩
(2.24)

≥

{
c
∑T+1

k=1 ũ(k − 1)p(k−1)−2|△un(k − 1)−△u(k − 1)|2 > 0 if 1 < p(k − 1) < 2

42−p+c
∑T+1

k=1 |△un(k − 1)−△u(k − 1)|p(k−1) > 0 if p(k − 1) ≥ 2,

with ũ(k − 1) = |△un(k − 1)|+ |△u(k − 1)|.
By the discrete Hölder inequality (see [16]), we know that

T+1∑
k=1

|△un(k − 1)−△u(k − 1)|p(k−1)(2.25)

=
T+1∑
k=1

ũ(k − 1)
p(k−1)(2−p(k−1))

2

(
ũ(k − 1)

p(k−1)(p(k−1)−2)
2 |△un(k − 1)

−△u(k − 1)|p(k−1)

)
≤ K∥ũ

p(·)(2−p(·))
2 ∥ 2

2−p(·)
∥ũ

p(·)(p(·)−2)
2 |△un(k − 1)−△u(k − 1)|p(·)∥ 2

p(·)

≤ K∥ũ∥θp(·)

(
T+1∑
k=1

ũ(k − 1)p(k−1)−2|△un(k − 1)−△u(k − 1)|2
)υ

,

where θ is either p−(2 − p̆)/2 or p̆(2 − p−)/2 and υ is either p−/2 or p̆/2 with
p̆ = max{k∈N[0,T ]:1<p(k)<2} p(k). Then, from (2.23), (2.24) and (2.25), we deduce
that

(2.26) lim
n→∞

T+1∑
k=1

|△un(k − 1)−△u(k − 1)|p(k−1) = 0.

By combining (2.5) and (2.6) with (2.26), one obtains

un → 0 as n → ∞.

Therefore, A′
p(·) is of type (S+). The proof of Lemma 2.11 is complete. □

Lemma 2.12. Assume that (H1), (H3) and (H4) hold. Then, Ap(·) is weakly
lower semi-continuous, i.e., un ⇀ u in X as n → ∞ imply that Ap(·)(u) ≤
lim infn→∞Ap(·)(un).
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Proof. Suppose that un ⇀ u in X as n → ∞. By lemmas 2.7 and 2.11, Ap(·) is
convex (see [47, Proposition 42.6]) and so the following inequality holds.

Ap(·)(un) ≥ Ap(·)(u) + ⟨A′
p(·)(u), un − u⟩,

for any n ∈ N. Then,
lim inf
n→∞

Ap(·)(un) ≥ Ap(·)(u) + lim inf
n→∞

⟨A′
p(·)(u), un − u⟩,

which imply that
lim inf
n→∞

Ap(·)(un) ≥ Ap(·)(u).

Thus, we conclude that Ap(·) is weakly lower semi-continuous. The proof is complete.
□

3. Existence of a solution

In this section, we study the existence of at least one nontrivial weak solution of
problem (1.1),

We first assume the following hypotheses.

(H6) lim inf |s|→∞
p(k)

∫ s
0 f(k,t) dt

|s|p(k) > ν1, for any k ∈ N [1, T ].

(H7) There exist two constants θ ∈ (1,∞) and M > 0 such that

F (k, s) ≥ θf(k, s)s, for all k ∈ N [1, T ] with |s| ≥ M.

(H8) j(0, 0) = 0.

The main result of this section is the following.

Theorem 3.1. Assume that (H1)-(H4) and (H6)-(H8) hold true. Then, problem
(1.1) has at least one nontrivial weak solution.

Proof. By Lemma 2.7, Ap(·) and B are of class C1(X,R); therefore, E is of class

C1(X,R). From Lemma 2.12, Ap(·) is weakly lower semicontinuous. Furthermore,
since

J(u) ≤ lim
y→u

inf J(y),

then

Ap(·)(u) + J(u) ≤ lim
y→u

inf J(y) +Ap(·)(u)

≤ lim
y→u

inf J(y) + lim
y→u

inf Ap(·)(y) ≤ lim
y→u

inf A(y).

Consequently, A(u) ≤ limy→u inf A(y). This implies that A is weakly lower semi-
continuous. Hence, by the continuity of B, we obtain that E is weakly lower semi-
continuous. Thus, it suffices to prove that E is coercive on X.

Using (H6), we can find ϵ, ρ > 0 such that∫ s

0
f(k, t) dt ≥ 1

p(k)
(ν1 − ϵ) |s|p(k) for all k ∈ N [1, T ] and all s ∈ R with |t| > ρ.

Since ν1 > 0, we can assume that ϵ < ν1. Since s →
∫ s
0 f(k, t) dt− 1

p(k) (ν1 − ϵ) |s|p(k)

is continuous on [−ρ, ρ], there exists Cρ > 0 such that∫ s

0
f(k, t) dt− 1

p(k)
(ν1 − ϵ) |s|p(k) ≥ −Cρ for all k ∈ N [1, T ] and all s ∈ [−ρ, ρ] .
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Hence,∫ s

0
f(k, t) dt ≥ 1

p(k)
(ν1 − ϵ) |s|p(k) − Cρ for any (k, s) ∈ N [1, T ]× R.

Using the above estimate and assumption (H4), one has

E(u) = M̂(ρ[u]) +
T∑

k=1

∫ u(k)

0
f(k, s) ds+ J(u)

≥ m0

∫ ρ[u]

0
dξ + (ν1 − ϵ)

T∑
k=1

1

p(k)
|u(k)|p(k) − CρT + J(u).

For u ∈ X such that ∥u∥δ > 1, the above inequality and relations (2.3) and (2.5)
imply that

E(u) ≥ m0ρ[u] + (ν1 − ϵ)
T∑

k=1

1

p(k)
|u(k)|p(k) − CρT + J(u)

≥ m0cAp(·)(u) + (ν1 − ϵ)

T∑
k=1

1

p(k)
|u(k)|p(k) − CρT + J(u)

≥ min

{
m0c,

ν1 − ϵ

δ

}
∥u∥p

−

δ

Lp−

2

− CρT + J(u).

On the other hand, relation (2.8) imply the existence of three constants l1, l2, l3 ≥ 0
such that

E(u) ≥ min

{
m0c,

ν1 − ϵ

δ

}
∥u∥p

−

δ

Lp−

2

− CρT − l1|u(0)| − l2|u(T + 1)| − l3

≥ min

{
m0c,

ν1 − ϵ

δ

}
∥u∥p

−

δ

Lp−

2

−K1∥u∥∞ −K2,

where K1 = l1 + l2 and K2 = CρT + l3.
Since on X, all norms are equivalent, there exists K3 > 0 such that

E(u) ≥ min

{
m0c,

ν1 − ϵ

δ

}
∥u∥p

−

δ

Lp−

2

−K3∥u∥δ −K2.

As p− > 1, then E(u) → ∞ as ∥u∥δ → ∞. Thus, E is coercive on X.
Now, let u∗ ∈ X a global minimum of E which is a weak solution of problem

(1.1).
We show that u∗ is not trivial. Letting k0 ∈ N [1, T ] and t ∈ (0, 1) be a fixed real

such that t <
( γ

m1

(
a+1 +

a2
p−

)) 1

1− 1
θ . We define a function v ∈ X by

v(k) :=

{
t if k = k0,

0 if k ∈ N [1, T ]− {k0}.
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By assumption (H7), one has

θf(k, s)s− F (k, s) ≤ 0,

for all (k, s) ∈ N [1, T ] × R with |s| ≥ M . From this, for |s| ≥ M and k ∈ N [1, T ],
we get

∂

∂s

(
F (k, s)

|s|1/θ

)
=

f(k, s)|s|1/θ − 1/θ|s|1/θ−2sF (k, s)

|s|2/θ
=

θf(k, s)s− F (k, s)

θ|s|1/θs
≤ 0.

Therefore, there exist γ,R > 0 such that

F (k, s) ≤ −γ|s|1/θ for all (k, s) ∈ N [1, T ]× R with |s| ≥ R.

Then, from (2.10), one has

B(v) = F (k0, t) ≤ −γt1/θ.

Moreover, it follows from (H1), (H4) and (2.7) that

Ap(·)(v) = M̂(ρ[v]) ≤ m1

(
a+1 |t|+

a2
p(k0 − 1)

|t|p(k0−1)

)
≤ m1

(
a+1 t+

a2
p−

tp
−
)
.

Thus, from (H8) and (2.11), one deduces that

E(v) ≤ m1

(
a+1 t+

a2
p−

tp
−
)
+ J(v)− γt1/θ

≤ m1

(
a+1 +

a2
p−

)
t− γt1/θ.

Thus, E(v) < 0, for any t <

(
γ

m1

(
a+1 +

a2
p−

)
) 1

1− 1
θ

. Therefore, E(u∗) < 0 and so u∗

is a nontrivial weak solution of problem (1.1). The conditions of Theorem 2.3 are
satisfied and then, the existence of at least one nontrivial weak solution to problem
(1.1) is established. The proof of Theorem 3.1 is complete. □

4. Multiple solutions

In this section, we focus on the existence of at least two nontrivial solutions of
the problem

(4.1)


−M(ρ[u])△(a(k − 1, |△u(k − 1)|)△u(k − 1)) + q(k)|u(k)|p(k)−2u(k)

+f(k, u(k)) = 0, k ∈ N [1, T ] ,

(a(0, |△u(0)|)△u(0),−a(T, |△u(T )|)△u(T )) ∈ ∂j (u(0), u(T + 1)) ,

where T ≥ 2 is a positive integer and q : N [1, T ] → (0,∞) is a given function.
Problem (4.1) follows from Problem (1.1) by disturbance through the introduction

of the term q(k)|u(k)|p(k)−2u(k).
Define the functional Aq(·),p(·) : X → R by

(4.2) Aq(·),p(·)(u) := M̂(ρ[u]) +
T∑

k=1

q(k)

p(k)
|u(k)|p(k).
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Then, it is easy to see that Aq(·),p(·) ∈ C1(X,R) with〈
A′

q(·),p(·)(u), v
〉

= M(ρ[u])

T+1∑
k=1

a(k − 1, |△u(k − 1)|)△u(k − 1)△v(k − 1)

+
T∑

k=1

q(k)|u(k)|p(k)−2u(k)v(k),(4.3)

for all u, v ∈ X.
Let us put Aq(·) = Aq(·),p(·) + J and define functional Eq(·) on X by

(4.4) Eq(·)(u) = Aq(·)(u) +B(u), for all u ∈ X,

where J is defined by (2.8) and B introduced in (2.10).
Defining the following constants

(4.5) δ := ν1 + q and δ := ν1 + q.

We suppose the following additional hypotheses.

(H9) There exist s1, r, µ,m0,m1 ∈ (0,∞), with m0 ≤ m1, 1/µ > m1
m0

p+, such that

j′(z, z) ≤ 1

µ
j(z) + r, for all z ∈ D(j)

and

F (k, s) ≥ µf(k, s)s, for all k ∈ N [1, T ] with |s| > s1.

(H10) lim inf |s|→0
f(k,s)

|s|p+−1
> δ, for any k ∈ N [1, T ].

One has the following result.

Theorem 4.1. Assume that (H1)-(H4) and (H8)-(H10) hold. Then, the problem
(4.1) has at least two nontrivial solutions.

For the proof of Theorem 4.1, one needs the following lemma.

Lemma 4.2. Assume that the hypotheses of Theorem 4.1 are satisfied. Then, the
functional Eq(·) given by (4.4) satisfies the Palais-Smale condition in the sense of

Szulkin in
(
X, ∥ · ∥δ,p(·)

)
, i.e., every sequence {un} ⊂ X such that Eq(·)(un) → c ∈ R

as n → ∞ and〈
B′(un), v − un

〉
+Aq(·)(v)−Aq(·)(un) ≥ −ςn∥v − un∥δ,p(·), for all v ∈ X,(4.6)

where ςn → 0, possesses a convergent subsequence.

Proof. Let {un} ⊂ X be a (PS)-sequence, i.e., Eq(·)(un) → c ∈ R as n → ∞ and
the relation (4.6) is fulfilled, with ςn → 0. Since X is a finite-dimensional space, it
is enough to show that {un} is bounded. Indeed, assuming that {un} ⊂ D(Eq(·)) =
D(J) and that ∥un∥δ,p(·) > 1 for each n ∈ N, then, by (H9) and the relation (2.8),

one has

(4.7) J(v)− µJ ′(v, v) ≥ −r1, for all v ∈ D(J),
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with r1 = µr. Moreover, by assumption (H9) again, we deduce that for all n ∈ N,
T∑

k=1,|un(k)|>s1

[µf(k, un(k))un(k)− F (k, un(k))] ≤ 0.

Hence, we can write

−B(un) + µ
〈
B′(un), un

〉
=

T∑
k=1

[µf(k, un(k))un(k)− F (k, un(k))]

≤
T∑

k=1,|un(k)|≤s1

[µf(k, un(k))un(k)− F (k, un(k))](4.8)

≤
T∑

k=1

max
|s|≤s1

|µf(k, s)s− F (k, s)| := MT,

where M = max {|µf(k, s)s− F (k, s)| : k ∈ N [1, T ] , |s| ≤ s1}. Since Eq(·)(un) →
c ∈ R as n → ∞, there is a constant N > 0 such that

(4.9) |Eq(·)(un)| ≤ N, for all n ∈ N.

Furthermore, setting v = un + tun in (4.6), dividing by t > 0 and letting t → 0+,
we obtain

〈
B′(un), un

〉
+
〈
A′

q(·),p(·)(un), un

〉
+ J ′(un, un) ≥ −ςn∥un∥δ,p(·), for all n ∈ N.

(4.10)

Now, using (4.9) and (4.10), we deduce the following.

N + µςn∥un∥δ,p(·) ≥ Aq(·),p(·)(un) + J(un) +B(un) + µςn∥un∥δ,p(·)

≥ Aq(·),p(·)(un)− µ
〈
A′

q(·),p(·)(un), un

〉
+B(un)

− µ
〈
B′(un), un

〉
+ J(un)− µJ ′(un, un)

and by (4.7) and (4.8), one has

r1 +MT +N + µςn∥un∥δ,p(·) ≥ Aq(·),p(·)(un)− µ
〈
A′

q(·),p(·)(un).un

〉
,

which implies according to (H3), (H4), (4.2) and (4.3) that

r1 +MT +N + µςn∥un∥δ,p(·)

≥ m0

∫ ρ[un]

0
dξ − µm1p

+ρ[un] +
T+1∑
k=1

(
1

p(k)
− µ

)
q(k)|un(k)|p(k)

≥
(
m0 − µm1p

+
)
ρ[un] +

T+1∑
k=1

(1− µp(k))
q(k)

p(k)
|un(k)|p(k)

≥ min
{
c
(
m0 − µm1p

+
)
,
(
1− µp+

)}(
Ap(·)(u) +

T+1∑
k=1

q(k)

p(k)
|un(k)|p(k)

)
,
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for n large enough. Then, we get by (2.5), (2.13) and (4.5) that

∥un∥p
−

δ,p(·) ≤ Ap(·)(un) + (ν1 + q)
T+1∑
k=1

1

p(k)
|un(k)|p(k)

≤ 2

(
Ap(·)(un) +

T+1∑
k=1

q(k)

p(k)
|un(k)|p(k)

)
,

which implies that

r1 +MT +N + µςn∥un∥δ,p(·) ≥
1

2
min

{
c
(
m0 − µm1p

+
)
,
(
1− µp+

)}
∥un∥p

−

δ,p(·).

Since 1/µ > m1
m0

p+, this is a contradiction. It follows that {un} is bounded in X.
Hence, Eq(·) satisfies the Palais-Smale condition. □

The proof of Theorem 4.1

Proof. Note that Eq(·)(0) = 0. Moreover, from Lemma 4.2, Eq(·) satisfies the Palais-
Smale condition. The rest of the proof is divided into two steps.

Step 1. We prove that there exists M > 0 such that the functional Eq(·) has a

local minimum u0 ∈ BM , where BM =
{
u ∈ X such that ∥u∥δ,p(·) < M

}
. For

that, by Theorem 2.5, we obtain that u0 ∈ BM . Moreover, we suppose that
Eq(·)(u0) = minu∈BM

Eq(·)(u) and we claim that Eq(·)(u0) < infu∈∂BM
Eq(·)(u). Since

f satisfies (H10), then for any given 0 < ε − δ < min{1,m0c}p+

2(T+1)Kp+

4

, there exist σ > 0

such that

f(k, s) ≥
(
δ − ε

)
|s|p+−1 for all k ∈ N [1, T ] and s ∈ R with |s| ≤ σ.

For 0 < s ≤ σ, we get that

F (k, s) ≥
(
δ − ε

) ∫ s

0
|t|p+−1 dt

=
(
δ − ε

) ∫ s

0
tp

+−1 dt =
1

p+
(
δ − ε

)
|s|p+

and for −σ ≤ s < 0, we still have

F (k, s) ≥
(
δ − ε

) ∫ 0

s
|t|p+−1 dt

=
(
δ − ε

) ∫ 0

s
(−t)p

+−1 dt =
1

p+
(
δ − ε

)
|s|p+ .

So, it follows that for any given 0 < ε− δ < min{1,m0c}p+

2(T+1)Kp+

4

, there exist σ > 0 with

F (k, t) ≥ 1

p+
(
δ − ε

)
|s|p+ for all k ∈ N [1, T ] and s ∈ R, with |s| ≤ σ.(4.11)

Using (H8), one has that Eq(·)(0) = Aq(·),p(·)(0) +B(0) + J(0) = 0.
From (2.8), one has

(4.12) J(u) = j (u(0), u(T + 1)) = j(0, 0) = 0, for all u ∈ D(J).
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Let ζ = Mp+
(
min{1,m0c}

2 − (ε− δ) 1
p+

(T + 1)Kp+

4

)
.

Then, ∥u∥δ,p(·) = M for all u ∈ ∂BM . For u ∈ X with ∥u∥δ,p(·) < 1, using (H3),

(H4), (4.5), (4.11) and (4.12), one deduces that

Eq(·)(u) = M̂(ρ[u]) +
T+1∑
k=1

q(k)

p(k)
|u(k)|p(k) +

T+1∑
k=1

∫ u(k)

0
f(k, s) ds

≥ m0cAp(·)(u) +
T+1∑
k=1

q(k)

p(k)
|u(k)|p(k) − (ε− δ)

1

p+

T+1∑
k=1

|u(k)|p+

≥ min{1,m0c}

(
Ap(·)(u) +

T+1∑
k=1

q(k)

p(k)
|u(k)|p(k)

)
− (ε− δ)

1

p+
(T + 1)∥u∥p+∞ .

Next, from (2.6), (2.13) and (4.5), it follows that

∥u∥p
+

δ,p(·) ≤ Ap(·)(u) + (ν1 + q)

T+1∑
k=1

1

p(k)
|u(k)|p(k)

≤ 2

(
Ap(·)(u) +

T+1∑
k=1

q(k)

p(k)
|u(k)|p(k)

)
.(4.13)

By the equivalence of the norms on X, there exists K4 > 0 such that

(4.14) ∥u∥∞ ≤ K4∥u∥δ,p(·), for all u ∈ X.

Then, from (4.13) and (4.14), we deduce that

Eq(·)(u) ≥ min{1,m0c}
2

∥u∥p
+

δ,p(·) − (ε− δ)
1

p+
(T + 1)Kp+

4 ∥u∥p
+

δ,p(·)

= ∥u∥p
+

δ,p(·)

(
min{1,m0c}

2
− (ε− δ)

1

p+
(T + 1)Kp+

4

)
.

Thus,

inf
u∈∂BM

Eq(·)(u) ≥ Mp+
(
min{1,m0c}

2
− (ε− δ)

1

p+
(T + 1)Kp+

4

)
= ζ > 0 = Eq(·)(0) ≥ Eq(·)(u0).

Therefore, u0 ∈ BM and so E ′
q(·)(u0) = 0.

Step 2. We show that there exists u1 ∈ X with ∥u1∥δ,p(·) > M such that

Eq(·)(u1) < infu∈∂BM
Eq(·)(u), where BM =

{
u ∈ X such that ∥u∥δ,p(·) < M

}
.

By hypothesis (H9), one has(∫ s
0 f(k, t) dt

|s|1/µ

)′

s

=
f(k, s)|s|1/µ − 1/µ|s|1/µ−2s

∫ s
0 f(k, t) dt

|s|2/µ

=
µf(k, s)s−

∫ s
0 f(k, t) dt

µ|s|1/µs
≤ 0.
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This leads to the existence of some constants ϑ, η > 0 such that∫ s

0
f(k, t) dt ≤ −ϑ|s|1/µ for all k ∈ N [1, T ] and all s ∈ R with |t| > η.

Since s →
∫ s
0 f(k, t)dt+ ϑ|s|1/µ is continuous on [−η, η], there is a constant Cη > 0

such that∫ s

0
f(k, t) dt+ ϑ|s|1/µ ≤ Cη for all k ∈ N [1, T ] and all s ∈ [−η, η] .

Consequently,∫ s

0
f(k, t) dt ≤ −ϑ|s|1/µ + Cη for any (k, s) ∈ N [1, T ]× R.(4.15)

Let w ∈ X \ {0} be such that w(0) = w(T + 1) = 0. Moreover, since m1 ≥ m0, we
deduce by condition (H4) that

(4.16) M̂(s) ≤ m1s ≤ m1s
m1
m0 .

From (H8), one has

(4.17) J(sw) = 0, for all s ∈ R.

Then, if follows from (H4) and (4.15)-(4.17) that

Eq(·)(sw) = Aq(·),p(·)(sw) +B(sw) + J(sw)

= M̂(ρ[sw]) +
T+1∑
k=1

q(k)

p(k)
|sw(k)|p(k) +

T+1∑
k=1

∫ sw(k)

0
f(k, s) ds

≤ m1s
m1
m0

p+
ρ[w] + sp

+
T+1∑
k=1

q(k)

p(k)
|w(k)|p(k)

−ϑs1/µ
T+1∑
k=1

|u(k)|1/µ + Cη(T + 1),

where s ≥ 1.
Since 1/µ > m1

m0
p+, then, Eq(·)(sw) → −∞ as s → ∞. Thus, there exists a contant

s0 > M sufficiently large such that u1 = s0w ∈ X, u1 /∈ BM and Eq(·)(u1) < 0.
Therefore,

max{Eq(·)(u0), Eq(·)(u1)} < inf
u∈∂BM

Eq(·)(u).

From Theorem 2.4, there exists a critical point u∗ of Eq(·), i.e. E ′
q(·)(u∗) = 0. Thus,

our problem (4.1) has at least two nontrivial solutions. □
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[16] A. Guiro, B. Koné and S. Ouaro, Weak homoclinic solutions of anisotropic difference equation
with variable exponents, Adv. Differ. Equ. 154 (2012), 1–13.

[17] T. He and W. Chen, Periodic solutions of second order discrete convex systems involving the
p-Laplacian, Appl. Math. Comput. 206 (2008), 124–132.

[18] S. Heidarkhani, G. Caristi and A. Salari, Perturbed Kirchhoff-type p-Laplacian discrete prob-
lems, Collect. Math. 68, No. 3 (2017), 401–418.
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[31] M. Mihăilescu, V. Rădulescu and S. Tersian, Eigenvalue problems for anisotropic discrete
boundary value problems, J. Differ. Equ. Appl. 15 (2009), 557–567.

[32] M. K. Moghadam and R. Wieteska, Existence and uniqueness of positive solution for nonlinear
difference equations involving p(k)-Laplacian operator, An. St. Univ. Ovidius Constanta. 27(1)
(2019), 141–167.

[33] R. Narashima, Nonlinear vibration of an elastic string, J. Sound Vibration. 8 (1968), 134–146.
[34] S. Ouaro and M. Zoungrana, Multiplicity of solutions to discrete inclusions with the p(k)-

Laplace Kirchhoff type equations, Asia Pacif. J. Math. 5 (2018), 27–49.
[35] D. W. Oplinger, Frequency response of a nonlinear stretched string, J. Acoustic Soc. Amer. 32

(1960), 1529–1538.
[36] A. Ourraoui and A. Ayoujil, On a class of non-local discrete boundary value problem, Arab J.

Math. Sci. 28 (2022), 130–141.
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