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The major drawback of all these works lies in manipulating the differences be-
tween sets. The elements, or coefficients, of the optimization problem are sets;
therefore, the difference of an element does not necessarily equal zero. Inspired by
this, Wu [30] introduced the concept of a null set in hyperspace, which consists of
all nonempty subsets of a given normed space. He defined two partial orders based
on algebraic and Hukuhara differences between any two elements of hyperspace us-
ing these concepts. These orders allowed him to solve set optimization problems.
Conversely, he transformed set optimization problems into classical bi-objective op-
timization problems. To solve the bi-objective problem, he uses the scalarization
technique. His work shows that the optimal solution to the scalarized problem is
also the optimal solution to the original set optimization problem.

However, Wu’s [30] work is limited to the linear case only. Therefore, this work
proposes an extension to the nonlinear case. Specifically, we propose studying a
quadratic set optimization case. First, we will transform the quadratic set opti-
mization problem into a deterministic quadratic bi-objective optimization problem
using null sets. Next, we will use a scalarization technique to convert the bi-objective
problem into a deterministic mono-objective problem. Finally, we will propose an
equivalence study between the solutions of the bi-objective problem and the ini-
tial problem, as well as between the solutions of the bi-objective problem and the
solutions of the scalarized problem.

To better present our results, in Section 2, we will introduce the fundamental
elements necessary for understanding the work. Section 3 will present our main
results. Section 4 will conclude with a summary.

2. Preliminary

2.1. Set analysis. This part presents the concept of null sets and some of their
properties.

Definition 2.1 ([28,30,31]). Let (T , || • ||) be a normalized space and Ξcc(T ) be a
collection of all compact and convex sets of T . Let A,B ∈ Ξcc(T ). We have:

i. A⊕ B = {a+ b | a ∈ A and b ∈ B},
ii. λ⊙A = {λa | a ∈ A} where λ is a real constant,
iii. A⊖ B = A⊕ (−A) = {a− b | a ∈ A and b ∈ B},

where ⊕, ⊖, ⊙ respectively designate the sum, the difference, and the multiplication
between sets.

Definition 2.2. Let Θ be a continuous linear function on a set T . We assume that
it is increasing.

Let x1 be the largest value of T and x2 the smallest value of T we have:

sup
α∈T

Θ(α) = Θ(x1),

and
inf
α∈T

Θ(α) = Θ(x2).

Proposition 2.3 ([28,30]). Let (T , ∥ • ∥) be a normalized space and Θ be a linear
continuous function assumed to be increasing on T . Let A,B ∈ Kcc(T ) and λ ∈ R.

The following equalities are true.
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i.

(2.1)



sup
α∈A⊕B

Θ(α) = sup
α∈A

Θ(α) + sup
α∈B

Θ(α),

and

inf
α∈A⊕B

Θ(α) = inf
α∈A

Θ(α) + inf
α∈B

Θ(α).

ii.

(2.2) sup
α∈λA

Θ(α) =


λ. sup

α∈A
Θ(α) if λ ⩾ 0,

λ. inf
α∈A

Θ(α) if λ < 0.

iii.

(2.3) inf
α∈λA

Θ(α) =


λ. inf

α∈A
Θ(α) if λ ⩾ 0,

λ. sup
α∈A

Θ(α) if λ < 0.

iv.

(2.4)



sup
α∈A⊖A

Θ(α) = sup
α∈A

Θ(α)− inf
α∈A

Θ(α),

and

inf
α∈A⊖A

Θ(α) = inf
α∈A

Θ(α)− sup
α∈A

Θ(α).

v.

(2.5) sup
α∈λA

Θ(α) + inf
α∈λA

Θ(α) = λ(sup
α∈A

Θ(α) + inf
α∈A

Θ(α)).

Remark 2.4. Ξcc(T ) is not a vector space because for all A ∈ Ξcc(T ) and B ∈
Ξcc(T ) we have A⊕ B /∈ Ξcc(T ) and, for all real λ, we have λA /∈ Ξcc(T ).

Let θT be the zero element of the normalized space T ; it can be considered
as the zero element of Ξcc(T ), then that A ⊕ {θT } = A. In other words, since
A⊖A ̸= {θT }, this means that A⊖A is not the zero element of Ξcc(T ). In other
words, the addition of the inverse elements of A in Ξcc(T ) does not exist.

Definition 2.5 ([28,30]). The null set of Ξcc(T ) is defined by:

(2.6) Ω = {A ⊖A | A ∈ Ξcc(T )}.
It is considered as Ξcc(T ) the zero element.

Definition 2.6 ([24,28,30]). Consider the function L : Ξcc(T ) → V of Ξcc(T ) in a
vector space V .

i. L is additive if and only if L(A⊕A) = L(A) + L(A).
ii. L is homogeneous if and only if L(λA) = λ.L(A).
iii. L is positively homogeneous if and only if L(λA) = λ.L(A) if λ ≥0.
iv. L is linear if and only if it is additive and homogeneous.
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Definition 2.7. Consider the function L : Ξcc(T ) → V of Ξcc(T ) in a vector space
V . L(λkA) = λk.L(A) with λ ⩾ 0 and k > 0, L is homogeneous of degree k.

Proposition 2.8 ([28, 30]). Consider the function L : Ξcc(T ) → V of Ξcc(T ) in a
vector space V .

i. Suppose −L(ω) = L(−ω) for all ω ∈ Ω. Then L(ω) = θV for all ω ∈ Ω with
θV is the zero element of the vector space V .

ii. Suppose L(ω) = θV for all ω ∈ Ω and L is additive. Then L(A ⊖ B) =
L(A)− L(B) for all A,B ∈ Ξcc(T ).

iii. Assume that L is additive and that the Hukuhara difference A ⊖H B exists
for all A,B ∈ Ξcc(T ). Then L(A⊖H B) = L(A)− L(B).

Definition 2.9 ([28,30]). Let C be a subset of Ξcc(T ).

(2.7) C =

{
C ∈ Ξcc(T ) : sup

α∈C
Θ(α) + inf

α∈C
Θ(α) ≥ 0

}
.

C is convex if and only if λA⊕ (1− λ)B ∈ C for all A,B ∈ Ξcc(T ) and λ ∈ [0, 1].
C is a cone if and only if λA ∈ C for A ∈ C and λ > 0.
A cone C is called a convex cone if and only if it is also convex.

Proposition 2.10 ([28,30]). Consider the function L : Ξcc(T ) → V of Ξcc(T ) in a
vector space V .

Let C be a convex cone in Ξcc(T ). If L is additive and positively homogeneous,
then the set L(C) = {L(A)|A ∈ C} is a convex cone in a vector space V .

Proof. Assume that C is a convex cone; that is, if A,B ∈ C, λA ⊕ µB ∈ C for
λ > 0, µ > 0. Consider the positively homogeneous additive function L of degree k.
We have L(λA⊕ µB) ∈ L(C) then, λL(A) + µL(B) ∈ L(C).

Therefore, L(C) is a convex cone in the vector space V . □

Proposition 2.11 ([30]). Let C be a convex cone in Ξcc(T ). Then A ⊕ B ∈ C for
all A,B ∈ C.

Proof. Let A,B ∈ C. We have A ∈ C, implying that:

sup
α∈A

Θ(α) + inf
α∈A

Θ(α), (∗)

and for B ∈ C, we have:

sup
α∈B

Θ(α) + inf
α∈B

Θ(α). (∗∗)

(∗) and (∗∗) give:

0 ⩽ sup
α∈A

Θ(α) + inf
α∈A

Θ(α) + sup
α∈B

Θ(α) + inf
α∈B

Θ(α)

= sup
α∈A

Θ(α) + sup
α∈B

Θ(α) + inf
α∈A

Θ(α) + inf
α∈B

Θ(α)

= sup
α∈A⊕B

Θ(α) + inf
α∈A⊕B

Θ(α).

So A⊕ B ∈ C. □
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2.2. Preference order.

Definition 2.12 ([28, 30]). Let Γ be a subset of Ξcc(T ). For all A ∈ Ξcc(T ), we

write A ∈Ω Γ if and only if A Ω
= F for all F ∈ Γ.

Definition 2.13. Let C be a convex cone in Ξcc(T ). For A,B ∈ Ξcc(T ), we define
two binary relations on Ξcc(T ) as follows:

i. A ⪯ B if and only if B ⊖A ∈ C.
ii. A ⪯H B if and only if B ⊖H A exist and, (B ⊖H A)⊕ ω ∈ C for all ω ∈ Ω.

Proposition 2.14 ([23,28,30]). Let C be a convex cone in Ξcc(T ).

i. Suppose Ω ⊆ C, then the binary relation ⪯ is reflexive.
ii. The relation ⪯ is transitive.
iii. Let A,B ∈ Ξcc(T ) and λ > 0, if A ⪯ B then λA ⪯ λB i.e. the binary

relation ⪯ is compatible with scalar multiplication.
iv. Let A,B,D, E ∈ Ξcc(T ), if A ⪯ B et D ⪯ E then A⊕D ⪯ B⊕E that is, the

binary relation is compatible with set addition.

Proposition 2.15. Let L : Ξcc(T ) → V be an additive and positively homogeneous
function of Ξcc(T ) in a vector space V , let C be a convex cone in Ξcc(T ), then we
have the following propositions:

i. Suppose {θX} ∈ C, then the binary relation ⪯H is reflexive in Ξcc(T ).
ii. The binary relation ⪯H is transitive.
iii. The binary relation ⪯H is compatible with multiplication by a scalar in

Ξcc(T ).
iv. The binary relation ⪯H is compatible with set addition in Ξcc(T ).

Definition 2.16 ([28,30]). Let L : Ξcc(T ) → V be a function of Ξcc(T ) in a vector
space V . The kernel of L is defined by:

kerL = {A : L(A) = θV },
where θV is the zero element of the vector space. It is obvious that

L(ω) = θV for all ω ∈ Ω if and only if Ω ⊆ KerL.

Let C be a convex cone in Ξcc(T ), and L be an additive and positively homoge-
neous function, then L(C) is a convex cone in a vector space V .

So we can define two binary relations ⪯ and ⪯H on L(Ξcc(T )) ⊆ V as follows:

i. L(A) ⪯ L(B) if and only if L(B)− L(A) ∈ L(C).
ii. L(A) ⪯H L(B) if and only if L(B)− L(A) ∈ L(C) and B ⊖H A exist.

It is obvious that L(A) ⪯H L(B) implies L(A) ⪯ L(B).

Proposition 2.17 ( [28, 30]). Let L : Ξcc(T ) → V be an additive and positively
homogeneous function of Ξcc(T ) in a vector space V and let C be a convex cone in
Ξcc(T ), then we have the following propositions:

i. Suppose {θX} ∈ C, then the binary relation ⪯H is reflexive in Ξcc(T ).
ii. The binary relation ⪯H is transitive.
iii. The binary relation ⪯H is compatible with multiplication by a scalar in

Ξcc(T ).
iv. The binary relation ⪯H is compatible with set addition in Ξcc(T ).
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Proposition 2.18 ([22, 28, 30]). Let L : Ξcc(T ) → V be an additive and positively
homogeneous function of Ξcc(T ) in a vector space V , and let C be a convex cone in
Ξcc(T ).

Assume that Ω ⊆ kerL then we have the following results:

i. A ⪯ B implies that L(A) ⪯ L(B), and A ⪯H B implies t L(A) ⪯H L(B).
ii. Assume that kerL ⊆ C then L(A) ⪯ L(B) implies A ⪯ B and L(A) ⪯H L(B)

implies that A ⪯H B.

2.3. Set optimization. Let U be a vector space and f : U → Ξcc(T ) be a set-
valued quadratic function.

(2.8)

{
min f(x)
x ∈ G

where G is the space of feasible solutions of a subset of U .
Let L : Ξcc(T ) → V be an additive and positively homogeneous function of Ξcc(T )

in a vector space V . Then, we consider the compound function Lof : U → V , the
function of L and f .

(2.9)

{
min(Lof)(x)
x ∈ G.

The problem (2.9) is a deterministic bi-objective problem.
Let ϕ be a linear function defined on R2. It transforms the problem (2.9) into a

single-objective problem.

(2.10)

{
minϕ(Lof)(x)
x ∈ G.

3. Main results

3.1. Mathematical formulation of the problem. This section is devoted to
set-valued quadratic optimization with set-valued linear inequality constraints.

Let f : U → Ξcc(T ) be a set-valued quadratic function. Let Aij and Bi be non-
empty subsets of a normalized space (X, || • ||) for i = 1, 2 · · · , n and j = 1, 2 · · · , n.

Then, the following quadratic function is defined:

f(x) =
n∑

i=1

n∑
j=1

xixjAij ⊕
n∑

i=1

xiBi.

Thus, a set-valued quadratic optimization problem can be reformulated as follows:

(3.1)


min f(x) =

∑n
i=1

∑n
j=1 xixjAij ⊕

∑n
i=1 xiBi

gk(x) ⪯ 0, k = 1, 2, · · · ,m

x ∈ Rn
+
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and

(3.2)


min f(x) =

∑n
i=1

∑n
j=1 xixjAij ⊕

∑n
i=1 xiBi

gk(x) ⪯H 0, k = 1, 2, · · · ,m

x ∈ Rn
+.

Definition 3.1. The decision space, or the feasible set of solutions, is defined as
follows:

G =
{
x ∈ Rn

+ : gk(x) ⪯H 0, k = 1, 2, · · · ,m
}
.

Let

F = f(G) = {f(x) : x ∈ G} ⊆ Ξcc(T )

be the objective space and, C be a convex cone in ΞccT ) defined in Definition 2.9.
Inspired by the solutions proposed by Wu [30], we observe that:

• MINC(F) = {f(x∗), ∄ x ∈ G : f(x) ⪯ f(x∗)}.
• H −MINC(F) = {f(x∗), ∄ x ∈ G : f(x) ⪯H f(x∗)}.

Definition 3.2 ([30]).

(1) x∗ is an optimal solution of (3.1) if and only if f(x∗) ∈ MINC(F).
(2) x∗ is an H−optimal solution of (3.2) if and only if f(x∗) ∈ H −MINC(F).

3.2. Vectorization. This technique transforms a set-valued quadratic optimiza-
tion problem into a deterministic bi-objective quadratic optimization problem.

Let L : Ξcc(T ) → V be an additive and positively homogeneous function of
Ξcc(T ) in a vector space V . Then we consider the composite function Lof : U → V
of L and f . 

min(Lof)(x)

(Logk)(x) ⩽ L(0), k = 1, 2, · · · ,m

x ∈ Rn
+

(3.3)

and


min(Lof)(x)

(Logk)(x) ⩽H L(0), k = 1, 2, · · · ,m

x ∈ Rn
+,

(3.4)

where Lof is the function composed with Lof)(x) = (f1(x), f2(x)) and f1, f2 are
two naturally conflicting quadratic functions.

Inspired by the concept of the solutions used by Wu [30], let us note:

• MINL(C)(L(F)) = {(Lof)(x∗), ∄ x ∈ G : (Lof)(x) ⪯ (Lof)(x∗)} .
• H −MINL(C)(L(F)) = {(Lof)(x∗), ∄ x ∈ G : (Lof)(x) ⪯H (Lof)(x∗)} .
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3.2.1. f1(x), f2(x) determination.

Definition 3.3.
Let L : Ξcc(T ) → R2 with:

L(A) =

(
− sup

α∈A
Θ(α)− inf

α∈A
Θ(α), sup

α∈A
Θ(α) + inf

α∈A
Θ(α)

)
.

Consider the following set-valued quadratic function:

f(x) =

n∑
i=1

n∑
j=1

xixjAij ⊕
n∑

i=1

xiBi ≡ C(x).

We have

(Lof)(x) =

(
− sup

α∈C(x)
Θ(α)− inf

α∈C(x)
Θ(α), sup

α∈C(x)
Θ(α) + inf

α∈C(x)
Θ(α)

)
,

with

sup
α∈C(x)

Θ(α) =
n∑

i=1

n∑
j=1

(
sup

α∈Aij

Θ(α)

)
xixj +

n∑
i=1

(
sup
α∈Bi

Θ(α)

)
xi

and

inf
α∈C(x)

Θ(α) =
n∑

i=1

n∑
j=1

(
inf

α∈Aij

Θ(α)

)
xixj +

n∑
i=1

(
inf
α∈Bi

Θ(α)

)
xi.

So

f2(x) = sup
x∈C(x)

Θ(α) + inf
x∈C(x)

Θ(α)

=
n∑

i=1

n∑
j=1

(
sup

α∈Aij

Θ(α) + inf
α∈Aij

Θ(α)

)
xixj +

n∑
i=1

(
sup
α∈Bi

Θ(α) + inf
α∈Bi

Θ(α)

)
xi,

and

f1(x) = − sup
x∈C(x)

Θ(α)− inf
x∈C(x)

Θ(α)

= −
n∑

i=1

n∑
j=1

(
sup

α∈Aij

Θ(α) + inf
α∈Aij

Θ(α)

)
xixj −

n∑
i=1

(
sup
α∈Bi

Θ(α) + inf
α∈Bi

Θ(α)

)
xi.

3.2.2. Constraints vectorization. (Log)(x) =
(
g1k(x), g

2
k(x)

)
and set gk(x) = D(x).

There is

g1k(x) = − sup
α∈D(x)

Θ(α)− inf
α∈D(x)

Θ(α) and g2k(x) = sup
α∈D(x)

Θ(α) + inf
α∈D(x)

Θ(α)

with L(0) = (0, 0).
We know that:

gk(x) ⪯ 0 ⇒ L(gk(x)) ⩽ L(0),
⇒
(
g1k(x), g

2
k(x)

)
⩽ (0, 0),
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⇒ g1k(x) ⩽ 0 and g2k(x) ⩽ 0.

As g1k(x) ⩽ g2k(x) then g1k(x) ⩽ g2k(x) ⩽ 0 so, we can consider the constraints:
g2k(x) ⩽ 0 with k = 1, 2, · · · ,m.

We proceed in the same way for the constraints gk(x) ⪯H 0.
The nonlinear deterministic quadratic optimization problem can be reformulated

as follows:

(3.5)


min(Lof)(x) = (f1(x), f2(x))

g2k(x) ⩽ 0 k = 1, 2, · · · ,m

x ∈ Rn
+

and

(3.6)


min(Lof)(x) = (f1(x), f2(x))

g2k(x) ⩽H 0 k = 1, 2, · · · ,m

x ∈ Rn
+

Definition 3.4 ([30]). i. x∗ is a Pareto optimal solution of (3.5) if and only
if (Lof)(x∗) ∈ MINL(C)(L(F)).

ii. x∗ is an H−Pareto optimal solution of (3.6) if and only if (Lof)(x∗) ∈
H −MINL(C)(L(C)).

Remark 3.5. f1, f2 are continuous on U and have respective partial derivatives
∂f1
∂xi

and
∂f2
∂xi

for i = 1, n. They are C1 classes.

Proposition 3.6. Let f be a set-valued quadratic function defined on U . If f is
continuously differentiable at x∗, then quadratic functions with deterministic values
are continuously differentiable at x∗.

Proposition 3.7 ([30]). Let L : Ξcc(T ) → V be an additive and positively homoge-
neous function of Ξcc(T ) in a vector space V and let C be a convex cone of Ξcc(T ).
Assume that Ω ⊆ kerL ⊆ C.

i. x∗ is an optimal solution of (3.1) if and only if x∗ is a Pareto optimal
solution of (3.5).

ii. x∗ is an H−optimal solution of (3.2) if and only if x∗ is an H−Pareto
optimal solution of (3.6 ).

Proof. i. Assume that x∗ is an optimal solution of (3.1).
Let A∗ = f(x∗).
Let F be a subset of Ξcc(T ) and A∗ ∈ F , as Ω ⊆ ker mathcalL ⊆ C, we

have A∗ ∈ MINC(F) which implies that L(A∗) ∈ MINL(C)(L(F)) i.e. L(f(x∗)) ∈
MINL(C)(L(F)). Using the Definition 3.4, x∗ is a Pareto optimal solution of (3.5).

Conversely, x∗ is a Pareto optimal solution of (3.5). By definition we have
L(f(x∗)) ∈ MINL(C)(L(F)). Using the Definition 3.2 we have: f(x∗) ∈ MINL(F)
and by definition x∗ is an optimal solution of (3.1).



322 P. LOMPO AND A. COMPAORE

ii. Assume that x∗ is an H−optimal solution of (3.2).
Let A∗ = f(x∗).
Let F be a subset of Ξcc(T ) and A∗ ∈ F , as Ω ⊆ ker mathcalL ⊆ C we have A∗ ∈

H − MINC(F) which implies that L(A∗) ∈ H − MINL(C)(L(F)) i.e. L(f(x∗)) ∈
H −MINL(C)(L(F)). Using the Definition 3.4, x∗ is a H− Pareto optimal solution
of (3.6).

Conversely, x∗ is a H−Pareto optimal solution of ( 3.6) by definition we have
L(f(x∗)) inH −MINL(C)(L(F)). Using the Definition 3.2 we have: f(x∗) ∈ H −
MINC(F) and by definition x∗ is an H−optimal solution of (3.2). □

3.3. Scalarization. The aggregation process transforms the problem (3.6) into a
single-objective optimization problem using a scalarization function.

Definition 3.8. Let ϕ : R2 → R.
The scalarization function is defined as follows:

ϕ(x, y) = λ1x+ λ2y + k

where k > 0, λ1 > 0, and λ2 > 0 are constants, with λ1 + λ2 = 1 and λ1 < λ2.

Using scalarization, we obtain:

ϕ((Lof)(x)) = ϕ

(
− sup

x∈C(x)

Θ(α)− inf
x∈C(x)

Θ(α), sup
x∈C(x)

Θ(α) + inf
x∈C(x)

Θ(α)

)

= (λ2 − λ1)

[
sup

x∈C(x)

Θ(α) + inf
x∈C(x)

Θ(α)

]
+ k,

= (λ2 − λ1)

[
n∑

i=1

n∑
j=1

(
sup

α∈Aij

Θ(α) + inf
α∈Aij

Θ(α)

)
xixj +

n∑
i=1

(
sup
α∈Bi

Θ(α) + inf
α∈Bi

Θ(α)

)
xi

]
+ k.

As λ1 < λ2 and k > 0 then, ϕ((Lof)(x)) > 0. Therefore, ϕ ∈ L(C) with

L(C) =
{(

− sup
α∈C

Θ(α)− inf
α∈C

Θ(α), sup
α∈C

Θ(α) + inf
α∈C

Θ(α)

)
∈ R

2 : sup
α∈C

Θ(α) + inf
α∈C

Θ(α) ⩾ 0

}
⊆
{
(−x, x) ∈ R

2 : x ⩾ 0
}
.

The following deterministic, single-objective optimization problem is obtained:

(3.7)



minϕ((Lof)(x))
= (λ2 − λ1)

[∑n
i=1

∑n
j=1

(
supα∈Aij

Θ(α) + infα∈Aij Θ(α)
)
xixj

+
∑n

i=1

(
supα∈Bi

Θ(α) + infα∈Bi Θ(α)
)
xi
]
+ k,

s.t :

g2k(x) ⩽ 0, k = 1, 2, · · · ,m,

x ∈ Rn
+,

where k is a constant that can be ignored.
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(3.8)



minϕ((Lof)(x))
= (λ2 − λ1)

[∑n
i=1

∑n
j=1

(
supα∈Aij

Θ(α) + infα∈Aij Θ(α)
)
xixj

+
∑n

i=1

(
supα∈Bi

Θ(α) + infα∈Bi Θ(α)
)
xi
]
,

s.t :

g2k(x) ⩽ 0, k = 1, 2, · · · ,m,

x ∈ Rn
+.

Theorem 3.9 ([30]). Let L : Ξcc(T ) → V be an additive and positively homogeneous
function, and let C be a convex cone satisfying θX ∈ C. Suppose Ω ⊆ KerL ⊆ C. If
x∗ is an optimal solution to problem (3.8), then x∗ is both an optimal solution and
an H− optimal solution to problem (3.2).

Proof. Assume that x∗ is not an optimal solution of the problem (3.6).
On a (Lof)(x∗) /∈ H −MINL(C)(L(F)). Which means that (Lof)(x∗) is not an

H −minimal element of L(F) based on the binary relation ⪯H .
According to the definition of the element H −minimal, there exists x ∈ G such

that (Lof)(x) ⪯H (Lof)(x∗) and (Lof)(x∗) ⪯̸H (Lof)(x). Since (Lof)(x∗) ⪯H

(Lof)(x) by Proposition 2.17, it follows that x ̸= x∗. We also have (Lof)(x∗) −
(Lof)(x) ∈ L(C).

Since ϕ ∈ L(C), we obtain:

ϕ((Lof)(x∗))− ϕ((Lof)(x)) = ϕ((Lof)(x∗)− (Lof)(x)) ⩾ 0

which is a contradiction.
This contradiction implies that x∗ is anH−optimal solution to the problem (3.6).

Using Proposition 3.7, it follows that x∗ is an H− optimal solution to problem (3.5).
On the other hand, considering the binary relation ⪯ and using Proposition 3.7,

we can demonstrate similarly that x∗ is an optimal solution to problem (3.5).
□

3.4. Karush-Kuhn-Tucker optimality condition. This step uses the Karush-
Kuhn-Tucker optimality condition to find an optimal or H-optimal solution to a
deterministic, single-objective problem.

We only consider quadratic functions with convex set values. Since the constraints
are linear, the set G is convex.

The following theorems about Karush-Kuhn-Tucker optimality conditions are
sufficient.

Theorem 3.10. Let Ω ⊆ KerL ⊆ C. Suppose the set-valued objective function is
convex and continuously differentiable at x∗. If there are also Lagrange multipliers
µk with k = 1,m such that:

i. ∇ϕ((Lof)(x∗)) +
∑m

k=1 µk∇g2k(x
∗) = 0, for k = 1,m;
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ii. µkg
2
k(x

∗) = 0;

then x∗ is an optimal solution.

Proof. Let us prove the theorem absurdly. Suppose that x∗ is not an optimal solu-
tion. Then there exists x ∈ G such that:

f(x) ⪯ f(x∗) ⇒ L(f(x)) ⪯ L(f(x∗))

⇒ (f1(x), f2(x)) ⪯ (f1(x
∗), f2(x

∗))

Let λ1 and λ2 be positive real numbers and let λ1 < λ2 therefore which implies that
ϕ((Lof)(x)) < ϕ((Lof)(x∗)).
Let f be a convex and continuously differentiable function at x∗, then the functions
f1 and f2 are also convex and continuously differentiable at x∗ according to Remark
3.6. This implies that Lof is convex and continuously differentiable. Moreover
x∗ ∈ G, we obtain the optimality condition of KKT :

i. ∇ϕ((Lof)(x∗)) +
∑m

k=1 µk∇g2k(x
∗) = 0, for k = 1,m;

ii. µkg
2
k(x

∗) = 0.

Therefore, x∗ is an optimal solution. It follows that x is an optimal solution to the
problem. However, this is absurd according to the initial assumption. Therefore,
x∗ is an optimal solution for set-valued optimization. □

Theorem 3.11. Let Ω ⊆ KerL ⊆ C. Suppose the set-valued objective function
is convex and continuously H− differentiable at x∗. If there are also Lagrange
multipliers νk with k = 1,m such that:

i. ∇ϕ((Lof)(x∗)) +
∑m

k=1 µk∇g2k(x
∗) = 0, for k = 1,m,

ii. µkg
2
k(x

∗) = 0,

then, x∗ is an H− optimal solution.

Proof. Let us demonstrate the theorem by absurdity. Suppose that x∗ is not an
H− optimal solution. Then, there exists x ∈ G such that:

f(x) ⪯H f(x∗) ⇒ L(f(x)) ⪯H L(f(x∗)),

⇒ (f1(x), f2(x)) ⪯H (f1(x
∗), f2(x

∗)).

Let λ1 and λ2 be positive real numbers, and let λ1 < λ2, therefore which implies
that ϕ((Lof)(x)) <H ϕ((Lof)(x∗)).

Let f be a convex and continuously H− differential function at x∗, then the
functions f1 and f2 are also convex and continuously H− differential at x∗ by
Proposition 3.6. This implies that Lof is convex and continuously H− differential.
Moreover x∗ ∈ G, we obtain the optimality condition of KKT :

i. ∇ϕ((Lof)(x∗)) +
∑m

k=1 µk∇g2k(x
∗) = 0, for k = 1,m,

ii. µkg
2
k(x

∗) = 0.

So, x∗ is an H− optimal solution. It follows that x is an H− optimal solution to
the problem. Which is absurd according to the initial assumption. So, x∗ is an H−
optimal solution to the set-valued optimization problem. □
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4. Conclusion

In this paper, set-valued quadratic optimization problems have been studied.
This study used a combination of two methods: the concept of null sets and the
KKT optimality conditions. First, each quadratic set optimization problem was
transformed into a deterministic quadratic optimization problem. Then, the KKT
optimality condition was used to find an optimal solution. While the results of
this work contribute to the literature on nonlinear set optimization problems, they
remain largely theoretical. These results could be used to model uncertainties that
are difficult to capture in optimization problems.
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Laboratoire de Mathématiques, Informatique et Applications, Université Norbert zongo, Koudougou,
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