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EXISTENCE OF RENORMALIZED SOLUTIONS TO THE
DIRICHLET PROBLEM FOR THE ELLIPTIC EQUATION WITH
NONSTANDARD GROWTH AND MEASURE DATA

MYKOLA YAREMENKO

ABSTRACT. In this paper, we establish the existence of a renormalized solution
to the Dirichlet problem for the elliptic equation involving variable exponent and
measure p which does not charge the sets of null variable p (-)-capacity. Also, we

prove the conditional result: assuming there exists a weak solution u € W (8 (©)
to the Dirichlet problem for an elliptic equation with variable exponent growth
and measure data then this weak solution belongs to L™ ().

1. INTRODUCTION

We consider the elliptic boundary problem with measure data

(1.1) —div (a (z, Vu)) +d (z) [ulPD 2y = p,

(1.2) ulgg =0,

where 2 C R™, n > 3 be a smooth bounded domain with its 92 Lipschitz boundary;

p € P8 (Q) is a log-Holder continuous function such that 1 < p,,, = inf {p (z), 2 € Q}
and pg = sup{p(z),z € O} < co. We assume that d : @ — R is a measurable

bounded function such that d(x) > 0, z € Q, and p is a Radon measure with

bounded total variation on the domain €2, and we assume that the given measure

1 does not charge the sets of zero variable exponent elliptic capacity. Then, the

measure p can be presented in the form of the following decomposition:

uw=F —div(©)

where FF € L' (Q) and ©; € (Lq(') (Q))n We rewrite the equation (1.1) in the
expanded form

—div (a (z, Vu)) +d(z) [ulf®2u=F — div (6,) .

In a recent paper [23], Ying, Fengping, and Shulin established sufficient conditions
under which there is the equivalence of entropy solutions and renormalized solutions
to the general nonlinear elliptic equations in Musielak-Orlicz spaces, also the authors
proved their existence. In the case of constant exponent p (z) =p € (1, n|, =z € Q,
the bounded problem

—div (a (z, Vu)) = p,

ulgg =0
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was thoroughly investigated by G. D. Maso, F. Murat, L. Orsina, A. Prignet [1],
the authors described crucial decomposition results for measures p, introduced the
notion of renormalized solution to the case of general measures with bounded to-
tal variation for such elliptic problem, and showed the renormalized solvability by
an approximation procedure employing strong convergence in € Wﬁ o (€2) of trun-
cated approximations. The concept of renormalized solutions was introduced by
R.J. Perna and P.L. Lions [16], where the large-data Cauchy problem for Boltz-
mann equations was studied, the authors obtained the stability of the sequences
of solutions and proved the global existence of at least one solution to the Cauchy
problem applying the compactness method for velocity averages, and the analysis of
subsolutions and supersolutions. In [18-20,26,27], the properties of fractional dif-
ferential operators in the Musielak-Orlicz-Sobolev space; in [18] Q. Xiong, Z. Zhang
studied the solvability of the elliptic differential double obstacle problems with non-
standard growth and involving measure data. In [9], the asymptotic behavior of
the renormalized solution to the Dirichlet problem for p-Laplacian type equations
was studied. The equations involving variable exponent were studied recently in
the works of M. Ding, C. Zhang, S. Zhou [2], D. Liu, B. Wang, and P. Zhao [13],
D. Liu and P. Zhao [14], Li, G. Motreanu, D. Wu, H. Zhang [9], F. Yao [21], J.X.
Yin, JK. Li, Y.Y. Ke [22], and Q. H. Zhang [25].
The Dirichlet boundary problem for nonlocal Laplacian equation

Vu
—div | L) = F
d“’(w)

with nonnegative L!-data F' was investigated by D. Li, and C. Zhang [9], where the
asymptotic behavior of renormalized solutions to the p-Laplacian was studied [9],
also see the literature therein.

In section 2, we collect preliminary definitions and assumptions under which the
Dirichlet problem (1.1)-(1.2) is studied. In Section 3, using the Stampacchia results
of [2], we show that a weak solution u to the Dirichlet problem (1.1)-(1.2) belongs to
L*> (). In Section 4, the main result of the paper, which establishes the existence
of a renormalized solution to (1.1)-(1.2) is proven.

2. PRELIMINARY INFORMATION AND HYPOTHESES

A continuous function p : Q — R, Q C R", n > 3 is said to belong to P'°% (Q)
if
const

p)—pW| < 57—
p(x) = p (Y)| Tog |z — 71
for all z, y € clos (2) such that 2 |z —y| < 1.

We define a modular p,.) (u) of p € P8 (Q) by

(2.1) o (1) = [ @) da.

and the variable exponent Lebesgue-Luxembourg space norm ||| LrO(Q) by

u

(2.2) ull ey =i {2 >0+ oy (5) <1}



EXISTENCE OF RENORMALIZED SOLUTIONS 329

For all u € LP0) (Q) and v € L0) (Q), where ¢ (z) = pgf)xll,dpm > 1 we have the

following integral inequality

/ uvdx
Q

which will be called the generalized Holder inequality.
For all u € LP0) (Q), we obtain

(2.3)

1 1
< o + o [ull Loy @ 10l Lot 0

m m

(24) min (ullZe 0, 1l ) < ooy () < ma (ull g el ) -

The hypotheses on the coefficients are:
1)a : Qx R" — R" such that a (-, £) is measurable on {2 for each £ € R" and
a(z, -) is continuous on R" for almost every x in 2;

2)a(x, §)&> y\§|p(z) for all £ € R™;
3) la(z, €)| < al¢™ " + 4 () for all € € R™;

4)(a(z, &) —a(z, &)) (61— &) >0

for almost every x in 2, and all &, & € R", & # &, with some constants
v, a > 0, and nonnegative function v € L") (Q); 5) d € L™ ().

Definition 2.1. For each number k& > 0, the truncation operator 7, : R — R is
defined by

(2.5) Ty (s) = max {—Fk, min {k, s}}

for all s € R. Let u : Q — [—o00, o] be a measurable function which is finite
almost everywhere on Q. Let T, (u) € Wﬂ @ (@) for all £ > 0. Then, a uniquely
defined measurable vector function w : € — R™ such that

(2.6) VTk (u) = 1{‘u|<k}w

almost everywhere in (2, for each k > 0, is called the generalized gradient of uw and
will be still denoted by Vu.

We introduce notations: 1y (s) = Txky1 () — Tk (s) for all £ > 0. We obtain that
Ty ()] < & and [ ()] < 1.

Definition 2.2. Let Wlx) + ﬁ =1, z € . We define a variable exponent elliptic

capacity of a compact K of 2 by
Capy(y (K) =inf {p,) (Vo) : ¢ € CF (Q), ¢ > 1k a.e.in Q}
and a variable exponent elliptic capacity of an open subset B of €2 given by
Capy(y (B) = sup {C’app(.) (K), K is compactin Q, K C B} ,
and a variable exponent elliptic capacity of a Borelian subset E of 2 given by
Capy(y (E) = inf {Capp(.) (B), Bis openin Q, E C B} )

We denote M (€2) the set of all measures p € Mp (2) that are absolutely contin-
uous with the respect to the variable exponent elliptic capacity i.e., u (F) = 0 for
all Borel set 2 C €2 such that Cap,.) (E) = 0.
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Lemma 2.3. Let ﬁ + ﬁ =1, z € Q. A measure p € Mp () belongs to

My () if and only if there are F € L' (Q), and ©; € (L‘J(') (Q))n such that

/Ud,u:/dex—{—/@Vvdx
Q Q Q

for allv e Wi(') (Q) N L™ ().
Let Mp (R2) be the space of all Radon measures on Q with bounded total variation.
Then, each measure pn € Mp () can be presented in the following form

H = F — div (61) + <,U/;i—ng - /’[/s_ing> ’

where F € L' (), and ©1 € (L‘Y(') (Q))n, besides M:i_ng , and pg, . are the positive
and negative parts of the singular part pisn 4, where two nonnegative measures ,u;n p

and Psin g OT€ concentrated on two disjoint subsets of zero variable exponent elliptic
capacity.

Definition 2.4. Let conditions 1) — 4) be satisfied. Then, a measurable function
u is called a renormalized solution to the parabolic problem (1.1) - (2) if:

1) the function w is finite almost everywhere and T}, (u) € Wﬁ @ (Q) for all k& > 0;

2) [uPV)7" € L10) (Q) for each ¢ (z) < 1%
3

-1 ) n_.
(VP01 e L0 () for each ¢ () < ;24
4) the equality

~— — ~— “—

lim a(xz, Vu) Vudr =0
h=00 J k< ul<k+e}

for all ¢ > 0;
5) the integral identity

/ a(z, Vu) b (u) Védz+ [ ¢a(x, Vu) b (u) Vudz+ [ ¢d (z) [ulP'D "2 ub! (u) dz
Q Q Q
= / Foh' (u) dx + / ©1h" (u) pVudz + / O1h (u) Vodx,
Q Q Q

where F € L' (Q) and ©; € (Lq(') (Q))n for all renormalizations h € CZ (R), and
all p € CF ().

Proposition 2.5. For all u € Wi(') (Q), there is two positive constants c1 and co
such that

ull Loy < er [Vl poey
and

[ull Loy < ex [IVull oy

with p* (z) = % for all x € Q.
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3. A PRIORY ESTIMATE OF WEAK SOLUTIONS TO (1.1)-(1.2)

In this section, we assume the existence of a weak solution u € W} ((')) () to the

elliptic boundary problem and apply conditions 1)-5), we obtain that this solution
belongs to L™ (2).

Theorem 3.1. Assume that 1)-5) are satisfied and assume that F €

L' (Q). Let p € P°¢(Q) and p* (z) = ﬁ’lgg) such that 21 < p,, < pg < n.

Let u € Wi(') (Q), a(x, Vu) € LIV (Q) and the integral identity
/ a(z, Vu) Vvdx+/ d (z) |ulP® 2 yode = / Fudx +/ ©1Vudz.
) Q Q Q

hold for all v € Wﬁ(') (Q). Then, the following inequality
lull poe ) < M,

where a positive constant M depending only on p(-), n, [[Flq and
1011l Lot () -

Proof. The main steps of the proof of this theorem are essentially similar to the
steps described in [17, Section 4], and the statement of the theorem is analogous
to Theorem 4.4 of [17]. We will use notations analogous to [17]. We denote Aj =
{r e Q : |u(x)| >k} and Z = meas (Ag).

In the definition of a weak solution, we take wy = u — T} (u) as a test function
and obtain

/a(x, Vu) Vwkdar—i—/d(m)\u]p(x)_Quwkdx:/kadx—i-/(91Vwkdx
Q Q Q Q
S0

/a(w, Vu) Vwkde/kadx—i—/@lekd:c
Q Q Q

We estimate
/ Lijy>kya (2, Vu) Vudz > l// L{jul>k} IVul[P@ dz > 1// |V w|P®) da.
Q N Q - Q

By general Young inequality, we estimate

/ ©1Vuydr < Cl/ 10,]9) d$+62/ |V da,
Q {zeQ : |u(z)|>k} Q

where c2 < 5. Thus, we have

”/ VP dmgcl/ 104]1) d:v—i—/ |F| |Vewg | da
2 Jo {z€Q : |u(z)|>k} Q

Sca/ 10119 da + e3 | FLa || v o) [IVw0k] oo
{z€Q: Ju(x)|>k}

50{/ 101199 da + 5 | F1a, || oro |1V ek ] oo
{z€Q : |u(z)|>k}
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and applying the Young inequality, we obtain

V/ Vg [P@) da < 61/ 1019 dx
2 Jg {2€Q : [u(a)|>k}
v x
Q

where we denote «;, i = 1,...,6 conjugation of 3;, i =1,...,6 in sense a; + 5; =
a;B;, 1 =1,...,6 and {; given by

B = { Pm  if vak‘HLP(') > ]‘Ak
ps if  [[Vwrlpeo < 1a,.

We have

V/ |V wy [P dﬁcgcl/ 10119 dz
4 Ja {269 : [u(z)|>k}
oy

* ﬂ2
+ 3 / |F|7 @) g
{2€9 : Ju(z) >k}

<o / 1041) da
{zeQ): \u(a})|>k}

ay
+C3H|F‘q (z) Q() HlAkHﬁQ "
L0 Lr2()—a*()
R . B
<c H|@1!q(:p)‘ no (Ep)P6 + &3 () P2 |
L at

where r1 (z) > g (x), r2 (z) > 1, and
By = { pZn Zf HFlAkHLq*(') >1
ps if NFlallpeo <1

{ if w21
if  wkllpero) <1

{ if  Vwgleo >1
if NVwglpeo <17

i

ra() ) if > 1
A () 2
Bs = <T2() q) " ” k”ert)Q—q*(»
ro .
i 1 ro (- <1
(TQ() q* )S f || Ak||Lr2(.)24_(q)*(.)
(F650), o ad e 21
m 1(:)—a(")

Be =
ne) '

By the Sobolev inequality, we estimate

/ Vg [P®) da: > & </
Q Q

B4

* F
@) da:) °
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We have

*(z) _ B3 B3
[Vw [P " dx < cmax | 2 528185 | =) Babs | .
Q

We select 7 such that 7 — k > 1 so 7 — k < wg. Therefore, we have

const o183 _B3
=, < ——————max | B P2P485 = Pabs | .
N ’

If ps < mingeos(Q)P” (x) then % > 1, % > 1. Also we have 63[1346?% > 1, ,Bf%()- >1

for suitable functions ry and ra. Then, we conclude [|F|[ o) < M by [17, Section
3.

If p(z) <p*(z) = n’?}gzz) then there constants d; > 0 and d3 > 0 such that

max p(y) <  min ()
yeB(x, 61)NQ yeB(z, 51)nan — p (y)

for all z € clos (2) and
1
< inf 1+ —
2P < il (147) 20

for all z € clos(92). Since clos (§2) is a compact set, there exists a finite cover
{Bj, j=1,...,k} of open balls B;. There is a positive constant v > 0 such that

min (1, d2) > meas (2N Bj) > v
for all j =1,..., k. We have

. (@1),;(B3); (B3)4
/ IVwg| P m do < ¢y max | By, ;P00 5, 0,00,
QNB;
forall j =1,...,k, where (p*;), = mingnp,;p* (z) and Zi ; = meas({zx € QN B; :

lul > k}), and (5;); is the restriction of 3; on QNB; fori=1,...,6andj=1,... k.
Since 7 — k > 1 and 7 — k < wy, we obtain

(1) (B3) (B3)
= <ot x5, P00 =, T;0e;
T = (T o k;)(p*J)m 5 J ) 5 J
. (B3); (@1); (a1),(B3), (01),(B3);
for all j =1,...,k. We have B0, > 1, B, > 1, and ), (), > 1, @), (), >1

for all x € clos(2) and all j = 1,..., k. The application of the Section 4 of [28]
concludes the proof of the theorem.

4. THE EXISTENCE OF RENORMALIZED SOLUTIONS TO THE ELLIPTIC PROBLEM

The main result of the paper can be formulated in the form of the following
existence theorem of the existence of renormalized solutions.

Theorem 4.1 (existence of a renormalized solution). Let p € P8 (Q) such
that % < pm <ps <n . Let u € My(Q2) be presented in the form of

decomposition
/vdu:/de:c—i—/@ledac
Q Q Q
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where F € L' (Q) and ©; € (L") (Q))n forallv e Wﬁ(') (Q)NL>®(Q). Assume
that conditions 1) — 5) hold. Then, there exists a renormalized solution
to the elliptic bounded problem (1.1) — (1.2).

In order to prove the theorem of the existence of a renormalized solution, we
have to prove preparatory lemmas.

Lemma 4.2. Let function u be a renormalized solution to the problem
(1.1) = (1.2). Then, for all k > 0, the inequality

() (VT () < ke

holds with a positive constant ¢ depending on initial data and the dimen-
sion n.

Proof. We assume that ¢ € C* (R) is an arbitrary positive function such that
C(t)=1for |t| <1,((t)=0for |[t| > 2, and ((t) € [0, 1] for all others t € R. For
all [ > 2, we define a function H; (-) by

H(r) = ¢ (¢) dt,
[0, 5]

where we denote (;(t) = 1 for |[t| < 1 —1and ¢ (t) = ((t— (I —1)sign(t)) for
|t| > [—1, here sign (t) means the sign of ¢t. For all [ > 2, the function H; (-) has the
following properties: H (s) = Hi (Tia1 (), I1H]ll iy < [Cllgoe s 5uD B (H]) ©
[-l—1, 1+ 1] and supp (H]) C [l -1, =lJU[l, I +1].

For all k£ > 0, in the definition of the renormalized solution, we take h = H; and
¢ = Ty (u), and obtain

/ a(z, Vu) Hy (u) VTy (v) dz + / Ty, (v) a (z, Vu) H;" (u) Vudz
Q Q
+ /Q Ty, (w) d (z) [uP@ 2wl (u) dz = /QFTk (v) H' (u) dz

+ / Tj, (w) ©1H;" (u) Vudz + / ©1H, (u) VT (u) dx.
Q Q

Thus, we have

/ a(z, Vu) Hy (u) VT (v) dz + / Ty, (v) a (z, Vu) H;" (u) Vudz
Q Q

+/ Ty, (u) d (x) [ulP 2wl (u) dx
0
Sk\FHLl(Q)—i—/Q@lv (H/ () T, (u))dw
< k|| Fll g1 qy + €k 11011l oty o) 1Ll o) (@) -
Since a (z, £) ¢ > v |¢[P™® we obtain

v /Q VT ()P do < 6k [ Fll 1 + 38 11011l oo

thus, we conclude that [, [VT}, (u)[” @) 4z < ke with a constant depending on initial
data.
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Lemma 4.3. Let function u be a renormalized solution to the problem
(1.1) = (1.2). Then, for all k > 0, the inequality

sup/ IVu[P@ de < ¢
k>0 J (k< |u|<k+1}

holds with a positive constant c depending on initial data and the dimen-
ston n.

Proof. For all k > 0, in the definition of the renormalized solution, we choose take
h = H; and ¢, = wy (T}, (u)) where wy, (s) = Ti41 (s) — T (s), and we calculate

/Q o (@, V) Hy (u) Voo (T (u)) da

+ /Q @ (T (W) a (z, Vu) H, (u) Vuda

+ /ka (Ty (w)) d () [u[PD 20l (u) de = /Qka (T, (w) Hy' (u) dz

+ /Q @ (T (w)) ©1H;" (u) Vuda

+ / O1H,' (v) Vg (T, () dz,
Q
therefore, we have

v / VT ()P dae < || F| 10 + €1 1O1]] ot (0
{k<|Tm (u)[<k+1}

for all m > 0. Thus, we have |1, (u)]| < const with 1 <r(-) < % for

wi (@)
all m > 0.

Lemma 4.4. Let {uy,, m € N} and u be measurable functions such that
for all k > 0 there are limits

Weakly Wlp(b)
— 7

Ty (um) — — 7 T (u)
and
lim A ((a(z, VT (um)) — a (@, VT (u))) (VI (um) — VT (u))) dz =0
then
VT (um) 25 VT ().

Proof. From the second lemma condition, we obtain that there is a subsequence
{tm, m € N}, still denoted by {u,, m € N}, such that

U =5 u
m—o0
and
Tr}i_{rloo (ai (z, VT (um)) — a; (z, VI (v))) (ViTlk (um) — ViTy (u)) m%o 0.

i=1,...n
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There is a negligible subset D C €2 such that for all x € Q\ D, we have
u (@)] < o,
[V ()] < o0,
v ()] < oo,

and

() — u(w),

Jim Y (ai(x, VTi(um(2))) — ai(z, VTk(U(fE))))

i=1,....,n

(ViTh(um(z)) — ViTi(u(z))) — 0.

m— 00

Omitting sing of summing in notations, we obtain
(a (@, VT (un (2))) = a (2, VT (u (@))) (VTk (0 (2)) = VT (u ()
> v [V (i (0) P = ¢ (@) (14 [V (1 (@) + VT (um (2))])

with a constant ¢ (x) that is a function depending on = but not depending on m.
Therefore, |VT}; (un, (x))] is uniformly bounded with respect to m hence
m—0o0

(a (e, Vi (un (2))) - ale, VI (u(@))) (VT (un (2)) = VT (u () "5 0.

We assume that € is an accumulation point of {VT}, (un, (z)), m € N} and ‘5‘ < 00.

Employing the monotony condition, we obtain that & = VT}, (u (x)).
To show uniqueness, we recall that

a(w, VT (u(x))) VI (u(z)) > v [VT (u(2)) P >0

and
a(z, VT (um)) VT (um) =5 a(z, VT (1)) VT (u).

m—0o0
(O
From the Vitali theorem and a (x, VT} (up,)) —>¢(nL_q>OO a(x, VT (u)), we deduce

that
/ a(x, VT (um)) VT () de ™= / a(z, VT (u)) VI (u) dz.
Q Q
By the Lebesgue dominated convergence theorem, we have

a(z, VT (um)) VT (tp) Ly (x, VT (v)) VT (u),

m—0o0
thus

( Lp(~))”

VTk (um) — VTk (u)

m—r0o0

by the Vitali convergence theorem. The lemma is proven.
Now, we are going to prove the theorem of the existence of a renormalized solu-

tion.

We consider a family of approximate problems

—div (a (z, Vium)) + d (@) [t P2ty = By — div ((01),,),
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Um|3Q =0,
where there are sequences {F,,} C L () and {(01),,,} C (L (£2))" such that

Ll
F,, — F,
m—o0

and
(Lq(~))”
(@1)m — @1.

mM—00

For each problem, there exists a weak solution wu,, € Wﬁ ((')) (©), which satisfies
the identity of the definition of a weak solution

p(z)—2 —
/Qa(a:, V) ngdx—i—/gqﬁd(x) [t U dT /Qquﬁd;r—I—/Q(Ql)quﬁdm

for all ¢ € W) ().
In order to show the existence of solutions to the approximating problems, we
*
introduce an operator A : Wﬁ(') Q) — (Wﬁ(b) (Q)) defined by

A urs <v — /Q (a (x, Vu) Vo +d (z) ]u\p(m)_2 uv) d:v)

for all u, v € Wﬁ(') (©2). The operator A : Wi(') Q) — (Wﬁ(') (Q))* is correctly
defined, coercive, monotone, and semicontinuous.
Denoting the duality pairing between Wﬁ(b) (©) and (Wi(') (Q)) by (-, -), we

calculate

1
lFullyy v [Vull o) Jo
) - llull , pey—o0
> v — m1n{||Vu]ii(_), ||vu|gp(,)} L o0

with some constant ¢ > 0. This yields coercivity. The boundedness of the operator
A wi @) - (Wi @)
follows from

(A (u), v)| =

/ (a (z, Vu) Vo +d(x) ]u|p(x)_2 uv) dx
Q

g/ (a\quHﬂ(m)) |vu|dx+/d(x)|u|1’<w>1 lv| dz
Q Q

ps —1 1 1
< app(y (V) + ——apy (Vo) + ——py() (V0)
Pm Dm Pm
ps —1

+

oy )+ s @) (5L 04 Ly 0))

m pm

Pm

for all u, v € W) ().
In the view of the Minty theorem, we conclude that the operator A is surjective,
thus the existence of the sequence {u,,} C Wi ((')) () N L™ () of weak solutions
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to the approximating problems, for further information see [11, Chapter 2]. We
formulate the following statements.

Proposition 4.5. There are positive constants c; and cy independent of
m € N such that the inequality

/ Vum|P@ de < 1k
{lum|<k}

and

/ V) di < o
{k<|um|<k+1}

for all k > 0.

Proof. Similarly, to the previous lemma, we take T} (uy,) as a test function in the
definition of a weak solution and obtain

/ 0 (@, Vi)V (Ty () da + / Ty (1) d () [ty [P®) 2 vy
Q Q

_ / FuTe () d + / (01),, V (Th () da
0 Q

SO
y/{ . |V ()P dx < k|| F|| 11 g + &k 01 a0 -

Next, we choose ¢ = Ty 11 (um) — Tk (um,) as a test function in the definition of a
weak solution, we have

/Qa (x, Vum) V (Tht1 (um) — Tk (um,)) dz
b [ (Bt () = T () 0 [P
Q
- /Q Fon Ty (tm) — T (tm))

+ / (01 V (it (i) — T () d
Q

thus, we deduce

1// |Vt |P@) da
{k<|um|<k+1}

< /QFm (Th+1 (um) — Tk, (um)) dz

+ /Q (©1),,V (Tios1 () — T () d
< E1Fll ey + 101l o

since |Fy,| < [F| and |(©1),,| < [©1].
From statement 1, we have that [[um| ;)
1,0

< const with 1 <r () < n(];(;)l_l)-

()
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Proposition 4.6. We have

lim lim Sup/ |Vt [P daz = 0.
{k<|u|<k+1}

k—00 m—o0

Proof. We select ¢ = Ty41 (um) — Tk (u,) as a trial function and obtain

V/ |Vt [P@)
{k<|u|<k+1}

< /Q Fon (Tosr (tm) — T (unn)) dee

+ / (01),, V (Tt (tm) — T () dz =30
Q
. k—oo
since V (Tky1 (um) — Tk (um)) =" 1< |uj<kt1} Vim, and Ty (u) — Ty (u) =2 0.
Therefore, {u,,} C Wﬁ @ (Q)NL> () is a fundamental sequence in measure. So,

there is a measurable function u and a subsequence {u,, } C Wi ¢ (Q)NL> (92) such
that

and
Weakly Wi('o)
Ti (um) — Ty (u)

m—r0o0

for all £ > 0.

Proposition 4.7. For each k > 0, for some positive constants ¢ and c; ,
we have

lim sup/ (VT ()P dae < c/ VT, (w)|P®) da + ¢4
Q Q

m—00
and
Wiy
Tk (um) — Tk (u).

m—ro0

Proof. In the definition of a renormalized solution, we take ¢ = T (um) — Tk (u) as
a trial function and obtain

/Q 0 (2, V) HY () ¥ (Ts () — Ty () da
+ / (Ty (um) — Tk (w)) a (z, Vup) H' (uy) Vupdz
Q
+ /Q (Ti (tm) — T () d () [t "D 2 i H (1) iz
- /ﬂ F (T () — Ti () H] ()
+ /Q (Ty (um) — Tk (u)) O1H] () Vupydz

+/ O1Hj (um) V (Ty (um) — Tk (u)) dx
Q
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where supp (H]) C [-l—1, I+ 1] and supp (H]") C [-1—1, =] U[l, I +1] for all
[ >2.
Fixing the level k, we pass to the limit as m — oo and [ — oo, respectively.
First, we estimate

/Q (Th (1) — T (w)) @ (2, V) HY (1) Vit

H HLoo T (wm) — Tk (“)HLoo(R) a(x, V) Vuydz
{I<lum |<I+1}

SO

lim sup
m—00

/Q (Ti (tm) — T (w)) @ (2, Vttgn) HY (1) Vel

m—00 —00

< constlim sup/ a(xz, Vup) Vuydx = 0.
(k< |um|<k+1}

Second, by the Lebesgue convergence theorem, we have

Jimm sup /Q F (Ty () — T () H] () d = 0

m—00

for all I > 2.
Third, we deduce

lim sup / (Ti () — Tiy (1)) d (2) [t [P @ "2ty H (1) dzz = 0
m—oo JQ
and, by the Lebesgue convergence theorem

lim lim (Ty. (um) — Tk (u)) ©1H}' (um) Vumdr =0

k—oom—0o0 [

for all [ > 2.
Passing to the limit as m — oo and [ — oo, we conclude

lim lim sup/ a(x, Vug) H] (um) V (T (um) — Tk (u)) dx <0
Q

=00 m—oo

for all & > 0.
For all [ > k > 0, we obtain
@ (@, V) H () V (T () — T (u))
a(z, Vun) VT (up) > v |V Tk ()P
Therefore, we have

lim Sup/ v VT, () |P®) da < lim sup/ a(z, Vup) VT (up,) dx
Q Q

m—0o0 m—r0o0
< lim suplim sup/ a(x, Vum) H] (um) V (T (um) — Tk (u)) d.
w00 m—oo JQO
Since
lim Hj (um) = Hj (u)

m—00
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and
lim Tk (um) = Tk (u)

m—ro0

in the topology of Wﬁ(') (), we have

lim sup/ v VT, ()P d < lim suplim sup/ a(x, Vum) H] (un) VT (u) dv
Q Q

m—00 00 Mm—00

= limsup/ﬂa (z, V1111 (v)) H] (u) VT (u) dz

l—o0

:/Qa(x, VT, () VT, (u)daré/

Q
< 04/ VT ()| dee 4+ 25~ ! / (y ()1 da + 1/ VT (w)|P®) da
Q b Q Pm Jo

m

1 -1
< <a+ > / VT (u)P®) da + 25— / (7 ()1 de.
Pm/ Ja Q

Pm

(@ 1V @ 47 (@) VT (w)]) da

Thus, we have

1 1
lim sup / VT, (o) P e < (a + ) / VT, (u) P dee
Q Q

m— 00 pm

ps—1 NI@) g
+ /Qm)) dz.

VPm

Next, for all £, n € R™, we use the following inequality

22 g —nf? < (& —n) (¢16P> —nlnf"?)

for all p > 2 and

(p—1)le—n* < (€ = m) (€167 = nlnl"=2) (Il + [n])*2

for all 1 < p < 2. So, we obtain

22 ps / VT () — VT, (w)[P® da
{p(z)>2}

< [ (9T )P T () — [V (02 VT )
{p(z)=>2}
(VT (um) — VI (u)) dz;
we denote W = |VT}, (upm)| + |VTk (u)| and obtain
/ VT () — VT (0)[P® da
{1<p(x)<2}

_ p(z) N2l
< / VT (um)@)(ij(}))(U)‘ Pt
{1<p(x)<2} |/ —

_ 2 Eh
< 2max / VT (um)2 VT ()| dx ;
{1<p(z)<2} w2-r()

dx
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ps
/ VT () = VT (@) ) )
{1<p(z)<2} W2=p()

2 ps 2=pm
X max / WP dy , / WW)dx) .
{1<p(z)<2} {1<p(z)<2}

Now, since the sequence {Ty (um)} is bounded in Wﬁ ((')) () and applying

Ty (um,) —>,ngny Wi Ty (u) for all & > 0, we deduce that

/Q ( VT () P2 VT () — [V ()P 2 VT, (u))

(VT () — VT () dz ™=5° 0.

Therefore, we conclude
/ VT () — VT (w)[P@) dz ™=5° 0.
Q

The statement 3 is proven.
Next, we assume that h € C*° (R) is such that supp (') C [—k, k] and supp (") C
[—k, k], for some k > 0. Then, we have

/ (2, Vum) b (um) ngdx—l—/géa z, V)b (um) Vg ds
/qﬁd ) |t [P 2 B (um)d:x:/F(;Sh’ () dz
Q

—I—/ #O1h" () Vumdx—i—/ 011 (um) Vodx
Q Q

for all ¢ € C (£2). We have to pass to the limit as m tends to infinity.
We have
a(x, Vup) b (um) = a(x, VI (um)) b (um)

@ &, VT () W () 25 a (e, VT4 (w) B ()
and
a(x, VI (u)) b (u) = a(x, Vu)h' (u).
Next, we obtain
a(z, V) ' (um) VS a(z, VI () B () VT ()
a(x, VT (um)) b (um) Vg () H a(x, VT (u) k" (u) VT} (u)
and

a(x, VI (u)) " (u) VIy (u) = a (z, Vu)h" (u) Vu.
Also, we obtain

d (@) [ P72 wp b () “d (2) | Ty, () P72 Ty () B ()
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d () [Ty ()P~ T () B () - d () [T ()P =2 T () W ()

m—o0

d
d () | T ()P 72 Ty (w) B () = d () [u"™ 2 b (u).

Thus, passing to the limit as m approaches infinity, we deduce that
/a(a:, Vu) b (u) ngda:—i—/ da (z, Vu)h" (u) Vudz
Q Q
+/ d(zx) |u\p(”c)_2 uph’ (u) dor = / Foh' (u) dx
Q Q

/ 011" (u) pVudz + / O1h' (u) Vodzx.
Q Q

The existence of a renormalized solution is proven.
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