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SOLVING A QUADRATIC SET-VALUED OPTIMIZATION
PROBLEM BASED ON THE NULL SETS CONCEPT

PALAMANGA LOMPO AND ABDOULAYE COMPAORE

ABSTRACT. This article addresses the study of quadratic optimization problems
in which the coefficients are sets. The study is based on the concept of null sets.
This concept allows for the use of a partial ordering between sets in the context
of classical and Fukuhara differences. Based on this, the notions of optimal and
H-optimal solutions have been defined. To determine the solution, the set-valued
quadratic optimization problem is converted into a deterministic, bi-objective
optimization problem using vectorization. Then, the scalarization technique is
used to transform the vectorization problem into a single-objective, deterministic
problem. A subsequent study of the Karush-Kuhn-Tucker optimality condition
shows that the method provides optimal or H-optimal solutions.

1. INTRODUCTION

The modeling of practical problems in the real world has been widely applied
to many research areas, including game theory, economics, finance, and image pro-
cessing, among others. Optimization problems often arise when modeling certain
aspects in all these fields. The most commonly encountered optimization problems
are either single-objective [20] or multi-objective [4,25-27]. As for the coefficients,
they are often deterministic [21], stochastic [7], interval-varying [6, 28,29, 32|, or
fuzzy [24]. However, there are situations in which the coefficients of the optimiza-
tion problem are sets. D. Kuroiwa [14-16] and D. Kuroiwa et al. [17] were the first
to address this type of optimization problem.

This work has inspired researchers to take an interest in this type of problem. We
can mention, among others, [13], whose research has contributed to the proposal of
numerous concepts in the theory of set comparison. When it [10] was, its work made
it possible to transform a set optimization problem into a bi-objective optimization
problem using the vectorization technique. The study in [11] focused on directional
derivatives in set optimization with the set less than or equal to order relation.
The optimality conditions, existence theorems, and non-convex scalarization in set
optimization problems were studied in [1,2,8,9]. [18] has also designed an algorithm
to solve set optimization problems in polyhedral convex games, and [3] studied
the convergence of the solution sets for set optimization problems. The well-posed
problem issue and the Karush-Kuhn-Tucker conditions in set optimization have
been studied in [12] and [19], respectively. The concept of set optimization was
used in [5] to model the optimization of photovoltaic power plant layout.
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The major drawback of all these works lies in manipulating the differences be-
tween sets. The elements, or coeflicients, of the optimization problem are sets;
therefore, the difference of an element does not necessarily equal zero. Inspired by
this, Wu [30] introduced the concept of a null set in hyperspace, which consists of
all nonempty subsets of a given normed space. He defined two partial orders based
on algebraic and Hukuhara differences between any two elements of hyperspace us-
ing these concepts. These orders allowed him to solve set optimization problems.
Conversely, he transformed set optimization problems into classical bi-objective op-
timization problems. To solve the bi-objective problem, he uses the scalarization
technique. His work shows that the optimal solution to the scalarized problem is
also the optimal solution to the original set optimization problem.

However, Wu’s [30] work is limited to the linear case only. Therefore, this work
proposes an extension to the nonlinear case. Specifically, we propose studying a
quadratic set optimization case. First, we will transform the quadratic set opti-
mization problem into a deterministic quadratic bi-objective optimization problem
using null sets. Next, we will use a scalarization technique to convert the bi-objective
problem into a deterministic mono-objective problem. Finally, we will propose an
equivalence study between the solutions of the bi-objective problem and the ini-
tial problem, as well as between the solutions of the bi-objective problem and the
solutions of the scalarized problem.

To better present our results, in Section 2, we will introduce the fundamental
elements necessary for understanding the work. Section 3 will present our main
results. Section 4 will conclude with a summary.

2. PRELIMINARY

2.1. Set analysis. This part presents the concept of null sets and some of their
properties.

Definition 2.1 ([28,30,31]). Let (7, || ®||) be a normalized space and Z..(T) be a
collection of all compact and convex sets of 7 . Let A, B € Z..(T). We have:
i. AoB={a+b|laec A and be B},
ii. \® A={Xa|a € A} where \ is a real constant,
ili. AeB=A®(-A)={a—-blac A and be B},
where @, ©, ® respectively designate the sum, the difference, and the multiplication
between sets.

Definition 2.2. Let © be a continuous linear function on a set 7. We assume that
it is increasing.
Let 7 be the largest value of 7 and xo the smallest value of 7 we have:

sup @(a) = @(%1),
acT

and
inf = .
Jn O(a) = O(x2)

Proposition 2.3 ([28,30]). Let (T,|| o ||) be a normalized space and © be a linear
continuous function assumed to be increasing on T. Let A,B € K..(T) and A € R.
The following equalities are true.



SOLVING A QUADRATIC SET-VALUED OPTIMIZATION 315

sup O(«w) = sup O(«) + sup O(«),
ac ADB acA aeB

(2.1) and

inf = inf inf :
[ ol () = 01+ 11,00

ii.

A.sup O(a) if A >0,

acA
(2.2) sup O(a) =
aceAA inf .
A Ol{relAG(a) if A<O.
iii.
- J 20,
A ;22@(@) if A=0
(2.3) inf O(a) =
a€AA A.sup O(ar) if A <O.
acA
iv.
sup O(a) = sup O(«) — inf O(a),
acASA aEA acA
(2.4) and
L5490 = 2, 8(0) ~ sup O
V.
(2.5) sup O(a) + inf O(a) = A(sup O(«a) + inf O(a)).
aEAA aElA acA acA

Remark 2.4. Z..(7) is not a vector space because for all A € Z..(T) and B €
Eee(T) we have A& B ¢ Z..(T) and, for all real A\, we have AA ¢ Z..(T).

Let 64 be the zero element of the normalized space T it can be considered
as the zero element of Z..(T), then that A @& {#r} = A. In other words, since
A6 A # {67}, this means that A © A is not the zero element of Z..(7). In other
words, the addition of the inverse elements of A in Z..(7T) does not exist.

Definition 2.5 ([28,30]). The null set of Z..(7) is defined by:
(2.6) Q={AcA|Ac=.(T)}
It is considered as E..(7) the zero element.

Definition 2.6 ([24,28,30]). Consider the function £ : Z..(T) = V of E.(T) in a
vector space V.
i. £ is additive if and only if L(A® A) = L(A) + L(A).
ii. £ is homogeneous if and only if L(AA) = A.L(A).
iii. £ is positively homogeneous if and only if L(AA) = X\.L(A) if A >0.
iv. L is linear if and only if it is additive and homogeneous.
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Definition 2.7. Consider the function £ : Z..(T) — V of Z..(7) in a vector space
V. LOA*A) = XF.L(A) with A > 0 and k > 0, £ is homogeneous of degree k.

Proposition 2.8 ([28,30]). Consider the function L : Zce(T) =V of Zce(T) in a
vector space V.
i. Suppose —L(w) = L(—w) for allw € Q. Then L(w) = Oy for all w € Q with
Oy is the zero element of the vector space V.
ii. Suppose L(w) = Oy for all w € Q and L is additive. Then L(A© B) =
L(A) — L(B) for all A,B € Z..(T).
iii. Assume that L is additive and that the Hukuhara difference A ©pg B exists
for all A,B € Z..(T). Then LIASy B) = L(A) — L(B).

Definition 2.9 ([28,30]). Let C be a subset of Z..(T).
(2.7) C= {C € Zce(T) : sup O(a) + inf O(a) > O}.
acC acC

C is convex if and only if AMA @ (1 —X\)B € C for all A,B € E.(T) and A € [0, 1].
C is a cone if and only if AA € C for A € C and A\ > 0.
A cone C is called a convex cone if and only if it is also convex.

Proposition 2.10 ([28,30]). Consider the function L : Z..(T) =V of Ecc(T) in a
vector space V.

Let C be a convex cone in E(T). If L is additive and positively homogeneous,
then the set L(C) = {L(A)|A € C} is a convex cone in a vector space V.

Proof. Assume that C is a convex cone; that is, if A,B € C, A @ ulB € C for
A > 0, > 0. Consider the positively homogeneous additive function £ of degree k.
We have L(AA & uB) € L(C) then, A\L(A) + uL(B) € L(C).

Therefore, £(C) is a convex cone in the vector space V. O

Proposition 2.11 ([30]). Let C be a convex cone in Z..(T). Then A® B € C for
all A,B € C.

Proof. Let A, B € C. We have A € C, implying that:
sup O(a) + inf O(a), (%)
acA acA

and for B € C, we have:

sup ©(a) + inf O(a). ()

( ) and ( ) gl c:

acA aEB
= igg@(a) + ztelpl;@(oz) + 01116139(04) + O12%9(@
= S} inf O(a).
W22 O T B O

So ApBelC. O
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2.2. Preference order.

Definition 2.12 ([28,30]). Let T be a subset of Z..(T). For all A € Z..(T), we
write A €? T if and only if A 2 F for all F € T.

Definition 2.13. Let C be a convex cone in E..(7T). For A, B € E..(T), we define
two binary relations on Z..(7) as follows:

i. A< Bifand only if B& A €.

ii. A=<y Bifandonly if B&y A exist and, (Bog A) @w € C for all w € Q.

Proposition 2.14 ([23,28,30]). Let C be a convex cone in Zc.(T).

i. Suppose 2 C C, then the binary relation = is reflexive.
ii. The relation =< 1is transitive.
ili. Let A,B € Zce(T) and X > 0, if A <X B then AA =< AB i.e. the binary
relation < is compatible with scalar multiplication.
iv. Let A,B,D,E € Zce(T), if AXB et D <X E then A®D <X B&E that is, the

binary relation is compatible with set addition.

Proposition 2.15. Let £: Z..(T) = V be an additive and positively homogeneous
Junction of Eq.(T) in a vector space V', let C be a convex cone in Eq.(T), then we
have the following propositions:
i. Suppose {0x} € C, then the binary relation < is reflexive in Zc.(T).
ii. The binary relation <g s transitive.
iii. The binary relation <pg is compatible with multiplication by a scalar in
Eee(T).

iv. The binary relation =g is compatible with set addition in Z..(T).

Definition 2.16 ([28,30]). Let £ : E..(7) — V be a function of Z..(7) in a vector
space V. The kernel of £ is defined by:

ker L ={A: L(A) =06y},

where 6y, is the zero element of the vector space. It is obvious that
L(w) = Oy for all w € Q if and only if Q@ C KerL.

Let C be a convex cone in Z..(7), and £ be an additive and positively homoge-
neous function, then £(C) is a convex cone in a vector space V.
So we can define two binary relations < and <y on L(E..(7)) C V as follows:
i. L(A) < L(B) if and only if £L(B) — L(.A) € L(C).
ii. £(A) <y L£(B) if and only if L(B) — L(A) € L(C) and Boy A exist.
It is obvious that £(A) <y L£(B) implies L(A) < L(B).

Proposition 2.17 ([28,30]). Let £ : Z..(T) — V be an additive and positively
homogeneous function of Z..(T) in a vector space V and let C be a conver cone in
Ece(T), then we have the following propositions:
i. Suppose {0x} € C, then the binary relation =g is reflexive in Zc.(T).
ii. The binary relation =g s transitive.
iii. The binary relation <g is compatible with multiplication by a scalar in
Eee(T).

iv. The binary relation =g is compatible with set addition in Z..(T).
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Proposition 2.18 ([22,28,30]). Let L : E..(T) — V be an additive and positively
homogeneous function of Z..(T) in a vector space V, and let C be a convex cone in
Eee(T).
Assume that 2 C kerL then we have the following results:
i. A < B implies that L(A) = L(B), and A <y B implies t L(A) =g L(B).
ii. Assume that kerL C C then L(A) < L(B) implies A < B and L(A) =g L(B)
implies that A <y B.

2.3. Set optimization. Let U be a vector space and f : U — Z..(T) be a set-
valued quadratic function.

(2.8) { mmlen é(x)

where G is the space of feasible solutions of a subset of U.

Let £ : Z..(T) — V be an additive and positively homogeneous function of Z..(7T)
in a vector space V. Then, we consider the compound function Lof : U — V, the
function of £ and f.

29 { mincor

The problem (2.9) is a deterministic bi-objective problem.
Let ¢ be a linear function defined on R?. It transforms the problem (2.9) into a
single-objective problem.

(2.10) { ];men 2(.5”6)(‘/”)

3. MAIN RESULTS

3.1. Mathematical formulation of the problem. This section is devoted to
set-valued quadratic optimization with set-valued linear inequality constraints.
Let f: U — Zc(T) be a set-valued quadratic function. Let A;; and B; be non-
empty subsets of a normalized space (X, || e||) fori=1,2--- ;nand j=1,2--- n.
Then, the following quadratic function is defined:

n n n
flx) = Z Z zixjAij © Z.%ZB@
i=1 j=1 i=1
Thus, a set-valued quadratic optimization problem can be reformulated as follows:
min f(z) = 3210 Y0 miw Ay @ D50 wil;
(3.1) ge(z) 20,k=1,2,--- ,m

n
x € RY
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and

min f(z) = 510 Y7 @i Aij © 5L 2l

n
$€R+.

Definition 3.1. The decision space, or the feasible set of solutions, is defined as
follows:

G={zeR}: g(z) 2y 0,k=1,2,--- ,m}.

Let
F=fG)={f(z): z€G}CEe(T)

be the objective space and, C be a convex cone in =Z..7) defined in Definition 2.9.
Inspired by the solutions proposed by Wu [30], we observe that:

« MING(F) = {f(z"), DaeG: f(x)=f@a")}.
o« H—MINe(F) = {f(z*), BxeG: f2)=nf@a")}.

Definition 3.2 ([30]).

(1) z* is an optimal solution of (3.1) if and only if f(z*) € MIN¢(F).
(2) z* is an H—optimal solution of (3.2) if and only if f(2*) € H — MIN¢(F).

3.2. Vectorization. This technique transforms a set-valued quadratic optimiza-
tion problem into a deterministic bi-objective quadratic optimization problem.

Let £ : E..(T) — V be an additive and positively homogeneous function of
Ec(T) in a vector space V. Then we consider the composite function Lof : U — V
of £ and f.

min(Lof)(x)
(3.3) (Logi)(x) < L(0),k=1,2,--- ,m
z €R?
and
min(Lof)(z)
(3.4) (Logr)(x) <mg L(0),k=1,2,---,m
z € RY,

where Lof is the function composed with Lof)(z) = (fi(x), f2(z)) and f1, f2 are
two naturally conflicting quadratic functions.
Inspired by the concept of the solutions used by Wu [30], let us note:
o MINg)(L(F)) = {(Lof)(z*), FzeG: (Lof)(x) = (Lof)(z")}.
o H—MINc)(L(F)) = {(Lof)(z*), BaxeG: (Lof)(x) =m (Lof)(z*)}.
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3.2.1. fi(z), fo(z) determination.
Definition 3.3.
Let £ : Z.(T) — R? with:

L(A) = <— sup O(«) — inf O(a), sup O(«) + inf @(a)) .

acA acA acA acA

Consider the following set-valued quadratic function:

ZZ@@AU @Z:c,l’)’ C(x

i=1 j=1
We have
(Lof)(x)=|— sup O(a)— inf O(a), sup O(a)+ inf O(a)
aeC(x) aeC(x) aeC(x) aeC(x)
with
sup O« sup z;xi + <sup® >
acC(x ;le (oae.A” ) J Z aeB ( )
and
2,00 =23 (000 s+ 32 (g 000 )
So
fa(x) = sup O(a)+ inf O(a)
zeC() z€C(z)
= sup O(a) + inf O(a) | z;z; + (Sup@ + inf © >x7;,
;]Zl (046/41] OCE'Aij ( )> ! ’LZ aeB ( ) a€B; ( )
and
fi(x) = — sup O(«a)— inf O(a)
zeC(x) z€C(x)
= - sup O(a) + 1nf S} TixTj — <sup@ —i—mf © )
zz(A M <>) =32 (smp ot g et

3.2.2. Constraints vectorization. (Log)(z) = (gi(2),gi(z)) and set gp(x) = D(x).
There is

gi(x) = — sup O(a)— inf O(a)and gi(z) = sup O(a)+ inf O(a)
aeD(x) aeD(x) a€eD(x) aeD(x)

with £(0) = (0,0).

We know that:
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= gi(z) <0 and gi(z) < 0.

As gi(z) < gi(z) then gi(z) < gi(z) < 0 so, we can consider the constraints:
g,%(:v) <0withk=1,2,---,m.

We proceed in the same way for the constraints gi(z) <g 0.

The nonlinear deterministic quadratic optimization problem can be reformulated
as follows:

min(Lof)(x) = (fi(z), f2(z))
(3.5) G)<0 k=1,2,-,m

n
\ xeRJr
and

min(Lof)(z) = (fi(z), fa(x))

(3.6) G(@)<p 0 k=1,2,---.,m
| z €RY
Definition 3.4 ([30]). i. x* is a Pareto optimal solution of (3.5) if and only

if (Lof)(z*) € MINg ey (L(F)).
ii. * is an H—Pareto optimal solution of (3.6) if and only if (Lof)(z*) €
H — MINgc)(£(C)).

Remark 3.5. fi, fo are continuous on U and have respective partial derivatives
of1 2P
and
8952- €T;
Proposition 3.6. Let f be a set-valued quadratic function defined on U. If f is

continuously differentiable at x*, then quadratic functions with deterministic values
are continuously differentiable at x*.

for i = 1,n. They are C! classes.

Proposition 3.7 ([30]). Let £ : Z..(T) — V be an additive and positively homoge-
neous function of Eq.(T) in a vector space V' and let C be a convex cone of Eq.(T).
Assume that Q C kerL CC.

i. 2* is an optimal solution of (3.1) if and only if x* is a Pareto optimal

solution of (3.5).

ii. x* is an H—optimal solution of (3.2) if and only if x* is an H—Pareto
optimal solution of (3.6 ).

Proof. i. Assume that z* is an optimal solution of (3.1).

Let A* = f(z*).

Let F be a subset of Z..(7) and A* € F, as Q C ker mathcalL C C, we
have A* € MINc¢(F) which implies that L(A*) € MINg ) (L(F)) ie. L(f(z")) €
MINgc)(L(F)). Using the Definition 3.4, z* is a Pareto optimal solution of (3.5).

Conversely, z* is a Pareto optimal solution of (3.5). By definition we have
L(f(x*)) € MINpey(L(F)). Using the Definition 3.2 we have: f(z*) € MIN.(F)
and by definition z* is an optimal solution of (3.1).
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ii. Assume that z* is an H—optimal solution of (3.2).

Let A* = f(z*).

Let F be a subset of Z..(T) and A* € F, as Q C ker mathcalL C C we have A* €
H — MIN¢(F) which implies that L(A*) € H — MINg ) (L(F)) i.e. L(f(z")) €
H — MINg ) (L£(F)). Using the Definition 3.4, x* is a H— Pareto optimal solution
of (3.6).

Conversely, x* is a H—Pareto optimal solution of ( 3.6) by definition we have
L(f(z*)) inH — MINz ) (L(F)). Using the Definition 3.2 we have: f(z*) € H —
MIN¢(F) and by definition z* is an H —optimal solution of (3.2). O

*

3.3. Scalarization. The aggregation process transforms the problem (3.6) into a
single-objective optimization problem using a scalarization function.

Definition 3.8. Let ¢ : R? — R.
The scalarization function is defined as follows:

o(z,y) = Mz + Aoy + k
where k > 0, Ay > 0, and Ay > 0 are constants, with \; + Ao = 1 and A\ < As.

Using scalarization, we obtain:

¢)((£0f)(m)):¢<— sup O(a) — inf O(a), sup O(a)+ inf @(a)>

zeC(x) z€C(x) z€C(x) zeC(x)

=(A2— A1) |: sup ©(a)+ inf O(a)| +k,
zeC(x) z€C(z)
— A1) {;; (aselfﬁj O(a) + aier}Afij @(a)) T + Z: (as;lg O(a) + aiglgi 9((1)) x| + k.
As A1 < A2 and k > 0 then, ¢((Lof)(z)) > 0. Therefore, ¢ € L(C) with
{(— sup O(a) — inf O(a), sup O(a) + inf @(a)) € R?: sup O(a) + inf O(a) > 0}
acC aceC acC acC acl

{ x>0}

The following deterministic, single-objective optimization problem is obtained:

min ¢((Lof)(x))
= (2 = A1) [ X0 X0 (SuPaca,, O(0) + infaca,, O(a)) zia;

+ 30 (supaep, ©(a) + infacp, O()) z;] + k,

L z € RY,

where k is a constant that can be ignored.
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(ming((Lof)(x))
= (N2 = M) [ S0 Xy (SuPaca,, O(a) + infaca, O(a)) zia;

+ > (supaegi O(«) + inf,ep, @(a)) ZUZ] ,

\ :L‘G]R’j_.

Theorem 3.9 ([30]). Let L : Z..(T) — V be an additive and positively homogeneous
function, and let C be a convex cone satisfying Ox € C. Suppose Q C KerL C C. If
x* is an optimal solution to problem (3.8), then x* is both an optimal solution and

an H— optimal solution to problem (3.2).

Proof. Assume that z* is not an optimal solution of the problem (3.6).

On a (Lof)(x*) ¢ H — MINp)(L(F)). Which means that (Lof)(z*) is not an
H — minimal element of £(F) based on the binary relation <.

According to the definition of the element H — minimal, there exists x € G such
that (Lof)(z) <ug (Lof)(z*) and (Lof)(z*) Am (Lof)(x). Since (Lof)(x*) <u
(Lof)(x) by Proposition 2.17, it follows that = # z*. We also have (Lof)(z*) —
(Lof)(x) € L(C).

Since ¢ € L(C), we obtain:

P((Lof)(x")) — d((Lof)(x)) = d((Lof)(z") = (Lof)(x)) = 0

which is a contradiction.
This contradiction implies that z* is an H —optimal solution to the problem (3.6).
Using Proposition 3.7, it follows that * is an H— optimal solution to problem (3.5).
On the other hand, considering the binary relation < and using Proposition 3.7,
we can demonstrate similarly that z* is an optimal solution to problem (3.5).

w w

.6
)

O

3.4. Karush-Kuhn-Tucker optimality condition. This step uses the Karush-
Kuhn-Tucker optimality condition to find an optimal or H-optimal solution to a
deterministic, single-objective problem.

We only consider quadratic functions with convex set values. Since the constraints
are linear, the set G is convex.

The following theorems about Karush-Kuhn-Tucker optimality conditions are
sufficient.

Theorem 3.10. Let Q2 C KerL C C. Suppose the set-valued objective function is
convex and continuously differentiable at x*. If there are also Lagrange multipliers
wi with k =1, m such that:

i Vo((Lof)(2*)) + 33ty mVgi(a*) =0, for k =T,m;
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i pgp(a*) = 0;

then x* is an optimal solution.

Proof. Let us prove the theorem absurdly. Suppose that x* is not an optimal solu-
tion. Then there exists x € G such that:

f(x) 2 f(@%) = L(f(x)) = L{f(z7))
= (1(@), fa(x)) = (fr(z"), f2(27))

Let A1 and A9 be positive real numbers and let Ay < A9 therefore which implies that
o((Lof)(x)) < d((Lof)(x")).

Let f be a convex and continuously differentiable function at z*, then the functions
f1 and fy are also convex and continuously differentiable at =* according to Remark
3.6. This implies that Lof is convex and continuously differentiable. Moreover
z* € G, we obtain the optimality condition of K KT"

L Vo((Lof) (@) + Xp, mVei(a®) = 0, for k = T,m;
ii. purgi(z*) =0.
Therefore, * is an optimal solution. It follows that x is an optimal solution to the

problem. However, this is absurd according to the initial assumption. Therefore,
x* is an optimal solution for set-valued optimization. O

Theorem 3.11. Let Q C Kerl C C. Suppose the set-valued objective function
is convex and continuously H— differentiable at x*. If there are also Lagrange
multipliers vy with k = 1, m such that:

i. Vo((Lof)(x*)) + 24ty i Vgp(a*) =0, for k=T1,m,
i pgp(a*) =0,
then, x* is an H— optimal solution.

Proof. Let us demonstrate the theorem by absurdity. Suppose that x* is not an
H— optimal solution. Then, there exists x € G such that:

f(@) 2 f(2*) = L(f(2) =u L(f(z7)),
= (fi(@), fa(2)) 2u (fr(27), fa(z7)).

Let A1 and Ao be positive real numbers, and let Ay < Ao, therefore which implies
that ¢((Lof)(x)) <m ¢((Lof)(x")).

Let f be a convex and continuously H— differential function at x*, then the
functions f; and fo are also convex and continuously H— differential at x* by
Proposition 3.6. This implies that Lof is convex and continuously H — differential.
Moreover z* € (G, we obtain the optimality condition of K KT

i Vo((Lof) (@) + Sy, i Vak(at) = 0, for k= T,m,
ii. purgi(z*) =0.
So, z* is an H— optimal solution. It follows that x is an H— optimal solution to

the problem. Which is absurd according to the initial assumption. So, z* is an H—
optimal solution to the set-valued optimization problem. O
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4. CONCLUSION

In this paper, set-valued quadratic optimization problems have been studied.
This study used a combination of two methods: the concept of null sets and the
KKT optimality conditions. First, each quadratic set optimization problem was
transformed into a deterministic quadratic optimization problem. Then, the KKT
optimality condition was used to find an optimal solution. While the results of
this work contribute to the literature on nonlinear set optimization problems, they
remain largely theoretical. These results could be used to model uncertainties that
are difficult to capture in optimization problems.
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